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Size effects in fluctuation-based damage mechanics in the semigrand canonical ensemble
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We present results of a fluctuation-based investigation of size effects on damage and fracture of quasibrittle
materials and structures. Set within the semigrand canonical (AuV T) ensemble, we find that size effects of
geometrically similar structures are a system property rather than a material property. We reach this conclusion
by considering damage and fracture as thermodynamic equilibrium states accessible through Monte Carlo
simulations, and develop stress-strain curves and damage isotherms based on ensemble averaging, considering
both short-range and long-range bond interactions. We suggest that, to preserve the probability distribution of
damage and fracture states for geometrically similar structures, a scaling of the thermodynamic variables of
the AuV T- ensemble needs to be considered, including a scaling of the bath potential, Ay o< A~¢ — 1, for the
system’s size dilation A, considering the geometric dimension d of the fracture surface. Derived from mere
thermodynamic equilibrium conditions in the fluctuation-based damage approach, we show that such scaling
allows the transition between strength theories (d = 0) and linear elastic fracture mechanics (LEFM), for which
the strength scales as oy oc A~!/2, for all geometries and types of bond interactions. The rationalization of size
effects within the realm of statistical mechanics opens venues toward a large range of engineering applications
involving damage-prone materials and structures, from concrete bridges and high-rise buildings to hydraulic
fracturing of gas shale and damage of hard and soft biological tissues.

DOI: 10.1103/nxng-f58v

I. INTRODUCTION

Damage mechanics describes the cumulative effect of de-
fects on the elasticity of materials and structures. Concurrently
proposed in the 1950s by Kachanov [1] and Rabotnov [2],
it offers a phenomenological extension of Griffith’s theory
of brittle fracture [3] to the progressive degradation of me-
chanical properties induced by the formation and coalescence
of microscopic cracks. While damage mechanics rapidly
diffused throughout the mechanics community [4] from qua-
sibrittle materials like concrete [5,6], ceramics [7] and rocks
[8] to soft materials including polymer gels [9] and soft bi-
ological tissues [10], the notion of defect homogenization at
the mesoscale has sparked considerable debate. Early critics
point to inherent instabilities of local damage models, result-
ing in an imaginary wave speed at the crack front [11] and
vanishing energy dissipation in the limit case of Griffith’s
surface energy dissipation. This realization prompted several
enriched damage formulations that diffuse damage by means
of a material length scale in nonlocal damage [12], gradient
damage [13,14], phase field damage [14,15], peridynamics
models [16-18], and more recently displacement curvature

“Contact author: ulm@mit.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2470-0045/2026/114(4)/045504(9)

045504-1

models [19-21]. One limitation of both local and non-local
deterministic damage formulations is that none of them ex-
plicitly address the existence of intrinsic size effects, which
are inherent to all fracture processes [22], and which, there-
fore, should govern not only brittle fracture phenomena but
progressive damage as well. This is precisely the question we
address in this study: are size effects a material property or a
system property?

While several statistical analogies have addressed fracture
and size dependence from the perspective of disorder and
fluctuations, they have primarily focused on strength statistics
[23,24], localization phenomena [25], avalanche dynamics
[26], and critical scaling [27,28]. Statistical extensions of frac-
ture mechanics further combined statistics and energy-based
asymptotic arguments to connect crack roughness and size
effects [29-31]. In contrast, the present work provides an
alternative thermodynamic interpretation of size effect, lever-
aging ensemble formulations intrinsic to statistical mechanics.
Revisiting Griffith’s equilibrium theory, where fracture is a
surface process connecting nearby equilibrium states inde-
pendently of the loading path [3], we formulate fracture as
a compositional change of the system [32,33] at fixed parti-
cle number N (mass conservation), material volume V', and
temperature 7. This system is naturally cast in the semigrand
ensemble (Au, N,V, T), in direct analogy with binary mix-
tures [34,35], with potential

®SG =F— A/,LNe, (1)
where F is the Helmholtz free energy, N, and N, are the
numbers of broken and elastic bonds, and N = N, + N,. For
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a prescribed set of independent variables, fracture states are
sampled via a standard Metropolis Monte Carlo scheme with
acceptance probability [36]:

Po—n = min(l, exp[—B(AU +5Awn))), 2

where § = —AN, defines the direction of the fracture transi-
tion, B is the inverse kinetic temperature, and A < 0 is the
chemical potential difference; whereas AU = U,, — U, stands
for the energy change due to the state transition. The latter
comprises (i) the ground state energy additive over all bonds
Up=— ZléiéNb €, representing the potential energy dissi-
pated at the rupture of bond i; and (ii) the elastic deformation
energy U, , accumulated within the bond structure in response
to external loading. In this study, we extend this formalism
to progressive damage, treated as a sequence of equilibrium
states, establish a formal analogy with adsorption, and use it
to predict damage propagation via stress-strain curves (Fig. 2)
and isosteric heats of adsorption (Fig. 3). Finally, we introduce
isotherms of damage (Fig. 5) and derive from them an intrinsic
size-effect law for the strength of geometrically similar struc-
tures (Fig. 7).

II. METHOD

A. Fluctuation-based damage mechanics

The extension from the binary bond fracture model to pro-
gressive damage is achieved by considering a finite number of
N, admissible damage states @ € [0, 1] associated with a state
vector 5; € {0, 1} of unit length:

i—1

N;—1° ®)

Vi= ]...Nd; wi=§i~c’[)=

The damage state transition % — ©®) is defined by the
symmetric random walk transition matrix P € My, ([0, 1])
such that ®® =350 . & = 5% . P . . In that framework, we
can formulate the semigrand damage potential, analogously to
Eq. (1) as

Ng—1
s =F — Y AN; )

i=1

where Au; = u; — py and N = ng] N;. Assuming that the
‘compositional’ potential difference between adjacent damage
states Ay := Ap; — A, increases as an arithmetic series,
Eq. (4) becomes (for p; = 0)

Psg =F — Ao N p, &)

where Ap, = Apg (Ng — 1) is the compositional potential
difference associated with the change of the (undamaged)
bond density p, reminiscent of the equivalent monolayer
thickness in adsorption physics [37]:

Ny N 1 N
p:1—2wiﬁ'=1—ﬁzw<k>. (6)
i=1 k=1

In this case, a straightforward extension of Eq. (2) entails
the acceptance criterion for damage state transition:

Po—sn = eXp[_ﬂ(AU + 8(4) A,u'w)] < I, (7)
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FIG. 1. Ground state energy as a function of damage for a linear
stress-strain softening diagram (inset) for N, = 516 damage layers
anda = ¢./e9g = 5.

where 6, = —NAp = —sign(w,(,k) — a)gk)) represents the di-
rection of damage progression. For these N; damage states,
we need to discretize the ground state energy in a vector €%
corresponding to the admissible damage states @ such that
Up=— 22;1 5% . €M, whence an acceptance probability of
the form

Posn = exp[—B(AU,, + 6, (A + Aeg)l <1,  (8)

where Ag is the energy to be dissipated by a damage state
transition as exemplified in the inset of Fig. 1.

B. Damage mechanics as a multilayer adsorption process

A formal analogy can be made between our frac-
ture/damage approach and adsorption processes if we rec-
ognize that the consideration of ground state energy U, and
deformation energy U, are formally equivalent to solid-fluid
interactions and fluid-fluid interactions [38], which are the
backbone of the statistical mechanics of adsorption processes
[40]. Within this perspective, fracture is viewed as a sequence
of admissible configurational states characterized by thermo-
dynamic observables and collective fluctuations in damage.
The analogy is therefore intended to capture the statistical
organization of damage configurations within a quasiequi-
librium framework, while acknowledging that real fracture
processes may involve path dependence beyond the scope of
the present formulation.

Using classical partition function derivatives (see, for in-
stance, [41]), the binary fracture model gives

d(N, YN
B var(N,) = ( >_(8(NM)) .

dA L -

For the interpretation of such fracture isotherms, it is use-
ful to note that fracture under static conditions, for which
T — 0(and hence 8 = 1/kgT — o0) entails an infinite slope
in the Apu — (N,) isotherm, is typical of Type I isotherms
[42]. Applying a similar derivation for the damage model
considering (i) the partition function for N, damage states
with the (ii) Ap, arithmetic progression assumption yields
A — {p) isotherms for the undamaged bond density defined

©)
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by Eq. (6):

YNA
Nﬁvar(p):(wpl;) . (10)

That is, for an externally applied potential difference, the
damage isotherms thus defined appear as an extension of
the monolayer adsorption of the binary fracture model to a
multilayer adsorption of N; damage layers.

A second parameter of interest within the adsorption anal-
ogy is the isosteric heat of adsorption, which is defined as
the heat to be released/required when an adsorptive binds to
or detaches from the solid surface of an adsorbent. In the
fracture—adsorption analogy, it is the heat released when a
bond ruptures:

a(U) a(U) cov(U,N,) 1
CAN) BN var(Ne) o

Recalling that ¢ is a positive quantity within adsorp-
tion processes [40], an application of the separation of
U = Uy + U, into ground state (Uj) and deformation en-
ergy (U,) yields a fracture criterion analogous to Griffith’s
criterion [32,39]:

_ cov(Uy, N,) cov(Uy, N,)
~ var(N,) var(N,)

where the left-hand side (g;) can be viewed as the statis-
tical analog of Griffith’s energy release rate; whereas the
right-hand side can be viewed as a bond-fracture energy
related to the released ground state energy. The inequality
(12), however, is not a strict one when it comes to bond
fracture processes, as discussed in [32]: ¢, < —gop means
that there is enough bond fracture resistance (—gp) avail-
able to dissipate the elastic energy into heat form; while
q > —qo means that the bond fracture resistance of a material
or structure is exhausted. The extension to the multilayer
damage adsorption is achieved by considering, instead of
the number of elastic bonds, the undamaged bond density p
[i.e., Eq. (6)]:

—qo = . (12

_ AU/N7) _ covlo/N*, p) n cov(U, /N*, p) (13)
a{p) var(p) var(p)
q0 28

with N* = N(N; — 1) the total number of damage layers of
all N bonds. That is, in contrast to classical damage ap-
proaches, in which rate equations of the form o = f(uf, ...)
define damage evolution [1,4—10], in our statistical approach,
local and global damage of the system is by design in-
herently stochastic, characterized by fluctuations in energy
around the equilibrium state. These fluctuations permit eval-
vating the thermodynamic driving force of damage—by
analogy with adsorption processes—from the isosteric heat of
adsorption.

C. Reduced units and fracture energy

Our simulation-based investigation is carried out in re-
duced (Lennard-Jones) units [36], rationalizing all quantities
using a set of dimensionally independent quantities: a refer-
ence distance between particles D, typically associated with
a bond equilibrium distance, and a reference ground state

energy €p. We shall therefore investigate the form of our
problem in these units, considering a stress-strain softening
curve 0 = o(¢g). Using Bazant and Oh’s 1983 crack band
theory [43], we establish a link between the fracture en-
ergy G.=¢€-& /I (with [" the fracture surface) and the
stress-strain softening curve by means of the crack band
width w,:

G, = wc/& o(e)de = w, W, (14)
0

where &, = o gy is the critical strain where the stress is
zero. In reduced units, we note that o :o*eOD;de’3,
we = wiDr, W =W*eDg'DI=3, and T'=T*D§ 'D3.
Hence,

51"5):1—@; §i=ﬁ21
Ei &0
Vi=1..Ng; [ o*(e) de , (15)
31' € = —S&
Jo o*(&)de

for constant I'* w throughout damage evolution. By way of
illustration, we consider the linear softening damage model
(inset of Fig. 1), discretized in intervals:

1
(B —58im1) - € = — (0] Ag; — Ao &i1), (16)
2w

where W' = [ 0*(%) dg = «/2. The ground state energy for
the i-th layer is thus §; - €* = 1 — iAe* = 0%, and its evolu-
tion as a function of damage is shown in Fig. 1.

In addition to these closed-form relationships, we can
further simplify our problem by expressing the transition
probability from Eq. (8) in reduced units:

AU + 8, (Au*™ + Ael)
Po—sn = €Xp [— 2 - Can
with §, = sign(w, — w,), and
kg T AU
T =2". AU} = ==, (18)
€0 €0
A Ae
Ap* = —'u; Aej = =250 (19)
€0 €0

From Eq. (17), we note that Au* € [—1, 0]. The compo-
sitional change that occurs at Au* = —1 corresponds to the
limit state of a gas, when the chemical potential annihilates the
change in ground state energy Au* = O(Ae€g): the material is
thus effectively without a potential well, to which to return as
an equilibrium state.

III. DAMAGE PROPAGATION

We illustrate the presented method with a first application:
a three-point beam bending test with and without notches
(Fig. 2). This test, widely considered as the backbone en-
gineering test for fracture properties determination [44,45],
lends itself readily to our simulation-based investigation into
the effects of short-range and long-range interactions on
equilibrium-based damage propagation. Bond interactions are
hereby understood in a generalized sense as a representation
of the elastic energy stored in a material or structural system
due to particle positions. While earlier approaches focused on
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FIG. 2. Nominal stress-displacement curves for three-point
bending beam tests with (a)—(c) and without (b)—(d) notches,
considering (a),(b) short-range interactions and (c),(d) long-range,
curvature-enriched interactions. Results obtained with a linear soft-
ening model.

two-point interactions in regular lattice representations of ho-
mogeneous [32] and heterogeneous materials [33], we herein
choose a finite element representation of bond energies. In
such a continuum-based formulation, two-point interactions
are represented by the strain energy as a function of the
displacement gradient ¢ = VX contained in the finite ‘bond’
volume Vi; that is, in the harmonic limit case of an isotropic
elastic material ‘bond’:

(1—a)
2 Vi

k 2 L,

u, = [st +2G (e (e — gsv)i| dav, (20
with K, G the bulk and shear modulus, & = %[; +¢T] the
strain tensor, and &, = tr¢ the volume strain. In turn, the
continuum counterpart of three-point interactions is a restor-
ing energy due to the displacement curvature V¢ = V(VX),
which acts over a finite material length scale £ (related to the
fracture process zone), akin to a cutoff radius [19-21]:

u, = % /V Kk (LoVE)2dV, (21)

E*
with « the curvature modulus; we’ll set «* = I for the

rest of the study as suggested in [20]. Figure 2 represents,
in reduced units, the nominal stress—displacement curves on
the bottom fiber of the beam section in midspan, the so-called
modulus of rupture o5, = 6M*/(b*h*?) (with M* = M /€ the
bending moment in midspan, and b* and i* the section’s width
and height in reduced units, respectively). Simulations are
carried out under ‘static’ conditions, i.e., for a kinetic temper-
ature of T* — 0 (here, T* = 107°), and at a system potential
of reference Apu* = Au/ep = 0. The following observations
deserve attention: In the absence of long-range interactions
[Figs. 2(a) and 2(b)], there are only two damage microstates
accessible at equilibrium w* = 0 and o* = 1, irrespective of
the chosen softening behavior represented by N; admissible
damage states (here, N; > 500, see Fig. 1). In a continuum
representation of the bond energies [i.e., Eq. (20)], the local
damage model suffers the well-known localization of damage
into a single band, with damage transitioning o* =0 — 1
in a single element situated at the damage front [Figs. 2(a)
and 2(b)]. That is, the local damage model degenerates at
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FIG. 3. Isosteric heat development in three-point bending: (a),(b)
with short-range and (c),(d) long-range interaction; with (a),(c) and
without (b),(d) notches. Results obtained with the linear softening
model presented in Fig. 1.

thermodynamic equilibrium into a brittle fracture model with
and without notches. The o discontinuity is reminiscent of
a first-order phase transition, confirming earlier observations
made for brittle fracture phenomena [32]. In contrast, when
additional long-range interactions redistribute deformation
energy over a material length scale £, the SGCMC approach
permits access, at thermodynamic equilibrium, to the entire
range of admissible damage states o € [0, 1] in the form of a
damage process zone ahead of the fracture front where v = 1
[Figs. 2(c) and 2(d)], consistent with Barenblatt’s suggestion
of equilibrium-based quasibrittle fracture [46].

An interesting observation is the competition between
short-range and long-range interactions, which can be derived
from the isosteric heat of adsorption (Fig. 3): in the absence
of long-range interactions [Figs. 3(a) and 3(b)], the lack of
nonlocal energy redistribution induces a global instability:
damage initiation, marked by the threshold g} = —gj; coin-
cides with immediate macroscopic failure, as evidenced by the
oy discontinuity. By contrast, when long-range interactions
are present [Figs. 3(c) and 3(d)], this global instability is
delayed beyond the onset of damage, as bond-fracture ex-
haustion is progressively distributed over the fracture process
zone.

IV. DAMAGE ISOTHERMS

We now explore our statistical approach, leveraging the
semigrand ensemble and the associated damage isotherms.
By analogy with adsorption processes [37,42], such dam-
age isotherms in the AV T ensemble represent the system’s
residual bond density as a function of the bond potential
Ap* =] —1,0], at a prescribed generalized volume x* and
temperature 7*. At the reference bond potential Au* = 0, the
displacement x* is first applied. The bond potential is then
incrementally reduced to Au* = —1, which defines the (frac-
tured) solid—gas phase transition [32]. Subject to a reduced
bond potential Apu* = —1 <« 0, the system—in the reduced
unit state space (Au*, V*, T*)—transitions sequentially from
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FIG. 4. Damage isotherms of a notched beam: ‘Bond-mass’ den-
sity (p) and nominal stress oy, vs bond potential Ap* at a low
temperature T* = 107>, The damage isotherms are not affected by
the applied load X}, for both (a),(c) short-range and (b),(d) long-range
interactions, regardless of the geometry.

an elastic solid to a damaged solid to a gas, for which
{(p) = 0.

A first observation comes from Fig. 4 displaying the
isotherm variations with respect to the (relative) applied load-
ing x; for a notched geometry. Given the surface nature of
fracture, the isotherms are mostly independent of the im-
posed loading for both short Figs. 4(a) and 4(c) and long
Figs. 4(b) and 4(d) range interactions entailing a functional
relationship of the form p = F(Au*, T*) reminiscent of ad-
sorption processes [37]. More generally, damage isotherms
are not sensitive to pre-existing discontinuities, nor to the
presence of long-range interactions, as illustrated by Fig. 5.
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FIG. 5. Damage isotherms and nominal stress oy vs bond po-
tential Ap* at constant prescribed displacement x*; for different
temperatures 7*. A sequential phase transition from intact solid
to damaged solid and to gas is observed for (a),(c) notched and
(b),(d) unnotched beams, considering short-range [u;, Eq. (20)]
and long-range [u,, Eq. (21)] interactions, at two different kinetic
temperatures.
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FIG. 6. Nominal stress-displacement curves for notched three-
point bending beam tests with short-range interactions (a),(b) and
long-range interactions (c),(d) for A =1 (a),(c) and A =2 (b),(d)
mesh dilation. Results obtained with the linear softening model are
presented in Fig. 1.

They exhibit a sharp solid-fracture phase transition at a critical
bond potential that depends only on temperature. In con-
trast, the corresponding bond-cohesion curves [(Au*, oy),
Fig. 5] depend on both (notched or unnotched) geometry and
the activation of short-and long-range interactions. In fact,
the bond-cohesion curves for notched specimens [Figs. 5(a)
and 5(c)] are smooth, indicative of a smooth solid-fracture
phase transition modulated by damage. In turn, in the ab-
sence of geometric discontinuities for fracture initiation, this
solid-fracture-gas transition is steeper [Figs. 5(b) and 5(d)]—
akin to a first-order phase transition characteristic of brittle
fracture phenomena [32]. Otherwise said, from an adsorp-
tion perspective, damage serves as an intermediate state
between intact solid and gas, triggered by the desorption of
bonds.

V. SIZE EFFECT

We can now investigate damage size effects by comparing
the nominal strength max,- oy of geometrically similar struc-
tures [47], in an affine dilation of the system D(A) = A Dys.
In the phase space of the semigrand canonical ensemble, the
imposed Lennard-Jones system of units prevents any appar-
ent size effect under a constant Au* (see Fig. 6). We will
demonstrate that size effects can, in fact, be derived from
statistical-thermodynamic principles intrinsic to the semi-
grand ensemble—rather than from the geometric arguments
conventionally used in fracture mechanics.

Our starting point for a size effect analysis is the realization
that at thermodynamic equilibrium the probability to delete or
insert a bond is on average the same. Following earlier work
[32], we approximate the change in energy due to the addition
or deletion of a bond by expression (11)

(U™
~ a) )ANe = +4*.
9 (Ne)

*
N, %1

(22)
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The equality of probability thus entails

PN,—~N,+1 = PN,—N,—1

U
1 * * 1 * *
exp F(—AM +4%) | =exp F(AM —q)|  (23)
It follows that at thermodynamic equilibrium, we have
Ap* =q" = q; +q;, 24)

with

(Ug) oz _ a(Uy)

*

gy = —200) _ W) e 0D _ W) s

O(Np)  9(Ne) (Np)  9(Ne)

The equilibrium condition, Eq. (24), includes for Au* =0
the Griffith fracture criterion g} = —q;;, whereas g} = —¢q; +
Ap* for Ap € [—1, 0]. Otherwise said, the admissible bond-
energy release rate g} decreases below the bond fracture
energy —g;; when the chemical potential difference targets all
bonds in the system. This suggests that size effects on the
structural strength originate as a system property monitored
through the chemical potential difference Ap*.

We therefore consider an affine dilation D(A) = AD,s of all
reference geometric dimensions. As previously shown, when
Ap* = 0, such dilation has no effect—expressed in reduced
units—on the nominal strength (Fig. 6). On the other hand,
such a dilation will increase the fracture surface I'*, as well as
the number of (broken) bonds crossing this (dilated) surface:

a(I'™) () = A4 ()
3 (Ny) 9 (Np)

where d is the Euclidean dimension of the surface
(d =1 for 2D, d = 2 for 3D systems). The bond size-scaling
originates here from the material microstructure itself: the
existence of an intrinsic interatomic spacing implies a finite
bond size and therefore a finite bond density per unit fracture
surface. Geometrically similar structures consequently con-
tain an extensive number of admissible fracture states scaling
naturally with the fracture surface. Then recall that the elastic
energy (U,")—in reduced units—is unaffected by the dilation.
The bond energy release, g}, thus scales as

U _ aU7( = 1)) o(I™)

=1, (26)

g () =— = *)
g d(Np(A)) (™) (N
=rqgmn=1), (27)
where we recognize Griffith’s energy release rate

(U;¥)/9(I'*). In contrast to the deformation energy, the
ground state energy increases with the number of bonds.

Specifically, for a statistically homogeneous material
Uy(v) = 24 Uy (A = 1). Whence,
« AUy (A)) _ a{Uy(r = 1)) .
—qo() = St = o = =g (= 1)
INp(L)) A Np(A = 1))
(28)

Therefore, using Egs. (27) and (28) in the thermodynamic
equilibrium condition, Eq. (24), we find the link between the
chemical potential difference and the dilation parameter,

Apr() = g5 (1 =279, (29)

The size effect law, Eq. (29), can be interpreted as an
extension of Griffith’s criterion ¢ (A = 1) = —gj, applied to
a consistent, self-similar scaling of the ensemble parame-
ters (Au,V,T) in the semigrand canonical ensemble. This
self-similarity of the first kind implies the absence of an in-
trinsic material length scale governing fracture, and justifies
using A =1 as a reference dilation [48]. It equally holds
for homogeneous (—¢q; = 1) and heterogeneous materials, for
which 0 < —¢g5 < 1 [33], provided that the bonds broken on
a fracture surface are statistically representative of the bulk
bond heterogeneity. That is, for Eq. (28) to hold, the fracture
surface must be sufficiently large compared to the charac-
teristic length scale delineating the bond heterogeneity. The
case of statistical inhomogeneity is beyond the purpose of our
investigation.

In return, the introduction of a finite fracture process
zone implies that the system reference configuration must
be defined relative to an intrinsic material length, relating
the chemical potential difference Au* =0 to the internal
dynamics of the system. This requires the additive renormal-
ization A — X — 1, redefining the system dilation as a ratio
between the structural size and the fracture process zone scale,
enforcing A =0 as the physically meaningful state where
no separation of scales exists [47]. Upon renormalization,
the thermodynamic relation derived in Eq. (29) remains for-
mally unchanged, while the damage process transitions from
a self-similar process of the first kind (embedded in linear
elastic fracture mechanics) to one of the second kind fol-
lowing Barenblatt’s classification [48], naturally capturing the
asymptotic matching between strength and fracture theories in
quasibrittle fracture.

Derived here from mere thermodynamic equilibrium con-
ditions, we corroborate our scaling proposition, Eq. (29), in
Fig. 7 in the form of simulation results to be compared with
BaZant’s size-effect law in Lennard-Jones units [22]:

oy =014+ Dy 117, (30)

. . _ N
where r is a shape parameter, typically chosentobe r = 1, o

is the material strength limit, and Dj is the transitional length

* 2 .

o}

&

B 1031

20 10

<]

—~

B

1)

T@ e U,, sim.values

R= U, SEL fit

g - - Uy, LEFM sim.values

g Uy + Uy, sim.values
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7 Uy + Uy, LEFM sim.values

_S m—ON X A 1/2

= 2 ! . .
= 10
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A—1=(1+Ap) -1

FIG. 7. Intrinsic damage size effects: normalized strength as a
function of the renormalized scaling parameter A — 1 = D /Dyt — 1
for a notched beam.
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between the plastic and fracture asymptotes [47] (related to
the internal material length). Upon calibration of the (o, D)
parameters through Levenberg-Marquardt regression, we ob-
tain nominal strength scaling relations o (1) as a function
of the renormalized scaling parameter A = D/D.s — 1 for
a notched beam. Specifically, in the absence of an intrin-
sic material length, the simulation results converge to the
classical scaling relation of linear elastic fracture mechanics
oy (y) o« A71/2, regardless of the consideration of long-range
interactions (Fig. 7). Similarly, considering the existence of
such a material length through renormalization allows us to
capture the two-asymptote nature of quasibrittle fracture to-
gether with the intermediate transitional region regardless of
long-range interactions [47]. We obtain D} = 0.94 for short-
range interactions and Djj = 1.24 for long-range interactions,
demonstrating that nonlocal elastic redistribution delays the
system transition toward the brittle asymptote. These values
are consistent with the interpretation of Df as the intrinsic
length governing the incomplete similarity of the fracture
process.

VI. CONCLUSION

In summary, considering a fundamental question of dam-
age and fracture mechanics [49,50], our statistical mechanics
investigation suggests that damage and fracture size effects
are a system property—not a material property. That is, in
contrast to classical Griffith-type fracture mechanics, in which
size effects result from the dimensional mismatch between
volumetric strain energy and surface dissipation of this energy
during the creation of the fracture surface, our fluctuation-
based fracture mechanics approach attributes size effects to
the impact of an external source, the chemical potential dif-
ference Ap*. Our study shows that the rescaling of the bath
pressure for the system’s size dilation Ap* = gj(1 — A4
ensures the same probability of damage and fracture for
geometrically similar structures. This allows us to consider
the geometry of the fracture surface in order to bridge the
strength limit oy = const for d = 0 and the classical fracture
strength size effect oy oc 1/ V& for well-developed fracture
surfaces. As a system property, this size effect holds for
both notched and unnotched geometries, with and without
the consideration of long-range bond interactions. Central to
this finding is the consideration of damage and fracture as

thermodynamic equilibrium states in the semigrand canonical
ensemble as an intrinsically stochastic process that permits
ensemble averaging. While the present work focuses pri-
marily on establishing a statistical-thermodynamic framework
for quasibrittle fracture, future developments will investigate
the direct engineering interpretation of the thermodynamic
variables introduced here, particularly the role of the kinetic
temperature 7* as a measure of material heterogeneity (akin
to the Weibull distribution in deterministic damage mechanics
[24]), and the relationship between the chemical potential
difference Ap* and fracture-related quantities such as the
fracture energy Gy. In addition, although the present formu-
lation treats fracture as a sequence of quasiequilibrium states,
extending the framework toward nonequilibrium path ensem-
bles ([51,52]) could provide a natural route to incorporate path
dependency and hysteresis within this quasiequilibrium ap-
proach. Of course, while other irreversible deformation states
than damage and fracture—not considered in our study—will
affect the size effect law (see, e.g., [47,49,50]), the rational-
ization of size effects within the realm of statistical mechanics
opens venues toward the safe design and operation of damage-
prone materials and structures ranging from concrete bridges
and high-rise buildings to hydraulic fracturing of gas shale
and the fracture risk evaluation of hard and soft biological
tissues.
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