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The onset of quantum ergodicity is often quantified by the average ratio of consecutive level spacings. The
reference values for ergodic quantum systems have been obtained numerically from the spectra of large but
finite-dimensional random matrices. This work introduces a weighted ratio of consecutive level spacings, having
the propery that the average can be computed numerically for random matrices of infinite dimension. A Painlevé
differential equation is solved numerically in order to determine this average for infinite-dimensional orthogonal
random matrices, thereby providing a reference value for ergodic quantum systems obeying time-reversal
symmetry (provided that the time-reversal operator squares to the identity matrix). A Wigner surmise-inspired
analytical calculation is found to yield a qualitatively accurate picture for the statistics of high-dimensional
random matrices from each of the symmetry classes. For Poissonian level statistics, a significantly different
average is found, indicating that the average weighted ratio of consecutive level spacings can be used as a probe

for quantum ergodicity.
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I. INTRODUCTION

Ergodic quantum systems show various universal statistical
properties that can be described by random matrix theory
[1-4]. From a physics perspective, arguably the most well-
studied example is the level spacing distribution [5—-8]. Also
from a random matrix theory point of view, the level spacing
distribution received considerable attention both historically
[9] and recently [10-14]. Observing the universal properties
of a level spacing distribution requires a spectrum to have a
uniform density, which can be accomplished by a (sometimes,
ambiguous) procedure known as unfolding [2,15-17]. It was
realized about two decades ago that the need for unfolding can
be circumvented by considering the distribution of the ratio
of consecutive level spacings rather than the level spacing
distribution [18,19]. The average ratio of consecutive level
spacings is nowadays a widely used diagnostic for quantum
ergodicity [20-26].

The reference values for the average ratio of consec-
utive level spacings for ergodic quantum systems have
been obtained numerically from the spectra of large but
finite-dimensional random matrices [19]. Recently, a mix of
analyical and numerical methods has been used to compute
the average ratio of consecutive level spacings for infinite-
dimensional unitary random matrices, thereby providing a
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reference value for ergodic quantum systems with broken
time-reversal symmetry [27,28]. See Ref. [29] for a discus-
sion on the relation between different symmetry classes and
time-reversal symmetry, as well as the meaning of “uni-
tary” in this context. Seemingly, no corresponding results
for infinite-dimensional orthogonal or symplectic random
matrices are available. This work numerically computes an
average weighted ratio of consecutive level spacings for
infinite-dimensional orthogonal random matrices, modeling
ergodic quantum systems obeying time-reversal symmetry
(provided that the time-reversal operator squares to the iden-
tity matrix). This result could be useful in detecting small
deviations from quantum ergodicity, which can be seen as
a topic of timely interest [30-32]. Next, it shows a way of
how level spacing distributions can be used to study ratios
of consecutive level spacings. The corresponding averages for
infinite-dimensional unitary and symplectic random matrices
can also be computed, as pointed out in the outlook.

The main result of this work is obtained in two steps. A
Painlevé differential equation is solved numerically in order to
obtain the level spacing distributions of infinite-dimensional
orthogonal and symplectic random matrices [33,34]. Next, the
level spacing distribution of symplectic random matrices is
interpreted as the distribution (up to a scaling by a factor 2) of
two consecutive level spacings of orthogonal random matrices
through a rigorously established inter-relation [35-37]. As a
side remark, it is mentioned that the distributions of multi-
ple consecutive level spacings have been a topic of recent
interest within the physics community [13,38,39]. From these
distributions, the average (g) of the logarithmically weighted
ratio g = In(1 + r) of consecutive level spacings r is com-
puted numerically for infinite-dimensional orthogonal random
matrices, giving (g) ~ 0.8100699350. For Poissonian level
statistics, a significantly different average (¢) = 1 is found,
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indicating that the weighted average ratio of consecutive level
spacings can be used as a probe for quantum ergodicity.

The outline of this work is as follows. Section II intro-
duces the weight function. Section III discusses analytical
calculations for low-dimensional random matrices, and es-
tablishes qualitative agreement with numerical results for
random matrices of high dimension from each of the symme-
try classes. Also, Poissonian level statistics are discussed here.
Section IV introduces the numerical procedure, and computes
the average weighted ratio of consecutive level spacings for
infinite-dimensional orthogonal random matrices. Section V
numerically studies the convergence towards this result for
finite dimensions. Section VI closes with conclusions and a
brief outlook.

II. WEIGHT FUNCTION

As outlined below, the numerical approach used in this
work allows one to compute the level spacing distribution
for orthogonal, unitary, and symplectic random matrices of
infinite dimension. Let s, and s,,; denote two consecutive
level spacings, and let r, = s,.+1/s, denote their ratio. Notice
that this definition is different from the sometimes-used defi-
nition 7 = min(r, 1/r). The main focus of this work is on the
average of the logarithmically weighted ratio of consecutive
level spacings

qn =1In(1 +ry,) (D
= In(sy + Sn+1) — In(sp). 2

This quantity does not depend on the mean level spacing: it
does not change under the scalings s; — As; and s, — Asp
with & > 0. The average of this quantity is given by the sum of
the averages of In(s, + s,+1) and — In(s,). For Gaussian and
circular random matrix ensembles, among others, the level
spacing distribution of symplectic matrices is (up to a scaling
by a factor 2) given by the distribution of two consecutive
level spacings of orthogonal matrices [35-37]. Away from
the spectral edge, eigenvalue spacings of large-dimensional
random matrices obey the same statistics under very mild
conditions on the eigenvalue density [40—42].

Let Pg(s) and Pg(r) denote the level spacing distribution
and distribution of the ratio of consecutive level spacings,
respectively. The Dyson index 8 can take values 1 (orthogonal
random matrices), 2 (unitary random matrices), or 4 (symplec-
tic random matrices). For orthogonal random matrices, the
average (q) of g is then given by

(q) =/ In(1 +r) Py (r)dr 3)
0

— / ~ (%P4(s/2) — P (s)) In(s) ds. “4)
0

Because of the relation (4) between (g) and the level spacing
distributions Pg(s), (g) is arguably a more natural quantity to
consider than the average (unweighted) ratio of consecutive
level spacings. Below, Eq. (4) is evaluated numerically for
random matrices of infinite dimension.

II1I. WIGNER SURMISE

The Wigner surmise provides a qualitatively accurate
closed-form expression for the level spacing distributions
of high-dimensional random matrices [1]. It is obtained as
the exact expression for two-dimensional Gaussian random
matrices as

Pw(s) = AsPe ™, (5)

where the B-dependent parameters A and B fix the normal-
ization and mean level spacing to unity. Substituting the level
spacing distributions of Eq. (5) in Eq. (4) and evaluating the
integral gives an analytical estimate (g), of (g) for orthogonal
random matrices given by

4 3n
(q)s = 3 +1In <E) (6)
~ 0.8041. @)

This value deviates by 0.74% from the value for infinite-
dimensional orthogonal random matrices obtained below.

A more accurate analytical estimate results by considering
the distribution of the ratios of consecutive level spacings. For
Gaussian random matrices of dimension three, one can show
that

1 (r + 1P

P, ==
w.p () Z (1+r+ r2)l+%ﬂ ’

(®)
where the -dependent parameter Z fixes the normalization to
unity [19,43]. This Wigner surmise-inspired expression has
been found numerically to provide a qualitatively accurate
description of the distribution of the ratio of consecutive level
spacings for high-dimensional random matrices from each of
the symmetry classes. By substituting Eq. (8) in Eq. (3) and
evaluating the integral, one obtains an analytical estimate (g),
of (g) for orthogonal random matrices given by

(@)r =3 —1n(2) 9
~ 0.8069. (10)

This value deviates by 0.40% from the corresponding re-
sult for infinite-dimensional orthogonal random matrices. For
unitary and symplectic random matrices, the corresponding
estimates can be expressed analytically in terms of diloga-
rithms, and evaluate to 0.7624 (unitary random matrices) and
0.7314 (symplectic random matrices). Analytical expressions
leading to these values can be found in the Appendix. The
deviations from the averages for high-dimensional random
matrices obtained below are 0.16% and 0.069%, respectively.

For Poissonian (uncorrelated) level statistics with unit
mean level spacing, the probability density for the level spac-
ings is given by e™*, irrespective of the matrix dimension. The
distribution of n consecutive level spacings is given by the
n-fold convolution of this distribution,

sn—le—s

Pp,(s) = m,

Y

which is also known as the Erlang distribution. From Eq. (2),
it then follows that the equivalent average (q)p for Poissonian
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FIG. 1. The distributions of g for high-dimensional orthogonal
(B = 1), unitary (8 = 2) and symplectic (8 = 4) random matrices.
The histogram data has been obtained numerically from the spectra
of 10000 matrices sampled from circular ensembles of dimension
10000 (B =1,2) or 5000 (8 =4). The Wigner surmise-inspired
probability distributions of Eq. (15), plotted in black, are quali-
tatively accurate. The distribution for Poissonian level statistics is
shown by a dashed line.

level statistics is given by

{@)p :/o (Ppa(s) — Ppi(s)) In(s) ds 12)
=1 13)

This value is significantly different from the values obtained
above, showing that (g) is able to discriminate between Pois-
sonain and Wigner-Dyson level statistics. From this, it follows
that (g) can be used as a probe for quantum ergodicity. An
alternative approach to obtain the same result is to consider
the distribution of consecutive level spacings

Pp(r) = (14)

T

[18,19]. Substituting this probability density in Eq. (3) and
evaluating the integral again gives (g)p = 1.

Equation (8) can be rewritten as an analytical expression
for the distribution of ¢ by a change of variables from r to g.
It follows that

(r+ rz)ﬂ

S L (15)
Z (1 +r+r2)+af

Py p(q) =

Here, Z is the same normalization constant as before, and
r = e? — 1. If g is small compared to unity, this expression is
proportional to ¢#, while it is proportional to exp[—(1 + 8)q]
if g is large compared to unity. For Poissonian level statistics,
the corresponding expression is given by e~ 9. Figure 1 com-
pares this distribution for g = 1, 2, and 4 against numerical
data for high-dimensional random matrices sampled from the
circular ensembles, indicating that it provides a qualitatively
accurate picture. The averages of g for high-dimensional ran-
dom matrices obtained from the numerical data are 0.7637(1)
and 0.7319(4) for unitary and symplectic random matrices,
respectively. Section V provides a more detailed discussion of
the numerical approach.

IV. INFINITE-N AVERAGE

The Painlevé V differential equation provides a tool to
numerically obtain the level spacing distributions of infinite-
dimensional orthogonal, unitary, and symplectic random
matrices [33]. Reference [44] provides a practical introduction
(including example code) of this method, which is loosely
followed in the next two paragraphs. For infinite-dimensional
orthogonal random matrices, it follows by using this method
that

(q) ~ 0.8100699350, (16)

which constitutes the main result of this work.

The Painlevé V differential equation, for numerical con-
venience written as a system of two coupled first-order
differential equations, is given by

d (o) _ o’ 17
+(2)=Covomar—srom) @

In order to obtain the level spacing distributions (where the
mean level spacing is set to unity) for infinite-dimensional
random matrices, this differential equation needs to be (nu-
merically) solved subject to the boundary condition

t t 2
lim o () = —— - (—) : (18)

t—0t T

The corresponding boundary condition for o’(¢) follows by
taking the derivative. Setting the boundary at ¢+ = 0 has to be
avoided because of the division by 7. See Ref. [44] for a plot
of the solution o (¢).

For Dyson index B (introduced above), the level spacing
distribution Pg(s) is here expressed in terms of a second
derivative as

2

d
Pg(s) = EE/;(S). 19)

The function Eg(s) gives the probability not to find an eigen-
value in an arbitrary interval of width s. For unitary random
matrices (8 = 2), Eg(s) is given by

oo — ™ o (t)
2(s) = exp Tdt . (20)
0

Substituting Eq. (20) in Eq. (19) and evaluating the derivative
explicitly leads to

1
P(s) = s—2(7rs o'(ws) —o(ms) + (o(7rs))2)E2(s). 21

With the solution o (¢), o/(¢) at hand, this expression can be
evaluated without the need for numerical differentiation. This
is advantageous from a numerical point of view, as the use
of numerical differentiation might lead to a loss of accuracy.
Reference [45] points out that for orthogonal (8 = 1) and
symplectic (8 = 4) random matrices, one has

. s 1/2
Ei(s) = VEx(s) exp [—i/ <i&> dt} (22)
0

2 dr t
and
Ei(s/2) = l(E1 (s) + EZ(S)). (23)
2 E(s)
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TABLE L The normalization A" = [ Pg(s)ds and mean level
spacing u = [ 5 Ps(s) ds for the level spacing distributions obtained
numerically from Eq. (19). All absolute deviations from the exact
values, given by unity, are less than 1074,

B N m

1 1.00000 00000 00006
4 1.00000 00000 00000

1.00000 00000 00001
1.00000 00000 00000

See Refs. [35,46] for the works where these expressions were
derived first. Explicit differentiation also here provides ex-
pressions that can be evaluated without the need for numerical
differentiation. These expressions are not shown here because
of their length and limited pedagogical value.

Numerically, Eq. (17) is solved with the boundary condi-
tion fixed at t = 10~'% [47]. Level spacing distributions are
evaluated from s =0Quptos=10(B=1)ors=5 (8 =4).
Since Pg—i(s = 10) ~ 7.3 x 107 and Ps_4(s = 5) ~ 5.3 x
10~22, this truncation does not affect the results. Table I shows
the normalization and mean level spacing for the resulting
level spacing distributions as a benchmark. In all cases, the
absolute deviation from the exact value, given by unity, is less
than 10~'. A more careful numerical analysis of the problem
could likely further improve the accuracy.

Reference [48] provides values for the variance, skewness,
and kurtosis of the level spacing distributions considered here,
obtained by a complementary numerical method. This Fred-
holm determinant method, in short, can be seen as an efficient
way to obtain level spacing distributions through integrations
over the (explicitly known) n-level correlation functions. See
Ref. [49] for a more detailed review. Table II compares these
statistics with the ones obtained here for each of the level
spacing distributions as an additional benchmark. All values
agree up to the uncertainty reported in the reference.

V. FINITE-N AVERAGE

Let (g)y denote the average of (g) for orthogonal random
matrices of dimension N. The rate of convergence of (g)n
towards (g)~ can be of interest when diagnosing ergodicity
for quantum systems of small size. In order to avoid pos-
sible artefacts due to deviating statistics at the edges of the
spectra, finite-dimensional random matrices are in this work
sampled from the circular ensembles [29,50]. The eigenvalue

TABLE II. The variance ¢? = f(s —n)? Ps(s)ds, skewness
y1 = (627 [(x — n)* Ps(s)ds, and kurtosis y, = (02)7> [(x —
w)* Pg(s)ds — 3 for the level spacing distributions obtained numer-
ically from Eq. (19). Reference values from Ref. [48] are shown for
comparison. All values agree up to the uncertainty reported in the
reference.

B o’ Y1 V2

0.28553 06557  0.6871899889  0.37123 80638
0.28553 06557  0.6871899889  0.37123 80639
0.10409 84222  0.3493968438  0.02858 27332
0.10409 84222 0.34939 68439  0.02858 27333

1 (reference)
1 (this work)
4 (reference)
4 (this work)

1073

1074

(@) — (@)

10—°
10! 102 103

N

FIG. 2. The deviation of (g)y from (g)., versus N. The data
points show numerically obtained averages over the spectra of 10°
matrices sampled from the circular orthogonal ensemble. For all data
points, the sample standard deviation is less than 0.025 times the
sample mean. The line shows a fitted power law with coefficient
—1.02. This coefficient has been obtained from a linear least-squares
fit on the logarithms of the deviations versus In(N). The first data
point (N = 18) has been omitted in the fitting procedure.

density of these unitary (circular) matrices is uniform on the
unit circle in the complex plane, meaning that there is no
spectral edge.

Random matrices from the circular ensembles are here
sampled as follows. A circular Dyson Brownian motion pro-
cess evaluated at infinite time is used to generate a sample
from the circular unitary ensemble first [51]. For this, a
singular value decomposition is performed on an N x N com-
plex matrix M sampled from the Ginibre unitary ensemble
(GinUEy),

M =U,2U;, M € GinUEy. (24)

A matrix from the Ginibre unitary ensemble has elements
for which the real and imaginary parts are sampled indepen-
dently from a Gaussian distribution with mean zero and unit
variance. An N-dimensional sample from the circular unitary
ensemble (CUEy) is then obtained as

U = U,U] £ CUEy, (25)

where the symbol L means equal in distribution. Refer-
ences [52,53] discuss an alternative algorithm of similar
computational complexity, which is based on the singular
value decomposition of M. An N-dimensional sample from
the circular orthogonal ensemble (COEy) is subsequently ob-
tained through the relation

UTU £ COEy (26)

[52,53]. Eigenvalues of the circular symplectic ensemble can
be sampled through the aforementioned inter-relation between
the spectral statistics of orthogonal and symplectic random
matrices, which for the circular ensembles can be shown rela-
tively straightforward to hold also at finite dimension [35].
Figure 2 investigates the finite-size dependence of (g)y by
showing the deviation from (g)., as a function of N. The
data indicates a power-law decay, where the fitted power-
law coefficient is given by —1.02. Plausibly, the dependence
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follows a power-law decay with power-law coefficient —1,
with the deviation from the fitted value caused by finite-size
effects. In order to find (g), at a precision of 10710 (as
in this work) from the spectra of finite-dimensional random
matrices, one needs to consider matrices of dimension ~108.
Numerical diagonalization of such high-dimensional matrices
is challenging.

VI. CONCLUSIONS AND OUTLOOK

A Painlevé differential equation has been solved numer-
ically in order to compute the average of ¢ = In(1 + r) for
infinite-dimensional orthogonal random matrices, where r is
the ratio of consecutive level spacings. This average (g) ~
0.8100699350 has been determined without the need for spec-
tral unfolding. For Poissonian level statistics, a significantly
different average (¢) = 1 has been found, indicating that
(g) can be used as a probe for quantum ergodicity. Wigner
surmise-inspired calculations for low-dimensional random
matrices have next been shown to capture the distributions
of g for high-dimensional random matrices from each of
the symmetry classes (orthogonal, unitary, symplectic) at a
qualitatively accurate level. The results presented in this work
could be useful in detecting small deviations from quantum
ergodicity, and shows a way of how level spacing distributions
can be used to study ratios of consecutive level spacings.

In future studies, it could be worth exploring the pos-
sibility to find the value of (g) for unitary and symplectic
infinite-dimensional random matrices. Fredholm determinant
methods, although being technically more involved than the
method used here, allow for such computations [48,49]. These
results would allow one to adapt (g) as a generically applica-
ble probe for quantum ergodicity. Next, it might be interesting
to determine (g) for the level statistics observed near the
edges of the spectra of high-dimensional random matrices.
Near the edges, level spacing statistics of high-dimensional
random matrices obey a type of universality that is different
from the one observed away from the edges, as studied in

this work [54,55]. Fredholm determinant methods also al-
low for the computation of (g) for these statistics [48,49].
Lévy random matrix models might be interesting objects to
study when focusing on spectral edge statistics, as orthogonal
polynomial-based methods have lead to the suggestion these
show nonstandard, possibly universal characteristics for this
type of matrix models [56-58].

DATA AVAILABILITY

The data that support the findings of this article are openly
available [59].

APPENDIX: (q), FOR THREE-DIMENSIONAL GAUSSIAN
UNITARY AND SYMPLECTIC RANDOM MATRICES

This Appendix gives the Wigner surmise-inspired average
weighted ratio of consecutive level spacings (g), for unitary
and symplectic random matrices, obtained by substituting
Eq. (8) in Eq. (3) and evaluating the integral. For unitary
random matrices, one finds

3V3 3Bi[.. (1 V3
(@) (B=2)=— g + E[Uz(z - T)

Li ] + V3 (A1)
—Liz| =+ —) |
272
For symplectic random matrices, one finds
69v3 3i[ . (1 V3
(@B =4 ="+ = |Lip( 5 — 2>
160r 27 2 2
1 i3
—Lip| =+ —) | A2
()] w

In these expressions, the dilogarithm Liy(z) is defined in the
conventional way as

Lis(z) = — /Z Ind=w .,
0

u

(A3)
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