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Spherically averaged periodic pair potentials offer the enticing promise to provide accurate results at a
drastically reduced computational cost compared to the traditional Ewald sum. In this work, we employ the pair
potential by Yakub and Ronchi [J. Chem. Phys. 119, 11556 (2003)] in ab initio path integral Monte Carlo (PIMC)
simulations of the warm dense uniform electron gas. Overall, we find very accurate results with respect to Ewald
reference data for integrated properties such as the kinetic and potential energy, whereas wavenumber-resolved
properties such as the static structure factor S(q), the static linear density response χ (q), and the static quadratic
density response χ (2)(q, 0) fluctuate for small q. In addition, we perform an analytic continuation to compute the
dynamic structure factor S(q, ω) from PIMC results of the imaginary-time density-density correlation function
F (q, τ ) for both pair potentials. Our results have important implications for future PIMC calculations, which
can be sped up significantly using the Yakub and Ronchi potential for the estimation of equation-of-state
properties or q-resolved observables in the noncollective regime, whereas a full Ewald treatment is mandatory
to accurately resolve physical effects manifesting for smaller q, including the evaluation of compressibility sum
rules, the interpretation of x-ray scattering experiments at small scattering angles, and the estimation of optical
and transport properties.

DOI: 10.1103/lj9c-bh48

I. INTRODUCTION

Warm dense matter (WDM) comprises a complex state
of matter that is often characterized by at least two dimen-
sionless parameters simultaneously of the order of one [1,2]:
the density parameter—also coined as Wigner-Seitz radius—
rs = (3/4πn)1/3, with n being the electronic number density,
and the degeneracy temperature � = (βEF)−1, where β =
1/kBT is the inverse temperature in energy units and EF

the usual Fermi energy of the electrons [3]. In nature, such
seemingly extreme conditions abound in astrophysical objects
such as giant planet interiors [1,4,5] and white dwarf atmo-
spheres [6,7]. In addition, extreme states of matter become
increasingly important for cutting-edge technological appli-
cations, with inertial confinement fusion (ICF) [5,8,9] being
a prime example. Indeed, recent spectacular achievements at
the National Ignition Facility [10,11] and the OMEGA laser
facility [12] have demonstrated the principal feasibility of
using ICF to produce net energy, but the pathway towards a
commercial utilization of this technology will require a further
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optimization of current energy gains by several orders of mag-
nitude [13]. This, in turn, will require integrated simulations
with real predictive capability, which must also cover the
initial stages of the compression path, where both the fusion
fuel and its surrounding ablator material have to traverse the
WDM regime in a controlled way [14].

From a theoretical perspective, the accurate description of
WDM poses a formidable challenge as it must treat holisti-
cally a plethora of physical effects. Specifically, the moderate
to strong coupling of the Coulomb interacting electrons in
nuclei often rules out weak-coupling expansions such as
equilibrium or nonequilibrium Green’s functions [15–17]. In
addition, quantum degeneracy and quantum diffraction ef-
fects prevent the application of semiclassical methods such
as molecular dynamics simulations with effective quantum
pair potentials between the electrons except at very high
temperatures [15,18]. On the other hand, the strong ther-
mal excitations that occur when � ∼ 1 generally prevent
a straightforward application of the well-stocked arsenal of
ground-state simulation tools, e.g., from quantum chemistry
and material science [19–21]. Finally, WDM states often fea-
ture partial ionization rendering them substantially more com-
plex than either the well-defined orbitals of bound electrons at
ambient conditions or the fully ionized semiclassical plasma.

In this situation, ab initio thermal density-functional the-
ory (DFT) [22] has emerged as the de-facto workhorse of
WDM theory as it often balances a reasonable level of accu-
racy with an acceptable computational effort. Specifically, the
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combination of a DFT treatment of the electrons with a clas-
sical or quantum molecular dynamics propagation of the ions
within the widely assumed Born-Oppenheimer approximation
[1] allows for the estimation of a broad range of material prop-
erties such as the equation of state, ionic correlation functions,
and electronic transport properties; see the review article by
Bonitz et al. [15] for a topical overview. The accuracy of
a given DFT simulation decisively relies on the employed
electronic exchange-correlation (XC) functional, which has to
be supplied as an external input. At ambient conditions, where
electrons can generally be assumed to be in their respective
ground state, the applicability of the zoo of existing function-
als [23] for different materials and properties is relatively well
understood. However, it is clear that thermal DFT simulations
of real WDM systems require a thermal XC functional that
explicitly depends on the temperature. Here, the situations
is significantly less clear than in the extensively explored
ground-state limit, as available XC functionals are substan-
tially less numerous [21,24–27], and their respective accuracy
has been benchmarked in far fewer situations [28–32].

In practice, both the construction of thermal XC function-
als by itself as well as their rigorous benchmarking require
the availability of highly accurate results that have been ob-
tained without the need for any empirical external input. In
principle, experimental observations would constitute a pos-
sible route, but their respective interpretation is notoriously
difficult [33] and often depends on a number of uncontrolled
model assumptions such as the decomposition of the electrons
into effectively bound and free states [34–39]. A more realis-
tic option is given by first-principles quantum Monte Carlo
(QMC) methods [40], with the ab initio path integral Monte
Carlo (PIMC) technique [41] being the method of choice at
finite temperatures. Being exact within the given Monte Carlo
error bars, the central limitation of PIMC simulations is the
infamous fermion sign problem [42–44] that emerges from
the antisymmetry of the fermionic density matrix under the
exchange of particle coordinates. The sign problem manifests
as an exponentially decreasing signal-to-noise ratio in PIMC
simulations when the system size N or inverse temperature β

are being increased.
Due to the pressing need to understand the properties

of WDM—as well as a host of other interesting thermal
Fermi-Dirac systems such as ultracold 3He [45–47] or
electrons in quantum dots [48–50]—there has been a
remarkable surge of progress in fermionic QMC simulations
over the last 15 years or so [16,51–65]. In fact, recent
methodological developments based on path integral
calculations of fictitious identical particles [63,64,66,67]
allow for the simulation of up to N = 1000 electrons at weak
to moderate levels of quantum degeneracy [68].

These developments open up both promising opportunities
and new challenges. On the one hand, large simulations re-
duce finite-size effects, i.e., the difference in simulation results
between a finite N and the thermodynamic limit (TDL) of
N → ∞ at a constant density parameter rs [69–71]. This is
particularly important for multicomponent systems consisting
of both electrons and nuclei, for which finite-size corrections
are substantially less developed compared to the more simple
uniform electron gas (UEG) [72–77]. In addition, a large box
length L (assuming a cubical simulation cell of volume � =

L3) allows to access small wavenumbers q, since the minimum
wavenumber is given by qmin = 2π/L due to the momentum
discretization. This is crucial for the description of x-ray scat-
tering experiments in a forward scattering geometry [78–81]
that probe collective modes such as the plasmon oscillation
[82], and might eventually even facilitate the estimation of
optical properties that are defined in the limit of q → 0 [15].
On the other hand, PIMC simulations of quantum many-body
systems with N = 1000 (and P ∼ 102 replicas of each particle
on different imaginary-time slices; see below) and beyond
become computationally demanding even without the expo-
nential bottleneck due to the sign problem. Specifically, the
main computational expense is given by the evaluation of
the long-range pair interaction, which is typically treated with
the usual Ewald sum over all periodic images [69].

A vastly cheaper alternative is given by spherically aver-
aged pair potentials, which have been averaged over different
angular orientations of the periodic array of images of the
particles in the main simulation cell [70,83–86]; see also the
review by Fukuda and Nakamura [87] for an overview of non-
Ewald methods. Here, we explore the spherically averaged
pair potential introduced by Yakub and Ronchi (YR) [83,84].
Demyanov et al. [70] applied the YR potential to Monte
Carlo simulations of the classical one-component plasma that
consists of negative unit charges in a homogeneous neutraliz-
ing background and found a comparable convergence of the
internal energy to the standard Ewald potential. In addition,
V. Filinov et al. [88–90] used the YR potential to compute
the internal energy (and its correlation contribution) in PIMC
simulations of the UEG; the quantum analog of the classical
one-component plasma. Very recently, A. Filinov and Bonitz
[91] tested the Ewald and the YR potentials in PIMC simu-
lations of warm dense hydrogen and “... found that, for the
simulation parameters used in this paper, the results for both
are practically indistinguishable.” However, these references
were limited to integrated properties such as energies and
pressure, sometimes extending to spatial observables such
as cluster analyses. The effect of the pair potential onto
wavenumber-resolved properties has, thus, remained unclear.
This is unfortunate for (at least) two reasons: (i) the invariance
of the electronic static structure factor S(q) with respect to the
system size even for N ∼ 10 is of key importance for finite-
size corrections, e.g., of the interaction energy W [73,75] and
has been pivotal for the construction of accurate parametriza-
tions of the UEG in the TDL [24,26,72,75]; (ii) the invariance
with respect to N of species-resolved static structure fac-
tors Sab(q) and related imaginary-time correlation functions
(ITCFs) Fab(q, τ ), where t = −ih̄τ is the imaginary time with
τ ∈ [0, β], in PIMC simulations of real WDM systems such
as hydrogen [92,93] and beryllium [35,94] facilitates the com-
parison with experimental observations, most notably x-ray
Thomson scattering (XRTS) measurements [37,94].

In the present work, we remedy this situation by present-
ing a rigorous and detailed analysis of the effect of the YR
potential compared to the standard Ewald sum onto different
properties of the UEG, including different energies, static
structure factor, and linear/quadratic static density response
functions [95,96]. Finally, we carry out an analytic continua-
tion [97–99] to compute the dynamic structure factor S(q, ω)
for selected wavenumbers. As a general trend, we find that
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the standard Ewald and YR potentials do indeed give com-
parable results for integrated properties such as the kinetic
and potential energy. However, use of the YR potential breaks
the N invariance of q-resolved properties (in particular at
small wavenumbers), which constitutes a serious limitation
for comparisons with experiments and finite-size corrections.

The paper is organized as follows: In Sec. II, we provide
the theoretical background with a focus on the Ewald and YR
pair potentials. In Sec. III, we present our PIMC simulation
results on the warm dense UEG at rs = 3.23 (Sec. III A), the
electron liquid at rs = 10 (Sec. III B), the analytic continua-
tion to obtain the dynamic structure factor (Sec. III C), and
the static quadratic density response χ (2)(q, 0) (Sec. III D).
The paper is concluded by a summary and outlook in Sec. IV.

II. THEORY

The ab initio PIMC method [41] is based on the celebrated
quantum-to-classical mapping [100] and has been described
extensively in the literature [41,101,102]. We limit ourselves
to a brief summary of our implementation and its features. We
assume hartree atomic units.

The main advantage of PIMC is its capability to provide
quasiexact (i.e., exact within the given Monte Carlo error bars)
results for any thermodynamic observable for the specified
quantum N-body problem. In practice, an important conver-
gence parameter is given by the number of imaginary-time
propagators P. Here, we use the primitive high-temperature
factorization e−εĤ ≈ e−εK̂ e−εV̂ , with ε = β/P and K̂ , V̂ the
kinetic and potential contributions to the full Hamiltonian Ĥ ,
respectively. The convergence with P is discussed in Sec. III.
To ensure ergodic sampling of all relevant path configura-
tions, we use the canonical extended ensemble adaption of the
worm algorithm by Boninsegni et al. [101,103] presented in
Ref. [104], which is implemented in the open-source ishtar
code [105]. Finally, we consider electrons, which obey Fermi-
Dirac statistics. The antisymmetry of the thermal density
matrix under the exchange of particle coordinates is taken into
account by sampling the permutation structure [102] without
any nodal restrictions. Hence, our simulations are computa-
tionally costly due to the fermion sign problem [44], but exact
within error bars. Moreover, we retain full access to equilib-
rium system dynamics in the form of various imaginary-time
correlation functions [96].

We consider N = N↑ + N↓ (with N↑ = N↓) electrons in
a cubic simulation cell of volume � = L3 and standard peri-
odic boundary conditions. To take into account the long-range
nature of the Coulomb interaction, we consider the usual
infinite array of periodic images; the corresponding solution
to Poisson’s equation is then given by the Ewald sum [69].
Following the notation by Fraser et al. [69], we express the
Ewald pair interaction as

φE(ra, rb) = 1

�

∑
G 	=0

exp
(
i2πG · (ra − rb) − π2G2

κ2

)
πG2

− π

κ2�
+

∑
n

erfc(κ|ra − rb + nL|)
|ra − rb + nL| , (1)

with n = (nx, ny, nz )T being an integer vector and where the
reciprocal lattice vectors G have been defined without includ-
ing the customary factor of 2π . We note that κ—often coined
as the Ewald parameter—can be chosen freely to shift weights
between the sums over G and n, while the fully converged
result is invariant. In practice, both sums have to be truncated,
which affects the computation cost. For completeness, we
note that a vast literature exists on efficient numerical imple-
mentation of Eq. (1) for Monte Carlo simulations; see, e.g.,
Refs. [106–109] and references therein. The full Hamiltonian
of the UEG with Ewald interaction is given by

ĤE = −1

2

N∑
l=1

∇2
l +

N∑
l<k

φE(r̂l , r̂k ) + NξM

2
, (2)

with ξM = −2.837 297(3/4π )1/3N−1/3r−1
s the Madelung con-

stant [16] that takes into account the interaction between a
charge and its own background and periodic array of self-
images.

Angular averaging over all possible orientations of the
infinite periodic array of images leads to a considerable sim-
plification of Eq. (1). For the one-component plasma, the
Hamiltonian is given by [70]

ĤYR = −1

2

N∑
l=1

∇2
l +

N∑
l<k

∑
n

φYR(r̂l , r̂k + nL)

− 3

4rcut

(
1 + N

5

)
, (3)

with the definition of the YR potential [83,84]

φYR(ra, rb) =
⎧⎨
⎩

1
rab

{
1 + 1

2

(
rab
rcut

)[(
rab
rcut

)2
− 3

]}
, if rab < rcut

0, otherwise,
(4)

where rab = |rb − ra|. The cutoff radius follows from the
volume-equivalent sphere of the main cell, rcut = L(3/4π )1/3.
We note that, by definition, the sum over periodic images n
in Eq. (3) can be truncated for |n| � 1.62; still, it is possible
that the YR pair potential [Eq. (4)] does give contributions for
more than one image (cf. the blue areas in Fig. 1); see also the
discussion in Ref. [83].

Demyanov et al. [70] report an acceleration by 2 orders
of magnitude of the YR over the Ewald potential in their
classical MC simulations; we find a similar acceleration of
O(101 − 102) for PIMC. We further point out that typical
PIMC simulations deal with N ∼ 10 − 100 particles, with
replicas on P ∼ 100 imaginary-time slices. This often limits
the utility of sophisticated multipole expansions of the Ewald

035203-3



TOBIAS DORNHEIM et al. PHYSICAL REVIEW E 112, 035203 (2025)

FIG. 1. Schematic illustration of the YR potential, Eq. (4). A
random particle in the main simulation cell of length L interacts with
all particles and their periodic images within the volume equivalent
sphere of radius rcut. This leads to a mandated double counting of
both an original particle and its image in the shaded blue areas.
Adapted from Ref. [83].

potential, which, despite having a favorable scaling with N ,
often start becoming more efficient for N ∼ 1000. At the same
time, the numerical evaluation of Eq. (1) is usually responsible
for the main fraction of the compute time in PIMC simulations
of periodic Coulomb systems such as the UEG, which makes
any possible acceleration highly desirable.

For completeness, we note that the application of spher-
ically averaged potentials is well justified for disordered
systems such as warm dense matter, but will likely break down
when long-range correlations are being introduced into the
system; this limits their application to the UEG to rs � 50
at � = 1, and their applicability should be checked carefully
even in the strongly coupled electron liquid regime.

III. RESULTS

All PIMC results presented in this work have been obtained
using the open-source ishtar code [105], and are freely
available in an online repository [110].

A. Warm dense matter

As the first set of relevant conditions, we consider the
UEG at rs = 3.23 and � = 1 (i.e., T = 4.8 eV). These fall
into the WDM regime and can be realized, e.g., in exper-
iments with optically pumped hydrogen jets [113,114]. We
note that Hamann et al. [115] have predicted the emergence of
a roton-type feature in the electronic dynamic structure factor
of hydrogen at these parameters. This is a consequence of the
partial ionization of hydrogen in this regime [116] leading to
an effectively lower free-electron density, whereas the roton-
type feature is absent in the UEG at rs = 3.23.

In the top panel of Fig. 2, we study the convergence of the
static structure factor S(q) (computed via the YR potential)
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FIG. 2. PIMC results for the static structure factor S(q) (top) and
the static linear density response function χ (q) [bottom, cf. Eq. (5)]
of the unpolarized UEG at rs = 3.23, � = 1, with N = 14 and the
YR pair potential. Different symbols and colors distinguish different
numbers of imaginary-time propagators P. The top panel inset shows
a magnified segment.

with the number of imaginary-time propagators P. We only
find systematic bias for P = 10 (green crosses), whereas, e.g.,
P = 50 (black stars) and P = 200 (red circles) cannot be
distinguished within the given error bars. This can be dis-
cerned particularly well in the inset that shows a magnified
segment. Indeed, even for P = 10 the convergence error is of
the order of ∼0.1%. In the bottom panel of Fig. 2, we repeat
this analysis for the static linear density response function
χ (q). In principle, the latter can be obtained by applying a
small harmonic perturbation to the system and measuring its
density response [117–124]. However, this procedure requires
individual simulations for multiple perturbation amplitudes
for each value of q, which rules out extensive parameter scans.
A more convenient and more elegant alternative is given
by the imaginary-time version of the fluctuation-dissipation
theorem [125]:

χ (q) = −n
∫ β

0
dτ F (q, τ ), (5)
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FIG. 3. The convergence of the potential energy V (top) and
kinetic energy K (bottom), for N = 14 unpolarized electrons inter-
acting with the YR potential at rs = 3.23, � = 1, with the number
of imaginary-time propagators P. The solid red lines show empirical
fits of the form f (x) = a + bxc that have been included as a guide to
the eye.

which implies that one can obtain the full q depen-
dence from a single simulation of the unperturbed system
from the imaginary-time density-density correlation function
F (q, τ ) = 〈n̂(q, τ )n̂(−q, 0)〉. We find the equivalent conver-
gence behavior with respect to P for χ (q) as for S(q), except
in the limit of large q; here, the P = 10 datasets drasti-
cally deviate from the rest. This, however, is not primarily
a factorization error of the density operator ρ̂ = e−βĤ , but
rather a quadrature error in the evaluation of the integral of
Eq. (5), since F (q, τ ) can only be estimated on the given
P imaginary-time slices. In Fig. 3, we present a similar
convergence analysis for the potential (top) and kinetic en-
ergy (bottom). In both cases, the present choice of P = 200
primitive imaginary-time propagators is fully sufficient to
even resolve small differences in the respective observables.
We thus safely conclude that P = 200 can faithfully resolve
even small effects due to the considered pair potentials,
Eqs. (1) and (4).

Let us next come to the topic at hand, which is the com-
parison of simulation results between the Ewald potential
[Eq. (1)] and the YR potential [Eq. (4)]. In the top row of
Fig. 4, we compare the static structure factors, with the left
and right panels corresponding to the former and the latter,
respectively. The solid red curve has been computed within
the effective static approximation (ESA) [111,112], which
is known to perform well at these conditions, and has been
included as a reference. The green crosses, black stars, and
blue diamonds have been obtained from PIMC simulations of
N = 14, N = 20, and N = 30 unpolarized electrons, respec-
tively. For completeness, we mention that we find an average
sign of S ≈ 0.05 for N = 30, precluding the simulation of
much larger systems due to the fermion sign problem [44].
There are no apparent finite-size effects in the Ewald data
(see also the magnified segment in the inset), except for the
different q grids; this is a well-known consequence of mo-
mentum quantization in the finite simulation cell [75]. This is
expected based on previous investigations of q-resolved prop-
erties [73–77]. In stark contrast, the results for S(q) that have
been obtained using the spherically averaged YR potential
exhibit significant oscillations around the red ESA reference
curve; this can again be discerned particularly well in the
magnified inset. The reason for these oscillations directly fol-
lows from the definition of the YR potential, Eq. (4). Recall
that particles around a distance of rcut interact twice with a
reference particle; cf. Fig. 1. Consequently, the probability of
finding two particles within such a distance gets reduced due
to the additional potential-energy penalty. The corresponding
wavenumber qcut = 2π/rcut for N = 30 electrons is indicated
by the blue arrow at the bottom and by the vertical blue line in
the inset of the top right panel of Fig. 4. As it is expected, the
static structure factor is reduced in this segment (shaded blue
area in the inset). This reduction is then compensated by the
somewhat higher values of S(q) around this segment, which
explains the observed oscillations. Finally, we point out that
the Ewald and YR potentials lead to indistinguishable results
for q 
 qcut.

In the bottom row of Fig. 4, we repeat this analysis for
the static linear density response function χ (q); cf. Eq. (5).
Overall, we find the same qualitative trends as for S(q), i.e., no
finite-size effects for Ewald and oscillations around the ESA
reference curve for YR at q ∼ qcut. Indeed, Eq. (5) implies a
direct connection between the static structure factor and the
linear static density response function as it holds F (q, 0) =
S(q). The observed oscillations in χ (q) thus imply that the
reduction in correlations around qcut persist throughout the
imaginary-time diffusion that is encoded in F (q, τ ).

To further elucidate this observation, we show the full
τ dependence of the ITCF in Fig. 5 for N = 14 and N =
30 electrons. In particular, the different colors correspond
to different wavenumbers q, and the solid and dashed lines
have been computed using the Ewald and YR potential, re-
spectively; the associated Monte Carlo error bars are shown
as shaded areas around these curves, but are barely visible
due to the high data quality. We note that, in addition to
its utility for the estimation of χ (q) via Eq. (5), the ITCF
has attracted considerable recent attention. For example, it
constitutes the starting point for the analytic continuation to
compute the dynamic structure factor S(q, ω) (see Sec. III C
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FIG. 4. PIMC results for the static structure factor S(q) (top row) and the static linear density response function χ (q) [cf. Eq. (5), bottom
row] at rs = 3.23 and � = 1. Symbols: PIMC data for different N computed with the Ewald potential (left) and the YR potential (right). Solid
red: Effective static approximation (ESA) [111,112], included as a reference. The insets show magnified segments.
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FIG. 5. PIMC results for the density-density ITCF F (q, τ ) of the
UEG at rs = 3.23, � = 1, with N = 14 (top) and N = 30 (bottom).
The solid and dashed lines have been computed using the Ewald
and YR pair potentials, respectively. The insets show the absolute
difference between the two, i.e., �F (q, τ ) = FE(q, τ ) − FYR(q, τ ).
The shaded areas indicate the given statistical uncertainty.

below), and contains rich information, e.g., about quasipar-
ticle excitations [125], frequency moments of S(q, ω) [126],
and quantum delocalization [127]. Moreover, the ITCF has
emerged as a standard tool for the interpretation of XRTS
experiments and allows for the model-free estimation of the
temperature [36,81,128,129], the absolute intensity [130], and
the Rayleigh weight [35]. Extensive discussions of its physical
meaning have been presented in Refs. [124,125,127] and need
not be repeated here.

 0
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FIG. 6. PIMC results for the momentum distribution n(q) of the
UEG with N = 14 at rs = 3.23, � = 1. The yellow squares and
green crosses have been computed using the Ewald and YR pair
potentials, respectively. The solid black line corresponds to the Fermi
distribution that describes the ideal Fermi gas at the same conditions.

Overall, we find that the effect of the YR potential onto
F (q, τ ) is nearly independent from τ at these conditions and
manifests as a constant shift. This can be discerned particu-
larly well in the insets, which illustrate the absolute difference
�F (q, τ ) = FE(q, τ ) − FYR(q, τ ); they are constant within
the given uncertainty intervals (shaded areas). The effect of
these differences onto the analytic continuation is discussed
in Sec. III C below.

An additional interesting question concerns the effect of
the selected pair potential on the momentum distribution func-
tion n(q). The latter is an off-diagonal observable within the
PIMC formalism [41,131] and can be conveniently estimated
(including its proper normalization) using the extended en-
semble approach introduced in Ref. [104]. The corresponding
PIMC simulation results for N = 14 are shown in Fig. 6,
with the yellow squares and green crosses obtained with
the Ewald and YR pair potential, respectively. In addition,
we have included the Fermi distribution function that de-
scribes the momentum distribution of the ideal Fermi gas
(solid black curve) as a reference. Interestingly, we find an
increase in the occupation of the zero-momentum state with
respect to the ideal result; this is connected with a potential
XC-induced lowering of the kinetic energy at finite tempera-
tures for some densities, and has been discussed in detail in
Refs. [104,132–134]. In the context of the present work, the
key question concerns the effect of the pair potential; no
differences between the Ewald and YR results can be resolved
within the Monte Carlo error bars, even for N = 14. In fact,
this observation is not unexpected: S(q) and F (q, τ ) [from
which we also estimate χ (q)] are two-body observables and,
thus, subject to the double-counting effect discussed above.
In contrast, n(q) is obtained from the Fourier transform of
the single-particle density matrix, which is computed from
correlations between the ends (usually denoted as head and
tail) of an open imaginary-time trajectory. In particular, the
head and tail do not interact with each other and are thus not
directly affected by the double counting for any system size.
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FIG. 7. (Top) Potential energy per electron V/N computed with
the Ewald (green) and YR pair potentials (red); crosses and squares
show raw PIMC results, and finite-size corrected points via Eq. (6);
the dashed black lines correspond to an empirical linear fit. (Bottom)
Kinetic energy per electron K/N . All results are for the UEG at rs =
3.23, � = 1. The horizontal yellow lines and shaded yellow areas
correspond to the parametrization by Groth et al. [25] (GDSMFB)
and its nominal uncertainty of ±0.3%.

Let us conclude the analysis of the warm dense UEG at
rs = 3.23 and � = 1 by investigating the effect of the pair
potential onto integrated properties. As two representative ex-
amples, we consider the potential and kinetic contributions to
the energy in the top and bottom panels of Fig. 7, respectively.
Both datasets (green and red crosses) exhibit the same quali-
tative behavior and we can only resolve small differences for
N = 14. This is unsurprising, as the potential energy is given
by a sum over S(q) and, hence, the oscillations in the latter
cancel to a large degree. The green and red squares have been
obtained by adding to the raw PIMC results the first-order
finite-size correction that was first presented by Chiesa et al.
[73] at T = 0 and subsequently generalized by Brown et al.
[52] to finite temperatures:

�V (N ) = ωp

4N
coth

(
βωp

2

)
; (6)

the plasma frequency is given by ωp = √
3/r3

s . Evidently,
Eq. (6) works well at the present conditions and removes most
of the N dependence from both datasets; see also the extensive
discussion in Ref. [72]. We perform an empirical linear fit to
the green squares (see the dashed black curve), which works
well. Moreover, the extrapolation to the thermodynamic limit
of N−1 → 0 lies within the ±0.3% nominal uncertainty range
(shaded yellow area) of the parametrization by Groth et al.
[25] (GDSMFB).

For the kinetic energy K/N (Fig. 7, bottom panel), no
deviations between the two potentials can be resolved. This
might be a consequence of either the reduced sensitivity of
single-particle operators to two-body correlations (see Fig. 6
above), or simply be masked by the comparably larger error
bars—a well-known issue in PIMC simulations that originates
from the large number of imaginary-time propagators P [135].
We note that the error bars further increase with N due to the
fermion sign problem [44]; the same holds for the interaction
energy, where this trend is, however, less obvious due to the
overall much lower variance of the estimator. Overall, we
observe that our PIMC results for K/N are consistent with the
GDSMFB result; this indeed also holds for the Ewald result
for N = 30, which is within the 2σ range with respect to the
parametrization. At the same time, a conclusive quantitative
statement is ruled out by the statistical uncertainty.

B. Electron liquid

As a second example, we consider the UEG at rs =
10 and � = 1. These conditions are located at the bound-
ary of the strongly coupled electron liquid regime [3,136],
which gives rise to a roton-type feature in the dynamic
structure factor S(q, ω) that has attracted significant recent
attention [97,137–141].

In the top and bottom rows of Fig. 8, we analyze the effect
of the potential onto S(q) and χ (q), respectively, and find the
same qualitative trends as for rs = 3.23. In Fig. 9, we show
a magnified segment around the maximum in S(q). On this
scale, we can clearly resolve small yet significant systematic
errors in the ESA result. The YR potential is generally capable
of resolving both the position and the height of the maximum,
although small deviations from the Ewald results are visible
even for N = 34; the gray triangles showing the YR results for
N = 54, on the other hand, cannot be distinguished from the
Ewald results for these q values. In practice, the convergence
of any YR data set with respect to N thus has to be carefully
checked for any given q range of interest.

Interestingly, the ITCF F (q, τ ), which is analyzed in
Fig. 10, is more strongly affected by the YR potential than
at rs = 3.23 (cf. Fig. 5 above). In particular, the deviations
�F (q, τ ) between the two results, which are shown in the
insets, are no longer constant with respect to τ , in particular
for N = 14. The implications of these findings for the ana-
lytic continuation to the dynamic structure factor S(q, ω) are
investigated in Sec. III C below.

Finally, we analyze the potential and kinetic energies
per particle in the top and bottom panels of Fig. 11. In the
former, we find systematic deviations of ∼0.1% for N � 34,
which is still acceptable for many practical applications. In
the latter, again, no systematic differences between the two
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FIG. 9. Magnified segment from Fig. 8 in the vicinity of the static
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pair potentials can be resolved. For completeness, we have
performed an empirical linear fit of the Ewald result; see
the dashed black line. The thus extrapolated result for the
thermodynamic limit is shown by the bold blue point, and is
consistent with GDSMFB within the given uncertainty.

C. Sensitivity of analytic continuation

In what follows, we analyze the effect of the pair potential
onto analytic continuation results for the dynamic structure
factor S(q, ω). The latter is connected to the ITCF via a two-
sided Laplace transform [125],

F (q, τ ) =
∫ ∞

−∞
dω S(q, ω) e−τω, (7)

which needs to be inverted numerically; a notoriously dif-
ficult, exponentially ill-posed problem [99]. For the UEG,
Dornheim and co-workers [97,142,143] have presented highly
accurate results for S(q, ω) by incorporating a number of
additional exact constraints [144], many of which, however,
are known only for the UEG but not for realistic WDM sys-
tems. Very recently, Chuna et al. [98,145] have applied the
all-purpose maximum entropy method (MEM) to the UEG
and found that it gives very accurate results for S(q, ω) with
high-quality PIMC input data for F (q, τ ) and an appropri-
ate choice for the Bayesian prior μ(ω). Here, we consider
rs = 10 and � = 1, for which we attain Monte Carlo error
bars of an absolute magnitude of δF (q, τ ) ∼ 10−5. Moreover,
we choose the random-phase approximation (RPA) for μ(ω),
which is (a) an appropriate choice for rs = 10 [145] and (b)
constitutes an equal prior for Ewald and YR potentials, allow-
ing for a clear comparison between the two pair potentials.
The analytic continuation for realistic electron-ion systems
such as warm dense hydrogen will require careful dedicated
future works.

In Fig. 12, we show the thus reconstructed dynamic struc-
ture factors for six relevant wavenumbers q, with the blue
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FIG. 10. PIMC results for the density-density ITCF F (q, τ ) of
the UEG at rs = 10, � = 1, with N = 14 (top) and N = 34 (bottom).
The solid and dashed lines have been computed using the Ewald
and the YR pair potentials, respectively. The insets show the absolute
difference between the two, i.e., �F (q, τ ) = FE(q, τ ) − FYR(q, τ ).
The shaded areas indicate the given statistical uncertainty.

and red curves corresponding to the Ewald and YR poten-
tials, respectively. We note that the shaded areas around these
curves show the uncertainty that is inherent in the inversion
of Eq. (7), which takes into account both the statistical noise
in the PIMC data for F (q, τ ) via a leave-one-out method
and the effect of averaging over regularization parameters in
the entropy term that relates the reconstructed S(q, ω) to the
default model μ(ω); see Ref. [145] for an extensive discussion
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FIG. 11. (Top) Potential energy per electron V/N computed with
the Ewald (green) and the YR pair potential (red); crosses and
squares show raw PIMC results, and finite-size corrected points via
Eq. (6); the dashed black lines correspond to an empirical linear
fit. (Bottom) Kinetic energy per electron K/N . All results are for
the UEG at rs = 10, � = 1. The horizontal yellow lines and shaded
yellow areas correspond to the parametrization by Groth et al. [25]
(GDSMFB) and its nominal uncertainty of ±0.3%.

of this procedure. Finally, the purple curves show the RPA
default model.

As a sanity check, we demonstrate that our MEM im-
plementation perfectly reproduces the PIMC input data for
four of the considered wavenumbers. This is illustrated in
Fig. 13, where the solid and dashed lines correspond to
the PIMC ITCF with Ewald and YR potentials, while the
deep-purple squares and crosses correspond to the ITCF as ob-
tained by plugging the reconstructed dynamic structure factors
into Eq. (7).

It is evident that there are significant differences in the
MEM results for S(q, ω) itself. For q = 0.63qF (top left), we
find that the utilization of the YR potential further dampens
the plasmon, which is located at around q ≈ 1.2ωp, and which
is already damped with the Ewald potential compared to RPA.
Moreover, YR leads to a substantial shift of spectral weight
to lower frequencies. This is a direct consequence of the

up-shift in the YR ITCF compared to the Ewald ITCF at
this wavenumber; see Fig. 10. In fact, it is easy to see that a
constant up-shift in the ITCF is associated with a contribution
to the dynamic structure factor at ω = 0; this is highly relevant
for two-component systems where the Rayleigh weight that
describes the spectral weight of the ion feature manifests as
such a shift [93,116]. In the present case, the difference in
the ITCF between the Ewald and YR calculations exhibits a
weak dependence on τ , which then leads to a shift of spectral
densities to smaller, but still finite, frequencies.

For q = 0.87qF (top right), we find the opposite trend. In
this case, the YR plasmon is less damped than the Ewald
result, and spectral weight is shifted to higher frequency.
Again, this trend directly follows from the ITCF, in which
the YR potential manifests as a down-shift in this case. In
the middle row of Fig. 12, we show results for q = 1.25qF

(left) and q = 1.88qF (right), for which the impact of the
pair potential is, however, less clear. First, both wavenumbers
are in the vicinity of the roton-type feature in the dispersion
of the dynamic structure factor, and we observe a substan-
tial exchange-correlation induced redshift of spectral weight
compared to the RPA default model for both Ewald and
YR. For q = 1.25qF, the PIMC results for the ITCF are very
similar. Interestingly, we still observe quantitative differences
in S(q, ω), which highlights the high sensitivity of the ana-
lytic continuation to any change in F (q, τ ). For q = 1.88qF,
q = 2.51qF, and q = 3.13qF, the effect of the pair potential is
smaller and we can hardly resolve any significant differences
within the given error bars.

D. Quadratic density response

While linear response theory is ubiquitous in WDM the-
ory [124] and constitutes the basis for most diagnostics
[147–149], there has emerged a recent interest in the non-
linear response properties of WDM [96,122,146,150–154]
(and beyond [155,156]). Such effects are important, e.g., for
stopping-power calculations [157–160] and for the construc-
tion of effective forces and potentials [138,161]. Reliable
results for the nonlinear density response of the warm dense
UEG have been presented in Ref. [122] based on exact
PIMC simulations of the harmonically perturbed system. Sub-
sequently, Dornheim et al. [96] have generalized Eq. (5)
to the nonlinear density response by relating the latter to
higher-order ITCFs. For example, the static quadratic den-
sity response function χ (2)(q, 0) that describes the density
response at the second harmonic of the original perturbation
is given by

χ (2)(q, 0) = �2

2

∫ β

0
dτ1

∫ β

0
dτ2 F (2)(q, τ1, τ2), (8)

with the definition of the diagonal three-body ITCF,

F (2)(q, τ1, τ2) = 〈n̂(2q, 0)n̂(−q, τ1)n̂(−q, τ2)〉 . (9)

In Fig. 14, we analyze the effect of the pair potential
onto PIMC results for χ (2)(q, 0). The solid red and dotted
black curves have been obtained using the analytical frame-
work introduced in Ref. [146], which approximates screening
effects on a linear level, using as input the ESA local-
field correction and random-phase approximation (i.e., no
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FIG. 12. MEM estimates of S(q, ω), where q values are indicated in the y label. The MEM was conducted on ITCF data with either Ewald
interaction (red) or YR interaction (blue). The RPA (purple) was used as the Bayesian prior in either case. At small q, there was statistically
significant disagreement between the S(q, ω) obtained from Ewald and YR ITCF data.

local-field correction), respectively. Empirically, this frame-
work works well for q � 2qF, but underestimates the true
magnitude of screening effects for q → 0; in the context
of the present work, its main purpose is as a guide to the
eye. The black stars and yellow triangles have been obtained
using the Ewald pair potential and no dependence on the
system size can be resolved within the given error bars. In

contrast, the YR results (green crosses and blue diamonds)
deviate from the Ewald results, and from each other for small
to intermediate q. First, we note that the particular dependence
of these oscillations in χ (2)(q, 0) is less trivial compared to
S(q) and χ (q, 0) investigated above, as it involves correla-
tions between triples of particles instead of pairs; see Eq. (9).
Second, we find significant inaccuracies in the vicinity of the
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FIG. 13. The ITCF data and the associated Laplace-transformed
MEM S(q, ω) estimate. The solid and dashed lines indicate ITCFs
that have been computed using the Ewald and YR pair potentials, re-
spectively. The MEM estimates associated with each ITCF (squares
and circles) are indistinguishable from the respective data. For any
MEM estimate, the χ 2 value is of order 10−6 or less.
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FIG. 14. Static quadratic density response function [at the second
harmonic of the original perturbation] χ (2)(q, 0) at rs = 10 and � =
1. Solid red (dotted black): Analytical expressions from Ref. [146]
using as input the ESA local-field correction [111,112] (within the
random-phase approximation). The symbols distinguish the Ewald
and YR pair potentials, as well as N = 14 and N = 34 electrons.

peak in particular for N = 14, which further substantiates our
earlier recommendation for thorough N comparisons in YR
PIMC calculations.

IV. SUMMARY AND OUTLOOK

In this work, we have investigated in detail the ef-
fect of using the spherically averaged periodic potential by
Yakub and Ronchi [83,84] onto ab initio PIMC simula-
tions of the warm dense UEG. Overall, the YR potential
reduces the computational effort by 1 to 2 orders of
magnitude, which is particularly important for emerging ca-
pabilities to perform PIMC simulations with large numbers of
electrons [67,68].

For integrated properties such as the kinetic- and potential-
energy contributions, we find that the YR potential gives
results in very close agreement with the more expen-
sive Ewald potentials even at relatively strong coupling,
rs = 10. This agrees with previous investigations [70,86,91]
and makes the YR potential the method of choice for
such applications.

The situation is, however, more complex for q-resolved
properties such as the static structure factor S(q) and the static
linear density response function χ (q). In particular, the YR
potential effectively penalizes certain pair distances due to a
double counting procedure, which introduces fluctuations in
q-resolved properties in the vicinity of the cutoff wavenumber
qcut = 2π/rcut, where rcut ≈ 0.6L is of the same order as the
length of the simulation cell. In practice, this means that the
YR potential does not allow us to reliably study the small-q
limit, which is important for the description of XRTS ex-
periments in a forward scattering geometry [79–81,147], the
evaluation of compressibility sum rules [3,39,162], and the
estimation of optical and transport properties [163].

In addition, we have applied the recent maximum entropy
method setup by Chuna et al. [98,145] to PIMC results for the
ITCF F (q, τ ) with both Ewald and YR potentials. The thus
obtained dynamic structure factors S(q, ω) exhibit significant
deviations at small q, which further emphasizes the limitations
of YR in this regime. On the other hand, the deviations vanish
for q � 2qF, which might facilitate future YR calculations to
describe and interpret XRTS measurements at large scattering
angles that effectively probe the noncollective or even the
single-particle regime [94,116].

Finally, we have analyzed the effect of the pair poten-
tial on the static quadratic density response at the second
harmonic. This involves the PIMC estimation of an
imaginary-time triple-correlation function, leading to a less
obvious effect of the YR potential. Most notably, we find a
larger effect of the latter onto χ (2)(q, 0) in the vicinity of
its maximum compared to the static linear response function
χ (q).

Future efforts might include the application of the YR
potential to PIMC simulations of real WDM systems that con-
sist of both electrons and ions [51,91–94,164–166], combined
with a dedicated treatment of the diverging Coulomb attrac-
tion at small distances [167–169]. Moreover, the YR potential
can be easily combined with other optimization schemes such
as path contraction [170] or an improved Metropolis treatment
of long-range potentials [109].
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