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Cellular automata in d dimensions and ground states of spin models in (d + 1) dimensions
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We show how the trajectories of d-dimensional cellular automata (CA) can be used to systematically construct
the ground states of (d + 1)-dimensional classical spin models, and we characterize their quantum phase
transition, when in the presence of a transverse magnetic field. For each of the 256 one-dimensional elementary
CA we explicitly construct the simplest local two-dimensional classical spin model associated to the given CA,
and we also describe this method for d > 1 through selected examples. We illustrate our general observations
with detailed studies of: (i) the d = 1 CA Rule 150 and its d = 2 four-body plaquette spin model, (ii) the d = 2
CA whose associated model is the d = 3 square-pyramid plaquette model, and (iii) two counterpropagating
d = 1 Rule 60 CA that correspond to the two-dimensional Baxter-Wu spin model. For the quantum spin models,
we show that the connection to CAs implies a sensitivity on the approach to the thermodynamic limit via

finite-size scaling for their quantum phase transitions.
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I. INTRODUCTION

In this paper we provide a complete classification of the
ground states of a set of two-dimensional classical spin mod-
els, through the use of the trajectories of their associated
one-dimensional cellular automata (CA), irrespective of their
boundary conditions. Our method for the characterization of
the ground states extends to spins in arbitrary local spin di-
mensions and it can also be straightforwardly generalized to
higher dimensions to connect d-dimensional CA to (d + 1)-
dimensional spin systems, and to various plaquette interaction
terms.

This method is based on reverse-engineering the Hamil-
tonian of the spin model from the knowledge of its ground
states; that is, we obtain “parent” Hamiltonians for each given
CA rule [1]. The relation of the Hamiltonians to the ground
states is many to one, so for each class we focus on describ-
ing the simplest Hamiltonian per ground-state space. In one
dimension we restrict ourselves to elementary CA [2,3], and
characterize all 256 ground-state spaces and the correspond-
ing 256 spin models. This method generalizes naturally to
higher dimensional CA, which we illustrate with selected 2D
examples that give rise to three-dimensional spin models. In
this work, we focus on periodic boundary conditions (PBC)
which give rise to the most interesting interplay between the
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classical ground-state degeneracy for given system sizes, but
we also discuss other boundary conditions.

By the addition of a transverse field term, these quantum
spin models would exhibit a ground-state quantum phase
transition controlled by the strength of the transverse field.
We show that the knowledge of the CA that determines the
classical ground states provides enough information together
with the various numerical simulations that we use for identi-
fying the characteristics of these quantum phase transitions.
This behavior is similar to what occurs in Ref. [4] for the
quantum triangular plaquette model (TPM) [5-10], whose
classical limit [11-15] obeys CA Rule 60.

While we study the whole class of two-dimensional (2D)
models arising from one-dimensional (1D) elementary CA,
we focus especially on Rule 150 [2,3], whose associated
model was studied with an emphasis on error-correction in
Ref. [16], and its quantum version, the quantum Fibonacci
model, was also studied in Refs. [17-19] (see also Ref. [20]).
To illustrate how the method generalizes to higher dimen-
sions, we consider the square pyramid model (SPyM) [15,21]
and we describe the properties of its quantum phase transi-
tion. Finally, we employ our methodology to the classification
of ground states and the quantum phase transition for the
quantum Baxter-Wu (qBW) model [22] (which relates to two
counterpropagating CA).

As a result, we concentrate on models with linear con-
straints, while the study of models with nonlinear constraints
is the subject of separate paper Ref. [23]. These simple linear
constraints can also be viewed as instances of the k-XORSAT
constraint satisfaction problems (CSPs) [24]. Specifically,
Rule 150 consists of a 4-regular 4-XORSAT, the SPyM of
a S-regular 5-XORSAT, and the BW model of a 6-regular
3-XORSAT instance. In contrast, the rules with nonlinear
constraints would be defined by general SAT constraints [23].
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FIG. 1. CA Rule 150. (a) Local update rule for Rule 150. {p, g, r} denotes the values of the sites in the neighborhood of ¢, which determines
the value of the site s in the next time step. (b) Evolution from a single initial down site under Rule 150. (c) One of the stable cycles of Rule

150.

Since all the models studied here are XORSAT instances,
Gaussian elimination can be used for the efficient solution of
their ground-state space in linear-time complexity [24]. How-
ever, here we will demonstrate the use of the CA for probing
their ground-state spaces, despite their scaling, even with the
most efficient techniques [25,26], being exponential. The rea-
son for our choice lies in the intuitiveness of the method and
its flexibility in constructing local spin models with linear (this
paper), but also nonlinear constraints [23] where Gaussian
elimination is inapplicable. Our approach can be alternatively
thought of as an optimization of a set of cost functions
based on Boolean logic, recast as a Hamiltonian problem,
with potential applications on adiabatic quantum computation
[27-29]. For the nonlinear models [23], an ordering pattern
[order-by-disorder (ObD)] arises for small transverse field
values which can be described by low-order degenerate pertur-
bation theory calculations. The CA construction [23] allows
the explicit determination of the classical zero-temperature
ground-state space of these frustrated models, on top of which
the ObD occurs.

The rest of the paper is organized as follows. In Sec. II we
discuss the dynamics of 1D and 2D CA and the properties
of their limit cycles. In Sec. IIl we describe the (d + 1)-
dimensional classical spin models that can be derived from the
d-dimensional CA. In Sec. IV we consider the corresponding
quantum spin models and their ground-state phase transitions.
In Sec. V we give our conclusions. Extra results are presented
in the Appendices, including the list of classical spin models
emerging from all the elementary CA in Appendix A, other
spin models related to nonelementary CA in Appendix B,
further details of numerical simulations for system sizes with
open boundary conditions (OBC) in Appendix C and a col-
lection of the respective low energy spectra for some system
sizes for Rule 150 in Appendix D.

II. CELLULAR AUTOMATA AND THEIR ATTRACTOR
STRUCTURE

A. One-dimensional linear cellular automata

Cellular automata describe the discrete-time evolution of
an array of sites (or cells), belonging to a finite field or its
generalizations, which are characterized by a dynamical map
(or the update rule), and, in general, might not be deterministic
or Markovian [2,3]. While our methods can be applied to CA
with any neighborhood and with elements in any finite field,

we will focus on deterministic update rules and elementary
CA.

For 1D elementary CA, the neighborhood of each lattice
site is composed of itself and its two neighboring sites. As a
result, in a three-site neighborhood and for the finite field [,
there are 8 possibilities for the states, which give 2% = 256 1D
elementary CA in total [2,3]. For example, Rule 150 has the
update rule [30]

p+q+r mod?2, (D

s = fiso(p,q,r) =
where {p, g, r} describe the values of the sites in the neigh-
borhood of the site being updated; see Fig. 1(a). Rule 150
constitutes an example of a linear CA, while Rule 54 is nonlin-
ear. Example trajectories from one initial seed and for a stable
cycle are shown in Figs. 1(b) and 1(c), respectively.

The periodic structure of a given configuration of linear
size L for the time evolution under a certain rule involves a
sequence of configurations which get repeated after applying
the update rule M times, defining a cycle of period M. The
time evolution of linear CA can be described in an algebraic-
theoretic way, so that a brute force calculation for the period
detection is not necessary [3,31-33]. For an overview of this
method, see Ref. [4] and references therein. We here present
an example of this approach for Rule 150. The local update
rule for a row of L sites can be expressed in matrix form as

1 1. 0 ... 0 O 1
1 11 ... 0 0 O
o 1 1 ... 0 0 O
Aiso= | ¢+ b .0 r 2)
o 0 0 ... 1 1
o 0 o0 ... 1 1 1
|11 0 0 ... 0 1 1]
The matrix A;so can be expressed as
Aiso=14+S+5S,, 3)

with S; and S, the left and right shift map, respectively,
and where PBC are assumed [34]. The construction of the
“minimal polynomial” follows. The order of the irreducible
polynomials in its decomposition will give the cycle lengths
for the cellular automaton. We give the detailed structure of
the periods of Rule 150 in Table I for sizes up to L = 40.
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TABLEI. Invariant cycles of Rule 150. Distinct periods of length
M of the invariant cycles for systems of linear size L and PBC. Note
that this table lists only the distinct periods (including invariant states
of period M = 1) but not their multiplicities.

L M L M

3 1 2 1,31,62

4 1,2 23 1,2047

5 1,3 24 1,2,4

6 1 25 1,3, 1023

7 1,7 26 1,21,42

8 1,2, 4 27 1,7,511

9 1,7 28 1,2,7,14,28

10 1,3,6 29 1, 16383

11 1,31 30 1,3,5,6, 10, 15, 30

12 1,2 31 1,31

13 1,21 32 1,2,4,8, 16

14 1,7, 14 33 1,31

15 1,3,5,15 34 1, 15,30

16 1,2,4,8 35 1,3,7,21, 4095

17 1,15 36 1,2,7, 14,28

18 1,7, 14 37 1,29127

19 1,511 38 1,511,1022

20 1,2,3,6,12 39 1,21, 4095

21 1,7,63 40 1,3,4,6, 12,24
tcalysm 1

FIG. 2. Mapping of the CA evolution to the ground states of spin
models. The case of the evolution of Rule 150 CA, s=p+qg+7r
mod 2, with PBC (cells with value 0/1 indicate a spin up/down).
Superimposed we show the plaquette interactions of the spin model
with local interactions 0,0,0.0,, whose ground states are given by
the CA evolution of Rule 150. The time evolution of Rule 150
(denoted #cs) coincides with the y-dimension of the spin model
(denoted ysy).

FIG. 3. Square pyramid model. Five-spin interaction in the SPyM.

B. Two-dimensional linear cellular automata: SPyM-CA

The basic theory of CA was first formalized for 1D CA,
but extensions to higher dimensions [35] describe many fas-
cinating systems, with Conway’s Game of Life being a prime
example [2]. For 2D CA the sites form in general a rectangular
lattice. In most cases a von Neumann or a Moore neighbor-
hood are used for the update rule of the given CA [35]. For a
Moore neighborhood, updating each site involves taking into
account the 3 x 3 square including both the nearest and the
next-nearest neighbors [36], while for a von Neumann neigh-
borhood only the nearest neighbors are taken into account.

Out of the vast set of possible 2D CA, we will focus
on one which, as shown below, relates to the 3D SPyM of
Refs. [15,21]. The 3D SPyM is a generalization of the 2D
TPM [11-13] whose associated 1D CA is Rule 60,

s = feo(p,q,r)=p+g mod 2. (4)

Rule 60 generalizes to 2D to the update rule for the “SPyM”
CA,

mod 2.

(5)
From now on, the labeling convention (p;. 1, p1.2, p2.1, P2.2)=
(p, g, 1, s) (see Fig. 3) will be used.

With the rule defined, the next task concerns the clas-
sification of the attractor structure of the model. Since the
SPyM rule is linear, its time evolution can be described in an
algebraic-theoretic way, following Refs. [3,4,31-33,37]. For
example, for a CA of size K x L =3 x 3 we can express the
evolution matrix as

t = fspym(p1, ..., P9) = p11+ P12+ p21+ P22

D 0 D
Asppm=|D D 0|, (6)
0O D D
with
1 0 1
D=Dya=|1 1 0] )
0O 1 1

This generalizes so that the matrix Agpym can be expressed for
square systems of odd size as [38]

AsppMm =D ® D, (3)

where D is the matrix for the evolution of Rule 60.

Computing the periods of the stable cycles for the 2D
SPyM-CA is a generalization of the calculation for Rule 60.
For example, for lattices where one dimension is a power of
two there is a single fixed point (“cycle” of period 1) with all
sites up. Table II gives an indicative structure for the periodic
behavior of the SPyM-CA for square initial arrays with K = L
(there are many more nonsquare arrangements which we do
not discuss here). The number of ground states for each period
can also be verified through the implementation of Floyd’s
“tortoise and hare” algorithm [39].

It is important mentioning that, although SPyM originates
from Rule 60, its fixed point structure is different from that
of Rule 60; when K or L are a power of 2, we still observe
a single fixed point, the trivial one. For other system sizes,
however, there might exist multiple fixed points, e.g., for a
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TABLE II. Invariant cycles of the SPyM-CA. Distinct periods of
length M for systems of size L x M and PBC.

L M

3 1,3

4 1

5 1,3,5,15

6 1,2,3,6

7 1,7

8 1

9 1,3,7,21,63

10 1,3,5,6,10, 15,30

11 1,31, 341

12 1,3,4,6,12

13 1,63,91, 273,819

14 1,2,7,14

15 1,3,5,15

16 1

17 1,5,15,17,51, 85,255

18 1,2,3,6,7,14,21,42, 63,126

19 1,511, 9709

20 1,3,5,12, 15, 20, 30, 60

21 1,3,7,9,21, 63

22 1,31, 62,341, 682

23 1, 89,2047

24 1,3,6,8,12,24

25 1,3,5,15,775,1023, 2325, 5115, 8525, 25575
26 1, 63,91, 126, 182, 273, 546, 819, 1638
27 1,3,7,21,63,511, 1533, 1971, 4599, 13797
28 1,4,7,14,28

29 1, 3683, 16383, 158369, 475107

30 1,2,3,5,6,10, 15,30

system size 3 x 3 x 4 there exist 4. The multiplicity of peri-
odic orbits of a given period grows at most subextensively. For
example, for a 6 x 6 lattice there are 10 840 periods of length
6, 80 periods of length 3, 120 periods of length 2, and 16 fixed
points.

C. Nonlinear cellular automata

Nonlinear CA of any dimensionality or neighborhood de-
scribe rules whose function f is a nonlinear function of its
variables. For example, elementary CA Rule 54, which is
studied in the accompanying reference [23], follows from the
rule

5=f54(177‘17”)=19+q+r+1?r mod 2. 9

Due to the nonlinearity of the update function of these
rules, linear algebra techniques and, thus, linear-in-time
algorithms, such as gaussian elimination, do not apply. We
thus use brute force algorithms for the determination of their
periodic structure, such as Floyd’s algorithm [39]. Broadly
speaking, all these algorithms scale exponentially with time.
The prefactor can be reduced by employing various tech-
niques taking advantage of the given boundary conditions
of the system [25], although the general scaling will always
remain exponential.

III. CLASSICAL SPIN MODELS FROM CA

In this section we study the classical spin models arising
from the CA introduced in Sec. II. Based on these CA we
construct the “simplest” (i.e., most local and least number of
interaction terms) classical Hamiltonians whose minimum en-
ergy configurations are given by the stable cycles of the given
CA. In Appendix A we list these classical Hamiltonians for
the 256 elementary CA. This mapping between the dynamical
evolution of the CA and the ground states of the spin models
is clarified in Fig. 2 for PBC for both the CA evolution and
the spin model [40].

We first construct the 2D spin models whose ground states
are given by linear elementary CA in Sec. III A. In Sec. III B,
we show the generalization of our construction to higher-
dimensional spin models, while in Sec. IIIC, we generalize
our approach to spin models whose ground states can be
obtained by the application of a combination of counterpropa-
gating CA. Last, in Sec. III D we briefly describe spin models
from nonlinear CA.

A. Two-dimensional linear spin models

The 2D spin models we consider live on a square lattice,
where we map the time direction of the CA into the sec-
ond spatial dimension of each spin model. The interactions
in the spin Hamiltonian are between sites that mimic the
CA neighborhood, cf. Fig. 1(a). This allows for up to four-
spin interactions, including triangular plaquette interactions
(if we shear a triangular lattice into a square one), assuming
that we only deal with elementary CA. The classification of all
the 256 spin models given in Appendix A is obtained from the
combination of eight “fundamental” models. These models
are constructed based on the eight possible elementary CA
with linear update rules. These are

Ey=— Z s> 10
Exy = — {N}Ze\ 50, (1)
Ers = — W}ZGI 04 Os, (12)
Ey0 = — {F’S}Ze/ 0rOs, (13)
Egp =-— {p,q§e§1 0p0y0s, (14)
Eqy =— {P.r§ev GpOrOs, (15)
Eijpp =— {q.r§€7 04010, (16)
Ei50 =— {pﬂ%}ev 0p0y0i O, (17)

where o; =1 —2x; = +1 with x; = {p, g, r, s} indicating
both the location of the spin degrees of freedom but also
the state of the CA site (up/down being 0/1). The subscript
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in the Hamiltonian above indicates the associated CA rule
whose evolution maps to the ground states of the given spin
model. More precisely, Rule 0 describes the time evolution of
a system which replicates the ground states of a noninteracting
system; Rules 240, 204, and 170 map to the ground states of
1D Ising models along the diagonal (from northwest to south-
east), vertical and diagonal (from northeast to southwest),
respectively; Rules 60 and 102 correspond to the TPM (and its
spatial reflection); Rule 90 to the three-spin interaction where
the spin with index ¢ does not participate to the interaction;
Rule 150 maps to the ground states of a four-spin interacting
model, also known as the Fibonacci model [18].

The minimum energy configurations of the models defined
by Egs. (10)—(17) can be found by using the corresponding
CA and the techniques from Sec. II. The exact set of ground
states depends on the nature of the boundary conditions of
each CA or spin model. In this work, we will primarily use
PBC. For this boundary choice, the ground states are given by
the limit cycles of the associated CA of size L with PBC in
space, cf. Table I. Similarly, for spin models with OBC in the
horizontal (or x) dimension, but PBC in the vertical (or y) di-
rection, the ground states come from the commensurate limit
cycles of the corresponding CA with OBC in space. PBC in
the space dimension of the CA and OBC in its time direction
would also imply that all initial configurations are accepted as
ground states for the related spin model, as no further criterion
needs to be applied. The number of ground states in this case
is 2L, For a lattice with OBC in both dimensions, the number
of classical ground states is 2L+M~1 or 2£42M=2 depending on
the span of the interaction, due to the freedom in choosing
the first row and the first one or two columns of sites of the
L x M lattice. Here, we do not consider antiperiodic boundary
conditions or any other choice for the boundaries.

Although our focus was on spin models constructed from
elementary CA, there is always the possibility of generaliz-
ing the above results. We give in Appendix B a very brief
overview of some classical spin models which extend the
notion of elementary CA to larger neighborhoods or higher
dimensions to show the versatility of our approach.

B. Three-dimensional linear spin models: SPyM

For the connection between 2D CA and 3D spin models we
focus on the classical model introduced in Ref. [41], termed
the SPyM in Refs. [15,21]. Initially, it was studied as a model
of glasses that generalizes the TPM to three dimensions. The
classical Hamiltonian of the SPyM is

Esppm=—J ),
{psgrst}eT

0,040,050, (18)

where the spins interact on downward pointing pyramids on a
BCC lattice, see Fig. 3.

The Hamiltonian Eq. (18) is the simplest “parent” Hamil-
tonian whose classical ground states are determined from
the dynamics of the 2D SPyM-CA of Sec. IIB. The same
considerations relating to boundary conditions as for 2D spin
systems apply here. For the SPyM with PBC, the minima are
given by the fixed points and commensurate invariant cycles
of the SPyM-CA, see Table II. For the SPyM with OBC in a
BCC lattice of size K x L x M, the number of ground states

ri|s

n" | w

FIG. 4. Baxter-Wu model. The labeling for the 2 x 2 blocks,
and the accepted ground-state blocks, where white/black indicate
up/down sites.

is 2K+L+M=2 " A similar analysis, based on linear 2D CA, can
be performed for finding the ground states of the other 3D spin
models of Ref. [41].

C. Baxter-Wu model and CA Rule 60

The Baxter-Wu (BW) model [22,42—44] is a spin model
on the triangular lattice with three-body interactions between
both upward and downward pointing triangular plaquettes. Its
Hamiltonian reads

EBW = — ZO'[,O'L]UX - Zavar017v (19)
v A

where the location of the spins is sketched in Fig. 4 (we
have again represented the triangular lattices sheared into
a square lattice). The energy function above is the sum of
a TPM (downward-pointing plaquettes) and a vertically in-
verted TPM (upward-pointing plaquettes). While the ground
states of the TPM can be inferred from the 1D CA Rule 60,
the minimum energy configurations of Eq. (19) are given by
two counterpropagating Rule 60 CA, see Fig. 4: The forward
propagating Rule 60 minimizes the first sum in Eq. (19), while
the backward propagating minimizes the second sum. The
minimization of Eq. (19) involves the simultaneous minimiza-
tion of both CA trajectories, which imposes the restriction

p+qg=s, s+r=p mod?2, (20)
where as before {p, g, r, s} represent the values of the CA
sites; see Fig. 4.

Based on the above considerations, we can tile the lattice
by using the irreducible blocks from Fig. 4. We find that
the BW model has always the trivial (all spins pointing up)
ground state regardless of boundary conditions. For PBC, a
BW model of size L x M has four ground states if L and M
are multiples of 3 and only the trivial ground state otherwise.
For OBC the BW model has always four ground states.

D. Spin models from nonlinear CA

From the 256 elementary CA shown in Appendix A, only
the eight ones studied in Sec. IIT A have ground states which
come from linear CA rules. All the rest have rules that are
nonlinear.

For example, let us return to CA Rule 54. As we argue in
our companion work [23], the nonlinear terms of the given CA
give rise to controlled-Z gates between the sites of the lattice
that are nonlinearly coupled. More precisely, for Rule 54, the
nonlinearity involves sites pr. Thus, the corresponding spin
model will involve terms of the form CZ,, = %(1 +o,+
o, — 0,0,). Combining both the linearly and the nonlinearly
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coupled terms of Rule 54, we obtain the spin model

s=fss=p+q+r+pr mod2—

21

Z 8{Pt]f5} Z 0,0,0,0,CZpy. 2D
{p,q.rs} {qu.l‘,S}ev

The product of the p, g, r, s spins comes from the sum of the
sites with indices p, g, r, s from the respective CA, while the
controlled-Z gate from the product of sites p and r.

Another possible case emerging from elementary CA con-
sists of Rule 42 among others. Rule 42 has an update rule

s = fao =71+ pgr. (22)

The product of sites pgr will give rise to a controlled CCZ
gate, as discussed in Appendix A. The spin model whose
ground states are given by Rule 42 is then

Ep = Z 8{17qr9} Z

{p.q.r;s} {p,qms}e\'/

GerCCZpra (23)

where CCZ,,, =1— %(1 —0p — 04 — 0y + 0,04 + 0,0, +
04,0, —0,040,). By expanding the parenthesis of the
controlled-Z gate, we can express spin models with ground
states given by nonlinear CA as a sum of spin terms whose
ground states are given by linear rules. The explicit combina-
tions are provided for all elementary CA in Appendix A. Thus,
all two-dimensional spin models with ground states coming
from elementary CA are obtained via linear combinations of
the spin models of Egs. (10)—(17). It is crucial to note that
these are spin models which lead to frustration. This can be
seen from the above expansion into their constituent linear
rules; the terms of their classical energy functions cannot be
simultaneously minimized.

IV. QUANTUM SPIN MODELS AND GROUND-STATE
PHASE TRANSITIONS

In this section, we minimally couple the models of Sec. III
by adding a transverse field to their Hamiltonians,

N
H, =JE,Z)—h) X, (24)
p=1

where we use H,, to denote the quantum Hamiltonian, and
E, (Z) the classical energy function for the spin system related
to CA with rule u, cf. Egs. (10)—(19), with the Ising spin
o; at site i replaced by the Pauli operator Z;. As expected,
this combination of terms creates competing orders between
the classical energy, which tends to align the spins in the
z-spin direction of the minimum energy configurations, and
the transverse field ones. This competition gives rise to a phase
transition in the ground state, controlled by the ratio J/A.

For the models of Eqs. (10)—(19), while the configurations
which minimize the classical energy do not directly give the
quantum ground states in the presence of a field, they do how-
ever determine the symmetries of the quantum models which
come from linear CA [4], and thus we can use the information
from the periodic structure of the related CA to infer the
existence or not of spontaneous symmetry breaking (SSB).
We claim that in most of the spin models the quantum phase

transition is of first order in the thermodynamic limit, with the
optional addition of SSB for the system size sequences where
there are multiple classical ground states. The only models
where a continuous quantum phase transition is expected
concerns the transverse field Ising model (TFIM) which is a
2-XORSAT instance [24], while here we focus on multispin
plaquette interactions. This is also the scenario that we found
in Ref. [4] for the specific case of the quantum TPM through
its connection to Rule 60. For verifying our claims, we present
a wealth of results from numerical simulations obtained using
exact diagonalization (ED) [45] (for systems up to 25 sites),
matrix product state (MPS) methods [46-49] (with bond di-
mensions up to 1000), and continuous-time quantum Monte
Carlo (ctQMC) simulations [50-53] (with 8 = 100 or bigger).

In Sec. IV A we study the quantum phase transition of the
quantum spin model coming from the linear Rule 150, which
is also called the quantum Fibonacci model, as a paradigmatic
case of a two-dimensional quantum spin model originating in
a linear CA rule. In Sec. IV B, we study the quantum phase
transition of the quantum square pyramid model (qSPyM).
In Sec. IV C, we verify the quantum phase transition of the
quantum Baxter-Wu model. Last, in Sec. IV D, we give a sum-
mary of the results obtained from our study of the quantum
spin models coming from nonlinear CA, as studied in our
companion paper [23].

A. Two-dimensional quantum spin models from linear CA

The quantum spin model from Eq. (24) with interaction
energies related to Rules 170, 204 and 240, Egs. (11)—(13),
provides multiple copies of the 1D TFIM embedded in a 2D
lattice, while for Rule 0 we have a noninteracting spin system
with longitudinal and transverse fields. The model connected
to Rule 60, Eq. (14), is the quantum TPM studied in Ref. [4],
and Rule 102, Eq. (16), is directly related to it by a reflection
symmetry. Rule 90 in Eq. (15), although technically distinct
from Rule 60 when PBC are used, it displays very similar
behavior. We therefore choose to study Rule 150, Eq. (17).

The Hamiltonian for the quantum spin model connected to
CA Rule 150 is

Hiso=—-J Y,
{parstey

2,2,2,Zs—h)Y Xi.
- (25)

Similar to the case of the quantum Newman-Moore model [5],
we can show (following, for example, Refs. [5,54]) that Hisg
has a duality that exchanges the interaction and field terms in
Eq. (25) and flips the interaction term. This suggests that, if a
single quantum phase transition exists, it will be observed on
the self-dual point J = & [5,19,55-58]. The relevant observ-
ables to describe the transition are the normalized transverse
magnetization,
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legends in panel). (d)—(f) Same but for thin strip geometries, as indicated in panel (f).

and the four-spin interaction operator

1
My = — ZquZrZS.

{parsteV

Figure 5 provides numerical evidence for the quantum
phase transition. We use & = 1.0 without loss of generality.
Figure 5(a) shows the ground-state energy per unit length
as a function of J for square systems L x L and PBC from
ED and numerical MPS, showing a pronounced change in
slope around J = 1.0. Figures 5(b) and 5(c) show the average
transverse magnetization, My, and the average four-spin inter-
action, M_,.., for both square and rectangular systems from
numerical MPS and ctQMC simulations. The jump in these
observables close to the J = 1.0 point provides a clear indi-
cation of a first-order transition. Figures 5(d)-5(f) shows the
same quantities for quasi-1D geometries, where the signatures
of the quantum phase transition are not as clear. The difference
in the appearance of the transition in the thin strip geometries
of Figs. 5(d)-5(f) to the square or wider rectangular ones of
Figs. 5(a)-5(c) is similar to the one observed for the quantum
Newman-Moore model [4]. The case for OBC is discussed in
Appendix C.

The nature of the quantum phase transition of Hjso is
related to the low-lying excitations above the ground state,
but also the symmetries of the model and their spontaneous
breaking (cf. Ref. [4]). The symmetries of H;s) can be ob-
tained as follows: given a system of size L x M, for each limit
cycle of Rule 150 commensurate with those dimensions, cf.
Table I, we construct a symmetry operator as the product of
X -Pauli matrices acting on the sites where the classical ground
state (i.e., the CA cycle) differs from the trivial ground state.
This is similar to what was done for the quantum TPM, Hy,
in Ref. [4], and is an approach applicable to all models for
Eqgs. (10)-(17). For the case of H;sg, given the quartic inter-

actions, there is also the global spin-flip symmetry. While the
lowest energy excitations are difficult to study systematically
for arbitrary system sizes, there are clear indications of both
the avoided gap crossing that gives rise to the first-order phase
transition from small systems and the symmetry breaking, in
parallel to Ref. [4]. We present this analysis in Appendix D.

B. Three-dimensional models from linear CA: Quantum SPyM

As an example of a 3D quantum spin model we consider
the Hamiltonian Eq. (24) with the interaction as in Eq. (18).
While the classical SPyM has been considered in the litera-
ture, see Refs. [21,41], to our knowledge, the quantum SPyM
has not been studied before. The Hamiltonian for this quantum
SPyM reads

Hsppm=—J Y, 2,242 7,2, —h) X, 26)
{psgrst}eT p

where the interactions are described in Fig. 3. The number

of classical ground states is given by the cycles of the 2D

SPyM-CA, see Table II, which in turn define the symmetries

of Eq. (26).

The quantum SPyM is a direct generalization of the quan-
tum Newman-Moore model to 3D. As for the 2D models, it
has a duality that exchanges J and h, and numerics suggest
a quantum phase transition at the self-dual point J = A, see
Fig. 6: For all the sizes studied, the numerics for PBC indi-
cate a first-order transition at J = h in the large size limit.
However, in cases where the system allows multiple classical
minima from the cycles of the SPyM-CA, we expect the
first-order transition to be accompanied by SSB of the model’s
symmetries. We have verified the numerics of Fig. 6 with ED
for systems up to 24 spins. While one would expect MPS
approximations to rapidly decrease in accuracy in 3D due
to the unfavourable scaling of the entanglement with system
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and empty symbols from ctQMC. (c), (d) Same for longitudinal magnetization M., and average five-spin interaction M,,

size [46,47], Fig. 3 shows that there is reasonable agreement
(for simulations of up to 256 spins) with ctQMC simulations
which, in turn, allow one to reach systems of nearly 10 000
spins.

C. Baxter-Wu model in a transverse field

If in Eq. (24) we use Eq. (19), then we obtain the quantum
Baxter-Wu model,

Hpw = —J Z 2,77,
v

The Baxter-Wu model in a transverse field was studied in
Ref. [22] via stochastic series expansions (SSE) for sizes up
to 15 x 15, finding evidence for a phase transition at h & 2.4.

In Fig. 7 we show our numerics for the quantum Baxter-
Wu model. Our results from numerical MPS and ctQMC
simulations also suggest a quantum phase transition for the
same value of the transverse field. In panels (a)—(c) we show
square geometries, where our results coincide with those of
Ref. [22]. Panels (d)—(f) show the same for strip geometries,

~IY 72,2, hY X, (27)
A P

respectively.

2222

for which the transition, while weaker, still seems first-order.
In the context of our previous analysis, we expect that there
will be additional SSB of the classical symmetries for the
system sizes that possess multiple classical ground states
according to the two counterpropagating CA prescription of
Sec. I C.

D. Two-dimensional quantum spin models from nonlinear CA

Spin models from nonlinear CA appear to be classified in
one of the following three classes [23]:

(1) Quantum models with a single first-order quantum
phase transition separating a quantum paramagnetic phase
from a phase where a quantum order-by-disorder phenomenon
selecting a trivial ground state with no spontaneous breaking
of any symmetry (such as Rule 54).

(2) Quantum models with a single first-order quantum
phase transition separating a quantum paramagnetic phase
from a phase where a quantum order-by-disorder phenomenon
selecting a set of translationally symmetric ground states with
spontaneous breaking of translations (such as Rule 201).
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-45
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»(9,9)
o (12,12)
o (15,15)

ctQMC
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o (3,2500) P o
0.0le2
3 4 5 0 1 2 3 4 5
h h

FIG. 7. Phase transition of Hgw for PBC. (a)—(c) Normalized ground-state energy, average three-spin correlator for the interaction from
Rule 60 and transverse magnetization as a function of 4 for PBC and square systems sizes, as shown in panel (b). We compare our MPS and
ctQMC results to those of Ref. [22] (indicated as SSE) in panel (c) for system sizes as shown in this panel. (d)—(f) Same but for quasi-1D
geometries, as indicated in panel (e).

064112-8



CELLULAR AUTOMATA IN d DIMENSIONS AND ...

PHYSICAL REVIEW E 113, 064112 (2026)

(3) Quantum models with a single first-order quantum
phase transition separating a quantum paramagnetic phase
from a phase where a quantum order-by-disorder phenomenon
but with no clear argument that could characterize the thermo-
dynamic nature of the given phase (such as Rule 30).

The order-by-disorder mechanism entails perturbative cor-
rections to the classical ground states (the ones given by the
nonlinear CA rules) due to the transverse field terms. How-
ever, contrary to the linear rules, the order of the perturbation
theory where nontrivial corrections appear is always finite. We
argue in Ref. [23] that, starting from the second order of the
degenerate perturbation theory, nontrivial corrections to these
models are encountered.

Retrospectively, we can appreciate the power of CA in
identifying the ground-state spaces of frustrated spin mod-
els and, thus, their residual entropies. In this case, the
ground-state degeneracy for the spin models whose ground
states can be constructed by CA have subextensive ground-
state degeneracy at most. For PBC and under the effect
of the transverse field fluctuation term, this ground-state
degeneracy gets reduced even further. Subsequently, there
will be no nonzero (normalized) residual entropy in the
thermodynamic limit for all the spin models coming from
nonlinear CA.

V. CONCLUSIONS

In this work we have presented a classification of (d + 1)-
dimensional plaquette spin models from the properties of the
trajectories of the associated d-dimensional CA. Given an
elementary CA in d dimensions we have defined the cor-
responding simplest classical spin model whose energy is
minimized by the trajectories of the corresponding CA. For
each elementary 1D CA we have provided the associated
classical spin model. The set of these 256 models is built from
eight fundamental models, each defined by a single kind of
interaction, and we focused mostly on the model correspond-
ing to Rule 150. For the case of 2D CA we have considered
the rule that gives rise to the SPyM, a 3D generalization of the
TPM.

Endowing these plaquette models with a transverse field,
we provided evidence for the existence and for the nature
of their ground-state quantum phase transitions based on a
range of numerical techniques. We then studied the BW model
with the use of two counterpropagating CA. This technique
allowed us to uncover the hidden SSB which accompanies
its first-order quantum phase transition. Last, we argued that
the quantum models coming from nonlinear CA give rise
to a phase due to a quantum order-by-disorder mechanism,
which in cases includes a spontaneous breaking of transla-
tion symmetries. The quantum phase transitions of all these
plaquette models is of first order, regardless of their dimen-
sionality or the nature of the constraint of their underlying
CA.

Beyond the specific models we considered here, our ap-
proach is general and applicable to CA of any neighborhood,
in any finite field and in any dimension. Generalizations of
the spin models we considered that are amenable to a similar

treatment include those of Ref. [59], but also of the rest of the
models of Ref. [41].

The CA we studied here are all defined in terms of
synchronous evolution. Natural generalizations would be to
consider CA with dynamics analogous to that of brickwork
arrangements as in quantum circuit models [60-68] or proba-
bilistic CA [69-71]. Also, we note that some of the models
described in Appendix A were also found recently in the
context of measurement-induced entanglement phase transi-
tions for random unitary circuits with dissipation [72]. Last,
the study of these models at finite temperature consists of
another interesting direction: the classical models might dis-
play glassy dynamics with emergent kinetic constraints, while
the finite temperature phase diagram of the respective quan-
tum models might be nontrivial and reveal interesting new
phenomena.
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APPENDIX A: ONE-DIMENSIONAL ELEMENTARY CA
AND THEIR TWO-DIMENSIONAL PARENT
HAMILTONIANS

Here we present the simplest classical “parent” Hamiltoni-
ans for the 256 elementary CA [1] for which the cycles of the
CA are minimum energy configurations. The relation between
a CA rule and the corresponding classical Hamiltonian is
given in Table III. The tables show the CA rule number, the
update rule, the local interactions that define the spin model
energy function, and the coefficients of each interaction term
of Egs. (10)-(17) that form the linear combination of the
given models. Specifically, the energy function for CA rule u
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TABLE III. Two-dimensional classical spin models from 1D CA Rules 0 to 255.

CA Rule no. Update rule e Q) 040 O4 70 Ogp Qoo g2 0150
0 0 —0; 1 0 0 0 0 0 0 0
1 I+p+q+p g+r+pr+qr+pgr o,0,0,0,CZ,,CZ,, CZ,, CCZ,,, % —i —i —i —i —i —i —i
2 r+pr+qr+pqr —o,0,CZ,,CZ,, CCZ, 4, % —% —% % —% i i %
3 14+p+q+p q 0,0,05CZ,, 1= -1 0 -1 o0 0 0
4 q+p g+qr+pqr —o,0,CZ,,CZ,,CCZ,,, % —% i —:1 i —% % %
5 I+p+r+pr 0,0.0,CZ,, % —% 0 —% 0 —% 0 0
6 q+p gtr+pr —o040,0,CZ,,CZ,, % —% 0 0 0 0 % %
7 I+p+qripqr 0, 0, CZy, CCZy 4, S B T e
8 qrtpqr —0,CZ,, CCZ,4,r % _% i % i % _% _i
9 14+p+g+p g+r+pr 0,040.0,CZ,,CZ,, % —% 0 0 0 0 —% —%
10 r+pr —0,0,CZ,, 1=+ 0 4 0 1 0 o0
11 l4+p+q+pg+qri+pqr 0,0,0,CZ,,CZ,, CCZ,,, i —% —% % —% i —% —i
12 g+p q —0,0,CZ,, 5 -3 3 o 1 0 0 o0
13 I+p+r+pr+qr+pqr 0,0.0,CZ,,CZ,, CCZ,,, % —% % _JI % —% —% —%
14 q+p q+r+pr+qr+pqr -o,0,0,CZ2,,CZ,,.CZ,,.CCZ,,, % —% i % i % i %
15 14+p 0 O 0o -1 0 0 0 0 0 0
16 prpatpripgr =0, 0,CZyy CZLy, CCZy, A A A
17 l+g+r+qr 0,0,0,CZ,, 10 -2 -2 0 o -1 o
18 p+pgtr+qr —0,0,0,CZ,,CZ,, % 0 —% 0 0 % 0 %
19 I+g+prd+pqr o,0,CZ,,CCZ,,, i —i —% —i —i i —i %
20 ptrgtpr+qr —0,0,0,CZ,, CZ,, % 0 0 —% % 0 0 %
21 I+p g+r+pqr 0,0,CZ,,CCZ,,, % —% —% —% % —% —% %
22 prq+r+pqr —0, 0,0, 0, CCZ,,, et St St S S 1 2
23 I+pg+pr+qgr 0, CZ,,CZ,,CZ,, 0 —% —% —% 0 0 0 %
24 ptpgtprtqr —0,0,CZ,,CZ,,CZ,, % 0 0 0 % % —% 0
29 Fatripgr 70,0, CCy, T T
26 p+tpqtr+pqr -0, 0,0,CZ,,CCZ,,, i —% —i i i % —i i
27 I4+q+pr+qr 0,0,CZ,, CZ,, 0O -3 -3 0 o0 ¥ -1 0
28 pratpr+pqr —0,0,0,CZ,, CCZ,,, i ST SR S-S ST S
29 I4p g+rtqr 0,0,CZ,,CZ,, o -+ o -2 1 0o -1 o0
30 p+q+r+qr —0,0,0,0,CZ,, 0 —% 0 0 % % 0 %
31 Ipgipripgr 0, CZpy CZpr CCZy 0 e L e
32 prepar =0, CZy, CCZyg, A S S S A T A
33 1+p+q+p g+r+qr 0,040, 0, CZ,,CZ,, % 0 —% 0 0 —% 0 —%
34 r+qr —0, 0, CZ,, 10 =21 0 o 1 o0
35 I+p+q+pg+pr+pqr ¢,0,0,CZ,,CZ,,CCZ,,, P T R S B T S
36 qgtpgtprtqr —0,0,CZ,,CZ,,CZ,, i >0 o o Y L1 1 90
37 I+p+r+pqr 0, 0,0, CCZ, 4., i —% —% —i i —% i —i
38 q+p q+r+pqr —0,0,0,CZ,,CCZ,,, % —% —% % i —% % %
39 I+p+pr+qr 0,0,CZ,,CZ,, 0 —% —% 0 0 —% % 0
40 pr+qr -0,CZ,,CZ,, % 0 0 % % 0 0 —%
41 I4+p+g+pg+r+pqr 0,040, 0,CZ,,CCZ,, . i —% —% % i —i —% —%
2 rtpar ~0.0,CC2,, e T I T
43 I4+p+q+p g+pr+qr ¢,0,0,CZ,,CZ,,CZ,, o -1 -1 1 0 0 0o -1
44 q+pgtprpqr —0,0,CZ,,CZ,, CCZ,,, O ST SR SR S S
45 I4p+r+qr 0,0, 0, CZ,, o -3 0 o0 4§ -1 0 -1
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TABLE II1. (Continued.)

CA Rule no.

Update rule

e

S o a0 0204 Q170 Q60 Q90 102 U150
46 q+p gq+rt+qr —o,0,0,CZ,,CZ,, 0 —% 0 % % 0 % 0
47 I+p+pr+pqr 0,0,CZ,,CCZ,,, —% —% —% % % —% % —%
48 ptrq 0,0, CZpy 3 3 -3 0 3 0 0 0
49 I+g+r+pr+qr+pqr o, 0, 0,CZ,,CZ,,CCZ,,, 1 : -2 - i
50 p+pgtr+pr+qr+pqr —o,0,0,CZ,,CZ,,CZ,, CCZ,,, 5 i -2 3 3 : i 3
51 I+q 0y O 0 0 -1 0 0 0 0 0
52 pratqripqr =0, 0,0, CZLy,; CCZyy, A S T T S S T
53 I+pg+r+pr 0, 0,CZ,,CZ,, 0 o -1 -1 4+ -1 0 0
54 ptqg+r+pr —0, 040, 0,CZ,, 0 0 _% 0 % 0 % %
55 I4pg+qrpgr 0,CZ,,CZ,, CCZ,,, -4 -5 =2 -4 i -1 :
56 ptpatqrtpqr —0,0,CZ,,CZ,, CCZ, ., : i A T s
57 I+q+rtpr 0,0, 0,CZ,, o o -3 o 5 0 -3 -3
58 p+p g+r+pr —0,0,0,CZ,,CZ,, 0 0 —% % % % 0 0
59 I+q+qr+pgr o, 0,CZ,,CCZ,,, et 3 1 : -+ -1
60 p+q —0, 04 Oy 0 0 0 0 1 0 0 0
61 I+p g+r+pr+qr+pqr 0,0,CZ,,CZ,,CZ,, CCZ,,, —% —% —% —i % —% —i —%
62 prg+r+pr+qripqr —o0,0,0,0,CZ,,CZ,,CCZ,,, —%+ -1 -1+ 1 2 : : 1
63 I4+pgq 0,CZ,, -3 -3 -3 0 i 0 0 0
64 patpqr =05 CZ, 4 CCLy, 4, % i i _i _% % % _i
65 I4p+g+r+prt+qr 0,040.0,CZ,, CZ,, % 0 0 —% —% 0 0 —%
66 pq+r+pr+qr —o0,0,CZ,,CZ,,CZ,, % 0 0 0 —% % % 0
67 I4+p+g+pqr 0,0,0,CCZ,,, % —% — % — % — % % % — %
68 qtqr -0, 0,CZ,, % 0 % —% 0 0 % 0
69 I+p+p g+r+pri+pgr 0,0,0,CZ,,CZ,.CCZ,,, i —% i —% —% —i % —%
70 q+r+pr+pqr —o040,0,CZ,,.CCZ,,, i —% i —i —% % % %
71 I4+p+pgt+qr 0,0,CZ,,CZ,, 0o -1 0 -1 -1 0 i 0
72 patqr —-0,CZ,,CZ,, i 0 i 0 0 ! 0o -1
73 I4+p+q+r+prd+pqr 0,040.0,CZ,, CCZ,,, i —i % —i —% % —i —%
74 pgtrtpr+pqr -0, 0,CZ,,CZ,, CCZ,,, R i ro- 2 i
75 I+p+q+qr 0,0,0,CZ,, 0 —% 0 0 —% % 0 —%
76 q+pqr —0,0,CCZ,,, i - : —r g : ;i i
77 I+p+p g+rd+priqr 0, 0,0,CZ,,CZ,, CZ,, o -4 1 -1 0 0 o -1
78 q+r+pr+qr —o0,0,0,CZ,,.CZ,, 0 —% % 0 0 % % 0
79 I+ptpgtpgr 0, 0, CZ,, CCZ, ., -7 —i i i oioi i i
80 ptpr —0,0,CZ,, i ! o -1 o ! 0 0
81 I4+q+p q+r+qr+pqr 0,0,0,CZ,,CZ,,CCZ,,, i i —i —% —% i —i —i
82 ptr+qr+pqr —0,0,0,CZ,, CCZ,,, i i —% —i —% % % %
83 1+q+pgtpr 0,0,CZ,,CZ,, 0 0 e e 0 0
84 p+q+pg+pr+qr+pgqr —o0,0,0,CZ,,CZ,, CZ,, CCZ,,, % % % —% % % % %
85 1+r 0, O 0 0 0 -1 0 0 0 0
86 p+q+p g+r —0,0,0,0,CZ,, 0 0 0 —% 0 % % %
87 I4+pr+qr+pqr 0,CZ,,CZ,,CCZ,,, e T e s : i
88 ptpr+qripqr -0, 0,CZ,,CZ,, CCZ,,, 1 : 1 -+ 1 2 -1 g
89 I+q+p g+r 0,0,0,CZ,, 0 0 o -1 o 1 -1 I
90 p+r —0, 0, 0 0 0 0 0 0 1 0 0
91 I+qg+pgtpr+qr+pqr o,0,CZ2,,CZ,,CZ,, CCZ,,, —% —% —% —i —% % —i —i
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TABLE I11. (Continued.)

CA Rule no.

Update rule

e

PGS (&1 O 0204 K170 Q60 ®op o2 U150
92 p+q+pgtpr -0,0,0,CZ,,CZ,, 0 0 % —% % % 0 0
93 I+r+qgr+pgqr o,0,CZ,,CCZ,,, —i —i % —% i % —i —i
94 p+q+p gtr+qr+pqr —0, 040, 0,CZ,,CZ,, CCZ,,, —i —i % —% i % % %
95 I+pr 0, CZ,, -1 - 0 -1 0 i 0 0
96 patpr —0,CZ,,CZ,, 3 3 0 0 0 0 i -1
97 I4+p+qg+r+qr+pqgr 0,040,0,CZ,, CCZ,,, i i —i —i —i —i i —%
98 pgtr+qr+pqr -0, 0,CZ,,CZ,,CCZ,,, : : -1 i -1 2 2 -1
99 I4+p+q+pr 0,0,0,CZ,, 0 0o -3 0 -3 0 I -3
100 q+pr+qr+pqr -0,0,CZ,,CZ,,CCZ,,, % % % —% :1 —:1 % —i
101 I1+p+p g+r 0,0,0,CZ,, 0 0 0 -3 0o -1 : -1
102 q+r —0, 0, O 0 0 0 0 0 0 1 0
103 I+p+pg+pr+qr+pqr 0,0,CZ2,,CZ,,CZ,,.CCZ,,, —i —i —% —% —% —i % —i
104 patprtqripqr —0,CZ,,CZ,,CZ,,CCZ,,, i 1 : 1 : : 1 =3
105 1+p+q+r 0, 04 0, O 0 0 0 0 0 0 0 -1
106 pa+tr —0,0,CZ,, 0 0 0 3 0 5 i -3
107 I4+p+q+pr+qripqr 0,040y CZ,, CZ,, CCZ, ., e e T T T P -2
108 qtpr —0,0,CZ,, 0 0 % 0 % 0 % _%
109 I+p+p g+r+qr+pqr 0,0.0,CZ,,CZ,,CCZ,,, —% —% % —% :1 —:1 % —%
110 q+r+qr+pqr -0, 0,0,CZ,,CCZ,,, —i —i % i i % % —i
111 I+p+p qt+pr 0,0,CZ,,CZ,, -3 -3 0 0 0 0 i -1
112 ptpqr —0p 05 CCZy s i : -5 i i i i —3
113 I+q+p gtr+pr+qr 0, 0,0,CZ,,CZ,,CZ,, 0 e e 0 o -1
114 ptripr+qr -0, 0, 0,CZ,, CZ,, 0 e L 0o 1 3 0
115 I+q+pgt+pqr 0,0,CZ,,CCZ,,, -1 1 -3 -1 -1 1 T -1
116 pH+qtpgtqr —0,0,0,CZ,,CZ,, 0 % 0 —% % 0 % 0
117 I4r+pr+pqr 0,0,CZ,, CCZ, 4, —i % —% —% :1 —:1 % —i
118 p+q+pgt+r+pr+pqr —0,0,0,0,CZ,,CZ,, CCZ,,, —% % —% —% % % % %
119 I+qr 0, CZ,, —% 0 —% —% 0 0 % 0
120 ptrqr -0, 0, CZ,, 0 % 0 0 % % 0 —%
121 l+qg+pg+r+pr+pgr 040,0,CZ,,CZ,,CCL,,, —i i —% —% i % —i —%
122 pH+r+pr+pqr —0,0,0,CZ,,CCZ,,, —i i —i i i % % —i
123 I+q+p q+qr 0,0,CZ,,CZ,, -0 -1 o0 0 3 0 —3
124 pratpatpqr —0,0,0,CZ,,CCZ,,, -+ 1 T S : -1
125 I+r+pr+qr 0, 0,CZ,,CZ,, -1 0 o -1 1 0 0 —3
126 p+q+p q+r+p r+qr —0,0,0,0,CZ,,CZ,, CZ,, —% 0 0 0 % % % 0
127 I4pqr 0, CCZ,y g, o T e S S SR S S
128 pqr =05, CCZy 4. % % % i _% _i _i %
129 14+p+q+p g+r+pr+qr 0, 040,0,CZ,,CZ,,.CZ,, % 0 0 0 —% —% —% 0
130 rpr+gr -0, 0,CZ,,CZ,, i 0 0 i -1 0 0 i
131 Ip+a+p gtpqr 0y 040, CZyy CCZy, A T T T B B
132 qtpgtqr -0,0,CZ,,CZ,, i 0 ! 0 0 -3 0 i
133 I+p+r+pr+pqr 0, 0,0, CZ,, CCZ,,, % —i % —% —% —% —i %
134 qtpgt+r+pr+pqr —0,0,0,CZ,,CZ,,. CCZ,,, % - i i —% - % %
135 I+p+qr 0,0,CZ,, 0 - 0 0 -3 -3 0 3
136 qr —o0, CZ,, % 0 % % 0 0 —% 0
137 1+p+q+p g+r+pr+pqr 0,040,0,CZ,,CZ,.CCZ,,, % —i % i —% —i —% —i
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TABLE II1. (Continued.)

CA Rule no. Update rule e s Qy Qg Obos Q79 Qo Oog  Qga  Olso
138 r+prtpgqr —0,0,CZ,,CCZ,,, i : 2 - -1 3
139 I4+p+q+p g+qr 0,0,0,CZ,,CZ,, 0 -1 0 : -1 0 -1 0
140 q+pqtpqr —0,0,CZ,, CCZ, 4, i _i % i % _% _i %
141 I4p+rd+pr+qr 0,0,0,CZ,, CZ,, 0o -1 ! 0 o -1 -1 0
142 g+p g+r+prt+qr -0, 0,0,CZ,,CZ,,CZ,, o -1 1 ! 0 0 0 i
143 I+p+pgr 0,0,CCZ,,, -1+ =3 ! i e T T
144 ptpatpr —0,0,CZ,,CZ,, ! ! 0 o o o -1 1
145 1+g+r+qr+pqgr o4 0,0,CZ,, CCZ,,, JI % —% —% —i —% —% %
146 p+p gtr+qr+pqgr -0, 0,0,CZ,,CZ,, CCZ,,, :1 % —% :1 —% :1 —% %
147 I+gtpr o,0,CZ,, 0 0 —% 0 —% 0 —% %
148 prqtpr+qr+pqr —0,0,0,CZ,,CZ,,CCZ,,, i % % —% % —% —% %
149 I+p g+r 0,0,CZ,, 0 0 0 —% 0 —% —% %
150 p+q+r —0p, 04 0, O 0 0 0 0 0 0 0 1
151 I4pg+pr+qripgr 0,CZ,,CZ,, CZ,, CCZ, ., i i e e e T T
152 ptpgi+pr+qri+pqr -0,0,CZ2,,CZ2,,CZ,, CCZ,,, i % i i % i —% i
153 I14+-g+r 04 0, O 0 0 0 0 0 0 -1 0
154 p+p q+r —0,0,0,CZ,, 0 0 0 % 0 % —% %
155 I+g+pr+qri+pqr o,0,CZ,,CZ,, CCZ,,, —% —% —% JI —i i —% %
156 p+q+pr —0,0,0,CZ,, 0 0 % 0 % 0 —% %
157 I+pgt+r+qr+pqr 0,0,CZ,,CZ,,.CCZ,,, —% —i % —% % —% —% %
158 prq+r+qr+pqr —0, 040, 0,CZ,, CCZ, ., —% —i i i % i —i %
159 I+pgtpr 0,CZ,,CZ,, -1 -1 0 0 0 o -1 1
160 pr —0,CZ,, 3 3 0 10 - 0 0
161 14+p+qg+pgtr+qr+pqgr 0,040.0,CZ,,CZ,,CCZL,,, i % —i i —i —% —i —i
162 r+qr+pqr —0,0,CZ,, CCZ, ., : i A e e :
163 I+p+qg+p g+pr 0,0,0,CZ,,CZ,, 0 0 —% % —% —% 0 0
164 qgrpgtpr+qripqr -0,0,CZ,,CZ,,CZ,,CCZ,,, : : : : =3 : 3
165 1+p+r 0, 0, Oy 0 0 0 0 0 -1 0 0
166 q+p q+r -0, 0,0, CZ,, 0 0 0 % 0 —% % %
167 I+p+pr+gqr+pqr 0,0,CZ,,CZ,,.CCZ,,, —% —% —i i —% —% % %
168 prtqripqr —0,CZ,,CZ,,CCZ,,, : : : 2 FOE S
169 I+p+q+p q+r 0,0,0,0,CZ,, 0 0 0 ! o -1 -1 -!
170 r —0, 0y 0 0 0 1 0 0 0 0
171 I+p+q+pg+pr+qr+pqr o,0,0,CZ,,CZ,, CZ,, CCZ,,, —% —i —% % —i —% —i —%
172 q+p gt+pr -0,0,CZ,,CZ,, 0 0 % % % —% 0 0
173 I4+p+r+gr+pqr 0, 0,0,CZ,,.CCZ,,, —% —% % % % —% —% —%
174 q+p gtr+gripqr -0, 0,0,CZ,,CZ,,CCZ,,, -+ -1 : 2 r : 3
175 I+p+pr 0,0, CZ,, -1 -1 0 : 0o -1 0 0
176 p+pagtpqr —0,0,CZ,,CCZ,,, : 2 -1 : i ST S
177 I+q+r+prtqr 0, 0,0,CZ,, CZ,, 0 L o -1 -1 0
178 p+pgtr+pri+qgr -0,0,0,CZ,,CZ,, CZ,, 0 % —% % 0 0 0 %
179 I+q+pqr 0,0,CCZ,,, -1 4 -3 i T e
180 ptatqr —0,0,0,CZ,, 0 L 0 0 ro=1 0 3
181 I4+pg+r+pr+pqr 0,0,CZ,,CZ,,CCZ,,, —% % —% —% % —% —% %
182 prq+r+pri+pqr —0,040,0,CZ,,CCZ,,, —% % —i i % —% % %
183 I+pg+qr 0,CZ,,CZ,, -1 0 -1 0 0o -1 0 :
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TABLE I11. (Continued.)

CA Rule no.

Update rule

o)

Pqrs %o Ogp OG04 Q@170 6o Q90  Xo2 Q150
184 ptpgtqr —0,0,CZ,,CZ,, 0 3 0 3 3 0 -3 0
185 I4+q+r+pr+pqr o,0,0,CZ,,.CCZ,,, —% % —i % % —% —% —i
186 p+pqtr+pr+pqr —0,0,0,CZ,,CZ,, CCZ,,, —% i —% % % % —% %
187 I4+q+qr 0,0, CZ,, -3 0 i3 0o 0 -1 0
188 ptatpqr —0,0,0,CCZ,,, -1+ 1 : 1 SR S S
189 I4p gtr+pr+qr 0,0,CZ,,CZ,, CZ,, -3 0 0 o 3 -5 -3 0
190 pratriprqr —0, 04 0, 0, CZ,, CZ,, -+ 0 0 5 5 0 0 3
191 I+pg+pqr 0,CZ,,CCZ,,, e : I S S
192 X —0,CZ,, 3 3 : 0o -3 0 0 0
193 I+p+q+r+pr+qr+pqr o,0,0,0,CZ,,CZ,, CCZ,,, 1 1 : - =3 - -1 -
194 pqtr+pr+qr+pqr —0,0,CZ2,,CZ,,CZ,,CCZ,,, % i % % —% % % %
195 I+p+q 0p 04 O 0 0 0 0 -1 0 0 0
196 g+qripqr —04 0, CZy,; CCZyy, S S S A S S S
197 I4+p+p g+r+pr o, 0,0,CZ,,CZ,, 0 0 % —% —% —% 0 0
198 q+rtpr —0, 0, 0, CZ,, 0 0 : o -1 o 3 3
199 I4+p+pq+qripqgr 0,0,CZ2,,CZ,, CCZ,,, - -3 : -4 =2 - :
200 pat+qr+pqr —0,CZ,,CZ,, CCZ,,, : : 2 Rt S S SR
201 I4+p+q+r+pr 0,0,0,0,CZ,, 0 0 % 0 —% 0 —% —%
202 pq+ripr -0, 0,CZ,,CZ,, 0 0 % % —% % 0 0
203 I4+p+g+qr+pqr 0,0,0,CZ;, CCZp ., —% —% % % —% i —i —i
204 q —0, 0 0 0 1 0 0 0 0 0
205 I+p+p g+r+pr+qr+pqr o,0,0,CL,,CZ,, CZ,, CCZ,,, —% —% % —i —i —% —i —i
206 q+r+pr+qgr+pqr —o0,0,0,CZ,,CZ,, CCZ,,, —% —% % % —i % % %
207 I4+p+pq 0,0, CZ,, -1 -1 ! o -1 o0 0 0
208 p+pr+pqr —0,0,CZ,, CCZ, ., % % % —% —}‘ % —% %
209 I14+q+p g+r+qr o,0,0,CZ,,CZ,, 0 % 0 —% —% 0 —% 0
210 ptr+qr —0,0,0,CZ,, 0 % 0 0 —% % 0 %
211 I1+qg+pg+pr+pqr o,0,C2,,CZ,,.CCZ,,, —% % —% —% —% i —i %
212 p+q+pgtpr+qr —o0,0,0,CZ,,CZ,, CZ,, 0 3 : -1 0 0 0 i
213 I+rtpgr 0, 0, CCZyyr -2 1 i -3 - -1 i i
214 pra+patripqr —0, 0, 0, 0, CZ,, CCZ,,, -5 i 1 i i1 1 4
215 I+prtqr 0,CZ,, CZ,, -1 0 0 -3 -3 0 0 3
216 p+pr+qr —0,0,CZ,,CZ,, 0 % % 0 0 % —% 0
217 I4+g+pg+r+pqr 040,0,CZ,,CCZ,,, —% % % —% —JI % —% —%
218 p+r+pqr —0,0,0,CCZ,, . —% % % % —% % —% %
219 I+q+p g+prt+qr o,0,CZ,,CZ,,CZ,, -1 0 0 o -1 1 -1 o0
220 prq+p gq+pr+pqr -0,0,0,CZ,,CZ,,CCZ,,, —% % % —i % % —% %
221 I+r+qr 0, 0,CZ,, —% 0 % —% 0 0 —% 0
222 pratpgtrtqr —o0,0,0,0,CZ,,CZ,, -1 0 ! 0 0 ! 0 !
223 I+pr+pgr 0,CZ,,CCZ,,, -2 - : e e
224 patpr+pqr —0,CZ,,CZ,,CCZ,,, i 2 : Rt S SN S
225 I4+pt+q+r+qr 0,0, 0.0, CZ,, 0 % 0 0 —% —% 0 —%
226 pqtr+qr -0, 0,CZ,,CZ,, 0 % 0 % —% 0 % 0
227 I4+p+gq+pr+pqr 0,0,0,CZ,,CCZ,,, —% % —% % —% —% % —%
228 q+pr+qr -0,0,CZ,,CZ,, 0 % % 0 0 —% % 0
229 I4+p+pg+r+pqr op,0,0,CZ,,CCZ,,, —% i i —i —i —% % —i
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TABLE II1. (Continued.)

CA Rule no. Update rule

o)

Pqrs Qo O40 Q04 Q170 Qo Q90 (102 (150
230 gtrtpqr -0, 0,0,CCZ,,, - 3 1 i St S 3
231 I+p+pg+pr+qr 0,0,C2,,CZ,,CZ,, —% 0 0 0 —% —% % 0
232 pgtpr+qr -0,CZ,,CZ,,CZ,, 0 % % % 0 0 0 —%
233 I4+p+qg+rd+pgr 0,04 0.0, CCZ, ., fi i i i 7% 7% f% f%
234 patrpqr -0, 0,CZ,,CCZ,,, -1 1 1 SR B S S ]
235 I4+p+q+pr+qr 0,0,0,CZ,, CZ,, -+ 0 o0 1+ -3 0 0 -3
236 qgtprpqr —0,0,CZ,, CCZ,,, -1 2 2 A e T
237 I4+p+p g+r+qr 0,0, 0,CZ,,CZ,, —% 0 % 0 0 —% 0 —%
238 qg+r+qr —0, 0,0y CZ,, —% 0 % % 0 0 % 0
239 I+ptpgtpripqr 0,0,CZ,,CZ,, CCZ,,, e P T S S
240 p —0, O 0 1 0 0 0 0 0 0
241 1+q+p g+r+pr+qr+pqr o,0,0,CZ,,CZ,,CZ,, CCZ,,, —% % —% —% —i —i —% —i
242 prr+pr+qr+pqr -0, 0,0,CZ,,CZ,, CCZ,,, —% % —% i —i % i %
243 I4+q+pq 0,0,CZ,, -+ 4 =1 0o -1 o0 0 0
244 pratpat+qrpqr —0,0,0,CZ,,CZ,, CCZ,,, -+ 2 e T e U
245 I+r+pr 0, 0, CZ,, -+ 3 0 -1 0 -3 0 0
246 p+q+p g+r+pr —0,0,0,0,CZ,,CZ,, —% % 0 0 0 0 % %
247 I+qr+pgqgr o, CZ,,CCZ, ., —% % —% —% —% —% % %
248 prgr+pqr —0, 05 CZy, CCZy 4, - 2 1 : 3 : -1 -1
249 I1+qg+p g+r+pr 0,0,0,CZ,,CZ,, —% % 0 0 0 0 —% —%
250 p+r+pr -0, 0,0,CZ,, —% % 0 % 0 % 0 0
251 I+g+pg+qr+pgr 0,0,CZ2,,CZ,,CCZ,,, —% i —% i —i % —i —i
252 p+atpq —0,0,0,CZ,, -+ 4+ 3+ 0 1 0 0 O
253 I4+r+pr+qr+pqr o, 0,CZ,,CZ,, CCZ,,, —% i i —% % —i —i —i
254 p+q+p g+r+pr+qr+pgr —o,0,0,0,CZ,,CZ,,CZ,,  CCZ,,, —% % i i % % i %
255 1 O -1 0 0 0 0 0 0 0

is a sum of local interaction terms

N
— (1)
E“_ Z €p.q.rs
{p.q.r.s}

(AD)

where {p, g, r, s} indicate the spins in the neighborhood like
that of Fig. 1. Our choice of spin models is such that, for linear
CA, there is one interaction term per unit cell so that there is
an equal total number of interaction terms and spins on the
lattice, N. In general, the interaction e}ij),,‘s can be written in
terms of the interactions of the irreducible models (10)—(17):

(€2 — (1) o (v)
Epqurs = Z Xy Epgrse

ve lrr

(A2)

where “Irr” are the eight irreducible models of Eqs. (10)—(17).
In the table we also use the expressions

1
CZyp = 5(1 + 04+ 0p — 0,0p), (A3)
1
CCZype=1- 4_1(1 — 0, — 0 — O,
+ 0,05 + 0,0¢ + 00 — 0,0,0¢). (A4)

APPENDIX B: OTHER CA AND THEIR SPIN MODELS

Here we discuss the extension of the class of spin models
related to CA beyond those presented in the main text. Allow-
ing for a larger neighborhood that defines the given CA rule
provides significant freedom in defining models with specific
properties, e.g., models with specific system size sequences
that exhibit an exact spin to defect duality, as in Ref. [11].
Specifically, this last property gets reflected to a sequence
of system sizes in the finite-size scaling of the respective
spin model where the classical ground-state degeneracy of the
classical model is always equal to one. This in turn leads to
the lack of any nontrivial symmetries of the quantum models
and a first order quantum phase transition without the accom-
panying SSB.

This feature holds for linear CA which possess an A matrix,
as in Sec. II A, which is a sum of the diagonal matrix and
the left or right shift map (see further details in Ref. [4]). By
generalizing beyond elementary CA to CA with rules defined
on larger neighborhoods than that of Fig. 1(a), one can obtain
other CA with the above property and their corresponding 2D
spin models.

Consider an 1D CA with a larger neighborhood of n
contiguous sites, where we label the sites (and their states)
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FIG. 8. Quantum phase transition of H,sy for OBC. (a) The normalized by the system size ground-state energy as a function of J. Empty
symbols are from ED while filled symbols are from numerical MPS. (b) Transverse magnetization as a function of J. (c) Average four-spin
interaction as a function of J. (d)—(f) Similar to panels (a)—(c) but for the rectangular system sizes given in the inset of panel (f).

(p1, P2, -+ -, pn) [an elementary CA corresponds therefore to
n =3, and (p1, p2, p3) = (p, ¢, r) in Fig. 1(a)]. For example,
for n =5, three possible rules with this neighborhood are

S=pi+p3, s=p+ps, s=p3+ps mod?2. (Bl
These are related to 2D spin models with a neighborhood of
2r + 1 sites with r = 2 and share the property of a unique
minimum energy configuration for certain system sizes.
Similar generalizations to Rule 60 in 3D can be obtained
for Rules 90 and 150. In terms of the classical spin models,

for the 3D version of Eq. (15) we get

N

(BD) _ §
E90 - 0p19p30p;0pyTss

{pi}

(B2)

where {pi, ..., p9} span the Moore neighborhood and N
corresponds to the total number of lattice sites, N = L x M
which is also equal to the interaection terms of the energy
function. In turn, by generalizing Eq. (17) we get

where the product includes all spins in the Moore neighbor-
hood for the update of o, and N = K x L x M the number of
lattice sites which is also equal to the number of interaction
terms. Similar generalizations can be constructed for CA that
involve the update of site s through the two previous row con-
figurations, leading to matrix CA (see, for example, Ref. [59]).

APPENDIX C: NUMERICS FOR OBC

Here we present similar numerical results for the quantum
spin models in the case of open boundary conditions. Results
are shown in Fig. 8 for Hs9, in Fig. 9 for Hspyn, and in Fig. 10
for the quantum Baxter-Wu model.

The presence of a quantum phase transition for Hjsy for
OBC is obscured, as seen from Fig. 8. The existence of a
subextensively large number of classical ground states, which
correspond to low-lying states for the quantum model, is ex-
pected to reduce the accuracy of the MPS simulations close to
the phase transition (if any exists). For strip geometries there
is no indication of a discontinuity. This situation resembles

N 9 the one encountered for OBC for the TPM in Ref. [4]. For
ESOD) - — E ngi oy, (B3) the 3D quantum SPyM with OBC, see Fig. 9, results are
() \i=1 even less accurate due to the intrinsic limitations of our MPS
1.0 C80-0-0-9, 0.7 -
-10eee e ““?"-"'-0-.‘ 06} e
14 M"‘w o A e Y /
h e, | 506 AN LY .
R 12 \“.\:. = . \" = 03 "r
e 04 S| 02 A |
1.3 . 0.1 / ;
(a) e 0.2 (b) 00 ! L o
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 1.5 2.0
J J J

FIG. 9. Quantum phase transition of Hspyy for OBC. (a) Ground-state energy, E, per unit size as a function of J, for system sizes
L x L x M. (b)—(d) The transverse and longitudinal magnetizations and the average five-spin interaction, respectively.
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FIG. 10. Quantum phase transition of the gBW model for OBC. (a) The normalized by the system size ground-state energy as a function of
h. (b), (c) Transverse magnetization and three-spin correlator for the interaction of Rule 60 as a function of /4. (d)—(f) Similar to panels (a)—(c)

but for the rectangular system sizes given in the inset of panel (f).

simulations in 3D and the very restricted system sizes which
are accessible.

For the quantum Baxter-Wu model with OBC, Fig. 10, we
observe a different behavior from that of the models above.
The major discrepancy with PBC is that the transition has not
converged to the value i = 2.4 yet (although this convergence
is not guaranteed either). Apart from this issue, numerics seem
to suggest that the phase transition for the quantum Baxter-Wu
model with OBC is also of first-order.

APPENDIX D: LOW-LYING ENERGY SPECTRA
FOR RULE 150

Figure 11 shows the low-lying spectrum for two system
sizes tractable via ED for Hjso. In Fig. 11(b) we show the
case of size 4 x 4 for PBC: here we show the 16 lowest
energy configurations given by the two fixed points (the all

up and all down states) and the 12 period 2 cycles of the CA,
see Table I; the avoided crossing at J = 1.0 is the finite-size
signature of the eventual first-order transition, while the split-
ting away from the ground state of levels 2 to 16 for & > 1
is a signature of spontaneous breaking of the symmetries.
In Fig. 11(c) we show the same for a system of size 3 x 6
where there are no limit cycles and the only classical minima
are the all up and all down states; here it is enough to show
the ground state and the first two excited states. Similarly to
the PBC case, the energy spectrum from ED for the lowest
energy states is presented for OBC in Fig. 11(a). Similar
behavior to the PBC is observed. However, the state space
involved in the SSB involves many more states (2122
specifically for Hisp) and results in the avoided level crossing
which would signal the first-order behavior of the transition
to be less pronounced and related to a higher energy excited
state.

Energy Levels

Energy Levels Energy Levels

o 1 IR " o]
02-16 OF T 02
217 '._.. 23

" 2-16
~17-29 1 0ceee
SRy
-1.4
. -1.6
00 05 10 15 20 25 30 06 08
h

1.0
h

FIG. 11. Low-lying spectrum of H;sy. (a) Ground state (level 1) and the first 28 excited states (levels 2-29) as a function of & for a system
size 4 x 4 for OBC. As seen from this panel, the avoided gap crossing is not formed by any of the low-lying states, but involves a higher
excited state. (b) Ground state (level 1) and the first 16 excited states (levels 2—17) as a function of 4 for a system size 4 x 4 for PBC. The
avoided crossing is indicative of a first-order transition in the ground state, while the splitting of excited levels that of SSB. (c) Same with panel
(b) for the first three levels of a system size 3 x 6 for PBC.
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