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Planned behavior, perceptual biases, and the dynamics of collective action
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Classical models of collective behavior often assume that emergent dynamics result from external and
observable interactions among individuals. However, how collective dynamics in human populations depend
on the internal psychological processes of individuals remains underexplored. Here, we develop a mathematical
model to investigate the effects of internal psychology on dynamics of collective action. Our model is grounded
in the theory of planned behavior—a well-established conceptual framework in social psychology that links
intrinsic beliefs to behavior. By incorporating temporal biases in social perception and individual differences
in decision-making processes, we find that the interplay between internal and external drivers of behavior can
produce diverse outcomes, ranging from partial participation in action-taking to rapid or delayed behavioral
cascades. Predicting these outcomes is, in general, challenging because distinct outcomes can be preceded by
transient dynamics that are qualitatively similar to one another. Nevertheless, in the case of two individuals, we
derive a complete, analytical classification of long-term outcomes into three mutually exclusive categories. Our
model provides a useful test bed for methods that aim to predict the emergence of collective action, and it lays
the groundwork for studying the nuanced dynamics of collective human behavior arising from the interaction
between psychological processes and observable actions.

DOI: 10.1103/l3vx-x5yf

I. INTRODUCTION

From pandemic management to climate change, societal
challenges often require individuals to act collectively. How-
ever, understanding when and how the actions of a few
individuals give rise to collective action is challenging, in
part because of the intricate interplay between internal and
external drivers of social behavior. For example, the decision
to vote may be driven by an intrinsic belief in civic duty, but it
may also be influenced by observing civic-minded neighbors
displaying “I voted” stickers [1]. Similarly, the decision to
be vaccinated may be driven by a personal concern about
the risks of a pathogen, but it may also be influenced by
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discussions with peers who fear manipulation by health au-
thorities [2]. While these examples involve a binary choice
between whether or not to act, other decisions may involve
more than two options. For instance, in stock markets, traders
observe each other’s value propositions to decide when and
how to act; this produces a communally constructed under-
standing of the value of a stock, which in turn influences the
traders’ decisions to buy or sell that stock (see Ref. [3] and ref-
erences therein). Understanding such bidirectional interplay
between internal, psychological processes and external, ob-
servable behaviors is a fundamental challenge when applying
complex systems research to human behavior [4–6].

Classical models of complex systems typically assume that
collective dynamics arise from observable interactions among
individuals. This assumption is appropriate for phenomena
driven by reactions to the physical movements of nearby
individuals [7], such as flocking in birds [8] or schooling
in fish [9]. Many models of emergent dynamics in human
groups—including simple contagion [10], complex conta-
gion [11], social influence [12], and persuasion [13]—also
focus on external drivers of behavior, making the assumption
that individuals’ decisions to act depend on local exposures
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to the actions of their neighbors. While useful, these models
do not fully capture how social influence can shape behavior.
In particular, there is a need to complement observable in-
teractions between individuals with psychological processes
within individuals that govern (1) how the actions of others
are perceived, (2) how those perceptions shape an individual’s
intention to act, and (3) whether or not that intention results in
an action.

The theory of planned behavior from social psychology
offers a conceptual framework that links these psychological
dynamics to behavior. This well-established framework posits
that an individual’s intention to take an action is shaped by
three key components: (1) internal attitude, defined as the
individual’s intrinsic belief about whether to take the action
or not; (2) subjective social norm, defined as the behavioral
norm perceived from the observed behavior of others; and (3)
perceived behavioral control, defined as the perceived degree
of control over an intended behavior (or its outcome) [14,15].
This theory provides a basis for studying how group outcomes
depend on factors that shape intrinsic dynamics, including
perceptual biases and individual differences in the integra-
tion of external information. While recent studies on belief
formation have examined the role of biases (e.g., temporal
biases [16] or bounded confidence [17–20] where biases are
shifted toward like-minded individuals) and individual vari-
ation (e.g., behavioral diversity in networks where opinions
and links coevolve [21,22]), their impact on action-taking
dynamics remains underexplored.

Here we draw on the theory of planned behavior to study
how intrinsic dynamics affect the frequency and timing of
action-taking in social groups. We develop a mathematical
model of collective action-taking that incorporates the three
components of the theory of planned behavior: internal atti-
tude, subjective social norm, and perceived behavioral control.
To examine how temporally biased perceptions affect collec-
tive dynamics, we also introduce an immediacy bias, i.e., a
bias toward the most recent observations [23,24]. We show
that temporal biases in observations and heterogeneity in in-
ternal processes lead to diverse collective outcomes, including
partial or delayed cascades of action-taking at the population
level and modulations in the frequency of action-taking at
the individual level. In the simplest case of two individuals,
we derive a complete, analytical classification of the collec-
tive outcomes. Rooted in psychological theory, our model
produces dynamics that are richer and more realistic than
in traditional models of behavior that focus exclusively on
external drivers of behavior, and it lays the groundwork for
studying the nuanced dynamics of collective human behavior
arising from the interplay between simple action rules and
perceptual biases.

II. MODEL

Drawing on the theory of planned behavior, we develop
a piecewise continuous, deterministic model of collective
action-taking behavior. Our model incorporates variables that
capture individuals’ internal attitudes, perceived social norms,
and perceived behavioral control, as well as parameters that
capture the effects of immediacy (i.e., the most recent obser-
vations) on behavior. We will first introduce a general model

TABLE I. Summary of key parameters and variables.

Symbol Name Constraint

N Population size N ∈ Z+
M Number of actions M ∈ Z+
xi, j Behavioral intention xi, j ∈ (−1, 1)
yi, j Nudge effect yi, j ∈ [0, 1]
zi, j Action count zi, j ∈ Z�0

αi, j Internal attitude αi, j ∈ (−1, 1)
βi, j Perceived social norm βi, j ∈ [0, 1]
γi Perceived behavioral control γi ∈ [0, 1]
σA Strength of internal attitudes σA � 0
σS Strength of perceived social norms σS � 0
σC Strength of perceived σC � 0

behavioral control
r Immediacy parameter r � 0
μS Social norm threshold μS ∈ [0, 1]
μC Baseline perceived control μC � 0

with M possible actions. We will subsequently focus on the
special case of M = 1 to demonstrate the rich dynamics that
can arise even from this simple implementation of our model.

A. M-action model

We consider a well-mixed population of N individuals,
each of whom can take one of M actions at a given time t . An
individual is characterized by their intention to act: behavioral
intention xi, j (t ) ∈ [−1, 1] captures how strongly individual i
intends to take action j at time t . Individuals take actions
whenever their behavioral intentions are sufficiently strong, as
described below. Taking actions influences others’ intentions
to act: the nudge effect yi, j (t ) ∈ [0, 1] captures how strongly
individual i′s actions up to time t nudge other individuals
to take action j. The population is thus described by 2NM
dynamical variables, xi, j and yi, j , with i ∈ {1, . . . , N} and
j ∈ {1, . . . , M} (see Table I for a summary of key variables
and parameters).

To track the number of actions taken over time, we also
define action count zi j (t ) ∈ Z�0 as the number of times indi-
vidual i has taken action j up to time t . We initialize the action
count as zero for all actions, i.e., zi, j (0) = 0 for all individuals
i and actions j.

1. Dynamics of behavioral intentions and nudge effects

The theory of planned behavior postulates that behavioral
intentions are influenced by three interacting types of behav-
ioral perceptions within an individual: their internal attitude,
their perceived social norm, and their perceived behavioral
control [14] (Fig. 1). Based on this, we model the dynamics
of the behavioral intentions xi, j (t ) using the following system
of ordinary differential equations (ODEs):

ẋi, j = [ fA(αi, j ) + fS (βi, j )] fC (γi )g(xi, j ) (1)

for i ∈ {1, . . . , N} and j ∈ {1, . . . , M}, where the functions
fA, fS , and fC , described below, capture the effects of internal
attitudes, perceived social norms, and perceived behavioral
control, respectively. We implement fC (γi ) as a multiplica-
tive factor because, while perceived behavioral control can
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FIG. 1. Model of collective action-taking informed by the theory of planned behavior. Observed actions modulate an individual’s internal
perceptions of social norms, which, together with internal attitude and perceived behavioral control, shape the individual’s behavioral intention.
When this intention reaches a threshold, the individual takes an action, which can then be observed by other members of the population and
nudge them to act. The impact of others’ actions on an individual is weighted in time by an immediacy bias, which prioritizes more recent
observations.

amplify the effects of intrinsic motivations (internal atti-
tude) or social drive (perceived social norm), it alone cannot
boost behavioral intentions [i.e., if fA(αi, j ) + fS (βi, j ) = 0,
then ẋi, j = 0 regardless of the value of fC (γi)]. The function
g(xi, j ) governs the intrinsic growth of behavioral intentions:

g(xi, j ) = (1 − xi, j )(1 + xi, j ). (2)

That is, starting from any initial value xi, j,0 ∈ (−1, 1], the
behavioral intention xi, j will saturate at xi, j = 1 in the absence
of effects due to fA, fS , and fC [i.e., when ẋi, j = g(xi, j )].

With respect to the nudge effects, we implement an im-
mediacy bias, which captures the cognitive tendency to give
more weight to information encountered most recently [23].
Thus, in our model, nudge effects yi, j decay over time; for
simplicity, we assume that this decay follows an exponential
function:

ẏi, j = −ryi, j, (3)

where r � 0 is theimmediacy parameter. When immediacy
bias is absent (i.e., r = 0), nudge effects remain constant
between actions; when immediacy bias is strong (i.e., large
r), nudge effects decay quickly.

2. Internal attitudes

The internal attitude αi, j ∈ (−1, 1) captures individual i′s
intrinsic propensity toward taking action j (Fig. 1). A larger
value of αi, j means that i will take action j more readily
even in the absence of social influence. The effect of internal
attitudes αi, j on behavioral intentions xi, j is determined by
the function fA. According to the theory of planned behav-
ior, internal attitudes drive self-reinforcement in behavioral

intentions [15]. To reflect this, we assume that fA satisfies
fA(0) = 0 and f ′

A(αi, j ) > 0 for all αi, j ∈ (−1, 1); that is, in
the absence of social influence (perceived control or perceived
social norm), individual i′s intention xi, j will grow if i′s intrin-
sic propensity to take action j is positive (αi, j > 0), and xi, j

will decay if αi, j < 0.

3. Perceived social norm

Nudge effects shape the social norms that individuals per-
ceive toward an action, which, in turn, affects their intentions
to act (Fig. 1). To operationalize this, we define the time-
dependent perceived social norm βi, j ∈ [0, 1] as the average
nudge effect toward action j experienced by an individual i:

βi, j = 1

N − 1

N∑
i′=1,
i′ �=i

yi′, j (t ) . (4)

The effect of the perceived social norm on behavioral inten-
tions is governed by the function fS (βi, j ), which we assume is
increasing in βi, j ; that is, the stronger the social expectations
to take action j, the faster the growth of intention xi, j .

4. Perceived behavioral control

Finally, perceived behavioral control γi ∈ [0, 1] measures
how easy an individual i believes it will be to take actions.
We operationalize this measure as the average level of activity
observed by individual i among all others in the population:

γi = 1

(N − 1)M

N∑
i′=1,
i′ �=i

M∑
j′=1

yi′, j′ . (5)
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That is, the perceived behavioral control γi for individual i is
the observed nudge effects averaged over all other individuals
and over all possible actions.

5. Action threshold and immediacy

Individuals take actions whenever their behavioral inten-
tions are sufficiently strong: specifically, individual i takes
action j if xi, j � τ , where τ is the action threshold τ ∈ R.
When i takes action j at time t , the variables xi, j , yi, j , and zi, j

undergo a discontinuous change:

xi, j (t + dt ) = 0,

yi, j (t + dt ) = 1,

zi, j (t + dt ) = zi, j (t ) + 1. (6)

B. One-action model

Although the M-action model is highly flexible and can
accommodate realistic social settings, our analysis will focus
on the one-action model, which produces rich dynamics even
in a simple scenario of interest—namely, with a single action
(M = 1) and linear functions fA, fS , and fC—while remaining
sufficiently simple to build intuition and, in the case of two
individuals (N = 2), sufficiently tractable to yield analytical
results, as we will show. We implement a one-action model,
described by the 2N dynamical variables xi(t ) and yi(t ) for
i ∈ {1 . . . , N}, using the following functions:

fA(αi ) = σAαi,

fS (βi ) = σS (βi − μS ),

fC (γi ) = σC (γi + μC ). (7)

Parameters σA, σS , and σC tune the strength of the effects
of internal attitudes, perceived social norms, and perceived
behavioral control on behavioral intentions. The parameter
μS indicates the level of collective action-taking that leads
to positive perceived social norms. For example, when r =
0, the value of μS indicates the fraction of individuals that
need to take an action before perceived social norms increase
individuals’ intentions to take an action. The parameter μC

indicates the base level of perceived behavioral control when
no one has taken an action. When μC = 0, a stable fixed
point of the population is xi = yi = 0 for all individuals i.
In other words, unless the dynamical system starts from an
initial state that is sufficiently far from that trivial fixed point,
all individuals in the population remain inactive for all time.
These functional forms are chosen for their simplicity but also
because they reasonably capture the expected effects of inter-
nal attitudes, social norms, and perceived behavioral control.
Although these functional forms could include nonlinearities,
these additions would require more parameters that are less
relevant to our focus on the theory of planned behavior.

When M = 1, individuals have a binary choice between
taking an action or remaining inactive at each time t , and
perceived social norm becomes identical to perceived behav-
ioral control for each individual i and at each time t , i.e.,
βi = γi, since both quantities reduce to the average nudge

effect experienced by i. Thus, the dynamics of xi and yi are
governed by

ẋi = [σAαi + σS (γi − μS )]σC (γi + μC )(1 − xi )(1 + xi ), (8)

ẏi = −ryi, (9)

with discontinuous updates

xi∗ (t + dt ) = 0,

yi∗ (t + dt ) = 1,

zi∗ (t + dt ) = zi∗ (t ) + 1, (10)

whenever i∗ takes action (i.e., xi∗ (t ) � τ ).

III. RESULTS

A. Emergence and dynamics of action-taking cascades

Our overarching goal is to understand how perceptual
nuances embedded in the model—social norm, behavioral
control, and immediacy bias—affect the emergence and dy-
namics of action-taking cascades. To study these two aspects
of behavioral cascades, we must first understand which in-
dividuals, if any, in a given population take actions. We
therefore begin by asking two questions: (1) How does vari-
ation among the intrinsic action-taking propensities in a
population, as captured by internal attitudes αi, determine
who takes actions in the long run? (2) How frequently will
individuals act?

1. Variation in internal attitudes produces distinct
collective outcomes

To explore how variation in internal attitudes impacts
long-term action taking, we first numerically simulate the
one-action model in populations of N = 4 individuals with
different sets of internal attitudes αi. We find three qualita-
tively distinct collective outcomes:

(1) the “no action” scenario, where no individual takes
action [e.g., Fig. 2(a)]:

(2) the “partial action” scenario, where some but not all
individuals act repeatedly over time while the rest remain
inactive [e.g., Fig. 2(b)]; and

(3) the “full action” scenario, where all individuals take
action [e.g., Fig. 2(c)].

To build intuition for these outcomes, suppose that x(0) =
y(0) = 0 for all individuals. If individual i with the smallest α

acts at time t , then all other individuals must have also acted
no later than individual i (see Lemma A2 in the Appendix).
Thus, a sufficient and necessary condition for the “no ac-
tion” outcome is that no individual is capable of initiating the
first action. In the absence of nudge effects, individual i will
never act if σAαi − σSμS � 0. This observation leads to the
following result, which is proved as Corollary A4 in the Ap-
pendix:

Corollary 1. A system falls under the “no action” classifi-
cation if and only if the individual i with the largest αi satisfies
σAαi − σSμS � 0 and x j (0) < τ for all individuals j.

In our example “no action” scenario [Fig. 2(a)], in-
dividuals 1–3 have positive internal attitudes αi, but
all values of αi fall short of the social-norm baseline
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FIG. 2. Collective outcome depends on internal attitudes. We performed numerical simulations of the one-action model with N = 4
individuals and with different distributions of internal attitudes αi. Columns show three qualitatively distinct outcomes: “no action” (left
column), “partial action” (middle column), and “full action” (right column). (a)–(c) Circles with red (gray) edges indicate individuals whose
internal attitude is larger than (smaller than) the baseline activation threshold σSμS/σA for an inactive population. Edge widths denote the
magnitude of the difference between their internal attitude and baseline threshold |αi − σSμS/σA|. (d)–(l) Behavioral intentions xi (d)–(f), nudge
effects yi (g)–(i), and action counts zi (j)–(l) of individuals i ∈ {1, 2, 3, 4}, indicated by the colors. Parameters: σA = 1, σS = 1, σC = 0.05,
μS = μC = 0.5, and r = 0.02. Initial conditions: xi(0) ∼ U (0, 0.25) and yi(0) = 0.

threshold σSμS/σA that would trigger an individual to in-
crease their intention xi. As a result, the intentions of all
individuals decrease over time [Fig. 2(d)], and the popula-
tion remains inactive [Figs. 2(g) and 2(j)]. That is, if σA �
σSμS/ max{αi}, then the system is certainly in the “no action”
state.

In the “partial action” scenario [Fig. 2(b)], individual 1’s
internal attitude surpasses the baseline social-norm thresh-
old (α1 > σSμS/σA), so their intention increases from time
t = 0, eventually leading to sustained action-taking [Figs. 2(e)
and 2(k)]. The actions of individual 1 produce nudge effects
y1(t ) [Fig. 2(h)]. However, these nudge effects are not strong
enough to overcome the low internal attitude of individuals
2–4, whose intentions decrease rapidly. Thus, the population
splits into a single active individual (individual 1) and a cluster
of inactive individuals (individuals 2–4).

In contrast, in the “full action” scenario [Fig. 2(c)], in-
dividuals 2–4 have sufficiently large internal attitudes αi so

that, although their intentions initially decrease, the successive
nudge effects eventually lead all individuals to take actions
[Fig. 2(f)]. As each additional individual becomes active,
nudge effects increase [Fig. 2(i)] and all active individuals
increase their action-taking frequency [Fig. 2(l)]. For the
N-individual case, a sufficient condition for full action is
given by Corollary 2, which is proved as Corollary A5 in the
Appendix.

Corollary 2. If σAαi − σSμS > 0 for all i, then the system
is classified under the full action state.

An intuitive example of Corollary 2 with N = 2 is il-
lustrated in Fig. 3. Here, the behavioral intentions of both
individuals 1 and 2 increase in the absence of nudge ef-
fects, such that both individuals eventually act. However,
the condition σAαi − σSμS > 0 for all i is not necessary
for the population to achieve full action. For example, in
Fig. 2(c), we observe full action even though σAαi − σSμS <

0 for individuals i = 2, 3, and 4. Thus, the emergence of
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FIG. 3. Increasing behavioral intentions in the absence of nudge
effects leads to full action. Behavioral intention (a) and nudge effect
(b) for N = 2 individuals. Because behavioral intentions of both indi-
viduals increase even in the absence of nudge effects, both eventually
act, leading to the “full action” outcome (Corollary 2).

action-taking cascades depends both on the internal attitudes
of individuals and on recruitment via nudge effects, whereby
recruitment of more individuals leads to increased nudge ef-
fects and, correspondingly, increased action-taking frequency
in the population.

2. Internal attitudes and nudge effects alter the frequency
of actions

Our analysis so far has focused on classifying collective-
level outcomes in populations with different distributions of

internal attitudes. A related but distinct question is: how does
heterogeneity in internal attitudes within a population affect
the behavior of individuals themselves? Specifically, how do
internal attitudes affect the frequencies with which individuals
act? To address these questions, we simulate a population of
N = 100 individuals whose internal attitudes αi are sampled
from a uniform distribution. In general, individuals with larger
αi tend to activate sooner [Fig. 4(a)] and act more frequently
[Fig. 4(b)] than those with smaller αi. Crucially, how-
ever, we observe a discontinuous transition in frequency of
action-taking [ fi; Fig. 4(b)]: individuals with small αi remain
inactive over time ( fi = 0), and it is only those with αi above a
threshold that take any action ( fi > 0). This reflects a competi-
tion between internal attitudes and nudge effects: when social
reinforcement via nudge effects is initially absent [yi(0) = 0],
the behavioral intentions xi of those with limited intrinsic
motivation (αi small) decay quickly toward −1, such that xi

may not recover even as nudge effects begin to accumulate.
This results in a heterogeneous population where active and
inactive individuals coexist. Among those who become active,
the frequency of action-taking increases with αi [Fig. 4(b)].
Note, however, that the threshold observed empirically in
Fig. 4(b) is lower than the baseline threshold for a single
individual (σsμs/σA). This is because nudge effects enable
even individuals with αi slightly below the baseline threshold
to eventually act.

B. Population-level effects of internal attitudes, perceived social
norms, and perceived behavioral control

We have shown that internal attitudes are a key driver
of action-taking at the individual level. To characterize the
dynamics at the population level, we now consider all three
elements of the theory of planned behavior—internal at-
titudes, perceived social norms, and perceived behavioral
control—and study how they impact the collective dynamics
of action-taking.

We perform numerical simulations in populations of N =
100 individuals with varied strengths of the different compo-
nents, and we compute the mean frequency of action-taking in
the population (Fig. 5). The mean frequency of action-taking
tends to increase with the strength σA of internal attitudes

FIG. 4. Stronger internal attitudes promote earlier and more frequent action-taking. We performed numerical simulations of the one-action
model with N = 100 individuals and with t = 3000 time steps. Each dot denotes a single individual i. (a) Time to first action Ti as a function of
internal attitude αi. (b) Time-averaged action-taking frequency fi as a function of internal attitude αi. Parameters: σA = 1, σS = 1, σC = 0.05,
μS = 0.5, μC = 0.5, r = 0.02, τ = 0.5, and αi ∼ 0.35 + U (−0.5, 0.5). Initial conditions: xi(0) ∼ U (0, 0.25) and yi(0) = 0.
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FIG. 5. Frequency of action-taking tends to increase with strengths of internal attitudes and perceived behavioral control, but is insensitive
to the strength of perceived social norms. Panels show ensemble mean action-taking frequencies f (±SD) across 100 replicate simulations,
each in a population of N = 100 individuals and with t = 5000 time steps. (a) We vary the strength σA of internal attitudes, with σS = 1 and
σC = 0.1. The gray dashed line shows the critical σA at which a phase transition occurs (see Corollary 1). (b) We vary the strength σS of
perceived social norms, with σA = 1 and σC = 0.12. (c) We vary the strength σC of perceived behavioral control, with σA = 1 and σS = 1.
Other parameters: μS = 0.5, μC = 0.5, r = 0.02, τ = 0.5, and αi ∼ U (−0.4, 1). Initial conditions: xi(0) ∼ U (0, 0.5) and yi(0) = 0.

[Fig. 5(a)]. Importantly, however, the onset of action-taking
is marked by a phase transition in σA. For subcritical values
of σA, no individual takes actions (i.e., f = 0). Once σA ex-
ceeds a critical value σ ∗

A , the mean action-taking frequency
increases with the strength of internal attitudes. The critical
value σ ∗

A has a lower bound χA = σSμS/ maxi{αi} [dashed
gray line in Fig. 5(a)], which we derive from Corollary 1.
No actions are taken when σA < χA because no individual
in the population has a sufficiently positive internal attitude
to take the first action. Unlike for internal attitudes, we
observe no phase transitions associated with the strength σS

of perceived social norms. Instead, the mean frequency of
action-taking f̄ remains approximately constant across values
of σS [Fig. 5(b)]. We can understand this result in terms of
the two competing effects of σS: increasing σS strengthens the
social reinforcement of action-taking when nudge effects are
strong, but doing so also strengthens the social suppression of
action-taking when nudge effects are weak. In the parameter
regime considered here, these two effects of σS appear to
roughly cancel one another. In contrast to the effect of σS , the
mean action-taking frequency increases monotonically with
the strength σC of perceived behavioral control [Fig. 5(c)].
This is because σC acts as a timescale parameter in the dynam-
ics of the intentions xi [Eq. (8)]. In sum, the mean frequency
of action-taking tends to increase with the strength of internal
attitudes or of perceived behavioral control, but is insensitive
to the strength of perceived social norms.

C. Classifying collective outcomes for N = 2

To more explicitly determine how and when each collective
outcome occurs, we focus on the case of two individuals
(N = 2). In this setting, we are able to obtain a complete
classification of the collective outcomes. We consider the
regime where one individual acts independently (i.e., in the
absence of nudge effects) while the other does not, and we
ask: under what conditions does social reinforcement lead
the otherwise inactive individual into sustained action? We
focus on this regime because the remaining possibilities, i.e.,
both individuals acting independently or neither acting inde-

pendently, are already characterized by Corollaries 1 and 2.
Without loss of generality, we assume σAα1 − σSμS > 0 and
σAα2 − σSμS � 0. We also make the following assumptions:

σAα1 − σSμS > 0 (h1),

σAα2 − σSμS � 0 (h2),

x1(0) = y1(0) = y2(0) = 0 (h3),

x2 has not yet acted (h4).

Assumption (h4) implies that x2(0) < τ , and, as we will show,
if (h4) is relaxed and x2 acts, then x2 will act again.

1. Derivation of an explicit solution

Let T denote the time at which individual 1 acts for the first
time (see Corollary A1). Prior to the first action of individual
2—that is, under assumption (h4)—individual 1 is unaffected
by x2 and acts at every positive integer multiple of T . We
therefore refer to T as the period of x1. In Lemma 1 we derive
an explicit expression for x2, valid until either one period of
x1 elapses or x2 acts. This result is proved as Lemma A3 in the
Appendix.

Lemma 1. Assume (h1), (h3), and (h4), and suppose that
individual 1 acts at time kT . Then, for t ∈ [0, T ] and initial
condition u0 = x2(kT ), and provided that individual 2 does
not act in the interval [kT, kT + t], an explicit solution for x2

is given by x2(kT + t ) = V (t ; u0), where

V (t ; u0) = tanh(At + Be−rt + Ce−2rt + D(u0)),

with A = [σAα2 − σSμS]σCμC , B = − 1
r [(σAα2 − σSμS )σC +

σSσCμC], C = − σSσC
2r , and D(u0) = tanh−1(u0) − B − C.

This solution describes the position of x2 at time kT + t ,
where k � 1, given starting position u0 at time kT . This is
valid until whichever happens first: (k + 1)T or a time where
x2 crosses the threshold.

2. Useful invariant

The key quantity for determining whether individual 2 is
recruited into sustained action is the net change in individ-
ual 2’s behavioral intention x2 over a period established by
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individual 1. To characterize this net change, we consider
the following lemma, which is proved as Lemma A4 in the
Appendix.

Lemma 2. Suppose (h1), (h2), and (h4), and suppose that
individual 2 does not act on the interval [kT, (k + 1)T ]. Then
the following are true:

0 < V (T ; 0) ⇒ u0 < V (T ; u0),

0 = V (T ; 0) ⇒ u0 = V (T ; u0),

0 > V (T ; 0) ⇒ u0 > V (T ; u0),

for any u0 ∈ (−1, 1).
Here, V (T ; u0) − u0 gives the net change in x2 in a single

period. Lemma 2 thus states that, while individual 2 has not
yet acted, x′

2s behavior on any period of x1—net increase, net
decrease, or no change over the course of one period (ignor-
ing the threshold)—does not depend on x′

2s starting position.
That is, if, prior to its first action, x2 exhibits a net increase
(decrease / no net change) on any given period of x1, then
x2 will exhibit the same qualitative behavior over all periods
of x1. To reach this result, we examine the explicit solution
from Lemma 1 and we find that, because of the monotonicity
of tanh−1, the inequality u0 < V (T ; u0) is equivalent to an
inequality which depends only on system parameters and T .
In particular, the sign of this net change is given by compar-
ing B + C with AT + Be−rT + Ce−2rT . The details are found
in the Appendix in the proof of Lemma A4. For notational
convenience, we define M := AT + Be−rT + Ce−2rT − B −
C. Below, we show that, under assumptions (h1)–(h4), M � 0
corresponds to the partial action state, and M > 0 to the full
action state.

3. Classification of partial action

To show that M � 0 corresponds to the partial action state,
we consider the shape of the trajectory of x2 during a single
period. The key observation is that the trajectory has at most
one critical point and that this critical point will be a local
maximum. This can be seen by recalling that the nudge effect
for a single period y(kT + t ) = e−rt is strictly decreasing.
Now when we examine the dynamics of x on (−1, 1) we see
that

ẋ2(kT + t ) = [σAα2 + σs(e
−rt − μs)](σc(e−rt + μC ))

× (1 − x2)(1 + x2). (11)

Here, the last three factors are always positive when x2 ∈
(−1, 1) (recall that μC � 0). Thus, the sign of ẋ2 is deter-
mined entirely by [σAα2 + σs(e−rt − μS )], which is strictly
decreasing. This means that x2 has at most one critical point
within a period: x2 is either increasing then decreasing in one
period with a critical point found explicitly in Lemma A5,
decreasing on the entire interval, or increasing on the entire
interval. In the case where M � 0 we know that x2 cannot
be increasing on the entire interval. When M � 0, having an
explicit expression for the critical point allows us to show,
in Corollary A6, that x2(t ) � x2(0) for all t > 0. We argue
this by showing that on [0, T ], x2 is decreasing and using the
critical point from Lemma A5 we know any local maxima
of x2 must be smaller than x(0). That is to say, x2 cannot be
nudged up in a single period more than it fell in the interval

FIG. 6. Partial action in a two-individual system. Behavioral in-
tention (a) and nudge effect (b) for a system with N = 2. With each
action of individual 1, individual 2’s behavioral intention initially
increases, but decreases further than it increased within the period
determined by individual 1. This results in a net decrease for individ-
ual 2, and the solution is classified as partial action.

[0, T ]. Because of this, we know that as long as x2 starts below
the threshold, τ , it will not act if M � 0 as in Fig. 6. This result
is stated below and proved in the Appendix as Theorem A1.

Theorem 1. Suppose that (h1)–(h3) hold and that x2(0) <

τ . If M � 0, then the system is classified under partial action.

4. Classification of full action

The case M > 0 corresponds to the full action state. Estab-
lishing this requires two steps: first, showing that individual 2
acts once, and second, showing that individual 2 continues to
act indefinitely. From Lemma 1, we consider

V (T, u0) = tanh(AT + Be−rT + Ce−2rT + D(u0))

as a function of u0, where A, B,C, and D are defined as
in Lemma 1. It is helpful to shift perspective from the
continuous-time dynamics to the time evolution of x2 from
one period to the next. To this end, we rewrite the function
above as

f (x) := tanh(M + tanh−1(x)).

The function f maps x to its value after one period. For
example, we have f (x2(kT )) = x2((k + 1)T ), provided that
individual 2 does not act during the period [kT, (k + 1)T ].
We can use standard tools from the theory of difference equa-
tions to prove the following result. The proof is included in
the Appendix under Lemma A7.
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FIG. 7. Full action in a two-individual system. Behavioral inten-
tion (a) and nudge effect (b) for a system with N = 2. With each
action of individual 1, individual 2’s behavioral intention initially
increases and, although it decreases, the result is a net increase
for individual 2’s behavioral intention. Thus, individual 2 will act.
Knowing that individual 2 acted once is sufficient for us to conclude
that individual 2 will continue to act indefinitely.

Lemma 3. Let wn be a sequence of real numbers in (−1, 1)
satisfying wn = f (wn−1). If M > 0, then wn → 1, if M < 0,
then wn → −1, and if M = 0, then wn = w0.

Lemma 3 immediately implies that, if M > 0, x2(t ) will
eventually surpass any threshold τ < 1. The proof is straight-
forward and included in the Appendix under Corollary A7.

Corollary 3. If M > 0 and τ < 1, then there is a time at
which x2(t ) = τ .

Lemma 3 and Corollary 3 show that, under assumptions
(h1)–(h4), x2 will eventually act. To show that this ultimately
leads to the full action state, we relax assumption (h4) and
show that x2 will act even if it has already acted. The key idea
is that an action by individual 2 generates a nudge effect on
individual 1, and this nudge effect cannot cause individual 1
to act less frequently. As a result, individual 2 receives nudges
from individual 1 at least as frequently as before individual
2 first acted. This means that x2 will continue to experience a
net increase between successive actions of individual 1, since
M > 0 implies a net increase in x2 over a period even prior
to individual 2’s first action (Fig. 7). The following Theo-
rem formalizes this argument; the proof follows directly from
the previous two results and is included in the Appendix as
Theorem A2.

Theorem 2. If (h1)–(h3) hold and M > 0, then individual 2
will act infinitely many times, thus establishing the full action
state.

TABLE II. Complete classification of collective outcomes for
N = 2 . We assume α1 � α2.

σAα1 − σSμS σAα2 − σSμS M Classification

� 0 � 0 No Action
>0 <0 � 0 Partial Action
>0 <0 >0 Full Action
>0 � 0 Full Action

We can now summarize the conditions for the no action,
partial action, and full action states in Table II.

These analytical conditions partition the parameter space
into regions associated with the three collective outcomes. As
illustrated in Fig. 8, the analytical boundaries show strong
agreement with numerical simulations. Although the same
type of analytical classification is not performed for the gen-
eral N-individual case due to its complexity, a numerical
approach can be used to distinguish between the qualitatively
different behaviors observed in the three-individual system,
which follow separations similar to the two-individual system
(Fig. 9).

FIG. 8. Analytical classification partitions parameter space into
distinct regimes of collective outcomes (N = 2). Classification
of collective outcomes in the parameter space (α1, α2) ∈ [0, 1]2

with parameters σS = 1, σC = 1, r = 0.86, μC = 0.05, and τ = 0.8.
Solid colors denote outcomes observed in numerical simulations
as shown. White dotted segments denote the analytical boundary
between no action and partial action (NA-PA). Blue dotted curves
denote the analytical boundary between partial action and full action
(PA-FA). The analytical boundaries are consistent with the transi-
tions between qualitatively distinct behaviors observed in numerical
simulations.
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N
o.

 

FIG. 9. Numerical classification of collective outcomes for N = 3. We classify the simulated behavior of the three-individual system by
the number of individuals taking action, denoted by colors. Panels (a)–(f) correspond to different values of α3 ranging from 0.2 to 0.8; within
each panel, α1 and α2 are varied ((α1, α2) ∈ [0, 1]2).

D. Delay and inhibition of action cascades via immediacy bias

We have characterized how each component of the the-
ory of planned behavior—internal attitudes, perceived social
norms, and perceived behavioral control—affects the fre-
quency of action-taking and the collective outcome, assuming
that immediacy bias is weak (r = 0.02) and therefore nudge
effects decay slowly. However, the strength of immediacy bias
may impact whether or not individual actions will induce sus-
tained collective action. To explore this possibility, we analyze
the effect of the immediacy parameter r on the emergence of
action-taking cascades.

In the absence of immediacy bias (i.e., r = 0), the ac-
tive cluster of a population establishes itself very quickly
[Figs. 10(a), 10(d), and 10(g)]. When r = 0, the nudge effects
yi never decay; they follow a step function [Fig. 10(d)]. Once
an individual takes their first action, they exert the strongest
possible nudge effect that an individual can exert on the pop-
ulation, and they will continue to do so for all time. Following
the first action in a population, all individuals who can be
persuaded to take an action because of a perceived positive
social norm will do so, thus increasing their intentions quickly
[Fig. 10(a)] and joining the active cluster in rapid succession
[Fig. 10(g)].

When r > 0, nudge effects decay exponentially with time
[Figs. 10(e) and 10(f)], with small (positive) values of r

corresponding to a slow decay of nudge effects [Fig. 10(e)].
Whenever an action occurs, the entire population briefly ex-
periences a strong nudge effect that can lead individuals to
increase their intentions [Fig. 10(b)]. However, since the in-
tensity of the nudge effect decays exponentially, the perceived
strong social norm is short-lived. If the perceived social norm
does not cause other individuals to take action immediately,
then it can be necessary for the first action taker to take several
actions before a second individual is persuaded to join the
active cluster.

When r is sufficiently large, immediacy bias inhibits the
emergence of collective action [Figs. 10(c), 10(f), and 10(i)].
The fast decay of nudge effects [Fig. 10(f)] prevents the
emergence of positive perceived social norms that would lead
individuals to increase their intentions [Fig. 10(c)] and, even-
tually, take action. However, individuals who have a very large
internal attitude will still take actions not motivated by social
influence [Fig. 10(i)].

In sum, the number of individuals who take action
decreases with the strength of immediacy bias, and full par-
ticipation in action-taking occurs only when the immediacy
parameter is below a certain threshold such that all individ-
uals in the population receive sufficiently strong nudges to
act. Above this threshold, the immediacy bias inhibits full
action and, at even greater values of r, inhibits all action
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FIG. 10. Immediacy bias alters action-taking dynamics. Behavioral intentions xi (a)–(c), nudge effects yi (d)–(f), and action counts zi

(g)–(i) of individuals i ∈ {1, 2, 3, 4}, indicated by the colors. The internal attitudes αi of the four individuals are sampled from U (−0.4, 1).
The sample is identical to the values in Fig. 2(c), with α1 ≈ 0.60, α2 ≈ 0.44, α3 ≈ 0.37, and α4 ≈ 0.36. Parameters: σA = 1, σS = 1, σC = 0.05,
and μS = μC = 0.5. The initial conditions xi(0) ∼ U (0, 0.5) and yi(0) = 0 are identical in all three simulations. We obtained the results for
immediate full action, delayed full action, and partial action with immediacy parameters r = 0, r = 0.023, and r = 0.05, respectively.

within the collective. We observe these trends with increasing
r for almost all combinations of model parameters and initial
conditions.

Not only does the immediacy bias parameter’s ability to
control the emergence of collective action illustrate the cru-
cial role of temporal biases in collective decision-making,
but our results in Figs. 2 and 10 highlight the role of in-
trinsically motivated individuals in kickstarting a behavioral
cascade. Individuals who will act even in the absence of
nudge effects—because their internal attitudes are sufficiently
strong—can nudge other less intrinsically motivated individ-
uals to act, even when the latter would otherwise remain
inactive. This leads to an observed cascade in which suc-
cessively activated individuals contribute to an increasing
collective nudge (Fig. 11).

To explain how immediacy bias modulates the dynamics of
behavioral cascades, we consider a population in the absence
of initial nudge effects, and apply an immediacy window,
which we define as the time it takes for the nudge effect yi

of individual i to decay from 1 to 0.01 (1%) in the absence of
any additional actions by i or other individuals. If immediacy
bias is weak (i.e., r is small) and therefore the immediacy win-
dow is long, and there is an underlying diversity of intrinsic
attitudes among the population, then the feed-forward cascade
results in both more effective recruitment to action and an ac-
celeration in action taking [Figs. 11(a) and 11(c)]. In contrast,
if the immediacy window is short (i.e., r large) and the internal
attitudes are appropriately spaced, then the most innately mo-
tivated individual will act at approximately the frequency set
by their internal motivation alone between the actions of oth-
ers [Figs. 11(b) and 11(d)]. Each action by the most innately
motivated individual causes a pulse-like increase in behavioral
intentions of other individuals [Fig. 11(d)], which leads them
to also act in an approximately periodic manner [Fig. 11(b)].
If, however, the immediacy window is of intermediate length
(i.e., r intermediate), then the timing of individual actions may
become less tightly correlated without entering a periodic,
or approximately periodic, regime. In sum, the interactions
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FIG. 11. Successive action-taking modulates with the immediacy window. Behavioral intentions xi (a), (c) and nudge effects yi (b), (d)
from simulations with N = 2 individuals. Each shaded region denotes the immediacy window �t following an action by individual 2, where
the immediacy window is the time it takes for an individual i′s nudge effect yi to decay from 1 to 0.01 (1%) in the absence of any additional
actions by i or other individuals (i.e., �t = − log10(0.01)/r). Other parameters: μS = 0.5, μC = 0.5, α1 = 1, α2 = 0.49, y1(0) = y2(0) = 0,
x1(0) = 0.2, and x2(0) = 0.

among individuals with different internal attitudes, the imme-
diacy window, and the nudge effect give rise to interesting
periodicity in the frequency modulation of action-taking at
the population level and collective dynamics that would not
be observable without considering a more nuanced coupled
model with both internal and external drivers of behavior, such
as that posed by the theory of planned behavior.

IV. DISCUSSION

We have developed a mathematical model to explore the
dynamics of collective action in human populations. This
model is grounded in the theory of planned behavior and
incorporates well-established temporal biases in human per-
ception.

We find that the three components of the theory of
planned behavior—internal attitudes, perceived social norms,
and perceived behavioral control—affect collective dynamics
in distinct ways. Varying the strength of perceived behav-
ioral control results in a gradual increase in the frequency
of action-taking, whereas varying the strength of internal
attitudes results in a phase transition, such that individuals
remain inactive until their attitudes cross a critical threshold.
Interestingly, however, the strength of perceived social norms
has little effect on the frequency of action-taking. This likely
reflects a balance between the two competing effects of so-
cial norms: they reinforce action-taking when nudge effects
strong, but they also reinforce inaction when nudge effects are
weak.

The immediacy bias also exhibits a threshold effect: while
individuals with a negative internal attitude never take action
if the immediacy bias is strong, they can be compelled by

a perceived social norm to take an action if the immediacy
bias is weak enough for the nudge effects to persist for a
sufficiently long window of time. Intriguingly, the transient
dynamics of behavioral intentions and nudge effects can look
similar between scenarios where all individuals eventually
take action (“delayed full action” in Fig. 10) and scenarios
where only a subset of individuals take action (“partial action”
in Fig. 10). It can thus be difficult to predict sustained collec-
tive action from the initial activity of individuals alone. In this
regard, the dynamics of our model mirror those of real-world
societal trends and social movements—whose long-term suc-
cess or failure is often unpredictable in their early stages. This
work can therefore be an initial step toward understanding
collective behavior and engagement in social movements,
such as voting, activism, and community programming.

While our current results hold for the linear functional
forms described in Sec. II and have not proven to persist with
different functional forms, we suspect that these phenomena
would arise in alternative forms of the model based on the an-
alytical results in the two-individual case in Sec. III C. Given
that Lemma 1 yields tanh(H (t ) + C) where H (t ) + C is an
anti-derivative of h(γ (t )) = [ fA(γ (t )) + fS (γ (t ))] fC (γ (t )),
similar results could be derived as long as h is increasing in γ .
The fact that a single pairwise interaction is robust to changes
in the functional forms suggests, but does not prove, that the
system may be robust to such changes as well.

This analysis was done specifically in the one-action
model, but in the simple linear case, the perceived behavioral
control being an average over all available actions means that
a similar strategy could be used to investigate the multiaction
system. In the two-individual case, again, the size of the in-
crease in behavioral intention could be bounded below and
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bounded above, even when nudges may come from the other
individual taking multiple different actions at different rates.
Although the increased dimensionality of the multiaction sys-
tem gives room for far more complicated patterns, in the linear
two-individual example, we can expect that the single-action
results give us some information about the multiaction case.
The difficulty in doing the same analysis in this case comes
from the high dimensionality of the state space, requiring a
more complicated partition.

While our model addresses human social behavior, it ex-
hibits dynamics that resemble those of neuronal networks.
In our model, individuals act when they are nudged by the
actions of their neighbors; similarly, in an integrate-and-fire
neuronal model, neurons receive nudges from other neurons
and activate (i.e., fire) when they reach a threshold [25]. A
network of neurons also exhibits patterns of recruitment and
oscillations similar to our behavioral model [26]. Moreover,
neuronal networks can display temporal biases during cogni-
tive tasks—mimicking our model’s immediacy effect—driven
by plasticity rules that change connectivity strength between
neurons [23,27,28]. These parallels between our model and
models of neural networks suggest several directions for fu-
ture work. For example, while we have assumed that an
individual’s action always nudges others toward action-taking,
nudges could instead increase or decrease the recipients’
motivation to act, mimicking the excitatory and inhibitory
properties of neurons. Likewise, while we have assumed that
an individual can take actions continuously, a neuron cannot
fire for a short period following its activation. Analogous
constraints may be relevant to human behavior: for example,
an individual’s perceived behavioral control could decline
temporarily after taking an action. Finally, neuronal networks
display additional temporal biases, such as primacy biases in
which initial inputs are weighed more heavily. In the context
of neuronal networks, this can result in dynamic changes in
connectivity between neurons that may be relevant to human
behavior [28,29].

We have shown that immediacy bias alone can give rise
to complex transient dynamics (Fig. 10) and frequency mod-
ulations (Fig. 11). We anticipate that extending our model
to include other types of observational biases, such as pri-
macy bias, would result in relevant changes to the collective
dynamics that mimic human behavior. Empirical studies in
psychology and sociology have shown that behavioral context
and experience can shape the relative propensities toward
different types of biases [30–32]: for example, primacy effects
tend to drive investment behaviors [33], whereas immediacy
effects tend to drive food consumption choices [34]. The
relative impacts of these biases can depend on the form and
strength of social connections [35]. Moreover, the relative
importance of different biases may vary over time, even
within a narrow question or domain (e.g., investments or
food consumption): in the context of consumer choices, for
instance, primacy bias tends to be strong when all available
options are undesirable but weakens as the options become
more attractive overall [36]. Future work could explore how
the emergence and dynamics of behavioral cascades in our
model are impacted by such context-dependent, temporally
varying cognitive biases, as well as interactions between these
biases.

Several assumptions in our model merit discussion. First,
we have assumed that every individual can observe the actions
of all others in the population. While this assumption may be
appropriate for small, close-knit communities, it is unlikely
to hold in larger, structured societies, where individuals can
only sample the actions of their neighbors from time to time.
Future work could explore between-individual or temporal
variation in the observability, uncertainty, or interpretations of
observed actions, perhaps in heterogeneous networks. Second,
while we have adopted a deterministic approach, social phe-
nomena are often inherently stochastic. Incorporating small
amounts of noise would be an important direction for future
work, as it would both increase the realism of the model and
reveal how stochastic fluctuations affect the robustness of the
collective outcomes identified here. Third, we have chosen
to model elements of the theory of planned behavior that
are thought to directly shape behavioral intentions: internal
attitudes, perceived social norms, and perceived behavioral
control. However, other, secondary elements of the theory—
such as normative beliefs and motivation to comply, which are
thought to shape the perceived social norm [14]—may also be
relevant depending on the behavior of interest and domain of
application. Likewise, our work has focused on developing
a theoretical model that links individual decision-making to
collective outcomes, and this model could be used to generate
predictions about human behavior in specific instances. Ap-
plying this model to empirical cases and behavioral data is a
natural direction for future work.

Understanding human collective behavior requires an
account of the interplay between internal motivations and ex-
ternal actions mediated by social influence. Our work provides
such an account—a theoretical model for understanding the
social and psychological regimes in which actions propagate
within a population—laying the groundwork for future empir-
ical and theoretical studies of collective behavior grounded in
psychological theory.
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APPENDIX: PROOFS RELATED TO THE
CLASSIFICATION OF THE TWO-INDIVIDUAL GAME

Proposition A1. Suppose γi(t ) = 0 and xi(0) = u0. Then
xi has the explicit solution xi(t ) = tanh(Ait + tanh−1(u0)),
where Ai = [σAαi − σSμS]σCμC .

Proof. While no individual has acted, the system is uncou-
pled. Thus, every individual acts autonomously. As such, and
for convenience, we drop the index i on xi, αi, and Ai. With
the given conditions

dx

dt
= A(1 − x)(1 + x) = A(1 − x2),

which (for the purpose of solving the separable ODE) gives us

dx

1 − x2
= Adt .

Through elementary ODE techniques, we get that

1

2
ln

(∣∣∣∣1 + x

1 − x

∣∣∣∣
)

= At + C,

and we are able to drop the absolute value bars due to the
constraints on x. Using the initial condition x(0) = u0,

1

2
ln

(
1 + u0

1 − u0

)
= tanh−1(u0) = C,

t = 1

A
(tanh−1(x) − tanh−1(u0)).

Solving for x, we get x = tanh(At + tanh−1(u0)), the desired
result. �

Corollary A1. Suppose that for individual i, xi(0) =
u0 < τ , γi(t ) = 0 for all t � 1

A (tanh−1(τ ) − tanh−1(u0)) and
σAαi − σSμS > 0. Then, the time until individual i′s first ac-
tion is T = 1

A (tanh−1(τ ) − tanh−1(u0)).
Proof. Until xi reaches the threshold τ , it is C∞, so we are

able to evaluate the expression derived in Proposition A1 with
xi = τ to get

T = 1

A
(tanh−1(τ ) − tanh−1(u0))

as desired. �
Lemma A1. Suppose xi(t0) = x j (t0) and ẋi(t0) > ẋ j (t0).

Then there is a δ > 0 and an interval where t ∈ (t0, t0 + δ)
satisfies xi(t ) > x j (t ).

Proof. First, if xi(t0) � τ , then xi(t0 + dt ) = 0; otherwise,
xi(t0 + dt ) < τ . Note that by definition of the derivative,

x(t0 + dt ) = ẋ(t0)dt + x(t0) + o(dt ) as dt → 0.

Express o(dt )/dt = ε(dt ), so

o(dt ) = ε(dt )dt as dt → 0.

Hence,

xi(t0 + dt ) − x j (t0 + dt ) = (ẋi(t0) − ẋ j (t0))dt + ε(dt )dt

as dt → 0. Let c = ẋi(0) − ẋ j (0) > 0. Since ε(dt ) → 0, there
exists δ > 0, where

|dt | < δ ⇒ |ε(dt )| < c/2.

Then, for dt ∈ (0, δ),

xi(t0 + dt ) − x j (t0 + dt ) = cdt + ε(dt )dt

� cdt − |ε(dt )|dt

>
c

2
dt > 0.

That is, for t ∈ (t0, t0 + δ), it must be that xi(t ) > x j (t ). �
Corollary A2. Suppose that xi(0) = 0 and σAαi − σSμS >

0. Then, the time until individual i′s first action is less than or
equal to T = 1

A tanh−1(τ ).
Proof. Since γi is always nonnegative,

ẋi = [σAαi + σS (γi − μS )]σC (γi + μC )(1 − xi )(1 + xi )

� Ai(1 − xi )(1 + xi )

for all t . Define the system with only one individual given
by ẋ∗ := Ai(1 − xi )(1 + xi ) and x∗(0) = 0. Suppose, for con-
tradiction, that individual i acts after time T . Then xi, x∗ are
both continuous until T . Applying Lemma A1, we see that
for t ∈ (0, δ), it must be that xi(t ) > x∗(t ). By supposition
x∗ acts before xi, so the intermediate value theorem tells us
there is some (first) time δ < t ′ < T where x∗(t ′) = xi(t ′), and
applying Lemma A1 again gives us the desired contradiction
since x∗ could not possibly act before xi if x∗ � xi. �

Corollary A3. Suppose that for individual i, σAαi −
σSμS > 0. Then, individual i will act countably infinitely
many times after any fixed time tstart � 0.

Proof. t is unbounded above. We know from Corollary A2
that individual i will act at time t∗ � T , and xi(t∗ + dt ) =
0. We can then apply Corollary A2 at t∗ + dt again to see
that xi will act again. We can apply this argument every time
that individual i acts, so it must act infinitely many times. In
the rest of this proof, we show that an individual cannot act
an uncountable number of times. To do so, we show that the
interval between actions is bounded from below. Consider

ẋi = [σAαi + σS (γi − μS )]σC (γi + μC )(1 − xi )(1 + xi ).

The presence of nonzero γi only results in a larger derivative,
and max γi = 1. Additionally (1 − xi )(1 + xi ) is maximized at
0, where it is 1. Then,

ẋi � [σAαi + σS − σSμS]σC (1 + μC ).

Regardless of xi(0), the first time this individual acts at time
t , we will have xi(t + dt ) = 0. Then the variable interval
between actions Tvar is bounded as follows:

Tvar � τ

[σAαi + σS − σSμS]σC (1 + μC )
,

and the right-hand side is constant. �
Lemma A2. Suppose we have x j (0) = y j (0) = 0 for all

individuals, j. Suppose the individual i with the smallest αi

acts at time t . Then all other individuals must also act. Fur-
thermore, all other individuals could not have acted later than
individual i.

Proof. We start by considering N = 2. If α1 = α2, then
the dynamics for each individual are identical and the claim
is trivial. Then, without loss of generality, let α1 < α2, and
for all t � 0, x2(t ) < τ . Let x1(0) = x2(0) = y1(0) = y2(0) =
0. Suppose for contradiction that there exist time(s) t∗ � 0
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where x1(t∗) = τ , and for simplicity, say that t0 is the smallest
such time. Note first that with the initial conditions above,

ẋi(0) = [σAαi − σSμS]σCμC .

This implies that ẋ1(0) < ẋ2(0). Applying Lemma A1, we see
that all t ∈ (0, δ) satisfy x2(t ) > x1(t ). When neither individ-
ual has acted, the system is continuous. Since x1(t ) < τ for all
0 � t � t0, and x2(t ) < τ for all t � 0, both by assumption,
there exists at least one time t where x1(t ) = x2(t ) by the
intermediate value theorem. Call t ′ � t0 the smallest such t .
Note that yi(t ) = 0 for t < t0, so ẋ2(t ′) > ẋ1(t ′). Again, we
use Lemma A1 to see that dt ∈ (0, δ′) satisfies

x2(dt + t ′) > x1(dt + t ′),

thus x1(t ) > x2(t ) is impossible for any t � t0, which is a
contradiction. So we have shown that x1(t ) = τ for some t
implies x2(p) = τ for some p � t given the conditions in the
supposition. It is easy to show that this generalizes to the
case with N individuals. We can apply the same argument
above to each of xi, i � 3. We can do this because for every
individual who has not yet acted, γi is the same, and they all
had xi(0) = 0. �

Proposition A2. Suppose γi(t ) = 0 for all t ∈ [0, T ),
xi(0) < τ , and σAαi − σSμS � 0. Then individual i will not
act in [0, T ).

Proof. ẋi � 0 for all t , so xi(t ) = τ > 0 is impossible. �
Corollary A4. A system falls under the “no action” clas-

sification [Fig. 2(a)] if and only if the individual i with the
largest αi satisfies σAαi − σSμS � 0 and x j (0) < τ for all
individuals i.

Proof. If the system is classified in the no action state, then
the contrapositive of Corollary A1 tells us that σAαi − σSμS �
0 is satisfied for each individual. For the other direction, αi

satisfies the condition above. Suppose by way of contradiction
that an individual i acts first at time T . Because this is the first
action, γi(t ) = 0 for t � T . The contrapositive of Proposition
A2 means that σAαi − σSμS > 0. However, if σAαi − σSμS �
0 for the individual with the largest αi, the same inequality
must hold for all individuals. This contradiction completes the
proof that no individual will act. �

Corollary A5. If σAαi − σSμS > 0 for all i, then the system
is classified under the full action state [Fig. 2(c)].

Proof. This follows directly from Corollary A3. �
Lemma A3. Assume (h1), (h3), and (h4). If x2(T ) = u0

and x1 acts at time T , then x2(T + t ) = V (t ; u0) depending
on the time t ∈ [0, T ] and the initial condition u0 as long as x2

itself does not act in this interval, where

V (t ; u0) = tanh(At + Be−rt + Ce−2rt + D(u0)),

with A = [σAα2 − σSμS]σCμC , B = − 1
r [(σAα2 − σSμS )σC +

σSσCμC], C = − σSσC
2r , and D(u0) = tanh−1(u0) − B − C.

Proof. In the two individual system, immediately after x1

acts, the system is

ẋ1 = [σAα1 + σS (y2 − μS )][σC (y2 + μC )]
(
1 − x2

1

)
,

ẋ2 = [σAα2 + σS (y1 − μS )][σC (y1 + μC )]
(
1 − x2

2

)
,

ẏ1 = −ry1,

ẏ2 = −ry2. (A1)

The initial conditions are x1(0) = 0, x2(0) = u0, y1(0) =
1, y2(0) = ỹ, where u0 is the position of x2 when x1 acts,
and ỹ similarly. Notice that for our constraints, the system is
decoupled, so we need only consider x2 and y1. Furthermore,
y1(t ) = e−rt so we have a single separable ODE. The com-
putation follows through grouping and keeping track of the
constants:

ẋ2 = [C6 + C7e−rt + C8e−2rt ]
(
1 − x2

2

)
,

where C6 = A2 = (σAα2 − σSμS )(σCμC ), C7 = (σAα2 −
σSμS )σC + σSσCμC, C8 = σSσC . For brevity, we write x2 just
as x.

1

1 − x2

dx

dt
= C6 + C7e−rt + C8e−2rt ,∫

1

1 − x2

dx

dt
dt =

∫
(C6 + C7e−rt + C8e−2rt )dt,∫

1

1 − x2
dx =

[
C6t − C7

r
e−rt − C8

2r
e−2rt

]
+ C0,

where C0 is the constant of integration. Through partial
fraction decomposition on the left-hand side, we obtain the
following:

1

2
ln

(
1 + x

1 − x

)
=

[
C6t − C7

r
e−rt − C8

2r
e−2rt

]
+ C0.

As x is bounded in (−1, 1), we need not use the absolute
values. Using this, we can solve for C0(u0) through x(0) = u0,
which gives us

C0(u0) = 1

2
ln

(
1 + u0

1 − u0

)
+ C7

r
+ C8

2r
.

We rearrange the equation again to get that

1 + x

1 − x
= exp

⎛
⎜⎜⎝2

⎛
⎜⎜⎝C6t − C7

r
e−rt − C8

2r
e−2rt + C0(u0)︸ ︷︷ ︸

h(t,u0 )

⎞
⎟⎟⎠

⎞
⎟⎟⎠.

The left-hand side of the function is injective from (−1, 1) →
(0,∞) so we can solve for the unique solution

x = e2h(t,u0 ) − 1

e2h(t,u0 ) + 1
= tanh (h(t, u0)).

This means that if x2 is at position u0 when x1 acts with period
T , then the position of x2 at time t ∈ [0, T ] is given by u(T +
t ) = V (t ; u0) defined as

V (t ; u0) := tanh(At + Be−rt + Ce−2rt + D(u0)),

where A = A2 = (σAα2 − σSμS )(σCμC ), B = − 1
r [(σAα2 −

σSμS )σC + σSσCμC], C = − σSσC
2r , D(u0) = 1

2 ln( 1+u0
1−u0

) −
B − C = tanh−1(u0) − B − C. �

Lemma A4. Suppose (h1), (h2), and (h4), and suppose that
individual 2 does not act on the interval [kT, (k + 1)T ]. Then
the following are true:

0 < V (T ; 0) ⇒ u0 < V (T ; u0),

0 = V (T ; 0) ⇒ u0 = V (T ; u0),

0 > V (T ; 0) ⇒ u0 > V (T ; u0).
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Proof. In the first case suppose that u0 < tanh(AT +
Be−rT + Ce−2rT + D(u0)). Since tanh−1 is monotonic, we
have that

tanh−1(u0) < AT + Be−rT + Ce−2rT + D(u0).

Recall D(u0) = tanh−1(u0) − B − C, so we have that

B + C < AT + Be−rT + Ce−2rT ,

which is an expression entirely independent of u0. Each step
is reversible and so this implies that

V (0; v0) < tanh(AT + Be−rT + Ce−2rT + D(v0))

< V (T ; v0)

for any v0 ∈ (−1, 1). What we have shown is that, if the
inequality is satisfied for any initial condition u0, it is satisfied
for any other condition u0. The same thing can be done in the
(=) and (>) case. �

Lemma A5. Suppose we have that σAα1 − σSμS > 0 while
σAα2 − σSμS < 0. Then, in the case where ẋ2(T ) > 0, we can
derive a critical time tcrit where for each k before x2 acts (if
it does at all), x2(kT + tcrit ) achieves a local maximum on
[kT, (k + 1)T ] given by

tcrit = −1

r
ln

(∣∣∣∣μS − σAα2

σS

∣∣∣∣
)

.

Proof. Notice that in the ODE for the position of individual
i,

ẋi = [σAαi + σS (γi − μS )]σC (γi + μC )(1 − xi )(1 + xi ),

the only term affecting the sign of ẋi is

σAαi + σS (γi − μS ).

Since we are in the case with only two individuals, γ2(t ) =
e−rt when t < T . We can look for the critical point of x2(t ) in
this interval:

0 = σAα2 + σSe−rt − σSμS,

and we find the solution

−1

r
ln

(∣∣∣∣μS − σAα2

σS

∣∣∣∣
)

= tcrit.

Note that if tcrit < T and x2 has not yet acted, then , there is a
critical time tcrit + kT ∈ [kT, (k + 1)T ]. �

Corollary A6. Suppose (h1)–(h4) hold and that M = 0.
Then, the system is in the partial action state. That is, indi-
vidual 1 acts but individual 2 never acts.

We seek to show that x2 has a local maximum below the
threshold. We suppose for contradiction that this local max-
imum is above the threshold. Then, we examine x2 as if this
individual ignores the threshold, with the intent of applying
Lemma A4 to reach our contradiction. Below is a sketch of
how we achieve the contradiction. x2 was only decreasing on
[0, T ], and on every future period, x2 is increasing during
the start of [kT, (k + 1)T ]. x2 must return to x2(T ) at the
beginning of each period. Putting these facts together, we
realize that if x2 were able to cross x2(0), |ẋ2| is too small
to return to x2(T ) by the beginning of the next period. This
tells us that we can pick any starting value lower than the
threshold and land in a unique oscillatory equilibrium. That is,

FIG. 12. Both are examples where the net change on each period
is 0. In panel (a), we can see an example where initial position is high,
yet individual 2 cannot act. This behavior is qualitatively no different
than the case in panel (b) where individual 2’s initial position is quite
low.

x2 will oscillate between x2(T ) and x2(T + tcrit ) with exactly
the same behavior over each period (Fig. 12).

Proof. If x2 does not act on [T, 2T ], then it will never act,
as the same behavior will be exactly replicated on [kT, (k +
1)T ] for all k � 1. That is, there will be no net change over
each interval. Suppose for contradiction that there is some
point t ′ on [T, 2T ] where x2(t ′) � τ , then x2(t ′) > x2(0) by
supposition. For the moment, say that x2 ignores the threshold
and examine what x′

2s behavior would be—it must be that
x2(2T ) = x2(T ) by Lemma A4. We show this is not possible.
To see why, note that for t ∈ (0, T ), ẋ2(t ) < 0 was always
true. We can make the following comparison as the action of
x1 at T can only increase the derivative of x2:

ẋ2(T + t ) > ẋ2(t ), t ∈ (0, T ).

Since x2(T ) = x2(2T ), but for any small ε > 0, x′
2(T + ε) >

0 for x2(t ′) � τ , then x2 must, at some point, be decreasing
on the period (T, 2T ), so by the intermediate value theorem,
there is a point where the derivative is 0. We have found an
exact expression for this in Lemma A5. Call that point T +
tcrit, and x2(T + tcrit ) � x2(t ′) � τ > x2(tcrit ). Then,

x2(T + tcrit ) − x2(2T ) > x2(tcrit ) − x2(T )

since x2(T ) = x2(2T ). However, ẋ2(T + t ) > ẋ2(t ) for t ∈
(0, T ), so it cannot be true that x2(2T ) = x2(T ). Restated: the
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derivative is larger in sign on (T, 2T ) than on (0, T ), and the
position of x2 at T + tcrit is larger than the position of x2 at
tcrit, but the remaining time 2T − tcrit − T = T − tcrit to reach
the position x2(T ) = x2(2T ) is equal. �

Lemma A6. Suppose that αi = α j , and neither xi, x j acts
on some interval [t0, t1]. Suppose also that xi(t0) � x j (t0), then
xi � x j on [t0, t1]

Proof. In the equality case, this follows from the previous
result, so suppose that the inequality is strict. Suppose for
contradiction that there is some point where xi(t ) < x j (t ), then
by the intermediate value theorem, there is some point t ′ such
that xi(t ′) = x j (t ′). Since αi = α j , ẋi(t ) = ẋ j (t ) on [t ′, t1], so
x j (t ) = xi(t ). �

Theorem A1. Suppose (h1)–(h3) hold, and suppose
x2(0) < τ . If M � 0, then the system is classified under
partial action (Fig. 6).

Proof. We covered the M = 0 case in Corollary A6. This
proof will be very similar. Suppose we have M < 0. As in
the last proof, if x2 does not act on [T, 2T ], it will never act.
This is because x2 was only decreasing on [0, T ], and there
is a net decrease over each following period, so we can apply
Lemma A6. If ẋ2(T + ε) � 0 for every small ε > 0, then we
are done as x2 will never be increasing, so suppose for contra-
diction that x2 acts on [T, 2T ]. As a consequence, x2 must
be increasing on (T, T ′) for some T < T ′ < 2T . We show
that this contradicts M < 0. To see this, examine the behavior
of x2 as if it ignores the threshold. x2(t ) must be decreasing
over some interval [T ′, 2T ], or else we would not have the net
decrease prescribed by M < 0. Then, the intermediate value
theorem tells us that there is a point where ẋ2 = 0, and we
have derived in Lemma A5 that this point is T + tcrit. Then,
x2(T + tcrit ) � x2(t ′) � τ > x2(tcrit ). Then,

x2(T + tcrit ) − x2(2T ) > x2(tcrit ) − x2(T ),

since x2(T ) > x2(2T ) by supposition. However, ẋ2(T + t ) >

ẋ2(t ) for t ∈ (0, T ), so it cannot be true that x2(2T ) < x2(T ),
as reasoned similarly in Corollary A6. �

Lemma A7. Let wn be a sequence of real numbers in
(−1, 1) satisfying wn = f (wn−1). If M > 0 then wn → 1, if
M < 0 then wn → −1, and if M = 0 then wn = w0.

Proof. The result is accomplished by elementary the-
ory of difference equations. Let g(x) = f (x) − x = tanh(M +
tanh−1(x)) − x. Notice that limx→−1+ g(x) = limx→1− g(x) =
0 and that g(x) is continuous on the interval (−1, 1). Let
w ∈ (−1, 1) and observe

tanh(M + tanh−1(x)) = x + g(x),

M + tanh−1(x) = tanh−1(x + g(x)).

Because tanh−1 is monotonic increasing, we know that if
M > 0, then g(x) > 0 and if M < 0, then g(x) < 0 for all x ∈
(−1, 1). This means that a sequence satisfying wn = f (wn−1)
is monotonic increasing if M > 0 and monotonic decreasing if
M < 0. The sequence is stationary if M = 0. Moreover, g(x)
has no internal zeros. In the case that M > 0, the sequence is
monotonic increasing and bounded, so it converges to a limit.
If that limit wn → ŵ ∈ (−1, 1), then g(ŵ) = 0, which is not
true, so that limit must converge to 1. Likewise, if M < 0 the
limit must converge to −1. �

Corollary A7. If M > 0 and τ < 1, then there is a time at
which x2(t ) = τ

Proof. Observe that, until x2 reaches the threshold τ , it sat-
isfies the relation x2(kT ) = f (x2((k − 1)T )). If M > 0, then
there is a K for which wk > τ if it satisfies wn = f (wn−1) by
Lemma 3. This means at some time t � KT , x2(t ) > τ . �

Theorem A2. Given (h1)–(h3) and M > 0, then x2 will act
infinitely many times, thus establishing the full action state
(Fig. 7).

Proof. Suppose that x2 has just acted at time t∗. We show
it must act again. Since M > 0, we know that if x2 receives
a nudge from x1 at some time t ′, then x2(t ′) < x2(t ) for any t
in (t ′, t ′ + T ). In other words, M > 0 ⇒ V (t, u0) > u0 for all
t ∈ [0, T ]. Since x2 acted, the times between x′

1s actions are
all less than or equal to T by Corollary A2. Call this varying
time Tvar. From Corollary A3, we have a lower bound on Tvar,
which we will name T ′. This means Tvar ∈ [T ′, T ]. Let {Ti} be
the sequence of times at which x1 acts after x2 has acted for
the first time. We can say Ti − Ti−1 ∈ [T ′, T ]. Observe that,
because V (t, u0) is continuous and concave down for every u0

on the interval [0, T ], we know that after any time Ti − Ti−1 ∈
[T ′, T ],

x2(Ti ) � min{V (T ′, x2(Ti−1)),V (T, x2(Ti−1))}.
This recurrence inequality tells us the same thing that the
original recurrence relation of Lemma A7 tells us. If M >

0, then min{V (T ′,w),V (T,w)} − w > 0. This means that
any sequence satisfying wk = min{V (T ′,wk−1),V (T,wk−1)}
is a monotonic increasing sequence which is bounded in
(−1, 1). It must have a limit and, because min{V (T ′,w) −
w,V (T,w) − w} > 0 for all w ∈ (−1, 1), the only possible
limit for such a sequence is wk → 1. We have shown that
x2(Ti ) is an increasing sequence whose limit is 1 and thus there
must be a time t such that x2(t ) > τ again for any τ < 1. We
can repeat this process indefinitely to show that x2 will act
infinitely many times and thus we attain the full action state.
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