
PHYSICAL REVIEW E 113, 065402 (2026)

Externally driven condensates show translation-induced polarization, directed coalescence,
and anomalous diffusion in viscoelastic media
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Phase separation into compositionally and physically distinct domains is ubiquitous in (non)living matter
ranging from alloys and emulsions to biomolecular condensates in cells. The organization of these domains
can be controlled, for example, by nonequilibrium chemical reactions, external fields, or mechanical stresses.
In this context, stationary states can emerge from effective long-range interactions resembling the electrostatics
of charges. Here, I develop a theory predicting that externally controlled dynamic states, such as condensate
motion, lead to an effective polarization and dipolar force fields even for microscopically nonpolarizable matter.
The dipole-dipole interactions resulting from this translation-induced polarization cause directed coalescence of
domains. This coarsening mechanism complements Ostwald ripening and coalescence due to Brownian motion
or Marangoni flows, and has implications for controlling domains by electric fields or concentration gradients.
Interestingly, the chemical potential gradients around a domain that nucleates material are exactly opposite to the
hydrodynamic pressure gradients around an impermeable colloid that pushes the fluid, suggesting a competition
between phase separation and hydrodynamics. In addition to chemical control, the motion of domains can also be
driven by mechanical stresses. An example is the cell interior, where mechanical stresses are actively generated
by molecular motors and opposed by passive viscoelastic stresses in the cytoplasm and nucleoplasm. Taking
into account such active fluctuations in the theory predicts that the resulting fluid flows lead to Brownian motion
with a suppressed or enhanced size scaling that modifies collision-coalescence. For active stresses with a long
correlation time, the domains show superdiffusion on intermediate timescales. Together, these findings shed new
light on the dynamics of domains in viscoelastic media and conserved order parameters in general.

DOI: 10.1103/n662-39rs

I. INTRODUCTION

Phase separation is a recurrent phenomenon in various dis-
ciplines. Its theoretical description was originally developed
in the context of polymer melts [1–3] and alloys [4,5]. Since
then, the applications and implications of phase separation
have spanned soft matter, materials science, and (chemical)
engineering of, for example, batteries and reactors [6,7].
More recently, the formation of biomolecular condensates
via phase separation has been recognized as an organizing
principle in cell biology [8–14]. The underlying mechanism
is that (bio)molecules can spatially self-organize by demix-
ing and sorting according to their relative miscibility. In the
cell nucleus, for example, biomolecular condensates have
been implicated in vital processes such as gene transcription
[15–19], splicing [20], and assembly of ribosomal subunits
[21,22].
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The central feature of phase separation in an equilibrium
setting is the gradual minimization of a free energy dominated
by the interfacial tension between the different phases. Conse-
quently, different condensates undergo coarsening until only a
single, spherical interface with minimal contact area between
the different phases is left. The kinetics of coarsening can be
driven by several mechanisms. In Ostwald ripening, surface
tension and the resulting Laplace pressure cause large con-
densates to gradually siphon material from small condensates
via currents in the dilute phase [23]. In addition, conden-
sates that behave like liquids will also coalesce when they
encounter each other due to Marangoni flows or Brownian
motion [24,25]. Coalescence by Brownian motion requires
hydrodynamic fluctuations, which many theoretical studies
neglect.

To functionalize phase-separated domains and condensates
in the context of engineering and biology, their spatial po-
sitioning and coarsening must be controlled. However, it is
not clear how forcing one condensate to move will affect
other, nearby condensates. This is a classical problem in the
context of rigid colloidal particles embedded in a viscous
fluid [26,27], but there is no theoretical justification to treat
liquidlike condensates as rigid colloids. Analogously, there
is well-established literature on the Brownian motion of col-
loidal particles in complex media [28,29], yet the motion of
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condensates embedded in viscoelastic media [30] has barely
been explored.

In the context of cell biology, the functions of some con-
densates involve interactions with the cytoskeleton [31–33]
or chromatin [34,35]. This coupling renders condensates
sensitive to viscoelastic stresses. Conversely, the cell cy-
toskeleton generates active stresses [36], chromatin shows
correlated flows [37–39], and the viscoelastic medium can
be actively stirred. Mechanical forces can drive ripening or
arrest coarsening [40–45], and stirring can generally suppress
phase separation [46,47] as observed in active nematic fluids
[48,49].

Yet, active forces are also known to accelerate the dif-
fusion of rigid particles [50]. Extrapolating these insights
suggests that active forces should facilitate the coalescence
of biomolecular condensates, as was recently observed for
speckles in the cell nucleus [51]. However, beyond this qual-
itative expectation, the Brownian motion of condensates in
active viscoelastic media is not well understood. The main
goal of the present work is to develop a theory for the motion
of condensates and phase-separated domains in a nonequilib-
rium setting. To that end, using an exact analytical framework,
I will address two connected paradigmatic questions as out-
lined below.

First, how do pairs of condensates interact when they move
due to an external potential gradient, such as gravitation, an
electrostatic potential, or a concentration gradient? In analogy
to viscous fluids and electrostatics, where incompressibility
and charge conservation lead to nonlocal disturbances and
interaction forces [26], I will show that mass conservation
leads to similar effects in phase-separating solutions [52].
Even in media that cannot be polarized microscopically, the
motion of condensates induces chemical potential gradients
(translation-induced polarization) that are reminiscent of the
electrical field around an electrostatic dipole.

Surprisingly, the chemical potential gradients due to
translation-induced polarization are opposite to the pressure
gradients generated by colloidal particles moving through
a viscous fluid. The intuition is that, contrary to the me-
chanics of impermeable domain walls which push fluid,
phase-separated domains nucleate material through a gain in
enthalpy at the phase boundaries. This suggests a generic
competition between phase separation and hydrodynamics.
Moreover, the chemical potential gradients due to translation-
induced polarization cause small condensates to drift towards
the front of nearby larger condensates, leading to directed
coalescence. This prediction complements the ripening of
condensates under external fields [53,54] and can be tested
experimentally [55,56] by measuring the time-dependent
distribution of condensate radii. Moreover, it implies that
coherent flows of chromatin on the lengthscale of microns
[37] can, in addition to bringing together condensates over
larger distances [51], drive the deterministic coalescence of
differently sized condensates on a submicron scale.

Second, how will active fluctuations in a viscoelastic
medium such as the nucleoplasm drive the Brownian mo-
tion of individual condensates? In the context of colloids,
this fundamental question has led to the Stokes-Einstein re-
lation [28,57], which couples fluctuations and dissipation,
and which has been foundational for the field of soft and

biological matter. In the context of phase-separated domains,
however, studies considering Brownian motion are more
scarce [58–62]. To close this gap, I will derive a principled
theory of the time-dependent mean-squared center-of-mass
displacement of condensates and spatially extended fields in
fluctuating media with memory.

Finally, I will apply the theory to study the Brownian
motion of condensates in the cell cytoplasm and nucleoplasm,
which are idealized as viscoelastic Maxwell fluids driven
by active stress fluctuations. Active stress fluctuations vio-
late the fluctuation-dissipation theorem and, by extension, the
Stokes-Einstein relation. This alters the kinetics of droplet
coalescence by suppressing or amplifying the scaling of the
center-of-mass diffusion coefficient with condensate radius. If
the condensate radius is smaller than the correlation length of
the fluid flows (stirring length), then faster Brownian motion
due to active viscoelastic stirring will only decrease the time
until two condensates are separated by one stirring length.
On distances shorter than the stirring length, condensate mo-
tion will become hydrodynamically locked by the coherent
flows, thus decreasing the fluctuations in the mean-squared
separation between condensates. Then, directed coalescence
by translation-induced polarization will dominate over coa-
lescence by Brownian motion.

Thus, the two paradigmatic questions addressed in this
work shine light on two sides of the same coin, by discussing
how Brownian motion can first move condensates closer to-
gether and how then, on short lengthscales, capillary forces
can guide the coalescence process to completion.

II. PHASE SEPARATION UNDER TURNOVER
AND EXTERNAL FIELDS

A. Mass conservation

Biomolecular condensates refer to regions with increased
concentration c(x, t ) of macromolecules such as proteins or
nucleic acids [13]. They form due to pairwise interactions (en-
thalpy), which tend to cluster molecules, competing against
entropy which homogenizes the system. This competition is
embodied in the local free-energy density f (c), which can
be derived from Flory-Huggins theory [1–3] or from sym-
metry arguments within a Ginzburg-Landau expansion [4,5].
In the simplest case, the free-energy density has two min-
ima which correspond to the high-concentration region and
the low-concentration background. The total free energy of a
two-component solution, including the energetic cost of phase
boundaries with stiffness parameter κ , is given by

F[c] =
∫

dd x
[

f (c) + 1

2
κ (∇c)2

]
. (1)

The chemical potential, μ(x) := δF[c]/δc(x), corresponds to
the energetic cost of adding one macromolecule at coordinate
x. Phase separation is a consequence of fluxes that shuffle
molecules (redistribute mass) along the gradients in the chem-
ical potential, until the system has settled in thermodynamic
equilibrium [63,64].

To control this process, one can apply an external potential
�(x, t ). This potential could correspond to, for example, an
electrostatic or gravitational field or molecular interactions
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with a gradient in the concentration of another molecule.
Moreover, by allowing the potential � to fluctuate, one can
model stochastic forces and disorder. In summary, the material
fluxes of the phase-separating molecules are given by

J = −M∇μ − M∇� + j (2)

with M the collective mobility and j the remainder of the
fluxes that cannot be written as the streamlines of some
potential. Such nonpotential fluxes could correspond to, for
example, advection j = vc by fluid flow with velocity v as
discussed later.

B. Chemical turnover

Biologically relevant macromolecules are generally turned
over on some timescale k−1 in the cell. To model these
chemical reactions, I will consider exchange with an external
reservoir maintained at a chemical potential μ�. To enter or
leave the reservoir, biomolecules need to overcome a chemical
potential barrier and reach a transition state corresponding
to some chemical potential μ̄. Approximating the barrier-
crossing process with Arrhenius kinetics, biomolecules will
be degraded (enter the reservoir) at a rate k−e−β(μ̄−μ), with
the standard notation β = 1/(kBT ) and μ̄ − μ the energetic
cost of a molecule reaching the transition state. Here, for
simplicity, μ̄ has been chosen such that it absorbs the exter-
nal potential �. Analogously, biomolecules will be produced
with recovery rate k+e−β(μ̄−μ� ). Thermodynamic consistency
requires that the ratio between the production rate and the
degradation rate equals the Boltzmann weight corresponding
to the energy difference between the domain and the reservoir,
which constrains the rate constants k+ = k− ≡ k [65,66].

In summary, the dynamics of the concentration profile
c(x, t ) of biological macromolecules is given by

∂t c = ∇·[M∇μ + M∇� − j]

+ ke−β(μ̄−μ� ) − ke−β(μ̄−μ). (3)

This general formalism can also be adapted beyond the dy-
namics of condensates to conserved Ising models, or active
matter, to name a few examples. At first glance, it seems that
the dynamics of Eq. (3) is highly nonlinear and should de-
pend on the microscopic details of the molecular interactions
encoded in the chemical potential μ. However, note that the
analysis started with the premise of phase separation, that is, a
macroscopic phenomenon. In the spirit of thermodynamics,
where macroscopic phenomenology allows making general
statements independent of microscopic details, I will therefore
focus on the consequences of phase separation, irrespective of
how it is achieved. To that end, following Ref. [67], which
semianalytically studied condensate self-propulsion in the ab-
sence of hydrodynamics, in the following Eq. (3) will be
interpreted as a control problem and the chemical potential
as an unknown Lagrange multiplier.

III. CONDENSATE MOTION INDUCES DIPOLE FORCES

A. Effective Debye-Hückel theory

It is well known that the chemical potential in phase
separation problems satisfies a Poisson equation and thus

mediates nonlocal interactions resembling electrostatics [52].
This manifests as circulatory currents that accelerate the mo-
tion of individual condensates [67], and as nonlocal friction
during the motion and deformations of single droplets under
thermophoresis [68]. As shown in the following, these non-
local capillary interactions predict how pairs of condensates
interact under external gradients and differ from colloids in-
teracting hydrodynamically in viscous fluids.

From the perspective of electrostatics, Eq. (3) is remi-
niscent of the Poisson-Boltzmann equation. For small β, or
chemical reactions with small potential barriers, one can use a
linear approximation in analogy to Debye-Hückel theory [69],

∇·[M∇μ] − kβμ = ∂t c + ∇·[ j − M∇�] − kβμ�, (4)

where the left-hand side collects all terms involving the chem-
ical potential. The characteristic, diffusive screening length is
given by

√
M/(kβ ). Substituting the mobility M = kBT/ζ =

1/(ζβ ) with microscopic friction coefficient ζ reveals that
the diffusive screening length diverges as β−1(ζk)−1/2 in the
limit of high temperature, or small friction, or slow chemical
turnover. This sets an upper limit for the range of capillary
forces. Since the present work focuses on capillary interac-
tions, the following analysis will focus on the limit of an
infinitely large screening length.

B. Heuristic analogy to electrostatics and fluid mechanics

To develop an intuition for the chemical potential gradients
∇μ induced by condensate motion, consider a prescribed
perturbation of the concentration field, ∂t c(x, t ) := δc(x)δ(t ).
Mass exchange via a local addition (production) or removal
(degradation) of material enters as a source or sink in the
Poisson equation, Eq. (4), and thus acts analogously to electric
monopoles inducing an electrostatic potential [66,70]. In the
case of a moving phase boundary, mass is removed from
one side and added to the opposing side of the interface,
analogous to a local electric dipole with source ∂t c(x, t ) :=
−∇ · [v(t )c(x, t )]. This suggests that translation will induce
dipole force fields, whereas shape changes will lead to higher-
order multipole fields, even in matter that is not polarizable
microscopically.

One can also construct a similar analogy to fluid mechan-
ics, where dipole force fields are induced by the motion of
colloidal particles (spherical inclusions) through a viscous
fluid. To make this comparison more salient, the following
analysis will consider condensates with spherical shape and
radius R. This is a valid approximation for high surface
tension, but neglects multipole interactions due to capillary
waves. Assuming stable condensates, their domains D will
change mainly due to translation and will be approximately
conserved. The role of the chemical potential is to maintain
phase separation with a high concentration c(x, t ) = c− +
	c inside the condensate, x ∈ D, and a low concentration
c(x, t ) = c− outside. In that sense, the chemical potential can
be interpreted as a Lagrange multiplier preserving the shape
of the condensate boundary during translation, similar to how
the pressure field enforces fluid incompressibility.

Based on these analogies to electrostatics and fluid me-
chanics, one expects that perturbations in the condensate
interface propagate nonlocally and induce long-range forces.
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C. Translation-induced polarization

Equipped with first intuitive predictions, I will now derive
the chemical potential profile μ corresponding to Eq. (4) with
some prescribed dynamics ∂t c. Condensates moving with ve-
locity v are naturally described by the traveling wave ansatz,
c(x, t ) = c(z), with the Galilean coordinate transformation
z := x − vt . In the following, ∇ ≡ ∇z refers to the spatial
gradient and D to the condensate domain in the comoving
frame, whereas D(t ) is the condensate domain in the lab-
oratory frame. For simplicity, as mentioned above, I will
consider the limit of negligible material turnover, k → 0.
Comparing Eq. (4) to a Poisson equation for the chemical
potential [52], with the fundamental solution L(z) satisfying
∇2L(z) = −δ(z), reveals

μ(z) = − �(z) + 	c

M
v ·

∫
D

dd z′ ∇L(z − z′)

− 1

M

∫
dd z′ j(z′) · ∇L(z − z′). (5)

Hence, the gradient of the chemical potential in the comoving
frame of the condensate is given by

∇μ(z) = − ∇�(z) + 	c

M
B(z) · v

− 1

M

∫
dd z′ [∇ ⊗ ∇L(z − z′)] · j(z′), (6)

with B(z) ≡ B(z|D) the coupling tensor at coordinate z rela-
tive to the centroid of the condensate,

B(z|D) := ∇ ⊗ ∇
∫
D

dd z′ L(z − z′). (7)

The above integral can be evaluated for spherical condensates
with radius R and is identical to the Green’s tensor for an
electrostatic dipole field:

B(z) = −
{

I
d , |z| � R,[

I
d − ẑ ⊗ ẑ

](
R
|z|

)d
, |z| > R.

(8)

Here, I have defined ẑ := z/|z|. Transforming Eq. (6) back into
the laboratory frame, with shorthand notation r ≡ r(t ) for the
centroid of the condensate, shows that condensate motion with
velocity v(t ) = ∂t r(t ) induces an effective long-range force
[Fig. 1(a)],

−∇μ(x, t ) = ∇�(x, t ) − 	c

M
B(x − r) · v(t ) + O[ j], (9)

in agreement with the heuristic reasoning. In summary, the
motion of condensates and phase-separated domains, regard-
less of the underlying driving force, universally induces dipole
force fields with dipole strength v	cRd/M. The strength of
the induced dipole is directly proportional to the controlled
drift velocity, the number of particles enriched in the con-
densate, and the drag that these particles experience. In the
following, I refer to this phenomenon as translation-induced
polarization as opposed to motion that arises from preexisting
polarity.

(a) (b)

FIG. 1. Comparison between a condensate and a colloidal parti-
cle moving with velocity v (black arrows). (a) Translational motion
of domains of conserved order parameters (outlined by a black
line) induces long-ranged forces that are reminiscent of electrostatic
dipoles. Streamlines indicate the gradient of the chemical potential
(color code; red corresponds to high values and blue to low values).
(b) Impermeable boundaries push fluid when they move. Therefore,
the pressure gradients around moving colloidal particles in a Stokes
fluid [71] are opposite to the chemical potential gradients around
moving condensates. This suggests a competition between phase
separation and fluid flow. Streamlines indicate the gradient of the
pressure (color code; red corresponds to high values and blue to low
values).

D. Competition of translation-induced polarization
with hydrodynamics

This section will clarify important differences of con-
densate dynamics compared to the dynamics of colloids in
viscous fluids, as revealed by the chemical potential profile
due to translation-induced polarization, Eq. (9). In contrast
to active matter and hydrodynamic theories, where polarity
refers to stresslet tensors generating force-free flow, here the
chemical potential is a scalar thermodynamic field entering
conserved dynamics. The closest analog is a rigid sphere
being dragged through fluid by an external force. Moreover,
because phase-separated interfaces nucleate material, whereas
impermeable walls push the fluid, the chemical potential gra-
dient is exactly opposite to the pressure gradient generated by
a solid spherical particle with radius a [Fig. 1(b)],

−∇p = − 3

2
ηa∇

(
v · z
|z|3

)
= − 9

2
ηa

1

|z|3
[

I
3

− ẑ ⊗ ẑ
]

· v, (10)

moving with velocity v through a Stokes fluid with viscosity
η in d = 3 dimensions [71]. As before, z refers to the posi-
tion relative to the centroid of the sphere. In the following,
I will consider a condensate consisting of many such inclu-
sions and discuss the two opposing limits of low and high
concentrations.

1. Low concentration of inclusions

At low concentrations, it is tempting to neglect hydrody-
namic interactions among the inclusions and consider each
particle as making a small additive contribution to the to-
tal pressure field. Assuming a uniform concentration 	c of

065402-4



EXTERNALLY DRIVEN CONDENSATES SHOW … PHYSICAL REVIEW E 113, 065402 (2026)

inclusions within the condensate, the pressure gradient is
given by

−∇p = 3

2
ηa

∫
D

d3r 	c

[
∇ ⊗ ∇

(
1

|z − r|
)]

· v

= 6πηa R3	c
1

3

[
∇ ⊗ ∇

(
1

|z|
)]

· v. (11)

The scale of the pressure gradient will match the scale
	c2vR3/M of the force density −	c∇μ transmitted to
the fluid by the induced chemical potential [Eq. (9), Ap-
pendix A] if M ∼ 	c/(6πηa). Making the standard estimate
for the collective mobility M ∼ c/(6πηa) according to the
Stokes-Einstein relation leads to 	c ∼ c for the characteristic
concentration difference at which the capillary forces due
to the chemical potential gradient will dominate. In other
words, for low concentrations of inclusions in the condensate,
I expect that the long-ranged forces induced by viscous fluid
stresses will dominate over translation-induced polarization.

2. Medium to high concentration of inclusions

At higher concentrations, hydrodynamic interactions
among inclusions increase the effective viscosity of colloidal
suspensions such as a biomolecular condensate [72], and re-
duce its permeation by the solvent. In that case, one can
estimate the pressure field around the condensate by approxi-
mating it as a single impermeable sphere with radius R [71],

−∇p = −9

2
ηR

1

|z|3
[

I
3

− ẑ ⊗ ẑ
]

· v. (12)

Compared to low concentrations of inclusions, the scale of
the pressure gradient decreases because in Eq. (12) the fluid-
condensate interactions are dominated by the radius of the
condensate, as opposed to the bulk volume of the condensate
in Eq. (11). Now, the scale of the pressure gradient will match
the scale 	c2vR3/M of the force density −	c∇μ transmit-
ted to the fluid by the induced chemical potential [Eq. (9),
Appendix A] if 	c2vR3/M ∼ 9

2ηRv. Making the standard
estimate for the collective mobility M ∼ c/(6πηa) according
to the Stokes-Einstein relation leads to

4πa3

3

	c2

c
∼ a2

R2
(13)

for the characteristic concentration difference at which the
capillary forces due to the chemical potential gradient will
dominate. Note that for a 
 R this expression asymptotically
decays to zero, indicating that condensate-condensate interac-
tions will be dominated by capillary forces at medium to high
concentrations.

E. Screening by chemical reactions and bias
of chemical reactions

The preceding sections reported the chemical potential pro-
file due to translation-induced polarization in the limit of van-
ishing material turnover, k → 0. The full Poisson-Boltzmann-
like theory [Eq. (3)] does not have a linear solution, although
the chemical potential can be formulated via an optimization
principle with an effective free-energy functional. For small
material turnover, however, the calculation so far can be easily

generalized, whereby L will be the fundamental solution of
the screened Poisson equation. This reveals that the range of
the chemical potential gradients ∇μ and all of the interactions
derived from these gradients is given by the diffusive screen-
ing length,

√
M/(kβ ). A finite range of interactions will also

regularize the crosstalk of condensates with distant boundaries
such as the cell membrane or the nuclear membrane.

Finally, applying the chemical potential profile due to
translation-induced polarization [Eq. (9), Fig. 1(a)] to the
Poisson-Boltzmann-like theory of condensates subject to ma-
terial turnover, Eq. (3), or the linearized Eq. (4), reveals how
condensate motion can affect chemical reactions. Specifically,
the chemical potential at the front of the condensate is de-
creased, thereby slowing down the turnover of condensate
material, while the back has increased chemical potential
and thus turnover of condensate material. In conclusion, by
exerting a physical force on condensates, one can reorganize
chemical reactions within.

IV. CONDENSATE MOTION IN RESPONSE TO FORCES

So far, the discussion centered around the prescribed mo-
tion of a phase-separated domain and how this motion can
induce chemical potential gradients and hydrodynamic pres-
sure gradients. This raises the converse question of how
externally applied fields and forces will cause condensates and
phase-separated domains to move in response. Answering this
question requires a closure relation to eliminate the chemical
potential from Eq. (6) and to solve for the condensate ve-
locity v. To that end, I use the thermodynamic consistency
criterion [67], ∫

D
dd z ∇μ(z) = 0, (14)

where, as before, D is the condensate domain in the comoving
frame of the condensate. This criterion can be interpreted as
the conservation of momentum for the condensate. In other
words, because the physical origin of the chemical potential
profile, before dropping all the details, is a scalar free energy
encoding pairwise reciprocal interactions, it cannot sponta-
neously break symmetry by polarizing.

After eliminating the chemical potential in Eq. (6) by inte-
grating over the condensate and applying Eq. (14), one has

0 = −
∫
D

dd z M∇�(z) + 	c
∫
D

dd zB(z) · v

−
∫

dd zB(z) · j(z), (15)

leaving only the substitution of the Green’s tensor B(z) for an
electrostatic dipole field, Eq. (8). Note that B(z) for z ∈ D can
also be derived for general geometries by invoking isotropy,
which implies B = tr(B) I/d .

This analysis reveals without loss of generality, and in-
dependently of other microscopic details, that the centroid
velocity of a condensate or any domain governed by a con-
tinuity equation [Eq. (4) in the limit of negligible material
turnover, k → 0] is given by the following force-response

065402-5



ANDRIY GOYCHUK PHYSICAL REVIEW E 113, 065402 (2026)

relation [67,73]:

v(t ) = ∂t r(t ) = − d

	c

∫
D(t )

dd x
VD

M∇�(x, t )

− d

	c

∫
dd x
VD

B(x − r) · j(x, t ), (16)

where z := x − vt and its generalization z := x − r(t ) were
used to transform back into the laboratory frame in which
the condensate moves. Here, VD := ∫

D dd z is the volume and
r(t ) the centroid of the time-dependent domain D(t ) of the
condensate. The last term in Eq. (16) indicates that, in contrast
to gradient flow dynamics, currents that cannot be represented
by the gradient of a potential generically lead to nonlocal
couplings. By combining the driven condensate motion in
response to local force fields, Eq. (16), with the understanding
of how condensate motion induces dipole force fields, Eq. (9),
I will next analyze pairwise interactions between condensates
in a dynamic, nonequilibrium setting.

V. PAIRS OF MOVING CONDENSATES INTERACT
LIKE DIPOLES

The theory discussed in the preceding sections revealed
that the circulatory material fluxes around moving conden-
sates [67] are a manifestation of the chemical potential profile
due to translation-induced polarization [Eq. (9), Fig. 1(a)].
The natural consequence of these fluxes, following the discus-
sion so far, is to conclude that pairs of moving condensates
must show dipole-dipole interactions according to an effec-
tive polarization along their direction of motion. Even for
passive, nonpolar condensates, these interactions emerge due
to the conservation of the total mass of the phase-separating
material. Interestingly, active matter also shows dipole and
quadrupole interactions, but mediated by the surrounding
medium [74–77], and long-range interactions can lead to clus-
tering of self-propelling magnetic dipoles in external flow
[78]. Motivated by these ideas, in the following I will discuss
a generalized scenario in which two condensates, labeled i ∈
{1, 2}, interact through translation-induced polarization when
transported by an external field.

A. Dynamics of the intercondensate distance

The main premise in this section, which is straightfor-
ward to generalize, is that each condensate moves with the
same velocity v when far away from the other condensate.
This motion could be induced by phoresis, sedimentation,
advection, or optical trapping, but the precise mechanism is
of little consequence. More importantly, the motion of each
condensate with domain Di(t ) and centroid ri(t ) induces a
perturbation in the chemical potential profile, δμi(x, t ). The
resulting dipole force field perturbs the motion of the other
condensate so that ∂t ri(t ) := v + δvi. In the following, I will
derive the perturbations δvi [Fig. 2(a)].

According to Eq. (9), the motion of the first condensate
gives rise to an additive contribution to the chemical potential
gradient,

∇δμ1(x, t ) = 	c

M
B(x − r1) · [v + δv1], (17)

(a) (b)

FIG. 2. Interactions between two nearby condensates moving in
the same direction with a base velocity v (black arrow). (a) One con-
densate (e.g., the larger one labeled “1”) induces a chemical potential
gradient −∇μ1, while the other condensate (e.g., the smaller one
labeled “2”) senses this chemical potential gradient −∇�2 ≡ −∇μ1

and moves accordingly by perturbing its velocity by δv. (b) Conden-
sate drift leads to directed coalescence, where smaller condensates
circle around and flow (black streamlines) toward the front of larger
condensates (black circle with label “1”). If hydrodynamic interac-
tions were to dominate, smaller condensates would circle toward the
back of larger condensates.

where B(x − r1) is the Green’s tensor for an electrostatic
dipole field [Eq. (7)]. The second condensate senses this
perturbation of the chemical potential profile as an external
potential with ∇�2(x, t ) ≡ ∇δμ1(x, t ), which drives a po-
tential flux. The resulting response of the second condensate
according to Eq. (16) with vanishing nonpotential flux is
given by

δv2 = − d

	c

∫
D2

dd z
VD2

M∇δμ1(r2 + z), (18)

where z refers to a comoving coordinate system with the
second condensate at its origin.

Substituting Eq. (17) into Eq. (18) and using the definition
of the coupling tensor B [Eq. (7)] leads to

δv2 = M21 · [v + δv1], (19)

with the cross-mobility simplified using Gauss’ theorem,

M21 := d

VD2

∮
∂D2

dS ⊗
∮

∂D1

dS′ L(r2 − r1 + z − z′). (20)

For small condensates that do not overlap, one can approxi-
mate M21 ≈ −d VD1∇ ⊗ ∇L(r2 − r1). This result quantifies
the (nonreciprocal) response of the second condensate to the
motion of the first condensate; the converse response of the
first condensate to the motion of the second condensate is
analogous, just with flipped indices 1 ↔ 2.

The motion of the two condensates relative to each other
is quantified by ∂t (r2 − r1) = δv2 − δv1. Based on the above
approximation of the cross-mobility Eq. (20) for small con-
densate sizes, one can assume that M21 and M12 commute.
The separation between the two condensates will then gradu-
ally change according to

δv2 − δv1 ≈ [I − M21 · M12]−1 · (M21 − M12) · v. (21)

065402-6



EXTERNALLY DRIVEN CONDENSATES SHOW … PHYSICAL REVIEW E 113, 065402 (2026)

For large separations between the condensates, the term in
square brackets is on the order of unity. This simplification,
and substituting the cross-mobility Eq. (20) for small conden-
sate sizes, leads to

∂t (r2 − r1) ≈ d (VD2 − VD1 )∇ ⊗ ∇L(r2 − r1) · v (22)

for the dynamics of the condensate-condensate distance
vector.

In summary, the theory predicts that condensates drift-
ing with velocity v relative to a background concentration
at rest, due to flow, sedimentation, phoresis, or other phys-
ical mechanisms, will gradually approach each other due
to their emergent dipolar interactions if they have different
radii R1 
= R2. To lowest order and contrary to an electrical
dipole, a condensate will not interact with its mirror image
moving parallel to an impermeable boundary. For spherical
condensates in d = 3 dimensions, one has L(z) = 1/(4π |z|)
and VDi = 4π/3 R3

i , and the relative motion of the condensate
centroids ri obeys [Fig. 2(b)]

∂t (r2 − r1) ≈ (
R3

2 − R3
1

)∇ ⊗ ∇ 1

|r2 − r1| · v. (23)

In polydisperse systems, the smaller condensates will be
drawn toward the front of the larger condensates. Hence,
even passive condensates undergo directed coalescence un-
der external potential gradients. If hydrodynamic interactions
were to dominate, the flow direction would be reversed,
and the smaller condensates would be drawn toward the back
of the larger condensates. The prediction of directed coa-
lescence and front-seeking behavior can be experimentally
tested on condensates in external chemical gradients [55],
and is consistent with the observation that diffusiophoresis of
biomolecules promotes phase separation [56].

B. Scaling analysis of directed coalescence

How fast is directed coalescence compared to collision-
coalescence by Brownian motion in d = 3 dimensions? To
answer this question, in the following I will track 〈R〉 assum-
ing self-similarity for the size distribution of the condensates.
Moreover, I assume that the drift velocity v is independent
of the average condensate size 〈R〉, which will be justified
a posteriori by Eq. (26). With the typical distance between
condensates 〈|r j − ri|〉 ∝ 〈R〉, directed coalescence induces
collisions with a rate ∝ 〈R〉−1, so that the average conden-
sate size will increase over time as 〈R〉 ∝ t1. This result
is analogous to how hydrodynamic interactions and surface
tension can cooperate to increase coalescence rates during
the late stages of phase separation [24]. If the drift velocity
depends on condensate size, v ∝ R−n, then the collision rate
∝ 〈R〉−n−1 and the scaling of the condensate growth is gener-
alized to 〈R〉 ∝ t1/(1+n). In contrast, for collision-coalescence
by Brownian motion, the diffusion coefficient scales as ∝ R−1

according to the Stokes-Einstein relation and, over distances
∝ 〈R〉, induces collisions with the rate ∝ 〈R〉−3, leading to the
usual 〈R〉 ∝ t1/3 scaling. Thus, I expect that directed coales-
cence will dominate on long timescales.

Finally, note that the cellular nucleoplasm shows corre-
lated flows on lengthscales of microns [37,51]. The theory
presented so far predicts that, once condensates are within a

distance of a micron of each other in the cell nucleus, directed
coalescence will deterministically bring them together. How
will condensates encounter each other on larger distances? To
answer this question, the remainder of the manuscript will elu-
cidate the Brownian motion of condensates that are far apart.

VI. BROWNIAN MOTION OF CONDENSATES

The discussion so far centered on the emergence of de-
terministic interactions among condensates drifting under an
external field relative to a background concentration at rest.
This includes, for example, advection by fluid flow, sedimen-
tation due to gravitation, or phoresis in an electric field with
parallel field lines. On large lengthscales, these interactions
can be neglected compared to the Brownian motion of the
condensate centroid r(t ). This motion, with random velocities
v(t ) = ∂t r(t ), is agitated by passive and active fluctuating
forces. Brownian motion is well characterized for colloidal
particles, but not for condensates. In the following, I will
analyze the Brownian motion of condensates in a viscoelas-
tic solvent driven by passive and active fluctuations, with a
view toward describing condensates in the cell cytoplasm or
nucleoplasm.

A. Condensates in random fluid flows

1. Velocity of the condensate center

The force-response relation, Eq. (16), characterizes the
motion of condensates due to potential and nonpotential cur-
rents. The stochastic motion of the constituent biomolecules
can be modeled, in the inviscid limit, by applying a fluc-
tuating potential � that drives random thermal currents
jth := −M∇� with zero mean and covariance 〈 jth(x, t ) ⊗
jth(x′, t ′)〉 = 2MkBT Iδ(x − x′) δ(t − t ′). This is sometimes
referred to as Model B [79]. On sufficiently large lengthscales,
one also needs to take into account advection by stochastic
hydrodynamic flows with velocity v f . The corresponding non-
potential fluxes, j(x, t ) := c(x, t ) v f (x, t ), cannot be cast as a
gradient. After substituting both definitions in Eq. (16), one
has

v(t ) = ∂t r(t ) = d

	c

∫
D(t )

dd x
VD

jth(x, t )

− d

	c

∫
dd x
VD

c(x, t )B(x − r) · v f (x, t ). (24)

The integral in the second line can be split in two domains by
using the sharp interface approximation for the concentration
profile of the condensate, c(x, t ) = c− + 	c for x ∈ D(t ),
else c−, leading to

v(t ) = d

	c

∫
D(t )

dd x
VD

jth(x, t )

− d
∫
D(t )

dd x
VD

B(x − r) · v f (x, t )

− dc−
	c

∫
dd x
VD

B(x − r) · v f (x, t ). (25)

The second line can be simplified by substituting B(z) =
−I/d for |z| � R [Eq. (8)]. Moreover, recall that the Green’s
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tensor B for an electrostatic dipole field is the Hessian of
the fundamental solution L to the Poisson equation [Eq. (7)],
and that lim|z|→∞ ∇L(z) = 0. Together with fluid incompress-
ibility, ∇ · v f = 0, this allows eliminating the third line via
integration by parts.

In summary, the centroid velocity of the condensate in
incompressible fluid flow is given by

v(t ) = d

	c

∫
D(t )

dd x
VD

jth(x, t ) +
∫
D(t )

dd x
VD

v f (x, t ). (26)

The first term generalizes the result of Ref. [73] to arbitrary
dimensions. The main focus in the following is on the second
term in Eq. (26), which intuitively states that the condensate
is advected by the local average flow of the fluid.

2. Fluctuations of the condensate center

The subsequent analysis will, for simplicity, neglect the
feedback of condensate motion on the hydrodynamic flows.
The technical justification, presented in detail in Appendix A,
goes as follows. On sufficiently large lengthscales and far
away from impermeable physical boundaries, fluid flows in-
duced by the long-range chemical potential gradient [Eq. (9)]
will resemble those generated by a point force. Since the gra-
dient of the chemical potential ∇μ is of the order O(	c/M )
and the force transmitted to the fluid is −	c∇μ, the resulting
fluid flows are of the order O(	c2) and decay as 1/M for
large mobilities M. On a side note, this raises the fundamental
question of how one can measure the chemical potential gra-
dients induced by condensate motion. Moreover, long-range
chemical potential gradients induced by the random motion
of condensates will directly lead to Casimir-like forces. This
is an interesting topic for future research in light of the afore-
mentioned competition between hydrodynamics and phase
separation.

For further simplicity, I will assume that the fluctuating hy-
drodynamic flows v f and the thermal currents jth induced by
microscopic collisions are independent random variables. The
resulting Brownian motion of the condensate is characterized
by the velocity [Eq. (26)] autocorrelation function

〈v(t ) · v(t ′)〉 = Dc δ(t − t ′) +
∫∫

D

dd z
VD

dd z′

VD

× 〈v f (r + z, t ) · v f (r′ + z′, t ′)〉, (27)

with effective condensate diffusion coefficient Dc :=
2d3MkBT/(	c2VD ). Here and in the following, the
shorthand notation r ≡ r(t ) and r′ ≡ r(t ′) will refer to
the time-dependent position of the condensate center. In the
first line of Eq. (27), terms lacking temporal correlations were
simplified using r(t ) ∼ r(t ′) because they are nonzero only for
t = t ′. In contrast, the second line of Eq. (27) requires a more
careful analysis because temporal correlations can effectively
quench the flow landscape navigated by the condensate.

3. Condensates measure random flows at random locations

The difficulty in analyzing Eq. (27) is that not only the
fluid flow but also the reference frame of the condensate with
center r(t ) which senses this flow are time-dependent ran-
dom variables. To better understand the consequences of this

geometric coupling, consider a Taylor series expansion of the
fluid flow velocity field around the midpoint r̄ := (r + r′)/2
of the condensate trajectory in the time window [t, t ′],

v f (z + r, t ) =
∑

n

1

n!
[(r − r̄) · ∇]nv f (z + r̄, t ), (28)

where r ≡ r(t ) and r′ ≡ r(t ′) are random variables corre-
sponding to the centroid of the condensate.

This expansion reveals a multiplicative coupling between
two random variables, namely the centroid of the condensate
and the fluid flow, which requires careful deliberation to treat
analytically. According to Eq. (26), the centroid motion of
the condensate is determined by a thermal flux (first term),
which is taken statistically independent of the fluid flow
〈 jth · v f 〉 = 0, plus the average fluid flow in the condensate
(second term). The spatial averaging cancels out the random
fluid flows in the condensate, rendering the mean flow much
slower than the flow in a small fluid parcel. This allows ap-
proximating V −1

D
∫
D dd z 〈v f (z, t ) · v f (z′, t ′)〉 ≈ 0 unless fluid

flows are correlated over large distances. Taken together, the
condensate position r(t ) = ∫ t

−∞ dτ v(τ ) fluctuates much less
than the fluid flow, 〈r(t ) · v f (z, t ′)〉 ≈ 0. This enables a preav-
eraging approximation, v f (z + r̄, t ) · v f (z′ + r̄, t ′) ≈ 〈v f (z +
r̄, t ) · v f (z′ + r̄, t ′)〉. The above argument breaks down if the
fluid flows are correlated over large distances. In that case,
however, the dominant contribution to Eq. (28) is the n = 0
term so that position-flow correlations are irrelevant and the
preaveraging approximation does not affect the results.

Together with these approximations, the series expansion
allows working out the correlations between the fluid flow in
a fluctuating frame of reference, as detailed in Appendix B by
applying Wick’s theorem,

〈v f (r + z, t ) · v f (r′ + z′, t ′)〉

≈ exp

[
1

2d
〈[r − r′]2〉∇2

z

]
C f (z − z′, t − t ′), (29)

where C f (z − z′, t − t ′) := 〈v f (z, t ) · v f (z′, t ′)〉 quantifies the
hydrodynamic fluctuations in the laboratory frame. In essence,
this result describes how the stochastic motion of the conden-
sate effectively smears out the observed correlations in the
fluid flow. This approximation will be used in the following
to study how fluid flows with finite correlation times drive the
Brownian motion of condensates.

4. Mean-squared displacement

It is more convenient to track the mean-squared displace-
ment of the condensate, MSD(t − t ′) := 〈|r(t ) − r(t ′)|2〉,
instead of its velocity autocorrelation function, 1

2∂2
t MSD(t −

t ′) = 〈v(t ) · v(t ′)〉. The memory effects arising from the
interplay between condensate motion and hydrodynamic fluc-
tuations, as seen by substituting Eq. (29) in Eq. (27), lead to
the following second-order differential equation:

1

2
∂2

t MSD(t )

= Dcδ(t ) +
〈
exp

[
MSD(t )

2d
∇2

]
C f (z − z′, t )

〉
D

, (30)
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FIG. 3. Time-dependent diffusivity D(t ) := ∂t MSD(t ) of a con-
densate in an active viscoelastic medium compared to passive
Brownian motion Dp := 6kBT/(5πηR). Numerical results (black
solid lines) were obtained by solving Eq. (30) with fluid flow cor-
relations given by Eq. (37) for negligible hydrodynamic screening
γ ≈ 0. (a) For τα � τ f and high Fourier numbers Fo := Dpτα/R2

[Eq. (42)], one recovers an intermediate scaling regime indicating
superdiffusion with MSD(t ) ∼ t4/3 as predicted for viscous fluids in
a quenched flow landscape. On short timescales, one finds ballistic
motion, whereas on long timescales one recovers regular diffusion.
(b) For τα < τ f and small Fourier numbers Fo, diffusion on long
timescales is much slower than fluctuations on short timescales.
Thus, for this parameter regime, there is no superdiffusive transient.
Red lines show asymptotic approximations for the diffusion coeffi-
cients according to Eqs. (31) and (33).

where 〈· · · 〉D := V −2
D

∫∫
D dd z dd z′ · · · indicates spatial aver-

aging over the coordinates z and z′ inside the phase-separated
domain D. This can be solved numerically, for spherical
condensates with radius R, by using the Fourier transform
Ĉ f (|q|, ω) := ∫

dd z
∫

dt e−iq·z−iωt C f (|z|, t ) of the hydrody-
namic fluctuations. The Fourier-transformed dynamics is
presented in Appendix C. Restricting the time domain to
positive times t > 0 allows integrating out the δ-distributions
in the dynamics and leads to the two initial conditions
MSD(0) = 0 and ∂t MSD(0+) = D0, where

D0 = Dc + d �
(
1 + d

2

)
πd/2Rd

∫ ∞

0

dq

q
J2

d/2(qR) Ĉ f (q,∞) (31)

characterizes the fluctuations of the condensate center of mass
on short timescales due to temporally independent kicks.
Here, the Bessel function of the first kind, Jd/2, accounts for
the spherical geometry of the condensate.

5. Anomalous diffusion

To better understand the memory encoded in Eq. (30), I
will briefly discuss the dynamics on timescales shorter than
the correlation time of the fluid. To that end, consider ad-
vection in a quenched landscape characterized by Ĉ f (q, ω) =
qnδ(ω). In this case, Eq. (30) is equivalent to ∂2

t MSD ∼
MSD−(d+n)/2 for n > −d , which leads to MSD ∼ t4/(2+d+n)

after a scaling ansatz. In d = 3 dimensions, this corresponds
to superdiffusion with exponent 4/3 for quenched hydro-
dynamic flows [n = −2, see also Fig. 3(a) for numerical
results based on the viscoelastic flows discussed later], or
subdiffusion with exponent 4/5 for motion in a quenched
random potential landscape (n = 0). Hence, phase-separated
domains can show anomalous diffusion on short to interme-
diate timescales; please refer to Ref. [80] for an in-depth
discussion of anomalous diffusion.

6. Dynamics on long timescales

To characterize the Brownian motion of the condensate on
long timescales, it is useful to define the effective diffusion
coefficient D∞ := limt→∞ D(t ), with D(t ) := ∂t MSD(t ) the
time-dependent diffusivity. The key idea is that the exponen-
tial kernel in Eq. (30) decays to zero on sufficiently long
timescales, which allows integrating it out,

D∞ = Dc +
∫ ∞

−∞
dt

〈
exp

[
MSD(t )

2d
∇2

]
C f (z − z′, t )

〉
D

.

(32)

In the following, I make the approximation that the smear-
ing out of the fluid flow sensed by the condensate is
dominated by condensate motion on very short timescales,
MSD(t ) ≈ D0 |t |. This is an excellent approximation if the
time-dependent diffusivity of the condensate, D(t ), is large so
that the squared distance MSD(t ) traveled within the decor-
relation time of the fluid (stirring time) is large compared to
the typical lengthscale of the flow correlations (stirring length)
squared. In summary, one has

D∞ ≈ Dc +
∫ ∞

−∞
dt

〈
exp

[
D0|t |
2d

∇2

]
C f (z − z′, t )

〉
D

, (33)

which allows making analytical estimates (see Appendix D
for the corresponding Fourier space representation). The dy-
namics on long timescales can be either faster or actually
slower than the motion on very short timescales determined
by D0.

The intuition for the theoretical framework discussed so far
is as follows. Without temporal correlations in the fluid flow,
the motion of the condensate from coordinate r(t ) to r(t ′) is
accompanied by a complete loss of information about the flow
landscape. In that case, the dynamics of the condensate motion
will resemble an equilibrium system (passive), with diffusion
coefficient Dp ≡ D0 = D∞ given by Eq. (31). In contrast, in
the case of a persistent fluid flow landscape, the condensate
has a memory of its past trajectory. This memory can either
amplify the motion of the condensate by “surfing” along the
most likely currents or suppress transport by “trapping” the
condensate. In summary, the theory describes how the mem-
ory introduced by active forces, for example, due to active
cytoskeletal stirring, will affect the dynamics of condensates.

B. Condensates in an active Maxwell fluid

The general theory discussed so far is agnostic to the
material properties of the condensate and the solvent. In-
spired by the mechanobiology of the cell, I will now apply
this framework to study condensates in the fluctuating nu-
cleoplasm or cytoplasm, which couple phase separation with
fluctuating hydrodynamics [59,62,71,81,82]. To this end, the
following analysis will start by discussing the hydrodynamic
fluctuations, encoded in the correlation function C f , for an in-
compressible viscoelastic fluid with hydrodynamic screening
borrowed from the Brinkman model [83]. For unsteady flow
at low Reynolds numbers, the corresponding local balance of
forces reads

ρ ∂tv f = ∇ · σ − ∇p − ηγ v f + [∇ · α − c∇μ], (34)
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where ρ is the density of the fluid. The pressure p enforces
incompressibility, ∇ · v f = 0, similar to how the chemical
potential μ enforces droplet cohesion in Eq. (4). The hydrody-
namic screening by other inclusions such as large organelles
is quantified by the parameter γ .

Viscoelastic effects are incorporated through the Maxwell
model, τ f ∂tσ + σ = η [∇ ⊗ v f + (∇ ⊗ v f )T ], with viscosity
η and elastic relaxation time τ f , which I envision as an ideal-
ization of chromatin. As an alternative to this simple model of
the nucleoplasm (or cytoplasm), one could also use a more
detailed two-fluid description of chromatin hydrodynamics
[38] or directly use flow correlation functions extracted from
experimental data [37]. Analogously, the same framework can
be applied in separate contexts to study other complex fluids
or even solids such as the Kelvin-Voigt model.

The term in square brackets in Eq. (34) can be identified as
an applied force field, which maps to the resulting fluid flows
via the following Fourier-transformed Green’s function:

Ĝ(q, ω) = 1

η

[
q2

1 + iτ f ω
+ γ + iω

ρ

η

]−1[
I − q ⊗ q

q2

]
. (35)

In the following, for simplicity, the discussion is based on
an approximation for quasisteady flows, ωρ/η ≈ 0, which
precludes studying the effect of Basset forces.

The fluid flows are driven by the random stress tensor
α which can have passive and active parts. To interpolate
between passive and active stresses in the steady-flow approx-
imation ωρ/η ≈ 0, I will consider a random stress tensor with
exponential memory,

〈αi j (x, t )αkl (x′, t ′)〉 = kBT η

τα

e− |t−t ′ |
τα δ(x − x′)

×
[
δikδ jl + δilδ jk − 2

d
δi jδkl

]
. (36)

The main features of these stresses are a 4-tensor correla-
tion structure that eliminates the isotropic part (fluctuating
pressure) while keeping the deviatoric shear stress along inde-
pendent directions, a lack of spatial correlations, and temporal
correlations on a timescale τα . I refer to the correlation time
τα of the active stresses as stirring time. In the limit of van-
ishing stirring time, τα → 0, this converges to the fluctuating
hydrodynamic stresses expected in a Stokes fluid [84], which
has vanishing relaxation time τ f → 0. From the perspective
of the generalized Langevin equation, the scenario τα = τ f

satisfies the fluctuation-dissipation theorem [85] and therefore
corresponds to a passive system. The ratio τα/τ f between
these timescales provides a handle on tuning the nonequi-
librium dynamics of the viscoelastic fluid and the embedded
condensate.

As discussed previously, condensates do not significantly
perturb the fluid flow if the mobility M is large or the con-
centration jump 	c at the droplet boundary is small. Relaxing
this approximation (Appendix A) would enable the calcula-
tion of fluctuation-induced interactions between condensates,
which is reserved for future work. The linear response
[Eq. (35)] to the active stress fluctuations [Eq. (36)] predicts
that the velocity fluctuations in the active viscoelastic fluid are

characterized by

η Ĉ f (q, ω)

kBT
= 2(d − 1) q2

(q2 + γ )2 + γ 2τ 2
f ω

2

1 + τ 2
f ω

2

1 + τ 2
αω2

. (37)

Note that for spatially uncorrelated active forces with expo-
nential memory, as opposed to active stresses [Eq. (36)], this
expression would be modified by dividing by q2. In this case,
the growth rate of the mean-squared displacement according
to Eq. (30) would diverge as ∝ γ −2+d/2 on short timescales.
Physically, this implies that in d < 4 dimensions and in the
absence of hydrodynamic screening, γ → 0, spherical con-
densates are always unstable with respect to active forces,
leading to condensate splitting or shape fluctuations.

C. Active viscoelastic stirring can enhance or suppress
condensate motion

To make concrete predictions, I will now focus the theory
on spherical condensates with radius R in d = 3 dimen-
sions. Moreover, consider a simplified scenario in which the
hydrodynamic screening length is large compared to the con-
densate size,

√
γ R 
 1, on sufficiently long timescales so that

γ R2τ f /t 
 1. With these approximations, the flow correla-
tions of the viscoelastic fluid [Eq. (37)] can be simplified to

η Ĉ f (q, ω)

kBT
≈ 4 q2

q4 + 2γ q2

1 + τ 2
f ω

2

1 + τ 2
αω2

. (38)

For τα = τ f , which satisfies the fluctuation-dissipation the-
orem, the frequency-dependent term in Eq. (38) is equal to
unity. Hence, the Brownian motion of condensates on long
timescales can only differ from the fluctuations on short
timescales, D∞ 
= D0, if τα 
= τ f .

In the following, I use Eq. (38) to make analytical pre-
dictions based on the theoretical framework discussed so far.
Moreover, I validate these predictions by numerically integrat-
ing Eq. (30), with fluid flow correlations given by Eq. (38)
with γ = 0, to obtain the mean-squared displacement of the
condensate.

1. Fluctuations on short timescales

Figure 4 shows the time-dependent diffusivity D(t ) :=
∂t MSD(t ) based on numerical calculations for two scenarios,
τα > τ f and τα < τ f . On short timescales, the mean-squared
displacement of the condensate grows with the effective dif-
fusion coefficient

D0 ≈ Dc + 6kBT

5πηR

τ 2
f

τ 2
α

[
1 − 5

√
γ R

3
√

2

]
, (39)

to lowest order in
√

γ R, which was derived from Eq. (31)
with fluid flow correlations given by Eq. (38). For con-
densates smaller than some threshold size, R 
 R�, motion
is dominated by Dc ∝ 1/R3, and is independent of fluctua-
tions in the viscoelastic fluid. As will be discussed in the
next section, one can assume that biomolecular condensates
exceed this threshold size R� in practice. Therefore, the subse-
quent discussion will be based on the converse approximation
Dc ≈ 0. For large condensates, R � R�, taking into ac-
count fluid stresses recovers the size dependence of the
Stokes-Einstein relation, D0 ∝ 1/R, in agreement with recent
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FIG. 4. Time-dependent diffusivity D(t ) := ∂t MSD(t ) of a con-
densate in an active viscoelastic medium compared to passive
Brownian motion Dp := 6kBT/(5πηR). Numerical results (black
solid lines) were obtained by solving Eq. (30) with fluid flow
correlations given by Eq. (38) for negligible hydrodynamic screen-
ing γ ≈ 0. The asymptotic limit D0 [Eq. (31)] is indicated by
red lines. (a) For τα > τ f > 0, condensate motion is suppressed.
Smaller values of τ f /τα further reduce the growth rate of MSD(t )
and hence the decay of exp[−q2MSD(t )/6] in Eq. (30). This af-
fects the fidelity of the asymptotic approximation for D∞ [Eq. (33),
red lines] compared to the numerical solution (black solid lines).
(b) For τα < τ f , condensate motion is enhanced relative to a
passive system satisfying the fluctuation-dissipation relation. For
the parameters chosen here, the diffusivity depends only weakly
on the timescale. In both panels, the Fourier number, which relates
the stirring time τα to the characteristic time of diffusive mass trans-
port, is Fo = Dpτα/R2 = 100.

Cahn-Hilliard-Navier-Stokes simulations [62]. Compared to a
solid object, the hydrodynamic radius of liquid biomolecular
condensates is reduced by a factor of 5/36 due to permeation
by the fluid. Importantly, shorter stirring times τα , or longer
fluid relaxation times τ f , amplify the center-of-mass fluctua-
tions of condensates relative to a passive system (τα = τ f ).

2. Parameter estimation

In Eq. (39) describing condensate fluctuations on short
timescales, D0, the dimensionless ratio

Dp

Dc
:= 6kBT

5πηRDc
= 2	φ2R2

15a2
(40)

determines which term is dominant. To estimate Dc =
2d3MkBT/(	c2VD ), I have identified c� ∼ ν−1 as a typical
concentration scale, with ν = 4π

3 a3 the molecular volume of
a particle with radius a ∼ 2.5 nm. According to the Stokes-
Einstein relation, the corresponding collective mobility then
is M = c�/(6πηa). Moreover, I have defined the volume
fraction difference 	φ := 	c ν across the interface of the
condensate. Assuming a volume fraction difference of 	φ =
0.2 for phase-separating biomolecules, the second term in
Eq. (39) will dominate if the condensate is larger than

R � R� =
√

15

2

a

	φ
∼ 35 nm. (41)

Note that if one chooses a lower characteristic concentration
for estimating the collective mobility, such as c� ∼ 0.2ν−1

for a volume fraction of 0.2, then M and Dc will be lower,
increasing the left-hand side of Eq. (40) and reducing R�.
In summary, the critical condensate size R� is only a little
bit larger than the size of the phase-separating molecules,

FIG. 5. Diffusion coefficient of a condensate in an active vis-
coelastic medium on long timescales, D∞, relative to passive
Brownian motion Dp (τ f = τα), as a function of (a) the Fourier
number Fo = Dpτα/R2 [Eq. (42)] and (b) the ratio between the
fluid relaxation time τ f and the stirring time τα . Solid lines repre-
sent analytical approximations [Eq. (33)], while symbols represent
numerical calculations. Numerical results were obtained by solving
Eq. (30) with fluid flow correlations given by Eq. (38) for negligible
hydrodynamic screening γ ≈ 0.

and condensates can be assumed to exceed this size for all
practical purposes.

It is also useful to define a dimensionless quantity that
relates the stirring time τα to the characteristic time of mass
transport by passive (τα = τ f ) diffusion Dp over the length-
scale R of the condensate. This will be referred to as the
Fourier number,

Fo := Dpτα

R2
= 6kBT τα

5πηR3
. (42)

For a condensate with radius R = 100 nm, and a stirring time
of τα = 1 s [37], the Fourier number is Fo ∼ 1600. For a
condensate with radius R = 1 µm, the Fourier number is Fo ∼
1.6. Taken together, this defines the rough parameter space
applicable to biomolecular condensates.

3. Brownian motion on long timescales

Next, I will discuss the Brownian motion of the condensate
on long timescales to lowest order in

√
γ R. For large conden-

sates, R � √
D0τα , one approximately has [Eq. (33) with fluid

flow correlations given by Eq. (38)]

D∞ ≈ D0 + 6kBT

5πηR

[
1 − τ 2

f

τ 2
α

][
1 − 5

√
γ R

3
√

2

]
. (43)

Substituting Eq. (39) into Eq. (43) eliminates the dependence
on τα/τ f , thus suggesting that large condensates recover
passive dynamics on long timescales. Together with the pre-
vious results, this indicates that condensate motion on long
timescales (D∞) is faster than condensate motion on short
timescales (D0) for longer stirring times τα than the fluid
relaxation times τ f [Fig. 4(a)]. For τα � τ f , one has D0 →
0 and the dynamics on short timescales becomes ballistic
[Fig. 3(a)]. Conversely, condensate motion on long timescales
(D∞) is slower than on short timescales (D0) for τα < τ f

[Figs. 4(b) and 3(b)]. These analytical predictions are also
corroborated by Fig. 5, which directly compares the numerical
results with analytical approximations.

Interestingly, the scaling of the effective diffusion co-
efficient with condensate size changes qualitatively for
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(a) (b)

FIG. 6. Effective diffusion coefficient of a condensate with ra-
dius R, compared to a reference condensate with radius Rref. Solid
lines indicate analytical approximations [Eq. (33)], while symbols
represent numerical calculations, where Fo = 1000 for the reference
radius Rref. Numerical results were obtained by solving Eq. (30) with
fluid flow correlations given by Eq. (38) for negligible hydrodynamic
screening γ ≈ 0. (a) For τα > τ f , there is a crossover regime where
the diffusion coefficient is largely independent of condensate radius.
Note that the analytical approximation fails when τα � τ f . (b) For
τα < τ f , there is a crossover regime where the diffusion coefficient
departs from the Stokes-Einstein scaling. The width of this crossover
regime increases with τ f /τα .

sufficiently small condensates, R 
 √
D0τα . The analytical

approximation,

D∞ ≈ D0 +
√

6kBT

πη
√

D0τα

[
1 − τ 2

f

τ 2
α

][
1 −

√
γ D0τα

3

]
, (44)

suggests a potential nonmonotonicity as a function of
D0 and thus condensate radius if τα > τ f . The numerical
calculations clarify that, instead of nonmonotonicity, there is
a wide range of condensate sizes where the diffusion coef-
ficient on long timescales, D∞, is actually insensitive to the
condensate radius [Fig. 6(a)]. Hence, active stirring of the
viscoelastic medium qualitatively changes the Brownian mo-
tion of condensates, with potentially far-reaching implications
for coalescence. These findings complement the prediction
of directed coalescence as a result of translation-induced
polarization, which was discussed in the first part of this
manuscript.

4. Scaling analysis of Brownian collision-coalescence

How will active viscoelastic stirring affect the growth of
the condensate radii via collision-coalescence? For τα > τ f ,
active fluctuations turn the effective diffusion coefficient D∞
independent of condensate size [Figs. 6(a) and 7]. This in-
creases the scaling exponent of the average condensate radius
as a function of time, 〈R〉 ∼ t1/2. Once the condensates are
sufficiently large, the effective diffusion coefficient recovers
the Stokes-Einstein size dependence D∞ ∝ 1/R so that fur-
ther growth follows the slower, standard 〈R〉 ∼ t1/3 law. For
τα < τ f , the effective diffusion coefficient scales as D∞ ∝
1/Rn, with n > 1, over a wide range of condensate sizes
[Figs. 6(b) and 7], leading to a reduced scaling exponent with
〈R〉 ∼ t1/(2+n). Both very small and very large condensates
recover the size dependence D∞ ∝ 1/R expected from the
Stokes-Einstein relation. Taken together, this suggests that the
rate of coalescence will initially be higher due to a larger

FIG. 7. Scaling of the effective diffusion coefficient with con-
densate radius, D∞ ∼ 1/Rn, compared to a reference condensate
with radius Rref and corresponding Fourier number Fo = 1000. In
the blue region of the phase diagram, condensate motion is almost
independent of condensate size. In the red region of the phase di-
agram, the dependence of Brownian motion on condensate size is
amplified. In all other regions (bright yellow), the Stokes-Einstein
relation D∞ ∼ 1/R is recovered. The dashed line corresponds to a
passive system in which the fluctuation-dissipation theorem (FDT)
holds. Numerical results were obtained by solving Eq. (30) with
fluid flow correlations given by Eq. (38) for negligible hydrodynamic
screening γ ≈ 0.

effective diffusion coefficient D∞ and consequently a higher
rate of collisions (Fig. 5). With increasing condensate radii,
Brownian motion will be rapidly suppressed, in particular
for τα < τ f [Fig. 6(b)]. The change in scaling will create a
bottleneck and skew the droplet size distribution. Thus, inter-
estingly, this crossover could violate the self-similarity of the
condensate size distribution on long timescales, as recently
seen in experiment [86].

These arguments neglect the fact that moving conden-
sates show dipole-dipole interactions, which should further
accelerate coalescence and would be interesting to study in
more detail. One simple expectation is that hydrodynamic in-
teractions, which couple the motion of condensates over large
distances, resemble the motion due to an externally applied
field studied in the first part of the manuscript. This could
be the case, for example, for groups of condensates whose
distance is smaller than the micron-scale correlation length
of chromatin flows in the cell nucleus [37]. Based on this
reasoning, one expects to recover the accelerated coalescence
〈R〉 ∝ t , which is consistent with studies on the late stages of
phase separation [24].

VII. DISCUSSION

A. Directed coalescence by translation-induced polarization

A central prediction of this manuscript is that the mo-
tion of conserved phase-separated domains with different
compositions and physical properties will generically induce
long-ranged forces in the form of chemical potential gradients
reminiscent of electric dipole fields. This is a universal con-
sequence of mass conservation and therefore applies not just
to condensates, but to any conserved domain-forming system.
Future research is needed to confirm the predicted phe-
nomenon of directed coalescence, to quantitatively measure
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the underlying forces, and to understand how the emerging
condensate-condensate interactions are affected by viscoelas-
tic stress propagation and impermeable walls.

The theoretical predictions could be tested experimentally
on a dispersion of condensates with differing sizes subject to
fluid flow, gravitational deposition in an in vitro setting, phore-
sis, or even optical tweezers. Directed coalescence due to
translation-induced polarization predicts that the average con-
densate size should grow as 〈R〉 ∼ t1, which can be tested by
measuring the condensate size distribution. Moreover, coales-
cence by translation-induced polarization predicts signature
front-seeking behavior, in which smaller condensates circle
around towards the front of larger condensates, which can be
tested by tracking the centroids of condensates in experiment.
Finally, the theory predicts that condensate responses are non-
reciprocal according to their size, which can also be tested in
experiment.

B. Potential consequences for other systems

Beyond applying external fields to control condensate dy-
namics, condensate motion can also emerge as a consequence
of chemical reactions. Such chemical reactions can lead to ef-
fective (screened) monopole interactions [22,70,87], whereas
the motion of condensates leads to dipole interactions, and
capillary waves correspond to multipole couplings. By com-
bining these mechanisms, I hypothesize that chemically
active, self-propelling condensates [88,89] can form stable
flocks through a competition between directed coalescence
due to translation-induced polarization and droplet divisions
due to chemical reactions. These ideas can find potential
application to mass-conserved reaction-diffusion systems if
one can map them to a generalized Cahn-Hilliard model [90].
This has potentially far-reaching implications for understand-
ing the formation of dynamical patterns in reaction-diffusion
systems.

C. Active viscoelastic stirring modifies the rate
and size-dependence of Brownian motion

This manuscript presented a framework for studying the
Brownian motion of biomolecular condensates in actively
driven (stirred) viscoelastic media. Active stress fluctua-
tions were introduced phenomenologically by breaking the
fluctuation-dissipation theorem. In doing so, one discovers
that, depending on the ratio between the stirring time τα of
the active stresses and the viscoelastic relaxation time τ f of
the fluid, condensate motion can be enhanced (τα < τ f ) or
suppressed (τα > τ f ) compared to a passive system (τα = τ f ).
Moreover, the theory predicted how condensate motion can
be decoupled from condensate size for τα � τ f , thus lifting
a fundamental limitation on the frequency of collisions in
polydisperse solutions. Interestingly, recent experiments have
demonstrated that condensates in self-stirred solutions can
indeed show size-independent diffusion [86], which supports
the theoretical framework developed here. This could poten-
tially find applications in the development of droplet-based
chemical reactors, where frequent collisions could lead to the
synchronization of reactions via the exchange of reactants.

FIG. 8. Different types of coalescence predicted by the theory of
condensates in active viscoelastic media. If condensates are smaller
and closer together than the correlated fluid domains, the theory
predicts deterministic, directed coalescence with 〈R〉 ∼ t1 for the
condensate radii. If the timescales of active stirring and fluid relax-
ation match so that the fluctuation-dissipation theorem holds, then
diffusion follows the Stokes-Einstein (SE) relation leading to the
well-known 〈R〉 ∼ t1/3 scaling for the condensate radii. If agitations
are long-lived and condensates are small, then diffusion is size-
independent (sub-Stokes-Einstein) leading to faster scaling of the
condensate radii despite lower diffusion coefficient. If agitations are
short-lived and condensates are large, then diffusion has increased
size-dependence (super-Stokes-Einstein) leading to slower scaling of
the condensate radii despite higher diffusion coefficient.

Future research will explore this possibility by taking into
account enzymatic chemistry.

It would also be interesting to compare the predictions
of the analytical theory with already published experimental
data. For example, recent work has shown that cytoskeletal
activity quantitatively increases the frequency of collisions
between biologically relevant condensates in the cell nucleus,
such as speckles involved in RNA splicing [51]. This effect
was shown to accelerate the coalescence of condensates and
affect the chemical reactions within them [51]. To further
interrogate this system, one could tune the correlation time
τα of the active stress fluctuations by changing the residence
time of myosin motors on actin filaments, or the relaxation
time τ f of the viscoelastic fluid by tuning the turnover of
actin or actin crosslinkers (cytoplasm). Perturbing active loop
extrusion (nucleoplasm) will likely affect both parameters. In
addition, tracking the mean squared displacement and size
distribution of condensates over time would yield comple-
mentary information that would allow inference of model
parameters. This would allow testing whether cells typically
operate in the τα > τ f or in the τα < τ f regime and open new
avenues for controlling intracellular organization.

D. Potential implications for the cell nucleoplasm and cytoplasm

In the context of the cell nucleus, I hypothesize that both
mechanisms discussed in this manuscript, namely translation-
induced polarization and driven Brownian motion due to
viscoelastic stirring, can contribute to condensate coalescence
(Fig. 8). Prior seminal work has shown that the viscoelas-
tic chromatin in the cell nucleus undergoes correlated flows
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on lengthscales of microns (stirring length) and timescales
of 10 s (stirring time) [37]. The theory developed in this
manuscript predicts that, relative to a reference system that
satisfies the fluctuation-dissipation theorem (τα = τ f ), active
fluctuations that decorrelate quickly (τα < τ f ) will enhance
the Brownian motion of condensates whereas active fluctua-
tions that decorrelate slowly (τα > τ f ) will actually suppress
the Brownian motion of condensates. In absence of such a
reference system, for a scenario with long-lived active fluc-
tuations (τα > τ f ), the Brownian motion on long timescales
D∞ will appear dramatically amplified compared to the Brow-
nian motion on short timescales D0. Moreover, in this case
the condensates will show a cross-over from ballistic motion
on short timescales to diffusive motion on long timescales
[Fig. 3(a)]. Both the theoretically predicted cross-over from
ballistic to diffusive motion, and the size-independent diffu-
sion coefficient predicted for τα > τ f (Fig. 7) are consistent
with reconstitution experiments [86].

Whether active viscoelastic stirring actually enhances
transport (τα < τ f ) or only looks like it does (τα > τ f ), it
should intuitively also increase the encounter rates of the con-
densates. However, active viscoelastic stirring cannot bridge
the final gap once condensates are closer than the stirring
length corresponding to a micron-scale domain of coherently
moving chromatin. This is because below the stirring length
the motion of the condensates will become correlated, and
such correlations cancel out in the fluctuations of the pairwise
distance. A potential solution is that differently sized conden-
sates, once they are within the same micron-scale domain of
coherently moving chromatin, are predicted by the theory to
undergo directed coalescence due to translation-induced po-
larization. This could bring together condensates at different
regulatory elements, similar to how correlated fluctuations
can bring together chromatin loci by tension propagation
along the chromatin polymer [91,92], but instead mediated by
phase separation. Biomolecular specificity could be provided
by using a species of “arbiter” molecules which partition
to both condensates and communicate with each other via
translation-induced polarization. These theoretical ideas will
be further explored in the future and remain to be tested
experimentally.

On a final note, if material turnover is present, then the
theory predicts that translation-induced polarization will have
a screening length and will, moreover, affect the chemical re-
actions within the condensates. If the turnover is fast enough,
then condensates will mainly interact with other condensates
and the majority of them will not sense any impermeable
domain boundaries. However, if material turnover is slow,
then moving condensates will act akin to dipoles, and the phe-
nomenology of dipolar media can depend on the shape of the
surrounding impermeable boundary even in thermodynamic
systems [93]. Although I have here discussed a nonequilib-
rium system, this suggests that fluctuations of impermeable
domain boundaries such as the nuclear membrane or the cell
membrane could potentially induce interactions among and
motion of condensates without the need for bulk fluid flows.
This theoretical idea is supported by a change in perspec-
tive: relative to a fluctuating membrane as a reference point,
condensates will move, and this motion will induce chemical
potential gradients.
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APPENDIX A: FEEDBACK OF CONDENSATE
MOTION ON THE FLUID

To understand the response of the embedding fluid to
condensate motion and illustrate when this feedback can be
neglected, consider a generalized linear response theory for
the fluid flow,

v f (x, t ) =
∫

dd x′
∫ t

−∞
dt ′ G(x − x′, t − t ′) · f (x′, t ′), (A1)

with driving force f := ∇ · α − c∇μ. The idea is to split the
flow into two contributions, v f = v�

f + δv f , where

v�
f (x, t ) =

∫
dd x′

∫ t

−∞
dt ′ G(x − x′, t − t ′) · ∇ · α(x′, t ′)

(A2)

is the condensate-independent part of the flow due to active
and passive forces. The perturbation of the fluid flow by the
condensate is given by

δv f (x, t ) = −
∫

dd x′
∫ t

−∞
dt ′ G(x − x′, t − t ′) · c∇μ(x′, t ′).

(A3)

In the following, Eq. (A3) will be analyzed in detail.
Using c(x, t ) = c− + 	c for x ∈ D(t ), else c−, to split the

domain integral leads to

δv f (x, t )

= −
∫ t

−∞
dt ′

[
c−

∫
dd x′ G(x − x′, t − t ′) · ∇μ(x′, t ′)

+ 	c
∫
D(t ′ )

dd x′ G(x − x′, t − t ′) · ∇μ(x′, t ′)

]
. (A4)

The second line can be eliminated via integration by parts, by
using fluid incompressibility ∇ · G = 0 and using the fact that
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the Green’s function G decays to zero in the far field. Hence,
the perturbation of the fluid flow is simplified to

δv f (x, t )

= −	c
∫ t

−∞
dt ′

∫
D(t ′ )

dd x′ G(x − x′, t − t ′) · ∇μ(x′, t ′).

(A5)

The next step is to substitute the expression for the gradient of
the chemical potential, Eq. (6), in the comoving frame of the
condensate, with nonpotential flux j := c v f .

As before, Eq. (6) can be simplified by splitting the domain
integral according to c(x, t ) = c− + 	c for x ∈ D(t ), else
c−. The term proportional to c− is eliminated via integration
by parts, after replacing ∇xL(x − x′) = −∇x′L(x − x′), by
using fluid incompressibility and the fact that the fundamental
solution L of the Poisson equation decays to zero in the far
field. Taken together, the chemical potential profile in the
laboratory frame is given by

∇μ(x, t ) = − ∇�(x, t ) + 	c

M
B(x − r) · v(t )

− 	c

M

∫
D(t )

dd x′ [∇ ⊗ ∇L(x − x′)] · v f (x′, t ),

(A6)

where r ≡ r(t ) is the centroid of the condensate. The second
term demonstrates how the motion of the condensate, with
velocity v, induces a long-range force on the fluid, with the
Green’s tensor B for an electrostatic dipole field defined by
Eq. (8). Together with Eq. (A5), this result illuminates that the
effect of condensate motion on fluid flow is O(	c2) and that
it decays with the mobility of the phase-separating molecules,
∝ 1/M. The present manuscript neglects these higher-order
corrections to the fluid flow.

Nevertheless, I will briefly comment on how to make such
corrections for spherical condensates with radius R, center
of mass position r(t ) ∈ D(t ) and velocity v ≡ v(t ). This will
be illustrated for a single condensate and is straightforward
to generalize to a collection of topologically distinct phase-
separated domains. In essence, after inserting the chemical
potential gradient generated by the condensate, Eq. (A6), into
Eq. (A5), one has

δv f (x, t ) = 	c2

M

∫ t

−∞
dt ′

∫
D(t ′ )

dd x′
{

+ G(x − x′, t − t ′) ·
[

v(t ′)
d

+ M∇�(x′, t ′)
	c

]

+ G ′(x − r′, x′ − r′, t − t ′) · v f (x′, t ′)

}
, (A7)

where the time-dependent domain D(t ′) of the condensate is
centered around r′ ≡ r(t ′) and B(x′ − r′) = −I/d for |x′ −
r′| � R. The second line shows that the fluid responds to
lowest order as if driven by a point force, although the force
generated by condensate motion is nonlocal.

Because v f = v�
f + δv f , the third line indicates that the

disturbance δv f of the fluid flow must be calculated self-

consistently. Here,

G ′(x, x′, t ) :=
∫
D

dd zG(x − z, t ) · ∇ ⊗ ∇L(z − x′), (A8)

with D the domain of the condensate in the comoving frame,
is a modified Green’s function. In future studies, these results
can be used to derive an equivalent of the Rotne-Prager-
Yamakawa tensor [96,97] to study fluid-mediated interactions
in the context of biomolecular condensates.

APPENDIX B: DETAILS OF SERIES EXPANSION
OF THE FLUID FLOW CORRELATION FUNCTION

Starting from the Taylor series expansion of the fluid flow
v f around the trajectory midpoint, Eq. (28) in the main text, I
will now detail the algebraic steps to arrive at Eq. (29). Based
on this expansion, the covariance of the fluid flow velocity is
given by

〈v f (z + r, t ) · v f (z′ + r′, t ′)〉

=
∑
nm

1

n!m!

〈[
r − r′

2
· ∇z

]n[ r′ − r
2

· ∇z′

]m

× v f (z + r̄, t ) · v f (z′ + r̄, t ′)
〉
, (B1)

where I have substituted the midpoint r̄ := (r + r′)/2 of the
condensate trajectory in the time window [t, t ′]. The key idea
is to now split the correlations of the condensate position and
the correlations of the fluid flow. As discussed in the main text,
to that end I make the preaveraging approximation v f (z +
r̄, t ) · v f (z′ + r̄, t ′) ≈ 〈v f (z + r̄, t ) · v f (z′ + r̄, t ′)〉, which es-
sentially posits that the fluid fluctuates much faster than the
condensate moves. Together with substituting the definition
of the covariance of the hydrodynamic fluctuations, C f (z −
z′, t − t ′) := 〈v f (z, t ) · v f (z′, t ′)〉, and using ∇z′C f (z − z′, t −
t ′) = −∇zC f (z − z′, t − t ′), this yields

〈v f (z + r, t ) · v f (z′ + r′, t ′)〉

≈
∑
nm

1

n!m!

〈[
r − r′

2
· ∇z

]n+m
〉
C f (z − z′, t − t ′). (B2)

After using Wick’s theorem, one has

〈v f (z + r, t ) · v f (z′ + r′, t ′)〉

≈
∑
nm

n+m even

1

n!m!

(n + m)!(
n+m

2

)
!

1

2
n+m

2

〈[
r − r′

2
· ∇z

]2
〉 n+m

2

× C f (z − z′, t − t ′). (B3)

This expression can be simplified by reordering the summa-
tion using the integer l = n+m

2 and by exploiting isotropy,
〈	r ⊗ 	r〉 = 〈|	r|2〉 I/d , leading to

〈v f (z + r, t ) · v f (z′ + r′, t ′)〉

≈
∑

l

2l∑
n=0

(2l )!

n!(2l − n)!

1

l!

1

2l

[
1

4d
〈[r − r′]2〉∇2

z

]l

× C f (z − z′, t − t ′). (B4)
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Finally, after evaluating the inner sum, one arrives at the
Taylor series of Eq. (29) reported in the main text:

〈v f (z + r, t ) · v f (z′ + r′, t ′)〉

≈
∑

l

1

l!

[
1

2d
〈[r − r′]2〉∇2

z

]l

C f (z − z′, t − t ′)

= exp

[
1

2d
〈[r − r′]2〉∇2

z

]
C f (z − z′, t − t ′). (B5)

APPENDIX C: DIFFERENTIAL EQUATION
FOR MEAN-SQUARED DISPLACEMENT IN

FOURIER SPACE REPRESENTATION

For spherical condensates with radius R, the differential
equation (30) can be cast into a numerically more convenient
form via a Fourier transform in space and time,

Ĉ f (|q|, ω) :=
∫

dd z
∫

dt e−iq·z−iωt C f (z, t ), (C1)

C f (z, t ) :=
∫

dd q
(2π )d

∫
dω

2π
eiq·z+iωt Ĉ f (|q|, ω), (C2)

where I have taken into account the isotropy of the correlation
function. Substitution in Eq. (30) leads to

1

2
∂2

t MSD(t ) = Dc δ(t ) + d �
(
1 + d

2

)
πd/2Rd

∫
dω

2π
eiωt

×
∫ ∞

0

dq

q
exp

[
− q2

2d
MSD(t )

]
× J2

d/2(qR) Ĉ f (q, ω), (C3)

with the form factor given by the Bessel function of the first
kind,

Jd/2(q) = qd/2

2d/2�
(
1 + d

2

) ∫
|x|�1

dd x
V1

eiq·x, (C4)

where V1 is the volume of the 1-sphere.
If the high-frequency modes of the fluid flow do not decay

to zero,

Ĉ f (q,∞) := lim
ω→∞ Ĉ f (q, ω) 
= 0, (C5)

then this will lead to an additional δ-correlated contribution in
Eq. (30). To manage this contribution, I split the correlation
function of the fluid flow,

Ĉ f (q, ω) = Ĉ f (q,∞) + [Ĉ f (q, ω) − Ĉ f (q,∞)], (C6)

and use the trivial initial condition MSD(0) = 0 to rewrite the
Fourier-transformed dynamics, Eq. (C3):

1

2
∂2

t MSD(t )

= Dc δ(t ) + d �
(
1 + d

2

)
πd/2Rd

∫ ∞

0

dq

q
J2

d/2(qR) Ĉ f (q,∞) δ(t )

+ d �
(
1 + d

2

)
πd/2Rd

∫
dω

2π
eiωt

∫ ∞

0

dq

q
exp

[
− q2

2d
MSD(t )

]
× J2

d/2(qR) [Ĉ f (q, ω) − Ĉ f (q,∞)]. (C7)

Note that the mean-squared displacement is a symmetric
function under time reversal. Integrating Eq. (C7) within an
infinitesimally small region around the origin, yields the sec-
ond initial condition, ∂t MSD(0+) = D0, where

D0 = Dc + d �
(
1 + d

2

)
πd/2Rd

∫ ∞

0

dq

q
J2

d/2(qR) Ĉ f (q,∞) (C8)

corresponds to Eq. (31) in the main text. For t > 0, where the
δ-distributions vanish, Eq. (C7) reduces to

1

2
∂2

t MSD(t ) = d �
(
1 + d

2

)
πd/2Rd

∫ ∞

0

dq

q
exp

[
− q2

2d
MSD(t )

]
× J2

d/2(qR)
∫

dω

2π
eiωt [Ĉ f (q, ω) − Ĉ f (q,∞)].

(C9)

Since the δ-distributions do not matter for t > 0 and I have
lifted them in Eq. (C9) by deriving appropriate initial condi-
tions, one can also drop the corresponding terms in Eq. (30).

APPENDIX D: DERIVATION OF ASYMPTOTIC
DYNAMICS ON SHORT AND LONG TIMESCALES

The dynamics on short timescales is dominated by the ini-
tial condition on the slope of the mean-squared displacement,
∂t MSD(0+) = D0, with the effective diffusion coefficient
given by Eq. (31). Hence, the mean-squared displacement
initially grows linearly with time MSD(t ) ≈ D0|t |. To under-
stand the dynamics on long timescales, it is useful to integrate
Eq. (C3) forward in time:

∂t MSD(t )

= 2
∫ t

0
dt ′

[
Dc δ(t ′) + d �

(
1 + d

2

)
πd/2Rd

∫
dω

2π
eiωt ′

×
∫ ∞

0

dq

q
exp

[
− q2

2d
MSD(t ′)

]
J2

d/2(qR) Ĉ f (q, ω)

]
.

(D1)

This expression can be further manipulated by symmetrizing
the integration domain, which is enabled by the time-reversal
symmetry of the mean-squared displacement. Moreover, note
that the exponential in the second line has its peak at t ′ = 0
and then monotonically decays. Similar to a saddle-point ap-
proximation, one can assume that this decay is dominated
by the dynamics on short timescales, where MSD(t ) ≈ D0|t |.
This approximation breaks down if ∂t MSD(t ) starts at very
small values and then increases dramatically.

In summary, the growth of the mean-squared displacement
on large timescales is approximately governed by another
effective diffusion coefficient:

D∞ ≈ Dc +
∫ ∞

−∞
dt ′ d �

(
1 + d

2

)
πd/2Rd

∫
dω

2π
eiωt ′

×
∫ ∞

0

dq

q
exp

[
− q2

2d
D0|t ′|

]
J2

d/2(qR) Ĉ f (q, ω),

(D2)

065402-16



EXTERNALLY DRIVEN CONDENSATES SHOW … PHYSICAL REVIEW E 113, 065402 (2026)

where I have defined D∞ := limt→∞ ∂t MSD(t ). This is the
Fourier space representation of Eq. (33) in the main text.
Splitting the correlation function of the fluid flow according
to Eq. (C6), and carrying out the temporal Fourier transform,
one finds

D∞ ≈ D0 + d �
(
1 + d

2

)
πd/2Rd

∫ ∞

0

dq

q
J2

d/2(qR)

×
∫

dω

2π

4dD0q2

4d2ω2 + D2
0q4

[Ĉ f (q, ω) − Ĉ f (q,∞)].

(D3)

The second term determines whether condensate motion on
large timescales is faster or slower than condensate motion on
short timescales.

APPENDIX E: DETAILS OF NUMERICAL SIMULATIONS

This appendix details the numerical calculation of the
mean-squared displacement of spherical condensates with ra-
dius R in d = 3 dimensions. As discussed in the main text,
the first term in Eq. (39) is negligible for most practical
scenarios and one can approximate Dc ≈ 0. In the following,
� := τ f /τα is the ratio between the fluid relaxation time and
the stirring time, s := t/τα is the nondimensionalized time and
X (t ) := MSD(t )/R2 is the nondimensionalized mean-squared
displacement. Taken together, with the Fourier number de-
fined by Eq. (42), the initial condition ∂t MSD(0+) = D0

corresponds to

∂sX (0+) = Fo �2, (E1)

and the initial condition MSD(0) = 0 corresponds to
X (0) = 0.

To obtain the mean-squared displacement of the conden-
sate, one has to solve Eq. (30), which is more convenient after
representing the spatial integrals in Fourier space, Eq. (C9).
For the correlation of the fluid flows, I used Eq. (38) with
negligible hydrodynamic screening, γ ≈ 0, for simplicity.
In summary, the results reported in this manuscript were
obtained by solving the following nondimensionalized differ-
ential equation:

1
2∂2

s X = 15
4 Fo [1 − �2]e−sK (X ), (E2)

where

K (X ) :=
∫ ∞

0

dq

q3
exp

[
−q2

6
X

]
J2

3/2(q). (E3)

The asymptotic dynamics on short timescales are given by
[Eq. (31)]

D0τα

R2
≈ Fo �2, (E4)

and on long timescales are given by [Eq. (33)]

D∞τα

R2
≈ Fo �2

[
1 + 45

1 − �2

�2

∫ ∞

0

dq

q3

J2
3/2(q)

6 + Fo �2q2

]
.

(E5)

These equations were solved with Mathematica [94] and the
corresponding notebooks are available on Zenodo [95].
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