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Non-unitary time evolution via the Chebyshev expansion method
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The Chebyshev expansion method is a well-established technique for computing the time evolution of
quantum states, particularly in Hermitian systems with a bounded spectrum. Here, we show that the applicability
of the Chebyshev expansion method extends well beyond this constraint: It remains valid across the entire
complex plane and is thus suitable for arbitrary non-Hermitian matrices. We identify numerical rounding errors
as the primary source of errors encountered when applying the method outside the conventional spectral bounds,
and they are not caused by fundamental limitations. By carefully selecting the spectral radius and the time
step, we show how these errors can be effectively suppressed, enabling accurate time evolution calculations in
non-Hermitian systems. We derive an analytic upper bound for the rounding error, which serves as a practical
guideline for selecting time steps in numerical simulations. As an application, we illustrate the performance of
the method by computing the time evolution of wave packets in the Hatano-Nelson model.
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I. INTRODUCTION

Solving unitary time evolution is a fundamental challenge
in quantum mechanics, essential for understanding the dy-
namics of quantum systems. Although the problem is formally
solved, numerically obtaining the time-evolved wave function
can run into complications, especially for large systems. Many
numerical methods and tricks have been devised to deal with
this problem and optimize the calculations [1,2].

A frequently used method is the Chebyshev expansion
method [3–8]. This relies on the expansion of the exponential
function using Chebyshev polynomials [9,10].

In recent years, there has been growing interest in studying
systems governed by a non-Hermitian Hamiltonian [11]. An
effective non-Hermitian description can appear in many dif-
ferent contexts, for example, the quantum dynamics of open
systems, or classical dynamics of dissipative nonreciprocal
systems can be described via a non-Hermitian formalism. All
of these lead to the same type of nonunitary dynamics that can
be solved in the same way, by exponentiating a matrix.

Non-Hermitian matrices often lead to numerical instabil-
ities, due to their sensitivity to small perturbations and the
absence of Weyl’s inequality [12]. More instability requires
more efficient numerical methods in order to obtain accurate
results, especially for larger systems.
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Generalizing the Hermitian Chebyshev expansion to non-
Hermitian matrices seems like a natural step; however, this ran
into some complications. According to the physics literature,
the Chebyshev expansion can not be used outside of the real
[−1, 1] interval [4,6,7,13–15], where the Chebyshev polyno-
mials are well-behaved.

To overcome this problem, many works in the physics
literature introduce alternative methods to compute the time
evolution of a non-Hermitian system. These methods include
algorithms based on Taylor expansion [16], Runge-Kutta
method [17], the usage of more general polynomials such
as the Newtonian interpolation polynomial [18], and Faber
polynomials [15,19]. Other methods rely on Hermitizing the
Hamiltonian [14,20]. More generally, techniques for treat-
ing time-dependent nonlinear systems have been discussed in
[21].

In contrast, if one looks at the mathematics literature, it
becomes evident that the Chebyshev expansion of the expo-
nential function should work for arbitrary complex numbers
[9,10,22,23].

In this paper, we show that the Chebyshev expansion
method also works for non-Hermitian Hamiltonians and can
be used to numerically compute the nonunitary time evolution
of arbitrary states. We explore the apparent inconsistency be-
tween the physics and mathematics literature, and we discuss
the numerical limitations of the method. While the applica-
bility of the Chebyshev expansion to non-Hermitian problems
for short time steps has been observed empirically [24], a clear
theoretical explanation has so far been lacking.

First, we will explain the exponentiation of a simple
complex number (Sec. II), and then we will discuss the
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exponentiation of a non-Hermitian matrix (Sec. III) and cal-
culate the time evolution of wave packets in a simple fruit-fly
system: the Hatano-Nelson model [25].

II. COMPLEX EXPONENTIAL FUNCTION

In this section, we consider the numerical evaluation of the
function e−itz where t > 0 ∈ R and z ∈ C using the Cheby-
shev expansion.

A. Chebyshev expansion of the exponential function

Throughout this paper, we will be using the Chebyshev
polynomials of the first kind, Tm(z), defined through the fol-
lowing recursion relation [10]:

T0(z) = 1,

T1(z) = z,

Tm+1(z) = 2zTm(z) − Tm−1(z). (1)

With this definition, the Chebyshev polynomials can be de-
fined on the entire complex plane z ∈ C.

The exponential function can be expressed as a series as
[5]

e−itz = J0(t ) + 2
∞∑

m=1

(−i)mJm(t )Tm(z), (2)

where Jm are the Bessel functions of the first kind. This series
is convergent and valid for the entire complex plane since the
exponential function is analytic on the entire plane. See, e.g.,
Theorem 9.1.1 in Ref. [9] or Theorem 1 in [22] (the Cheby-
shev polynomials are special cases of the Jacobi polynomials).

Oftentimes, in practical numerical implementations, the
values of z are restricted to the [−1, 1] interval on the real
axis. In the following section, we will see why this is the case
and how we can move away from the [−1, 1] interval and still
obtain numerically precise results.

B. Numerical accuracy

We implemented the series expansion of the exponential
function in Eq. (2) using a Python code publicly available at
Ref. [26]. To assess the accuracy of our numerical values for
the exponential function, we compare them with the exponen-
tial function computed using a standard implementation [27].

The difference between our Chebyshev series implementa-
tion and that of the standard exponential function computed
using floating-point arithmetic is shown in Fig. 1. As we can
see, the best accuracy is achieved on the z ∈ [−1, 1] interval.
Around this region, the accuracy remains roughly constant
along ellipses with focal points at −1 and 1, but it decreases
exponentially for larger ellipses. How is this possible if the
Eq. (2) expansion is valid on the entire complex plane?

In order to understand this, we look at the individual terms
in the expansion. These terms are shown in Fig. 2 as a function
of the order of the expansion (m). Chebyshev polynomials
Tm(z) evaluated on the real [−1, 1] interval are bounded by
−1 � Tm(z) � 1 for all values of m. Away from this interval,
we can give bounds using the so-called Bernstein ellipses with

FIG. 1. The absolute difference (�) between e−itz computed
using the standard exponential function and obtained using the
Chebyshev series expansion Eq. (2), truncated by keeping only m =
250 terms in the sum, for different values of z ∈ C. The results are
shown for t = 8.

radius � � 1, defined as

E� =
{

z ∈ C

∣∣∣∣z = 1

2

(
�eiϑ + 1

�
e−iϑ

)
, ϑ ∈ [0, 2π )

}
. (3)

These ellipses have foci at z = ±1. For w ∈ E�, the Cheby-
shev polynomials are bounded as [10]

1

2

(
�m − 1

�m

)
� |Tm(w)| � 1

2

(
�m + 1

�m

)
. (4)

This shows that outside of the [−1, 1] interval the Chebyshev
polynomials diverge exponentially as a function of m (dashed
lines in Fig. 2). In combination with the Bessel function, the

FIG. 2. Individual terms in the Chebyshev expansion (2) of e−itz

for various values of t = 8, 16 and z = {3/2, 3/2i} as a function of
the expansion order m.
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terms get smaller with increasing m, ensuring the convergence
of the expansion in Eq. (2).

We provide an analytic upper bound for the value of the
terms in the expansion. For the Bessel function, the upper
bound reads

|Jm(t )| � 1

m!

(
t

2

)m

, (5)

where we used the asymptotic form for m � t of the Bessel
functions (that gives an upper bound). From this formula, it
is easy to see how the Bessel functions decrease as a function
of increasing m more rapidly than the exponential increase
of the Chebyshev polynomials. We can also see that with
increasing t , the maximum of the Bessel function moves to
higher m, so the number of terms needed in the expansion to
reach convergence also increases (see also Fig. 2).

The numerical error of the expansion arises because of
rounding errors in the floating-point arithmetic. We make the
argument for real numbers, but for complex numbers, it works
similarly, as they are just two copies of real numbers. A real
number x ∈ R is represented as

xfloat = sbe, (6)

where s ∈ Z is the significand, b is the base (usually 2 in
most implementations), and e is the exponent. In usual cases,
when using double precision floats, the significand is 53
bits. This makes the largest value for the significand to be
smax ≈ 0.9 × 1016. This means that roughly the 17th digit (in
a decimal system) is lost. For an arbitrary number x, we can
give an upper bound for this error (not taking into account er-
rors accumulated during computation, simply the error arising
from storing the number on a computer) as

|x − xfloat| � xfloat

253
≡ εxfloat, (7)

where ε = 1.11 × 10−16 is the machine precision (for double-
precision floating-point numbers).

We estimate the numerical error for the m-th term in the
expansion as

�m(�, t ) � ε4|Jm(t )||Tm(w)| � 2ε(�m + �−m)
1

m!

(
t

2

)m

,

(8)

where the extra factor of 2 comes from the relative errors of
the Bessel functions and the Chebyshev polynomials adding
up when multiplying the two numbers. We assume that the
precision of the Bessel function computed with floating-point
arithmetic is ε and the numerical errors coming from com-
putational errors are smaller than the errors coming from the
representation in the Chebyshev polynomials. This is justified
by the simple nature of the recursion of Chebyshev polyno-
mials that uses only multiplications and additions. We then
take a larger upper bound that has a simpler form and does
not significantly overestimate the error:

�m(�, t ) < 4ε
1

m!

(
t�

2

)m

≡ �̃m(�, t ). (9)

The rounding error after adding N numbers, each having ε

precision, can be computed as [28]

�̃(�, t ) =
N−1∑
m=0

ε(N )
m �̃m(�, t ), (10)

where ε(N )
m � (N − 1 − m) for m > 0 and ε

(N )
0 � N − 2. As a

simple upper bound for this total error, we take

�̃ < N
∞∑

m=0

�̃m = 4εN exp
t�

2
. (11)

In order to estimate the number N , we use the condition

4

N!

(
t�

2

)N

<

∞∑
m=0

�̃m = 4ε exp
t�

2
, (12)

which means that the sum is evaluated until the N-th term in
the sum becomes smaller than the rounding error of the ex-
pansion. Using the Stirling’s approximation, we approximate
the factorial as N! > (N/e)N (here, we took a simpler lower
bound than the usual Stirling’s approximation that contains a
factor of

√
2πN). This way, the condition simplifies to

N log
t�e

2N
< log ε + log N + t�

2
. (13)

For simplicity, we take a stricter condition,

N log
t�e

2N
< log ε + t�

2
, (14)

which we solve using the Lambert W function,

N >
t�e

2
expW

(
−2

log ε + t�
2

t�e

)
, (15)

where W (x) expW (x) = x (we use the principal branch of
the Lambert W function). With this formula, the total error
becomes

�̃ < 4ε
t�e

2
expW

(
−2

log ε + t�
2

t�e

)
exp

t�

2
. (16)

For t� → ∞, this formula simplifies to

�̃ < 2εt� exp
t�

2
, (17)

where we used W (−1/e) = −1.
The rounding error estimate in Eq. (17) is our first main

result. Figure 3 shows this estimated rounding error together
with the numerical results as a function of �.As we can see,
the estimated error follows the same trend as the numerical
data and gives a consistent upper bound.

The formula can also be inverted to give a safe upper radius
�max to use for any given time t and absolute tolerance �max.
This constitutes our second main result:

�max = 2

t
W

(
�max

4ε

)
. (18)

From this relation, we can see that the longer the time step we
want to compute, the smaller the radius we can use. This is
shown in Fig. 4 for two different time steps, where the con-
tours with |�| = 10−12 are shown both numerically and from
the analytic estimate. Since we have a rigorous upper bound
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FIG. 3. The absolute difference (�) between e−itz computed
using the standard exponential function and obtained using the
Chebyshev series expansion, (2), for different ρ radius values of
z ∈ C. The order of the expansion is m = 250. The result is shown
for t = 8. The red curve shows the estimate for the rounding error
computed using Eq. (17).

for the error estimate, the analytic ellipses are fully enclosed
by the numerical contours, showcasing that this formula can
be used to safely estimate the maximal radius that can be used
during numerical computations. While the analytic contours
are symmetric under complex conjugation, the numerical con-
tours are not. The reduced accuracy observed for positive
imaginary parts arises from the exponential growth of the
exponential function in this region. This primarily affects the
detailed shape of the numerical contours, but the analytic
bounds remain valid.

In order to illustrate that this is only a numerical rounding
error, we compare floating-point and integer arithmetic when
computing Eq. (2) in Fig. 5. Using the integer representation

FIG. 4. Contours in the complex plane where the absolute differ-
ence � between e−itz computed via the standard exponential and the
Chebyshev expansion (2) satisfies |�| = 10−12, for times t = 3, 8.
The order of the expansion is m = 250. The dashed lines show the
Eq. (18) estimate for the contour, and the solid contours show the
numerical result.

FIG. 5. The Chebyshev expansion of the complex exponential
function e−izt is shown using integer, denoted with Int, and floating-
point, denoted with Float, arithmetic using t = 8. The parameter
� represents the difference between the Chebyshev approximation
from the exact exponential function, while m denotes the number of
terms considered in the expansion.

is only possible with rational values for the real and imaginary
parts of z. Since the largest integer that we can represent
exactly is significantly larger than the largest integer we can
represent precisely as a float, the above-explained numerical
error will become relevant only at much larger values of t
or �.

Figure 5 shows that the two representations yield similar
approximations up to a specific order of the expansions, after
which the float representation stops improving with increasing
m, while the integer representation continues to improve.

Finally, the t dependence of the expansion is shown in
Fig. 6. Since a larger t requires higher orders in the expansion,
it leads to more numerical errors. This appears as a strong
monotonous increase in the error as a function of t . For a fixed

FIG. 6. The time dependence of Chebyshev expansion of the
complex exponential function e−izt is shown using integer, denoted
with Int, and floating-point, denoted with Float, arithmetic. � repre-
sents the difference between the Chebyshev approximation and the
exact exponential function. The order in the expansion is m = 100.
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accuracy goal |�|, there is a threshold value of tmax above
which the approximation becomes numerically bad. We see
that tmax is significantly larger for the integer representation
for the same z value.

III. NON-HERMITIAN TIME EVOLUTION
IN THE HATANO-NELSON MODEL

In this section, we will generalize the expansion of the
exponential function of a single complex number to a non-
Hermitian matrix. We then use this to compute the time
evolution operator of non-Hermitian Hamiltonians and to
compute the time evolution of an arbitrary initial state. The
method is completely general and can be used for any Hamil-
tonian given as a matrix. To showcase the strengths and
limitations of the method, we will take the Hatano-Nelson
(HN) model [25] as an example, where the time-evolution
problem can be solved analytically. The HN model is a
one-dimensional (1D) tight-binding chain with nonreciprocal
nearest-neighbor hoppings

Ĥ = γ

N−1∑
n=1

[(1 + p)|n〉〈n + 1| + (1 − p)|n + 1〉〈n|]

+ αBC[(1 + p)|N〉〈1| + (1 − p)|1〉〈N |], (19)

where N is the number of sites in the chain, γ is the energy
scale of the hoppings, p ∈ R, |p| < 1 is the nonreciprocity
in the hoppings (for p = 0 we get a Hermitian 1D chain),
|n〉 is the state localized on the n-th site, and αBC = 0 for
open boundary condition (OBC) and αBC = 1 for periodic
boundary condition (PBC). In the |n〉 basis, the components
of the Hamiltonian matrix are Hmn = 〈m|Ĥ |n〉.

A. Chebyshev expansion of the time evolution operator

Since the Chebyshev expansion of the exponential function
works on the entire complex plane, its generalization to non-
Hermitian matrices is straightforward:

e−itH = J0(t ) + 2
∞∑

m=1

(−i)mJm(t )Tm(H ), (20)

where H is an arbitrary square matrix, and the Chebyshev
polynomials are given by the same recursive relation,

T0(H ) = 1,

T1(H ) = H,

Tm+1(H ) = 2HTm(H ) − Tm−1(H ). (21)

This is true because the expansion works for all eigenvalues
of any complex matrix, which means it must also work for the
matrix itself. This statement is straightforward for matrices
that can be diagonalized, but it also applies to matrices that are
nondiagonalizable. Every matrix can be brought to a Jordan
normal form, which is a block diagonal matrix composed of

Jordan blocks,

H = P

[
n⊕

a=1

Ja

]
P−1, Ja =

⎛
⎜⎜⎜⎜⎜⎜⎝

εa 1 0 · · · 0

0 εa 1 . . .
...

0 0 εa
. . . 0

...
. . .

. . .
. . . 1

0 · · · 0 0 εa

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(22)

where εa are the eigenvalues of the H matrix, and P is an
invertible matrix. An f(H) analytic function can then be eval-
uated as

f (H ) = P

[
n⊕

a=1

f (Ja)

]
P−1, (23a)

f (Ja) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

f (εa) f ′(εa) f ′′(εa )
2! · · · f (n−1) (εa )

(n−1)!

0 f (εa) f ′(εa) . . .
...

0 0 f (εa) . . . f ′′(εa )
2!

...
. . .

. . .
. . . f ′(εa)

0 · · · 0 0 f (εa)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(23b)

In our case, f (εa) = eitεa is analytic and can be expressed
using the Chebyshev expansion for any εa ∈ C. This means
that the Chebyshev expansion of the exponential function
works for every Jordan block and thus can be applied to any
square matrix.

B. Analytic time evolution

The time-evolution problem can be solved formally using
the eigenvalues and eigenstates of the Hamiltonian:

Ĥ |ψa〉 = εa|ψa〉. (24)

The time evolution of a state |φ〉 is expressed as

|φ(t )〉 =
∑

a

e−iεat 〈ψa|φ〉|ψa〉. (25)

In the following, we give the analytic solutions to the eigen-
value problem of the Hatano-Nelson model under PBC and
OBC.

1. Periodic boundary condition

The PBC Hatano-Nelson model [αBC = 1 in Eq. (19)] in
the |n〉 basis is a circulant matrix of the following form:

H = γ

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 + p 0 · · · 0 1 − p
1 − p 0 1 + p · · · 0 0

0 1 − p 0 · · · 0
...

...
...

...
. . .

... 0
0 0 0 · · · 0 1 + p

1 + p 0 0 · · · 1 − p 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(26)

The eigenvalue problem
∑

m Hnmψ (a)
m = εaψ

(a)
m of circu-

lant matrices can be solved via a Fourier transform [29], and
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the eigenvalues ε and right eigenvectors ψ of Eq. (28) are
expressed as

εa = γ (1 + p)e−i 2πa
N + γ (1 − p)ei 2πa

N , (27a)

ψ (a)
n = 1√

N
e−in 2πa

N , (27b)

where a, n = 1, . . . , N .

2. Open boundary condition

The OBC Hatano-Nelson model [αBC = 0 in Eq. (19)] in
the |n〉 basis is a tridiagonal Toeplitz matrix of the following
form:

H = γ

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 + p 0 · · · 0 0
1 − p 0 1 + p · · · 0 0

0 1 − p 0 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · . . . 1 + p
0 0 0 · · · 1 − p 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(28)

The eigenvalues and right eigenvectors of this Hamiltonian
are given by [30]

εa = 2γ
√

(1 − p)(1 + p) cos

(
aπ

N + 1

)
, (29a)

ψ (a)
n =

(
1 − p

1 + p

) n
2

sin

(
anπ

N + 1

)
, (29b)

where a, n = 1, . . . , N .

C. Numerical time evolution

Here, we use the Chebyshev expansion to calculate the
time evolution of |ψ (0)〉,

|φ(t )〉 = e−itH |φ(0)〉. (30)

Numerically, it is faster to compute the effect of the time
evolution operator on the initial state than first compute the
time evolution operator and then act with it on the initial state.
Using the Eq. (20) expansion and applying it to the initial
state, we directly compute the time-evolved state as

|ψ (t )〉 = J0(t )|ψ (0)〉 + 2
∞∑

m=1

(−i)mJm(t )Tm(H )|ψ (0)〉, (31)

where

T0(H )|ψ〉 = |ψ〉,
T1(H )|ψ〉 = H |ψ〉,

Tm+1(H )|ψ〉 = [2HTm(H ) − Tm−1(H )]|ψ〉. (32)

The advantage of this is that only matrix-vector multiplica-
tions are needed instead of matrix-matrix multiplications.

We compute the time evolution for a wave packet using the
Chebyshev expansion, compare the result with the analytic so-
lution, and take the norm of differences as error. We calculate
the time evolution for a fixed Tmax total time, splitting it into
steps of �t . In order to keep the wave packets normalized,
we rescale them at each time step. To optimize the algorithm,

FIG. 7. The norm of the difference between the exact time-
evolved wave packet and the wave packet obtained using the
Chebyshev expansion, (31), as a function of the time step �t us-
ing the Hatano-Nelson model, Eq. (19). The simulation parameters
used are Tmax = �t maximum time, for the system with N = 100
system size, γ = 0.4, 0.5, 0.6, 0.7 hopping energy, and p = 0.1 non-
reciprocity under periodic boundary condition. The initial wave
function is a Gaussian wave packet with k = π/2 momentum cen-
tered on the middle of the chain, with width σ = 10. The inset shows
the different spectra on the complex energy plane. The parameters are
such that for the two smaller (larger) values of γ the real part of the
spectrum is inside (outside) the [−1, 1] interval.

instead of using a fixed m expansion, we use an adaptive
approach where the series is stopped once the terms become
smaller than 10−14 for five consecutive iterations. This ensures
that in cases where numerical convergence is achieved with
fewer terms, we avoid unnecessary computation.

First, we look at a single time step of �t . The results as a
function of �t for the PBC and OBC Hatano-Nelson model
are shown in Figs. 7 and 8.

FIG. 8. Same simulations with the same parameters as the ones
in Fig. 7, but under open boundary conditions. The inset shows the
spectrum, which is completely real in this case (the different spectra
are shifted for better visibility).
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FIG. 9. The norm of the difference between the exact time-
evolved wave packet and the wave packet obtained using the
Chebyshev expansion Eq. (31) as a function of the nonreciprocity p
using the Hatano-Nelson model, Eq. (19). The simulation parameters
used are �t = 1 timestep, Tmax = 150, 300, 450 maximum time, for
a system size N = 100 and for γ = 1, under periodic boundary
condition. The initial wave function is a Gaussian wave packet with
k = π/2 momentum centered at the middle of the chain, with width
σ = 10.

In the PBC case, by Eqs. (27), the spectrum lies on an
ellipse in the complex plane. Increasing γ increases the size of
the ellipse and thus decreases the largest �t that still gives an
accurate result. In the OBC case, by Eqs. (29), the spectrum
is always real. As long as it is in the [−1, 1] interval, the ex-
pansion works very well. For the γ values where the spectrum
goes beyond the [−1, 1] interval, the expansion works well
only for smaller �t steps.

The two cases work similarly well, with the OBC working
better for the ranges of γ where the real part of the spectrum
lies within the [−1, 1] interval due to the fully real spectrum.
Interestingly, the expansion works quite well even for the PBC
in this range, even though the spectrum is not fully real.

Comparing the numerical results for larger systems and
larger nonreciprocity becomes difficult in the case of OBC.
This is because the representation of the analytic results in
the computer becomes imprecise due to the exponentially
localized eigenstates. When computing the overlaps 〈ψa|φ〉
in Eq. (25), the small numbers in the exponential tail cause
numerical errors. This shows the limitations of the exact diag-
onalization or of the analytic approach, which the Chebyshev
expansion method does not have.

In the PBC case, we do not have this limitation as there
the eigenstates are ordinary plane waves. Figure 9 shows
different simulations as a function of the nonreciprocity p
in the Hatano-Nelson model for PBC. The increasing value
of p increases the � radius of the Bernstein ellipse enclos-
ing the spectrum of the Eq. (19) Hamiltonian. In the PBC
case, the spectrum is always complex, thus the error increases
monotonously with p until it reaches the maximum value
(enforced by the normalization of the wave functions). The
figure also shows that longer simulations with larger Tmax are
less accurate.

FIG. 10. The norm of the difference between the exact time-
evolved wave packet and the wave packet obtained using the
Chebyshev expansion Eq. (31) as a function of a single time step
�t using the Hatano-Nelson model (19). The simulation parameters
used are Tmax = 100 maximum time, for a system size N = 100,
γ = 0.4, 0.5, 0.6, 0.7, and p = 0.1 (solid lines) p = 0 (dashed lines)
non-reciprocity under periodic boundary condition. The initial wave
function is a Gaussian wave packet with k = π/2 momentum cen-
tered at the middle of the chain, with width σ = 10. The parameters
are such that for the two smaller (larger) values of γ the real part of
the spectrum is inside (outside) the [−1, 1] interval.

We finally show a simulation where the final time Tmax is
kept constant, and we vary the number of steps in Fig. 10. This
is how a simulation would realistically go.

As can be seen, it is possible to obtain numerically very
precise results with the right choice of time steps. If we com-
pare the results to those of the Hermitian p = 0 case, we see
that we get comparably good results, demonstrating how the
method not only applies for Hermitian Hamiltonians and not
only within the range [−1, 1].

IV. CONCLUSIONS

We showed that the Chebyshev expansion method to com-
pute the time evolution of a quantum state can be extended
from Hermitian systems with a spectrum restricted to the
[−1, 1] interval to non-Hermitian systems with arbitrary com-
plex spectra.

Numerical rounding errors cause the expansion to break
down for too large time steps. This means that for numerically
accurate results, the time step must be chosen based on the
spectrum of the Hamiltonian. The larger the � radius of the
Bernstein ellipse containing the whole spectrum, the smaller
�t step must be taken.

Using the Hatano-Nelson model, we demonstrated that
the analytic estimates provided in Eqs. (17) and (18) can be
used to select appropriate simulation parameters such that the
numerical errors remain below a desired value.
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