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Semidefinite programming for quantum channel learning
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The problem of reconstructing a quantum channel from a sample of classical data is considered. When
the total fidelity can be represented as a ratio of two quadratic forms (e.g., in the case of mapping a mixed
state to a pure state, projective operators, unitary learning, and others), semidefinite programming (SDP) can
be applied to solve the fidelity optimization problem with respect to the Choi matrix. A remarkable feature
of SDP is that the optimization is convex, which allows the problem to be efficiently solved by a variety of
numerical algorithms. We have tested several commercially available SDP solvers, all of which allowed for the
reconstruction of quantum channels of different forms. A notable feature is that the Kraus rank of the obtained
quantum channel typically comprises less than a few percent of its maximal possible value. This suggests that a
relatively small Kraus rank quantum channel is typically sufficient to describe experimentally observed classical
data. The theory was also applied to the problem of reconstructing projective operators from data. Finally, we
discuss a classical computational model based on quantum channel transformation, performed and calculated on
a classical computer, possibly hardware-optimized.
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I. INTRODUCTION

Knowledge representation is a crucial and distinctive fea-
ture in any machine learning (ML) technique. The form of
the knowledge determines the degree of generalization a tech-
nique can exhibit. More generally, the form of knowledge
representation can be considered as a computational frame-
work. For example, ML techniques such as statistical learning
[1], logical approaches [2], support vector machines [3], rules
and decision trees [4], fuzzy logic [5,6], and deep learning
[7] can all be viewed as forms of computation. The learning
process consists of building a model from the data, essentially
solving a form of an inverse problem.

It is of special interest to relate computations to quantum
mechanics. The most widely discussed form is to corre-
spond a computational model to an actual quantum system,
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the time evolution of which would perform the computation
(quantum computing). Another approach is to correspond a
computational model to a quantum system, where knowledge
representation is typically in the form of quantum channel
mapping, which is then computed on a classical computer.
This paper considers the latter approach. The most general
form of quantum evolution is a quantum channel, typically in
the form of completely positive trace-preserving (CPTP) maps
[8–11]:

AOUT =
Ns−1∑
s=0

BsA
INB†

s . (1)

The minimum number of terms in Eq. (1) is called the Kraus
rank. For Ns = 1, it becomes a unitary quantum channel. The
use of unitary operators for ML/AI knowledge representation
has attracted attention recently [12–18].

The paper allows for a two-sided consideration: quantum
channel learning in the quantum-information sense, and a
learning framework for classical data. Whereas in our pre-
vious works [18,19] we were mostly concerned with the
algebraic problem corresponding to the quantum inverse prob-
lem, here the inverse problem is reduced to an optimization
problem that, under certain assumptions on the fidelity form,
is convex. This particularly explains why we were able to
develop an iterative algorithm for finding the global maxi-
mum solution to the unitary learning problem in Ref. [17].
The contributions on the quantum-information side mostly
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consist of demonstrating that the inverse problem can be
reduced to a convex optimization problem when the fidelity
is expressed as a ratio of two quadratic forms in mapping
operators. The contributions on the ML/AI side consist of gen-
eralizing the commonly studied unitary learning framework
[12–18] to the general form of a quantum channel (1), as well
as providing a practical demonstration of the applicability
of the theory. It is important that we can go beyond CPTP
maps; for example, we can reconstruct projective operators.
This represents an important practical problem in ML/AI for
knowledge representation, clustering, mapping identification,
and related tasks. Another result is the numerical demon-
stration that quantum channels reconstructed from classical
data typically have low Kraus rank, which enables a number
of optimizations. Whether this low-Kraus-rank property also
persists in actual quantum systems remains an open question.

In Ref. [19], we introduced the concept of the density ma-
trix network, which considers a quantum channel as a classical
computational model. Quantum channels, together with an
auxiliary “tensor product” operator, can be combined in a net-
work to perform arbitrary computations. The computational
model takes a density matrix as input and produces a density
matrix as output. The entire circuit can be considered as a flow
of density matrix transformations. There is a clear meaning
behind this transformation—namely, a quantum channel. The
specific topology chosen is simply a matter of computational
optimization. For smaller dimensions, the problem can always
be optimized directly without assuming any particular topol-
ogy. This contrasts with neural networks, where selecting the
proper topology is a crucial factor for success. We approached
the problem of reconstructing a quantum channel from data
in Ref. [18], but encountered difficulties related to proxy
fidelity when going beyond unitary learning. In this work,
these difficulties are mostly overcome. Formally, the problem
is to reconstruct a quantum channel, graphically depicted as a
component

(2)

converting a density matrix ρ of dimension nQ to a density
matrix � of dimension DQ with the transformation (1); the
IN/OUT lines in the circuits correspond not to a qubit, but to
a density matrix of some dimension. The data is considered
classical, and the transformation (1) is performed on a clas-
sical computer, possibly hardware-optimized. In this work,
we consider the problem of reconstructing a quantum channel
from a classical IN/OUT data sample.

In ML and AI, we typically have D � n, which means
this is a “summarizing” quantum channel—it produces an
output state of lower dimension than the input. One may
also consider the opposite situation, where the output di-
mension is greater than the input. Such a quantum channel
can be considered a “generative” one—it produces a state
of higher dimension than the input. While for unitary learn-
ing different input/output dimensions create problems with
trace-preservation constraints (which is why we explored par-
tially unitary learning in Ref. [17]), quantum channels with a

sufficiently high Kraus rank Ns can perfectly perform map-
pings between Hilbert spaces of different dimensions.

The paper is organized as follows. In Sec. II, we consider
the problem of transforming classical vector-to-vector data
into a wave function-to-wave function (or density matrix-to-
density matrix) mapping. This is an important preliminary
data-preparation step that enables an effective application of
quantum channel transformations. In most existing work on
unitary learning, authors simply normalize input and output
vectors to unit norm and treat them as a form of “wave func-
tion.” We argue that this approach is insufficient, since in most
cases it breaks gauge invariance. Suppose that the input and
output vectors are transformed by two nondegenerate linear
transformations. One should require that the resulting quan-
tum channel be independent of the particular transformations
chosen.

Then we consider possible criteria of closeness (fidelity)
between the “quantum state” produced from a given input and
the required “quantum state.” The choice of fidelity is a broad
area of study [20–22]. A key requirement for our approach to
be applicable is that the objective function be expressible as a
quadratic function of the quantum channel mapping operators.
For this reason, we restrict ourselves to input data in the form
of mappings from mixed states to pure states. In this setting,
the fidelity is exactly quadratic in the mapping operators
(without approximation) and, at the same time, is sufficient
for classical ML/AI input data passed through a quantum
channel. The most general form of the fidelity to which our
theory can be applied is given later in Eq. (34) as a ratio of
two quadratic forms. The transition from unitary learning to
quantum channel learning allows us to distinguish between
probabilistic mixtures of states and their superpositions.

In Sec. III, we formulate the quantum channel reconstruc-
tion problem as a constrained optimization problem. Two
types of constraints are considered: trace preservation and
unit-matrix preservation. The main result of this section is
that, when considering a quantum channel of full Kraus rank
Ns = Dn, the resulting optimization problem becomes an ex-
act semidefinite programming (SDP) problem. A remarkable
feature of this formulation is that the optimization problem is
convex [23]. This allows the problem to be efficiently solved,
for example, using polynomial-time interior-point algorithms.
This is the main reason why we consider a quantum channel
as a promising form of a classical computational model [19].

In Sec. IV, we demonstrate an application of SDP software
to a number of quantum channel reconstruction problems.
The SDP optimization allows for the reconstruction of quan-
tum channels of different forms, from unitary to high Kraus
rank. A noticeable feature is that the Kraus rank of the ob-
tained quantum channel typically comprises less than a few
percent of it’s maximal possible value. Low Kraus rank has
deep significance in AI and ML applications: our numerical
simulations show that a relatively small Kraus rank quan-
tum channel is typically sufficient to describe experimentally
observed classical data. SDP programming often shows supe-
rior results to our eigenvalue-based algorithm discussed in
Appendix A, especially for high Kraus rank. A noticeable
feature is that, even in unitary learning, the SDP convex op-
timization approach allows for the exact reconstruction of the
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unitary mapping, albeit at the cost of considering a much
larger space of Choi matrices.

In Sec. V, we summarize the results and discuss the per-
spectives of a quantum channel-based classical computational
model arising from the convex form of the SDP quantum chan-
nel reconstruction problem. An important point is that a single
large quantum channel can be split into a network of much
smaller ones, connected in a hierarchical way, known as the
density matrix network, which we introduced in Appendix C
of Ref. [19]. This computational model is based on quantum
channel transformation (1), performed and calculated on a
classical computer, possibly hardware-optimized. The broad
field of unitary learning, see Refs. [12–18] and thousands of
subsequent works, has become an established field in ML and
AI. Using a quantum channel is its natural extension. The low
Kraus rank feature of quantum channels reconstructed from
classical data makes them particularly similar.

The interested reader can refer to Ref. [24] for the software
implementing our algorithms, build scripts, unit tests, and
integration code for the commercial SDP software [25–27]
used in this paper.

II. CLASSICAL DATA TRANSFORMATION
VIA QUANTUM CHANNEL

For classical data, typically in the form of vector-to-vector
mapping,

x(l ) → f (l ) l = 1 . . . M, (3)

one needs to construct density matrix entities (in either pure
or mixed state)

ρ (l ) → �(l ) (4)

that can be passed through the quantum channel (2) to obtain
the result � from the input ρ with the highest possible fidelity.
See Refs. [17,19,28] for examples of such conversions. For
ML/AI problems, in most cases the mapping takes the form
of a pure-state-to-pure-state mapping [19]:∑n−1

j,k=0 x jG
x; −1
jk x(l )

k√∑n−1
j,k=0 x(l )

j Gx; −1
jk x(l )

k

→
∑D−1

j,k=0 f jG
f ; −1
jk f (l )

k√∑D−1
j,k=0 f (l )

j Gf ; −1
jk f (l )

k

. (5)

Here, the x(l )
k and f (l )

j are the components of Eq. (3), and
xk and f j are the components of the arguments of the wave
functions,

ψ (l )(x) → φ(l )(f ). (6)

The matrices Gx
jk = 〈x j | xk〉 and Gf

jk = 〈 f j | fk〉 are Gram
matrices calculated from x(l ) and f (l ) by averaging over the
sample (3). The map in Eq. (5) is invariant with respect to
arbitrary nondegenerate linear transformations of x and f in
the original map (3). If the original map is given as dx → df ,
then a similar expression involving the Christoffel function
can be used [29].

In this work, we consider sample data in the form of a
mapping from a mixed state to a pure state:

ρ (l ) → ∣∣φ(l )
〉〈
φ(l )

∣∣. (7)

The reason we limit ourselves to this form is that, for our
theory to be applicable, the total fidelity must be a quadratic
function of the mapping operators Bs. The fidelity between a
mixed state �, obtained by passing an input state ρ through
the quantum channel (2), and a pure state |φ〉〈φ|, is given
by the expected fidelity, as shown in Eq. (9.89) of Ref. [30],
p. 264:

F (|φ〉〈φ|, �) = 〈φ | � | φ〉. (8)

For a general form of mapping (4), the quadratic fidelity is
difficult to obtain, so a proxy (approximation) is required.
In Ref. [18], we considered several forms of proxy fidelities
and discussed their limitations. The problem of choosing an
appropriate fidelity measure (objective function) is a broad
area of study [20–22]. The key requirement for our approach
is that the objective function must be expressible as a ratio of
two quadratic functions of the mapping operators. We start by
considering the weighted fidelity of individual state matches
(8). The weights ω(l ) are typically all equal to 1. In ML, the
weights are sometimes adjusted to account for the importance
of specific observations. The fidelity (8), summed over the
sample (7), gives the total fidelity:

F =
M∑

l=1

ω(l )
Ns−1∑
s=0

〈
φ(l )

∣∣ Bs

∣∣ ρ (l )
∣∣ B†

s | φ(l )
〉
. (9)

Expanding the parentheses yields an expression for Sjk; j′k′ ;
Eq. (11) is for pure state input ψ (l ):

S jk; j′k′ =
M∑

l=1

ω(l )φ
(l )∗
j φ

(l )
j′ ρ

(l )∗
kk′ , (10)

S jk; j′k′ =
M∑

l=1

ω(l )φ
(l )∗
j φ

(l )
j′ ψ

(l )∗
k ψ

(l )
k′ , (11)

and the quadratic expression for the total fidelity (9),

F =
Ns−1∑
s=0

D−1∑
j, j′=0

n−1∑
k,k′=0

B∗
jk;sS jk; j′k′Bj′k′;s. (12)

The physical meaning of mixed-to-pure state mapping is
essentially that of a reset/replacer-type operation, and it is typ-
ically not more useful than pure-state-to-pure-state mapping.
A density matrix is currently seldom used in classical AI/ML
applications. A typical practical problem is the reconstruction
of projection operators from normalized pure-state mappings,
which we consider below in Sec. IV E. In terms of practical
applications, our work is primarily concerned with pure-state
mapping, since data in this form is currently the only one
widely available in ML/AI. Besides this, we aim to draw
attention to the possible benefits of using density matrices
for classical ML. All works we have found that consider
density matrices for data encoding do so only in the context
of quantum computers [31,32]. Collecting and analyzing clas-
sical data in the form of density matrices could potentially
provide a new perspective on the coherent and noncoherent
components of classical data.

In classical ML/AI, the fidelity (8), which gives the
quadratic form (12), see also the more general Rayleigh-
quotient form (34), may serve as a basis for many approx-
imation methods. An important feature of Eq. (8) is that
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it provides a quadratic fidelity without increasing the di-
mensionality of the optimization problem. In Appendix D
of Ref. [19], we showed that Uhlmann fidelity for mixed-
state-to-mixed-state CPTP quantum channel mappings can
be represented as a quadratic function if a number of
auxiliary variables (unitary operators U (l )) are introduced.
The optimization is then performed simultaneously over the
mapping operators Bjk;s and the auxiliary variables U (l ).
While the auxiliary variables allow the fidelity to be formu-
lated as the required quadratic function of the optimization
variables (decision variables), the resulting increase in di-
mensionality makes this approach impractical. The form (8)
allows quadratic fidelity to be considered without introduc-
ing auxiliary variables, although it does not apply to general
mixed-state-to-mixed-state mappings.

III. QUANTUM CHANNEL RECONSTRUCTION PROBLEM

The problem of quantum channel reconstruction is reduced
to the maximization problem (12), subject to constraints on Bs.
The most typical constraints correspond to CPTP mappings:

δkk′ =
Ns−1∑
s=0

D−1∑
j=0

B∗
jk;sB jk′;s. (13)

For some ML problems, it is convenient to have an alternative
form of constraint where a unit matrix is mapped to a unit
matrix:

δ j j′ =
Ns−1∑
s=0

n−1∑
k=0

B∗
jk;sB j′k;s. (14)

This form arises from partially unitary learning [17,18] and
corresponds to the condition for a quantum channel (1) to
transform a unit input matrix AIN into a unit output matrix
AOUT. This form does not preserve the trace and is primar-
ily useful for exploring numerical algorithms and studying
projections. This map is completely positive (CP) but not
trace-preserving (TP) and should be treated accordingly. For a
unitary mapping, Ns = 1 and D = n, both forms of constraints
coincide. Other forms of constraints can also be considered.

Additionally, an always-required constraint is that the map-
ping (1) must be a completely positive map. For the Kraus
form, this condition is automatically satisfied.

An important feature of optimizing Eq. (12) subject to
constraints (13) or (14) is that both the objective function and
the constraints are quadratic functions of the mapping oper-
ators Bs. This optimization is referred to as a Quadratically
Constrained Quadratic Program (QCQP). When Ns = 1 and
D = n, the problem of learning a unitary operator U from
mapping data is often referred to as “tomography of uni-
tary operations” in quantum computation [33,34], or “unitary
learning” in artificial intelligence [13,17]. In Ref. [17] we
developed an iterative algorithm that, in most cases, provides
the globally optimal solution to unitary learning. We then
approached the problem of reconstructing a quantum channel
from data in Ref. [18], but encountered difficulties related to
proxy fidelity when going beyond unitary learning. The main
difficulties encountered in our previous works were:

(1) Although the introduced iterative algorithm was in fact
yielding the global maximum solution, the reason for this
behavior was not clear.

(2) For maps beyond the unitary case, there was difficulty
in formulating a quadratic fidelity in the mapping operator that
satisfies an analog of Uhlmann’s theorem. This was especially
problematic for quantum maps that are CP but no longer TP,
for example projective operators.

(3) Difficulties with algorithm convergence when going
beyond Kraus rank-one solutions.

In the present work, we re-approach the problem using
a different technique: SDP, which allows us to reduce the
problem to a convex optimization problem. This explains why
we were able to find the global solution. The admissible forms
of fidelity are now extended from a quadratic form (12) to a
ratio of two quadratic forms (34). This extension allows for
the reconstruction of a completely new class of operators, for
example projective operators (which are not TP operators).

For numerical optimization the specific method of
parametrizing of the space we learn the solution in, is typically
the key to success. Besides working in the space of Kraus
operators Bs, one may also consider an alternative in the form
of the Choi matrix J :

J (E ) =
n−1∑

k,k′=0

|k〉〈k′| ⊗ E (|k〉〈k′|), (15)

where the quantum channel mapping E is the mapping (1).
The Choi matrix is constructed by mapping the basis states
of the system to the corresponding output states under the
channel. Each of the n × n elements of the input space is
mapped to a D × D output matrix, resulting in a total size of
Dn × Dn elements. The Choi matrix is quadratic in the Kraus
operators Bs. If we express the fidelity (12) and the constraints
(13) or (14) in terms of the Choi matrix, these will become
linear functions of its elements.

For the numerical method, it is convenient to define the
Choi matrix in the form of swapped indices, specifically,

J jk; j′k′ =
Ns−1∑
s=0

B∗
jk;sB j′k′;s. (16)

It has the same dimension Dn × Dn as the tensor Sjk; j′k′ and
the original Choi matrix (15). The matrix J jk; j′k′ is Hermi-
tian when considering the jk pair as a multi-index i = ( j, k),
such that J jk; j′k′ = J ∗

j′k′; jk ; in numerical implementation, it is
convenient to map the multi-index i to a scalar index as i =
jn + k. The quantum channel transformation (2) now takes a
form similar to the partial trace:

� j j′ =
n−1∑

k,k′=0

J ∗
jk; j′k′ρkk′ . (17)

The objective function (12) now is

F =
D−1∑
j, j′=0

n−1∑
k,k′=0

J jk; j′k′S jk; j′k′ . (18)
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The constraints (13) and (14) now take the partial trace forms
(19) and (20), respectively,

δkk′ =
D−1∑
j=0

J jk; jk′ , (19)

δ j j′ =
n−1∑
k=0

J jk; j′k . (20)

They are linear functions in the elements of J jk; j′k′ . In SDP

terms, the optimization problem becomes: Maximize Eq. (18)
with respect to J , subject to Eq. (19) [or Eq. (20)] con-
straints and the condition that J is semidefinite, J � 0. If
one considers the solution without the semidefinite constraint,
imposing only the required linear constraints, the resulting
linear-programming (LP) solution produces a matrix J that
generally has both positive and negative eigenvalues, and the
obtained value of F corresponds to the maximal eigenvalue of
S. Whereas in the Kraus representation (1), the requirement
for a completely positive map is automatically satisfied, for
Choi matrix, an additional constraint of semidefiniteness is
always required.

J � 0 (21)

There are several possible forms in which to express this
requirement. For example, it could be that J is required
to be the Gram matrix of some vectors: Ji;i′ = 〈v[i] | v[i′]〉.
Alternatively, one may require J to have only nonnegative
eigenvalues.

For the reconstruction of a quantum channel, the problem
becomes: maximize the fidelity F in the form (22)

TrJ S → max, (22)

TrJ Ac = βc c = 1 . . . Nc, (23)

subject to the constraints (23) and (21). The optimization is
performed with respect to the Choi matrix elements J jk; j′k′

(16). The objective function (22) is the quadratic fidelity
(12). The constraints (23) are quantum channel mapping con-
straints, such as trace preservation (13) or possibly some
other form such as (14). There is also an additional constraint
requiring complete positivity of the Choi matrix (21). For
the more general case in which the fidelity is expressed as
a ratio of two quadratic forms, the objective function and
constraints are modified slightly. See Sec. IV E below for this
modification, where we study the reconstruction of projective
operators.

The number of constraints Nc for Eq. (19) is n(n + 1)/2,
and D(D + 1)/2 for Eq. (20); the matrices Ac and scalars βs

are directly obtained from these. Without loss of generality,
the matrices Ac and S can be taken to be Hermitian. Also,
we will be studying only real symmetric matrices, which are
required for ML and AI studies. In this form, the problem
becomes exactly an semidefinite programming (SDP) problem
[35–42]. A remarkable feature of this formulation is that the
optimization problem is convex [23]. SDP is defined as a
special case of a conic-form convex optimization problem.
Specifically, when the cone is the cone of positive semidefinite
matrices (the PSD cone), the resulting program is convex.
The feasible set in an SDP is the intersection of an affine

subspace (arising from equality constraints or affine linear
matrix combinations) with the cone of positive semidefi-
nite matrices—and this cone is convex. As a consequence,
any local optimum is also a global optimum, and efficient
polynomial-time interior-point algorithms exist, similar to
those for LP. This is discussed in Ref. [23].

This explains why identifying a full rank quantum channel
is a simpler problem that unitary learning, which we pre-
viously considered [17]. The problem of unitary learning is
nonconvex. If we consider it as an SDP problem of above,
the additional constraint that J be a rank-one matrix must
be imposed, in addition to the requirement J � 0. The tech-
nique developed in Ref. [17] includes a major transition from
traditional mathematical analysis tools [13,14,38,39] (e.g.,
gradient, derivative, etc.) to using algebraic tools (eigenprob-
lem); this greatly increases the chances of finding the global
maximum. This technique can also be applied to the quantum
channel; the difficulties we encountered in Ref. [18] were
mostly overcome by properly selecting the basis used to rep-
resent the quantum channel (see Appendix A).

However, the problem of full rank quantum channel re-
construction appears to be much simpler—a convex SDP

problem—as long as the fidelity (12) takes the quadratic form
in the mapping operators, or more generally, as a ratio of two
quadratic forms (34). For this reason, we approach it using
interior-point SDP optimization software [25–27]. We also
consider it using the updated version of our algorithm [18];
see Appendix A. The main strength of our algorithm is its
applicability to nonconvex problems. For example, if we seek
a solution as a quantum channel of a specific Kraus rank Ns,
then the problem becomes nonconvex and significantly more
difficult to approach. While our algebraic approach is fully
applicable to nonconvex problems (such as unitary learning),
it is significantly less computationally efficient than interior-
point SDP optimization methods for convex problems. This
difference in computational efficiency becomes especially sig-
nificant in the case of high Kraus-rank quantum channels,
particularly the full-rank ones.

IV. PRACTICAL DEMONSTRATIONS OF QUANTUM
CHANNEL RECONSTRUCTION FROM DATA

In this section, we examine several quantum channel recon-
struction problems employing different methods. We begin
with the simplest case of a unitary mapping.

A. Reconstructing unitary mappings from data

Whereas in most practical ML/AI problems the data is
given in the form of a general vector-to-vector mapping (3),
which must first be converted into a wave function mapping
such as Eq. (5), unitary dynamics does not require this step,
since the data are already provided in wave function-mapping
form. Consider a simple classical problem discussed in Ref.
[17]. Let there be an initial state vector X(0) with unit L2 norm,
and a unitary matrix U . The operator U is applied to X(0) M
times:

X(l+1) = UX(l ). (24)

From this sequence, we construct M observation pairs
(ψ (l ), φ(l ) ) by selecting the (l, l + 1) elements of the sequence
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and multiplying them by random phases exp(iξl ) and exp(iζl )
(or by ±1 in the real-valued case):∣∣ψ (l )

〉 = exp(iξl )
∣∣X(l )

〉
, (25a)∣∣φ(l )

〉 = exp(iζl )
∣∣X(l+l )

〉
. (25b)

The mapping then coincides exactly with (7), with ρ (l ) =
|ψ (l )〉〈ψ (l )| and �(l ) = |φ(l )〉〈φ(l )|. The random phases render
standard regression-type methods inapplicable; however, the
tensor S jk; j′k′ in Eq. (11) has all random phases canceled.

The sample (24) should be information-complete [43]. For
example, if U corresponds to a Hamiltonian H ,

U = exp
[
−i

τ

h̄
H

]
, (26)

and X(0) is an eigenvector of H , then every step of the mapping
(24) is reduced to multiplying X by a phase. In numerical
experiments we select X(0) at random, so that the unitary
dynamics (24) involves all eigenvectors of the corresponding
Hamiltonian.

The tensor S jk; j′k′ (11) is obtained from these M observa-
tions, and we use it to reconstruct U . Whereas in Ref. [17] we
sought U specifically among unitary operators (Ns = 1), here
we consider the following two cases:

(1) A full-rank (Ns = n2) quantum channel (1) using
interior-point SDP optimization software [25–27]. This prob-
lem is convex and is expected to be efficiently solvable. SDP

optimization yields the Choi matrix (16). When the solu-
tion is recovered exactly, this matrix has rank one, and the
unitary operator U can be obtained from its corresponding
eigenvector.

(2) A quantum channel (1) of specific rank Ns � 1 using
the updated version of our algorithm from Appendix A. This
problem is nonconvex, as the quantum channel is not full-
rank, but our algebraic approach is typically capable of finding
the global maximum. This optimization problem yields the
quantum channel in the LLT representation (A1). When the
solution is recovered exactly, the matrix B (A4) of dimension
Dn × Ns has a single nonzero column, which corresponds to
the desired unitary operator U .

The purpose of this section numerical experiments is
to assess how well the new technique can handle the
well-established problem of unitary learning, specifically re-
constructing unitary channels (Kraus rank one, Ns = 1) using
a quantum channel with a much higher Kraus rank.

Here we reproduced the unitary dynamics (Ns = 1, D = n)
results of Sec. IV of Ref. [17] using the following software:

(1) CVXPY 1.7.5 SDP optimization software [27] from
github.com/cvxpy/cvxpy. It was installed as pip3
install cvxpy and then integrated into our Java codebase
with a script com/polytechnik/sdpexternalsolvers/
solver_cvxpy.py, which has a json file in-
put/output interface implemented in com/polytechnik/
sdpexternalsolvers/CVXPYsolver.java; this requires
Gson library from github.com/google/gson to be
installed.

(2) SDPA 7.3.20 SDP optimization software [25]. It was
compiled to OS-native code and then integrated into our Java
codebase with the JNI implementation com/polytechnik/
sdpexternalsolvers/SDPAsolver.java.

FIG. 1. Rank of the Choi matrix J (16) (red), obtained as a
solution to the optimization problem (22) for unitary mapping (25)
data, is shown. This plot demonstrates a perfect reconstruction of
the unitary operator from the data for the dimension range 1 �
D = n � 30. We made similar plots in Ref. [17] using our original
software. The presented plot was generated using the off-the-shelf
SDP software: CVXPY and SDPA, both of which reconstruct the unitary
channel exactly. The fidelity (green) of the reconstructed channel
is exact because the quantum channel was reconstructed perfectly,
and the original unitary mapping maps a pure state to a pure state
(24), yielding the exact fidelity (12). The purpose of this plot is to
demonstrate the application of the convex SDP optimization approach
to the problem of unitary learning.

(3) An updated version of our algebraic approach al-
gorithm, as described in Appendix A, is implemented in
com/polytechnik/kgo/QCInverseProblem.java.

The reconstruction was tested on unitary dynamics data of
the form (24), so no preliminary conversion, such as Eq. (5),
is required. In these tests, we have a known unitary operator
U that generates an information-complete data sample (25),
from which the tensor S jk; j′k′ (11) is created. While the al-
gorithm from Appendix A finds the unitary operator directly,
the SDP optimization software finds the Choi matrix (16).
The unitary operator U is then obtained from J jk; j′k′ as its
eigenvector, corresponding to the maximal eigenvalue.

The results for SDP software CVXPY and SDPA are presented
in Fig. 1. The unitary mapping exact reconstruction results
from Ref. [17] were reproduced with the software in question.
The simulation results can be summarized as follows. For
small n, the algorithm from Appendix A is typically faster, as
it works in a space of dim1 (A7) parameters, whereas the SDP

algorithms work in a space of the Choi matrix with dimension
n2 × n2. If one attempts to put an explicit constraint on the
rank of the Choi matrix (which is equal to one in the case of
unitary learning), this makes the problem nonconvex and not
directly solvable with SDP software. However, the mentioned
SDP software was able to find the rank-one Choi matrix exactly
for sufficiently large n, without an explicit constraint on the
Choi matrix rank. For a 16-core 5GHz x64 CPU with 32GB
of memory, CVXPY has a maximum n of about 22 (Choi matrix
of dimension 484 × 484), and is limited by the calculation
time. For SDPA, the maximum n is about 50 (Choi matrix of
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dimension 2500 × 2500), and is typically limited by memory.
The algorithm from Appendix A is limited by the eigen-
problem dimension (A7). Note that most regular commercial
software uses INT32 array indices, which limits the use of ma-
trices with dimensions larger than

√
231 ×

√
231, i.e., 46340 ×

46340. For larger matrices, all the libraries must be recom-
piled with int64 array indices.

We conclude that, for unitary dynamics data, the SDP op-
timization allows for the exact identification of the unitary
dynamics, despite this being a difficult case of a rank-one
Choi matrix. There was no failure in SDP reconstruction of the
thousands of randomly generated unitary matrices we tried,
in addition to those from Ref. [17]. These numerical exper-
iments show that the convex nature of the SDP optimization
problem makes the difficulties mostly technical, which can
be overcome with algorithm improvements and possibly with
hardware optimization.

B. Toy example in quantum channel reconstruction

Before we consider applications for the practical recon-
struction of a quantum channel, it would be convenient to first
examine the quantum channels that allow for achieving 100%
fidelity in pure state mapping. When the fidelity is exact, this
greatly simplifies the assessment of algorithm correctness and
sensitivity to problem degeneracy.

A pure-to-pure state mapping would not give 100% fidelity
for a general CPTP quantum channel, except for unitary chan-
nels and quantum channels with Ns = 1 and D � n that satisfy
the trace preserving constraints.

In this section, we consider a CPTP quantum channel with
D > n that satisfies (13). This channel has Kraus rank one,
preserves the trace, and is not unitary. To some extent, it is
similar to partially unitary channels with D < n satisfying
(14) that we considered in Ref. [17].

These forms have Kraus rank one and computational prop-
erties similar to the unitary optimization considered in the
previous section. To construct such a channel, we randomly
generated Bjk;s operators, now with D > n. These are actu-
ally the operators Bjk;s from Appendix A, but without the
lower-diagonal condition (A4). Using the transform (A24),
we obtain the B̃ jk;s operators that satisfy the trace-preservation
constraint (13). Then, we randomly generated a wave function
ψ (l ), and calculated φ(l ) by passing it through the quantum
channel. The rest is similar to the unitary optimization above:
we constructed the tensor S jk; j′k′ (11) and solved the opti-
mization problem using the same software as for the unitary
learning above.

The results are the following. The CVXPY and Appendix A
software were able to always exactly reconstruct the original
D > n quantum channel used to construct the sample. The
SDPA often misidentifies the problem as being unbounded and
frequently fails to find the solution; this can, to some extent,
be resolved by adjusting the parameter lambdaStar. Overall,
the results are very similar to those of the unitary learning case
above, where SDP optimization is limited by the dimension
of the Choi matrix, and the Appendix A software is limited
by the dimension of the eigenproblem (A6). The purpose of
this toy-channel example is to present a simple, nonunitary
quantum channel that can be reconstructed exactly.

C. Reconstructing quantum channel mappings from data

Whereas unitary learning is an established field of ML and
AI, the application of general quantum channel mapping (1)
to ML and AI represents a novel form of knowledge repre-
sentation, allowing one to distinguish between probabilistic
mixtures of states and their superposition. We approached this
representation with an eigenproblem-based algorithm back
in Refs. [18,19], but some problems still remain, as discussed
in Appendix A 2 below.

The convex nature of the SDP problem offers a new per-
spective on the direct reconstruction of quantum channel
mappings from experimental data. The only important lim-
iting factor here is the requirement for fidelity to be a ratio
of two quadratic functions of the mapping operators. When
a proxy fidelity (approximation) is used to build a quadratic
form, the maximum of the proxy fidelity may not be achieved
for the original quantum channel. In Table I of Ref. [18], we
demonstrated, for a Kraus rank-3 quantum channel, a situa-
tion where a single unitary operator provides a higher proxy
fidelity than the proxy fidelity of the entire rank-3 quantum
channel. For true fidelity, the situation is the opposite: the
fidelity of the rank-3 quantum channel is 100%, and any
unitary operator gives a much lower fidelity. This makes the
selection of the specific form of fidelity a crucial factor in
quantum channel reconstruction.

However, this is typically not an issue in the ML and AI
fields, where vector-to-vector mapping (3) is usually con-
verted to pure state mapping, such as Eq. (5), allowing the
use of quadratic fidelity in mapping operators (8). At the
same time, for a pure state-to-pure state mapping, a quantum
channel that provides 100% fidelity for pure state mapping
may not exist, which complicates the evaluation of the quality
of the solution obtained. If we find the solution, how can we
prove that it is the optimal one? One simple method is to use
several different software packages and compare the results.

A general quantum channel (1) mapping mixed states (4)
requires the fidelity between the obtained � and the desired σ

density matrices, as described in Ref. [44], p. 409, and Ref.
[30], p. 285,

F (σ, �) = |Tr
√

�1/2σ�1/2|2, (27)

instead of the familiar expression in Eq. (8), which gives
a quadratic total fidelity (9) in the mapping operators Bs.
Preferably, we would like to have the σ, � states that allow
us to write the fidelity as

F (σ, �) = Tr σ� (28)

to obtain the quadratic expression (12) with the tensor

S jk; j′k′ =
M∑

l=1

ω(l )�
(l )∗
j j′ ρ

(l )∗
kk′ . (29)

However, Eq. (28) matches Eq. (27) only when one of the
density matrices, σ or �, is a pure state. This particularly
explains why the form in Eq. (8) is sufficient in most ML
and AI classical applications, where the desired density matrix
σ is a pure state, typically obtained from a vector-to-vector
mapping Eq. (3) in a manner similar to Eq. (5).

035302-7



MIKHAIL GENNADIEVICH BELOV et al. PHYSICAL REVIEW E 114, 035302 (2026)

1. Low Choi matrix rank as an intrinsic feature
of optimization solutions

We start with the task of identifying the Choi matrix struc-
ture. First, a large sample M 
 Dn of wave functions (6) was
randomly generated for various values of D and n. The case
D < n is typically more important in practical applications,
for example as a feature-identification task. After the compu-
tation of the tensor S jk; j′k′ (29), the optimization problem is
solved. The matrix S jk; j′k′ generated in the described way is
nondegenerate, with eigenvalues approximately more or less
evenly distributed within some range. Effectively, this is a
random matrix obtained as a fourth-degree correlator of two
vectors ψ and φ (11), with the vectors now chosen randomly.

The optimization is approached with the SDP algorithm to
solve the optimization problem (22) subject to the TP con-
straints (19) and CP constraints (21). The solution results in
the Choi matrix (16) being obtained. The CVXPY and SDPA

software perform quite well for this task; SDPA is faster and
gives better precision, but sometimes misidentifies the prob-
lem as being unbounded. Our Appendix A software has some
other issues, which are discussed below in Appendix A 2.

Having these tools available, the first question to ask is
about the rank of the obtained Choi matrix. When fitting
random data using traditional learning representations, such as
least squares, PCA, neural networks, and others, for random
input/output data, the information typically propagates to all
available degrees of freedom of the model. Numerical experi-
ments show that this does not seem to be the case for quantum
channel mapping: The obtained Choi matrix typically has
a rank much lower than its maximal possible rank Dn. To
identify the Choi matrix structure, we performed the following
numerical experiment:

For a given n and D, we randomly generate M = 2n2D2 +
100 000 normalized wave function pairs as pseudo-random
unit-norm vectors of length n (ψ (l )) and D (φ(l )), consider-
ing them as if they were the mapping (6). Here and below,
the phrase “generated random matrix/vector” refers to using
a [−1 : 1] uniformly distributed pseudo-random generator,
java.util.Random, with a specific initial seed chosen to
ensure reproducibility of the numerical experiments. We used
20 different initial seeds to compare the results. Although the
resulting distributions were similar across runs, using different
seeds allowed us to confirm the observed effects. From the
obtained mapping, we construct the tensor Sjk; j′k′ (11) and
solve the optimization problem with it. The result of the opti-
mization yields the Choi matrix (16) of dimension Dn × Dn.
All the eigenvalues of the Choi matrix are obtained. Many of
them are small, making it difficult to distinguish actually small
values from those due to numerical errors. For this reason,
we define the rank of the Choi matrix as follows: for sorted
eigenvalues, going down from the largest (i = Dn − 1) to the
smallest (i = 0), we stop when either the eigenvalue is lower
than 10−5 or the ratio to the previous eigenvalue λ[i+1]/λ[i]

exceeds 104.
In Fig. 2, the rank of the obtained Choi matrix as the

solution for optimization problem with this S jk; j′k′ , corre-
sponding to a completely random mapping (not corresponding
to an actual quantum channel), is presented for two cases:
equal IN/OUT dimensions 1 � D = n � 30, and for fixed

FIG. 2. Rank of the Choi matrix J (16) (red) obtained as a
solution to the optimization problem for a random ψ → φ mapping
(6): (a) The case 1 � D = n � 30. The rank grows slowly with the
increase of n; the rank value typically comprises less than 1.5% of
the matrix dimension Dn. (b) The case where n = 15 is fixed and 1 �
D � 30 is varied. The maximal obtained Choi matrix rank is 15 for
D = 1 (trace calculation); the rank decreases slowly with an increase
in D. The dashed lines correspond to the minimum and maximum
ranks obtained across 20 runs with different initial seeds, while the
solid line corresponds to a particular seed chosen as a representative
example. Further increasing the number of runs resulted in little to
no change in the observed minimum and maximum rank values. The
green line represents the relative fidelity F/

∑
l ω(l ); error bars for

the fidelity are not shown because the variation across the 20 runs is
very small. Since the sample is random, the fidelity decreases with
the increase in problem size, as it becomes less likely for two random
states to match as the dimension increases. For D = 1, the fidelity is
exact: F = ∑

l ω(l ); this is simply a trace calculation. These plots
show that it is difficult to obtain a high-rank Choi matrix as the so-
lution to the quantum channel reconstruction optimization problem.
Quantum channels reconstructed from classical data usually exhibit
a low Kraus rank.

n = 15 with varied 1 � D � 30. The optimization problem
was solved by CVXPY and SDPA programs. They typically
produce almost identical solutions with identical ranks, with
only a few cases of noticeable differences. As expected, the
Choi matrix rank almost does not depend on the initial random
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value used to generate random mapping (6)—only in a few
points the Choi matrix rank may possibly differ slightly. The
dashed lines correspond to the minimum and maximum ranks
obtained across 20 runs with different initial seeds. Further
increasing the number of runs resulted in little to no change in
the observed minimum and maximum rank values.

The most unexpected result is that the rank of the Choi
matrix, corresponding to the optimization problem solution
with S jk; j′k′ , which is obtained as a four-particle correlation
〈φ∗

j φ j′ψ
∗
k ψk′ 〉 (11) of random wave function, is small. For

example, Fig. 2(a) shows that the rank of the Choi matrix does
not exceed 13 for D = n = 30, i.e., it is less than 1.5% of
the matrix dimension. This is quite unusual. We compare this
case with a general case of a random Bjk;s: we generated an
initial random matrix Bjk;s of Ns = Dn, converted it to trace-
preserving form (13) with the transform (A24), then obtained
the corresponding Choi matrix (16), and finally determined its
rank. Whereas for the Choi matrix obtained as a solution to the
optimization problem, the rank is typically small, the rank of
the Choi matrix obtained from this randomly generated Bjk;s

is very close to the maximal possible rank Dn, typically equal
to or differing by no more than 2 − 3 from the maximal value.

In Fig. 2(b), we fixed n = 15 and varied 1 � D � 30.
At D = 1, the rank is maximal, 15, which corresponds to a
quantum channel performing a trace calculation, as in Eq. (1),
with Bs being an arbitrary orthogonal basis. As D increases,
the rank of the Choi matrix decreases. The fidelity (green line)
also decreases with the increase in problem size, as it becomes
less likely for two random states to match as the dimension
increases.

These numerical experiments show that quantum channels
reconstructed from classical data typically exhibit a low Kraus
rank. This is an important feature to consider when using
quantum channels as ML/AI knowledge representations. It
will be shown below that this result of a low-rank Choi ma-
trix is common and occurs not only for randomly generated
mappings. The random mapping is the most representative: if
it were a linear regression or PCA-type expansion, it would
expand to all available degrees of freedom. A question arises
as to whether the low Kraus rank (about a few percent of the
matrix dimension) of the solution J to the optimization prob-
lem (22) is a specific feature of the S jk; j′k′ form obtained from
“classical” data, as four-particle correlation in Eq. (11), or if
it is an intrinsic property of the optimization problem itself.

The simplest test would be to consider Si;i as a random Her-
mitian matrix with multi-index i = ( j, k), without any relation
to four-particle correlation as in Eq. (11) or Eq. (29), and
solve the optimization problem with it as if it were the tensor
S jk; j′k′ . The result for random matrix in Fig. 3 is very similar
to what we observed for the random sample in Fig. 2. Both
CVXPY and SDPA produce identical solutions. This fact—that a
random Si;i, without any internal structure, produces a solution
to optimization problem (22) with a low-rank Choi matrix
J—leads us to conclude that the low rank of the solution is
an intrinsic property of the optimization problem (22), and is
not related to the way the sample is constructed or how Sjk; j′k′

is calculated (29).
Additionally, we tried a variety of other forms of S jk; j′k′

and have never been able to obtain a Choi matrix solution
to Eq. (22) with a rank greater than max(D, n). The fact

FIG. 3. Rank of the Choi matrix Ji;i′ (16) obtained as a solution
to the optimization problem for a case with random Si;i′ , without
any internal structure, is shown. The dashed lines correspond to the
minimum and maximum ranks obtained across 20 runs with different
initial seeds, while the solid line corresponds to a particular seed
chosen as a representative example. (a) The case 1 � D = n � 30.
(b) The case where n = 15 is fixed and 1 � D � 30 is varied. Similar
to Fig. 2, we also obtain a low-rank Choi matrix J . This leads us to
conclude that the low rank of the solution (a few percent of the matrix
size Dn) is an intrinsic property of the optimization problem (22).

that, for quantum channel reconstruction, the optimization
problem solution typically produces a low-rank Choi matrix
is an important property in practice. Low Kraus rank has
deep significance in AI and ML applications: our numerical
simulations show that a relatively small Kraus rank quantum
channel is typically sufficient to describe experimentally ob-
served data. This allows the use of a wide range of problem
optimizations, particularly hardware-type optimizations. Most
importantly, quantum channel learning representation can be
considered a natural extension to unitary learning; the convex
nature of the optimization problem makes the approach espe-
cially appealing in practical applications.

2. Data-driven quantum channel reconstruction

After establishing the important property of low Choi rank
in the optimization problem solution, we test the approach on
some actual data. The main difficulty is that there is no quan-
tum channel (except for unitary and unitary-like channels) that
will map pure states (6) exactly. For this reason, for a general
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quantum channel, we construct a sample that transforms an
input pure state ψ (l ) to an output mixed state �(l ) by passing
ψ (l ) through the channel, and then use the eigenvector of the
output state �(l ) corresponding to the maximal eigenvalue as
the resulting pure state φ(l ). In this way, the quantum channel
reconstruction problem can be approached directly, but the
original quantum channel can serve only as a lower-bound
estimate for the solution. Specifically:

(1) We construct full Kraus rank (Ns = Dn) operators Bjk;s

as random matrices with D, n = 1 . . . 30. This is a completely
positive but not necessarily trace-preserving map from a space
of dimension n to a space of dimension D. Using the transform
(A24), we obtain the B̃ jk;s operators that satisfy the trace-
preserving constraint (13); these are actually the operators
Bjk;s from Appendix A, but without the lower diagonal condi-
tion (A4). As discussed above, the Choi matrix corresponding
to this randomly generated quantum channel has a Kraus rank
equal to or very close to the maximal value, Dn.

(2) For l = 1 . . . M, where M is chosen as M = 2n2D2 +
100 000, we randomly create wave functions ψ (l ) of dimen-
sion n. The state |ψ (l )〉〈ψ (l )| is then passed through the
quantum channel (1), and the density matrix �(l ) of dimension
D is obtained. The mixed-state output �(l ), however, does
not allow the quadratic fidelity (8) to be applied. To obtain
the mapping of the form (7), we find all eigenvectors of �(l )

and select |φ(l )〉 as the one corresponding to the maximal
eigenvalue of �(l ). (Note that for a large M, this construction
of a sample can be slow, but reducing the sample size M
does not change the result). This way, the pure state-to-pure
state mapping with quadratic fidelity (9) is obtained, and the
tensor S jk; j′k′ (11) is calculated. This tensor, however, does
not correspond to the quantum channel used to construct the
sample, as the sample was modified to fit the pure state-to-
pure state paradigm, which is typical in the data analysis field.
Thus, we cannot require the reconstructed channel to match
the original quantum channel exactly, but we can compare
the fidelity obtained, using the original quantum channel as
a lower bound.

This analysis was conducted using CVXPY and SDPA soft-
ware, which produce identical results. The difficulties with our
eigenproblem-based approach are discussed in Appendix A 2
below. The result is presented in Fig. 4 in the same form as in
Fig. 2 for the random sample. The Finit (green) is the fidelity
obtained for the pure state-to-pure state sample, with the quan-
tum channel initially used to construct the sample by taking
the eigenvector corresponding to the highest eigenvalue of the
output density matrix �(l ). It decreases with the dimension, but
slower than in Fig. 2 for the random sample. The F (olive) is
the fidelity corresponding to the quantum channel obtained as
the solution to the optimization problem (22) with the sample
we created. At high dimensions, it exceeds Finit by several
times. This simulation confirms an important feature of the
low Kraus rank of the resulting Choi matrix.

Whereas we cannot theoretically confirm that the found
solution is exactly optimal, the identical results obtained from
CVXPY and SDPA software, along with the convexity property
of the SDP problem itself, lead us to conclude that the prac-
tically found fidelity maximum is global. These simulations
confirm the applicability of the SDP technique to quantum
channel reconstruction and show that a quantum channel with

FIG. 4. Rank of the Choi matrix J (16) (red) obtained as a solu-
tion to the optimization problem for a sample calculated as a random
pure state passed through the quantum channel, with the eigenvector
corresponding to the maximal eigenvalue of the output density matrix
taken as the result. The fidelity Finit/

∑
l ω(l ) (green) is the fidelity

of this initial map on the generated sample. The fidelity F/
∑

l ω(l )

(olive) is the fidelity of the quantum channel obtained as a result of
the optimization problem (22) with Sjk; j′k′ (11) from this sample. At
high dimensions, it is several times higher than the fidelity of the
original map. The low Kraus rank feature is also confirmed for this
sample. (a) The case 1 � D = n � 30. (b) The case where n = 15
is fixed and 1 � D � 30 is varied. When D = 1, trace preservation
reduces to the trace-calculating quantum channel, which has Kraus
rank Ns = n. The error bars are not shown because the plot already
contains a large number of curves. They are very similar to those in
Fig. 2 across all 20 runs.

a relatively small Kraus rank is typically sufficient to describe
experimentally observed data.

D. Approximate inverse of a quantum channel

Consider a CPTP map (1) subject to the TP constraints
(13), and ask under what conditions this channel can be in-
verted. An invertible quantum channel is one whose action
can be undone by another CPTP map. This requirement is
very restrictive. A quantum channel is invertible (i.e., admits
a CPTP inverse) if and only if it is a unitary channel. This cor-
responds to physical reversibility with no loss of information.
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In all other cases, one can obtain only one of the following
weaker notions of invertibility:

(1) A linear inverse, which may exist as a linear map but
is not necessarily completely positive.

(2) An inverse on a restricted set of states, for example,
one defined on a known subspace.

(3) An inverse with post-selection, which may be linear
but is not necessarily trace-preserving.

(4) An approximate inverse, in which some irreversibility
error remains.

It is important to note that for pure state-to-pure state map-
ping, the fidelity in the form (8) gives exactly the same S jk; j′k′

(11) for both the direct and inverse quantum channels, with the
indices swapped. Note that the trace-preserving constraints
(13) are the same as the unit matrix invariance constraint
(14), with the indices swapped. Thus, the maximization of
the fidelity (12) subject to the (13) constraint gives the direct
quantum channel, and the maximization of the same fidelity
subject to Eq. (14) gives the inverse quantum channel. This
follows immediately from swapping AIN/AOUT in Eq. (1) and
applying the trace-preservation constraints to them; similarly,
in Eq. (17) for ρ ↔ �. Whereas for small Ns the constraints
cannot always be satisfied, for large enough Kraus rank, the
quantum channel satisfies all the required constraints.

The problem of constructing an inverse quantum channel
can be an attractive approach in certain ML/AI applications.
It allows one to consider mappings from pure states to mixed
states, a common setting in quantum information processing.
In this case, the mapping becomes a quadratic function of the
mapping operators, in the same way that the mapping (7) from
a mixed state to a pure state yields a quadratic fidelity in the
mapping operators for the direct quantum channel.

Our numerical experiments show that the inverted quan-
tum channel provides similar properties to the direct one in
terms of Choi matrix rank. A question arises: when can the
inverse channel in ML applications be constructed simply by
“swapping the indices,” besides for the unitary channel? If
we drop the requirement of trace preservation, and require
a single “simplified” condition (A2)—this allows the fidelity
optimization problem to be reduced to an eigenvalue problem.
The question of constructing alternative forms of constraints
(not necessarily trace-preserving) that would allow for the
direct construction of an inverse quantum channel is a subject
of future research. In data analysis, other forms of constraints
beyond trace preservation are often crucial.

E. Reconstructing projective operators:
Approaches and applications

Besides constructing the inverse quantum channel (in this
case, we typically have D = n), the unit matrix-to-unit matrix
constraints (14) in the D < n case arise in the reconstruction
of projections. Reconstructing projective operators is of par-
ticular interest in data analysis. Consider a space of dimension
n, and a projective operator P, projecting it to a smaller
subspace of dimension D. Instead of the common condition
P2 = P, it is better to represent the unit matrix in the original
space as

1 =
n−1∑
k=0

∣∣ψ [k]
〉〈
ψ [k]

∣∣, (30)

where ψ [k] is an arbitrary orthogonal basis in the input vec-
tor space. Then we can select this basis as the direct sum
of the desired subspace of dimension D and the orthogonal
subspace, which has dimension n − D. From here, we im-
mediately obtain that a projective operator is an operator that
transforms a unit matrix of dimension n into a unit matrix of
dimension D, That is, it is a Kraus rank-one (Ns = 1) quantum
channel with D < n, satisfying the constraints (14). This is a
trace-decreasing map.

Assume we have a sample (6) with the mapping

ψ (l ) → φ(l ) = |P|ψ (l )〉√
〈ψ (l )| P†| P| ψ (l )〉

, (31)

where P is a projective operator. This means that φ(l ) is a
normalized projection of ψ (l ) onto some subspace. A trivial
way of using the direct projections 〈ψ | φ〉 to reconstruct P
is usually inapplicable, since random phases, similar to those
in Eq. (25), are always assumed to exist in the measured data
(these phases are ±1 for real-valued data). The problem is
reduced to maximizing the fidelity

F =
M∑

l=1

ω(l ) |〈φ(l )|U | ψ (l )〉|2
〈ψ (l )|U†|U | ψ (l )〉 −→

U
max (32)

for partially unitary operators U with D < n that satisfy the
constraints (14). These constraints are quadratic in U and are
perfectly applicable to the framework of this paper. How-
ever, the fidelity in Eq. (32) cannot be exactly reduced to the
quadratic form (12), since for each l , there is an U -dependent
term in the denominator.

One can formally approximate Eq. (32) not by summing
the individual terms, but instead by summing the numerator
and denominator terms separately, and then considering their
ratio,

F ≈
∑M

l=1 ω(l )|〈φ(l )|U | ψ (l )〉|2∑M
l=1 ν (l )〈ψ (l )|U†|U | ψ (l )〉 −→

U
max, (33)

where ν (l ) are some weights. One may choose for example
ν (l ) = ω(l ) and thus normalize (33) to the [0 : 1] interval. As
discussed in Ref. [18], an important property required for
any approximated fidelity is that it should attain its maxi-
mum when the mapping operators correspond to the sought
quantum channel. For counterexamples, see Table I of Ref.
[18]. Our numerical experiments show that for the fidelity
(33), when choosing ν (l ) = ω(l ), the maximum corresponds
to the projective operator used to construct the sample, i.e.,
the projective operator is recovered exactly from the sample
in Eq. (31).

This approximate expression represents the total fidelity as
the ratio of two quadratic forms in the mapping operators.
Whereas the total fidelity forms we previously considered
were always a weighted sum of individual state matches Eq.
(9), the total fidelity in the form of Eq. (33) differs from all of
these: it aggregates the numerator and denominator separately
and then considers their ratio. Numerical experiments show
that this form of fidelity allows for the exact reconstruction of
the projective operator. This is a critically important feature.
See Table I of Ref. [18], where we demonstrated that for many
fidelity approximations, their maximum is not reached for the
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channel used to create the mapping. For a quantum channel
with Ns � 1, the fidelity takes the following form, which we
refer to as a Rayleigh-quotient-type fidelity:

F =
∑Ns−1

s=0

∑D−1
j, j′=0

∑n−1
k,k′=0 B∗

jk;sS jk; j′k′Bj′k′;s∑Ns−1
s=0

∑D−1
j, j′=0

∑n−1
k,k′=0 B∗

jk;sQ jk; j′k′Bj′k′;s
−→

B
max,

(34)

where S jk; j′k′ is the familiar tensor from Eq. (11) and Qjk; j′k′

is a similar tensor obtained in the same way from the denom-
inator of Eq. (33):

Qjk; j′k′ = δ j j′

M∑
l=1

ν (l )ψ
(l )∗
k ψ

(l )
k′ . (35)

Note that even if the basis ψk is chosen such that δkk′ =
〈ψk | ψk′ 〉 holds for the actual relation, the sum in Eq. (35) is
not equal to δkk′ . This sum is over the sample of input vectors
in Eq. (31); this sample typically consists of a number of
unrelated observations (e.g., a collection of images) mapped
to some of its features (e.g., image content property). The sum∑M

l=1 ν (l )ψ
(l )∗
k ψ

(l )
k′ characterizes the learning sample, not the

relationship between ψ and φ. In this sense, the tensor S jk; j′k′

(11) contains both: the information about the learning sample
and the relation (31) that we want to learn. We discussed
above the necessity for the initial conversion of the learning
sample to a form that can be treated as a wave function
mapping. Eq. (5) is the simplest such form.

The expression in Eq. (34) is likely the most general form
of the fidelity to which our theory can be applied. Whereas
most of the existing works use a fidelity [such as in Eq. (27)]
between individual states and then derive the total fidelity of
a sample [such as the sample (7) with fidelity (9)], the form
in Eq. (34) defines the total fidelity directly, without the inter-
mediate step of state matching. Numerical experiments show
that this form allows for the exact reconstruction of projective
operators from the pure state mapping data sample (31).

The algorithm from Appendix A is directly applicable (at
least in the Ns = 1 case of finding regular projective operators)
by replacing the simplified constraint in Eq. (A2) with the
denominator of Eq. (34).

The problem can also be reduced, for an arbitrary Ns, to
an SDP optimization problem using a similar technique. The
constraints, such as Eq. (13) or Eq. (14), are represented as
quadratic forms in the operators Bjk;s equal to the identity
matrix. Consider the following trivial transformation: replace
all inhomogeneous diagonal-element constraints with a single
inhomogeneous constraint given by the sum of all quadratic
forms corresponding to the diagonal elements, together with
the remaining homogeneous constraints for all off-diagonal
elements and the differences between the two quadratic forms
corresponding to the j and j − 1 diagonal elements. This
yields exactly the same set of constraints as before, but with
only a single inhomogeneous constraint; this is referred to
as the simplified (partial) constraint in Appendix A. Next,
replace this single inhomogeneous constraint by the quadratic
form in the denominator of Eq. (34), set it equal to an arbitrary
normalization constant:

const =
Ns−1∑
s=0

D−1∑
j, j′=0

n−1∑
k,k′=0

B∗
jk;sQ jk; j′k′Bj′k′;s. (36)

This transformation changes only the normalization of B,
since Eq. (34) is invariant under the scaling B → const × B.
However, with this new single inhomogeneous constraint, the
resulting SDP problem maximizes the objective function (34),
which can now be represented as a ratio of two quadratic
forms. Equation (36) now replaces the simplified constraint
(A2). The full set of constraints in Eq. (13) is converted
into Eq. (36) together with the remaining n(n + 1)/2 − 1
homogeneous constraints. For Eq. (14), the constraints be-
come Eq. (36) together with the remaining D(D + 1)/2 − 1
homogeneous constraints. These constraints are then used to
construct the Ac matrices in the SDP problem (23). The situa-
tion is analogous to Rayleigh quotient optimization, where the
unconstrained optimization over ψ ,

〈ψ | S | ψ〉
〈ψ | Q | ψ〉 → max, (37)

is replaced by the optimization of a quadratic form,

〈ψ | S | ψ〉 → max, (38)

subject to a single quadratic constraint,

〈ψ | Q | ψ〉 = 1. (39)

The Rayleigh quotient optimization problem can also be re-
duced to the SDP problem (22), now using the density matrix
instead of the Choi matrix. However, for Rayleigh quotient
optimization, a much more efficient method exists: the gener-
alized eigenvalue problem |S|ψ〉 = λ|Q|ψ〉.

We approached this “algebraic” route in Ref. [19] by gen-
eralizing the eigenvalue problem to a new algebraic problem,
for Ns = 1 it is

SU = λU . (40)

The superoperator S is a tensor Sjk; j′k′ , the “eigenvector” U
is a partially unitary operator U jk , and the “eigenvalue” λ is
a Hermitian D × D matrix of Lagrange multipliers λi j , an
“eigenmatrix” instead of the usual eigenvalue-scalar.

We conducted numerical testing for projective operator
reconstruction in a manner similar to unitary learning in
Sec. IV A. A projective operator P was created by taking
the first D rows from a unitary operator generated from ran-
dom data. Then, for randomly generated ψ (l ), we applied
the operator P and normalized the result to the state φ(l )

(31). This follows a typical form of the data in ML and AI:
normalized vectors of different dimensions. Next, the tensors
S jk; j′k′ and Qjk; j′k′ were created, and the corresponding op-
timization problem with the fidelity in Eq. (34) was solved.
In all cases, the solution was the Choi matrix of rank one,
and we selected the corresponding eigenvector. It matched
exactly the projective operator P that was used to generate
the sample. Both CVXPY and SDPA were able to find the
solution, and it always matched the original operator P. If
we were to plot the fidelity and rank for a fixed n and var-
ied 1 � D � n, it would resemble the exact reconstruction
for unitary learning shown in Fig. 1: rank one and fidelity
equal to one. This contrasts with the difficulties discussed
in Ref. [17], Sec. V, where using a fidelity of a form other
than (34) produced artifacts in the reconstruction for D < n,
while no artifacts were observed for unitary learning with D =
n. See the class com/polytechnik/sdpexternalsolvers/
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TestChoiMatrixProjections.java, which demonstrates
the reconstruction of projective operator from the sample
in Eq. (31) using the fidelity (34).

In this section, we formulate an optimization problem that
allows for the reconstruction of projective operators. The
main difficulty in solving this problem lies in the choice
of fidelity. In Sec. V of Ref. [17], we demonstrated that
for polynomial mapping data [which is then transformed
into quantum-channel input/output data using Eq. (5)], for a
pure-state-type fidelity of the form |〈φ | P | ψ〉|2, the map is
reconstructed exactly when the input and output dimensions
are equal. When D < n, the obtained operator does not recon-
struct the original projective operator P; instead, the fidelity
global maximumis reached for a projection different from the
original P. In Table I of Ref. [18], a similar fidelity-choice
problem is demonstrated for quantum channels, where we for-
mulated the major requirement for the fidelity: the extremum
should be reached at the original mapping. This requirement
is analogous to Uhlmann’s theorem for quantum-channel fi-
delity, but applied to maps that are CP and no longer TP.
We do not currently have a formal mathematical proof that
the fidelity in the form (34) satisfies this criterion for the
reconstruction of projective operators. However, we do have
global optimization algorithms—either the iterative approach
of Ref. [17] or the SDP convex optimization method developed
in this paper—that allow this condition to be tested numeri-
cally. In thousands of trials, we randomly generated projective
operators and applied them to random input data to obtain the
corresponding outputs. We then used this input/output data
to reconstruct the projective operators. As discussed above,
in all tested cases the projective operators were reconstructed
exactly. Exact reconstruction (in all tests we performed) was
achieved only for the fidelity (34). Other quadratic forms of
fidelity that we tested failed to satisfy this condition. This
leads us to conclude that the proposed form (34), which is a
ratio of two quadratic forms in the mapping operators, allows
for the exact reconstruction of projective operators. A formal
mathematical proof of this numerically established result re-
mains a subject for future research.

A natural extension of projective operators is a higher-rank
Kraus CP quantum channel, which converts a unit matrix to a
unit matrix, i.e., the constraints (14) with Ns > 1. In ML/AI,
the IN/OUT data is typically normalized to 1, similar to Eq.
(31) for projective operators. In this case, the fidelity in Eq.
(34) allows for the reconstruction of “projective-type” quan-
tum channels. This form of knowledge representation can be
highly advantageous for ML.

In this section, we demonstrate the application of the
theory to reconstruct projective operators from data. This
is possible if we approximate the fidelity as a ratio of two
quadratic forms in the mapping operators, as shown in Eq.
(34). This is likely the most general form of the fidelity to
which our theory can be applied. This represents an important
generalization of the quadratic fidelity in mapping opera-
tors (12) that we previously considered. The fidelity form in
Eq. (34) enables the construction of a much broader variety of
proxy fidelities (approximations). In our previous work [18],
when the proper fidelity in the form of Eq. (12) could not be
constructed, we used approximations in the same form (12)
and highlighted the limitations of such approximations. The

newly suggested form in Eq. (34) significantly expands the
range of possible approximations that can be used, facilitating
the reconstruction of quantum channels of various forms from
a broader set of sample data.

V. CONCLUSION

In this work we demonstrated that, when the fidelity is
a ratio of two quadratic functions in mapping operators, a
powerful SDP technique can be applied to reconstruct the
quantum channel from data. Commercial SDP optimization
software is directly applicable to problems with Choi matrix
dimensions under 1000 × 1000. The optimization problem
typically results in a low-rank Choi matrix, typically under
a few percent of the matrix dimension. This low Kraus rank
property has deep significance in AI and ML applications:
a relatively small Kraus rank quantum channel is typically
sufficient to describe experimentally observed data.

The paper considers the problem of SDP-based quantum-
channel reconstruction from both theoretical and practical
application viewpoints. The two practical problems to which
the theory can be readily applied are: (1) the approximate
reconstruction of a CPTP quantum channel from a pure-state-
to-pure-state map (5), this type of map is typical in ML/AI,
and (2) the reconstruction of a projective operator (Sec. IV E),
which is not a CPTP map but represents an important practical
problem; the exact reconstruction is possible with SDP when
the fidelity is taken in the form of a ratio of two quadratic
forms (34).

A quantum channel learning representation can be con-
sidered a natural extension of unitary learning [12–18]; the
convex nature of the optimization problem makes this ap-
proach especially appealing for practical applications.

This work considers the reconstruction of a single quantum
channel from classical mapping data. The mapping itself can
be seen as a form of computation. A quantum computation
algorithm consists of a sequence of unitary transformations.
For a given initial state, the quantum system’s unitary evo-
lution produces the desired computational result. In ML/AI,
unitary learning is typically used differently: the input state is
transformed into an output, and the specific components of the
output state are considered the features of interest that the ML
system predicts. Contrary to quantum computations, where
simple gates are used (as it is assumed that simpler gates
are easier to implement in a physical system), these classical
unitary mappings are not necessarily required to be simple.
The quantum channel transformation (1) can be considered a
form of computation, one way or another.

In this work, the reconstruction of a single quantum chan-
nel (2) from IN/OUT classical data has been considered.
In Ref. [19], we introduced the hierarchical concept of a
density matrix network, where a large quantum channel is rep-
resented as hierarchical transformations by simpler quantum
channels. Similar to how perceptron weights, combined with
an activation function, create specialized components that are
then combined into a neural network, we can consider a hier-
archical quantum channel in a similar way. Whereas for neural
networks the choice of an appropriate topology is an important
part of the model itself, for a quantum channel represented as
a hierarchy of simpler quantum-channel transformations, the
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chosen topology (i.e., the form of the hierarchy) serves pri-
marily as a means of optimization rather than as a determinant
of the represented mapping. An additional advantage is that,
while the internal behavior of neural networks is often poorly
understood—especially with respect to gauge invariance, i.e.,
which transformations of the input attributes leave the output
unchanged—the corresponding class of transformations that
do not affect the result is known for quantum channels.

Importantly, since the SDP problem is convex, the opti-
mization of the total quantum channel can be performed as
an iteration over individual, much smaller components. This
“incremental learning” feature is seldom in neural networks,
it is typically available only for specific topologies. Since the
SDP problem for quantum channels is convex, this incremental
learning feature is available for an arbitrary quantum channel.
The specific topology chosen for the density matrix network
is simply a matter of computational optimization. For smaller
dimensions, the problem can always be optimized directly
without assuming any particular topology, using the SDP tech-
nique we considered in this paper. This contrasts with neural
networks, where selecting the proper topology is a crucial fac-
tor for success. We believe that representing knowledge in the
form of a quantum channel allows for modeling a wide variety
of data types. The observed low rank of the reconstructed
Choi matrix leads us to conclude that low Kraus rank quantum
channels are typically sufficient to map classical data. It is
important to note that the developed approach can also be
applied to other forms of quantum channels, such as projective
operators.
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APPENDIX A: QUANTUM CHANNEL REPRESENTATION
IN LOWER DIAGONAL MATRIX FORM

The optimization problem we consider is to maximize the
total fidelity (12) over the space of Kraus operators Bs (1),
subject to the constraints (13) or (14). The main idea be-
hind our algebraic technique for numerical computations is
to replace the quadratic constraints (13) or (14) with a single
simplified (partial) quadratic constraint, which is typically the

sum of the diagonal elements, and a set of convergence-helper
homogeneous linear constraints derived from the remaining
quadratic constraints. This allows us to employ the eigenvalue
problem as the main iterative step, with the convergence-
helper constraints reducing the size of the vector space. For
unitary mapping, vectorizing the unitary operator provides
a proper parametrization of the search space. The problem
is nonconvex, but multiple solution candidates (eigenvectors)
greatly increase the chances of finding the global maximum
compared to methods based on gradient- or Newton-type al-
gorithms, which generate only a single solution candidate.

For a quantum channel (1), a similar approach was de-
veloped in Ref. [18]. There, we considered the quantum
channel in its canonical representation, TrBsB

†
s′ ∼ δss′ . This

required an additional Ns(Ns − 1)/2 constraints and corre-
sponding Lagrange multipliers. The updated version of the
algorithm presented below uses the Cholesky decomposition
to eliminate these extra constraints. Now, a requirement for
some components of the Bs matrix to be zero arises explicitly,
which allows for the elimination of the extra constraints, thus
avoiding an increase in the search space and the need for
additional Lagrange multipliers. The idea is to parametrize J
(16) as a product of two matrices,

J = B∗BT , (A1)

where Bjk;s is now a lower-diagonal matrix of dimension
Dn × Ns. This form is actually Eq. (16), with the “gauge”
for Bjk;s being a lower-diagonal matrix. By choosing Ns, we
can construct a quantum channel of any required Kraus rank
Ns. The matrix elements Bjk;s are nonzero only for s � jn + k
with s < Ns. From a computational perspective, an important
property is that the full trace TrB∗BT reduces to a simple
Frobenius norm:

|B|2 =
Ns−1∑
s=0

D−1∑
j=0

n−1∑
k=0

|Bjk;s|2. (A2)

This gives a vector-style L2 norm for the operator B. When
all elements of B are stored consecutively in a single vector
(row by row), the full-trace operation becomes ordinary vector
scalar products:

〈B | B̆〉 = TrB∗B̆T =
Ns−1∑
s=0

D−1∑
j=0

n−1∑
k=0

B∗
jk;sB̆ jk;s. (A3)

This LLT (Cholesky-type) decomposition is often used to
parametrize positive semidefinite matrices. Whereas the prob-
lem in the form (22) subject to Eq. (23) and CP constraints
(21) is a convex SDP optimization problem [23], the LLT

transformation automatically satisfies only the CP constraints.
The actual problem written in this new basis may not always
retain the convexity property. In some cases, a convexity-like
behavior may still be observed, and an arbitrary optimization
method can effectively find the solution to the convex op-
timization problem. In our case, we used eigenvalue-based
optimization, which is not particularly sensitive to problem
convexity. For any individual problem, the convexity property
in the LLT basis should be initially checked to decide on the
appropriate optimization method to apply.
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In the form (A1) with Ns � Dn, this representation allows
us to efficiently parametrize J for any desired Kraus rank
Ns. Unitary learning corresponds to Ns = 1, with the sought
operator U stored in a single column. A quantum channel of
Kraus rank three corresponds to a lower diagonal B matrix
with Dn rows and Ns = 3 columns of lengths Dn, Dn − 1, and
Dn − 2, respectively:

B =

⎛⎜⎜⎜⎜⎜⎜⎝

� 0 0 0 . . . 0
� � 0 0 . . . 0
� � � 0 . . . 0
� � � 0 . . . 0
...

...
...

...
...

� � � 0 . . . 0

⎞⎟⎟⎟⎟⎟⎟⎠.

︸ ︷︷ ︸
Ns

︸ ︷︷ ︸
Dn−Ns

(A4)

From a computational viewpoint, an eigenproblem (obtained
using the simplified, partial constraint) in the space of op-
erators B becomes an ordinary eigenproblem for a vector of
dimension DnNs − Ns(Ns − 1)/2, i.e.,

dim = (2Dn − Ns + 1)Ns

2
, (A5)

which is the number of non-zero elements in (A4). The ma-
jor difference from the SDP problem discussed above—which
always assumes Ns = Dn—is that here we can construct a so-
lution with a pre-specified Kraus rank Ns. Imposing a specific
rank on J in addition to the PSD condition J � 0 (21) makes
the problem nonconvex and significantly more difficult.

Importantly, from the perspective of numerical imple-
mentation, that the representation (A1) creates a problem
very similar to the one we previously considered. The
only difference from the algorithm in Ref. [17] lies in
the increased dimension of the eigenproblem, which be-
comes (A6) for constraint (13) and (A7) for constraint (14)
when the convergence-helper linear constraints are taken into
account:

dimTr = (2Dn − Ns + 1)Ns

2
− n(n + 1)

2
+ 1, (A6)

dim1 = (2Dn − Ns + 1)Ns

2
− D(D + 1)

2
+ 1. (A7)

This illustrates the main strengths and weaknesses of the
approach. Whereas for unitary learning (D = n, Ns = 1) the
eigenproblem dimension grows as O(n2), for a full-rank quan-
tum channel (Ns = Dn) the eigenproblem dimension grows
as O(n4) when D = n. However, as discussed in Sec. III,
the latter problem is convex and can be solved using other
optimization methods. The case of a low-Kraus-rank quantum
channel (low Ns) is more difficult and represents the main ap-
plication problem for the algorithm we developed in Ref. [17].

The optimization problem consists in Lagrangian opti-
mization. In this Appendix, we consider the unit input matrix
to unit output matrix constraint (14),

Gj j′ (B, B̆) =
Ns−1∑
s=0

n−1∑
k=0

B∗
jk;sB̆ j′k;s, (A8)

δ j j′ = Gj j′ (B, B), (A9)

for the solution Bjk;s (A4) as it is somewhat easier to han-
dle numerically. The constraints are analogous to Eq. (A3),
but now the partial trace is used in Eq. (A8). The formulas
corresponding to the trace preservation constraints (13) are
presented in Appendix A 1 below. Introduce a Lagrangian:

L =
Ns−1∑
s=0

D−1∑
j, j′=0

n−1∑
k,k′=0

B∗
jk;sS jk; j′k′Bj′k′;s

+
D−1∑
j, j′=0

λ j j′

[
δ j j′ −

Ns−1∑
s=0

n−1∑
k′=0

B∗
jk′;sB j′k′;s

]
. (A10)

Note that in Eq. (12), the tensor S jk; j′k′ appears exactly the
same for all s and for all Kraus operators Bs. This leads to
degeneracy in the optimization problem. However, if instead
of general B we use lower lower diagonal Bjk;s from (A4), this
degeneracy does not occur, because for each fixed s the corre-
sponding vector Bjk;s contains a different number of nonzero
elements [indexed by the scalar index jn + k, corresponding
to a row in (A4) and column s]. While the first term in Eq.
(A10) may appear similar to Eq. (12), it is in fact different,
because it eliminates the upper-diagonal terms in Bjk;s (A4).
In Eq. (A10), one may think of Sjk; j′k′ as effectively depending
on s through the condition s � min( jn + k, Ns − 1), i.e., as
Ss, jk;s′, j′k′ , which is necessary to avoid the degeneracy of the
problem discussed in Ref. [18]. This is an important feature
of the Cholesky decomposition (A1).

In the Ns = 1 case, varying Eq. (A10) yields the familiar
Lagrange stationarity condition, which results in the algebraic
problem introduced in Ref. [17]:

SU = λU . (A11)

In the Ns > 1 case a similar algebraic problem with respect to
lower diagonal B can be obtained, but it’s analysis requires a
separate study.

An important idea of the numerical method is the introduc-
tion of a simplified (partial) constraint, which is the sum of
all diagonal elements of Eq. (A8); this yields Eq. (A2) with
|B|2 = D. To obtain the optimization problem when using
simplified (partial) constraints instead of the proper ones, the
variation of L gives the eigenvectors of the matrix S jk; j′k′ :

S jk; j′k′ = S jk; j′k′ − λ j j′δkk′ , (A12)∑Ns−1
s=0

∑D−1
j, j′=0

∑n−1
k,k′=0 B∗

jk;sS jk; j′k′Bj′k′;s∑Ns−1
s=0

∑D−1
j=0

∑n−1
k=0

∣∣Bjk;s

∣∣2 −→
B

max, (A13)

D−1∑
j, j′=0

n−1∑
k,k′=0

S jk; j′k′B[i]
j′k′;s = μ[i]B[i]

jk;s. (A14)

The problem (A14) is an eigenproblem of dimension (A5),
since only the nonzero terms with s � min( jn + k, Ns − 1)
are retained. For numerical implementation, one can think of
Bjk;s as a vector Bi of length (A5), where the scalarized multi-
index i ranges from 0 to dim − 1.

As discussed in Sec. IV E, for reconstructing projective
operators, the fidelity in Eq. (34) can be expressed in the
form where, instead of using the simplified constraint (A2),
one may use the denominator in Eq. (34). This leads to a
slight modification in the formulas. This form results in a
generalized eigenproblem similar to Eq. (A14). The formula

035302-15



MIKHAIL GENNADIEVICH BELOV et al. PHYSICAL REVIEW E 114, 035302 (2026)

for the Lagrange multipliers λ j j′ , as given in Eq. (A19), is also
slightly modified to include Qjk; j′k′ .

As discussed in Refs. [17,18], the direct optimization
of Eq. (A13), which leads to an eigenproblem of di-
mension (A5), does not guarantee algorithm convergence.
To reduce the basis dimension to Eq. (A7) and achieve
convergence, it is necessary to include convergence-helper
homogeneous linear constraints derived from the quadratic
constraints (A9). See Appendix A.5 of Ref. [18] for the
formulas and com/polytechnik/kgo/LLTbasis.java:
getHelperConstraintsOffdiag0DiagEq for an updated
numerical implementation. The idea is simple: for a given
solution candidate B, find D(D + 1)/2 − 1 constraints C(m)

such that, for an arbitrary B̆, D(D − 1)/2 of them will have
〈C(m) | B̆〉 from Eq. (A3) equal to the sum of two off-diagonal
( jm �= j′m) elements Gjm j′m (B, B̆) + G∗

j′m jm
(B, B̆) from (A8),

and D − 1 of them will have 〈C(m) | B̆〉 equal to the difference
of two diagonal elements: Gjm jm (B, B̆) − Gjm−1 jm−1(B, B̆).

After this, at the eigenvalue-selection step of the reduced-
size (A7) eigenproblem, one needs to choose the eigenvector
B[i]

jk;s corresponding to the maximal eigenvalue. Numerical
experiments show that this choice leads to convergence to the
global maximum, especially in the unitary case.

The obtained solution Bjk;s may not satisfy the full set of
constraints (A9); only the partial constraint (A2) is always
satisfied. To adjust the solution, we apply the G−1/2 transform
[see Ref. [18], Eq. (A23)], which then yields the fully con-
strained solution:

B̃ jk;s =
D−1∑
j′=0

G−1/2
j j′ Bj′k;s. (A15)

Here G−1/2
j j′ denotes the inverse square root of the Gram matrix

(A8), calculated at the current iteration Bjk;s. If the Gram
matrix has a zero eigenvalue, the adjustment procedure will
fail. For some combinations of Ns, D, n, the constraints cannot
be satisfied for an arbitrary B. For example, when Ns = 1 and
D < n in the case of the trace-preserving constraints (13), the
matrix G (A23) has at least n − D zero eigenvalues. We should
also note that applying G−1/2

j j′ (A15) could potentially cause

B̃ jk;s to no longer belong to the set of lower diagonal matrices
(A4). This issue is technical and can be readily resolved. The
proposed transform allows for the conversion of an arbitrary
quantum channel Bjk;s (1) to an entirely equivalent form of
lower-diagonal matrices (A4). For a similar transformation
to canonical form, see Appendix A.1 of Ref. [18]. Note that
in Eq. (A1), one can write it as

J = B∗QQ†BT , (A16)

where Q is an arbitrary unitary operator of dimension Ns.
Define an Ns × Ns matrix Mr;s by setting its elements equal
to B̃ jk;s corresponding to the upper-left Ns × Ns block in Eq.
(A4); for B̃ jk;s from Eq. (A15) the matrix M is not necessarily
lower diagonal. Applying the QR decomposition to this ma-
trix, we obtain (for the real space):

MT = QR, (A17)

where Q is the orthogonal matrix and R is the upper diag-
onal matrix. From here, it follows that the matrix Q will

transform B̃ jk;s into the lower diagonal form of Eq. (A4).
See the class com/polytechnik/kgo/LLTbasis.java:
ConvertStateToLowerDiagMatrix, which uses QR de-
composition to obtain B in the lower diagonal form that can
be used as a vector. This transform is an identity and does not
change J (A16). In terms of Kraus-operator transformations,
this is a gauge transformation that mixes the Ns Kraus opera-
tors without changing the underlying quantum channel (1):

Br =
Ns−1∑
s=0

QrsB̃s. (A18)

The final step of the iteration is to update the Lagrange
multipliers matrix λ ji. Following [19], we obtain the expres-
sion:

λ ji = Herm
Ns−1∑
s=0

D−1∑
j′=0

n−1∑
k,k′=0

B∗
ik;sS jk; j′k′Bj′k′;s, (A19)

which can also be obtained directly by multiplying δL
δB∗

jk;s

by B∗
ik;s and summing over s and k, without considering a

dual problem. The expression (A19) generalizes the standard
eigenvalue relation λ = 〈ψ | H | ψ〉.

The current version of the algorithm differs from the algo-
rithm in Ref. [18] in only one significant respect: it now uses
the Cholesky decomposition (A1) to represent the state. This
allows us, in the Ns > 1 case, to eliminate problem degeneracy
and to require only a single solution adjustment (A15). The
updated version uses Ns(Ns − 1)/2 fewer variables than the
version described in Ref. [18]; therefore, no “second set”
of Lagrange multipliers νss′ is required, as in Eq. (A2) of
Ref. [18]. As long as we seek only the global solution of
the optimization problem (A10) (that is, no “external” lin-
ear constraints are used, which would be required to build
a hierarchy of solutions), only a single solution adjustment
(A15) is applied, thereby avoiding two potentially conflicting
transformations. In the Ns = 1 case, the described algorithm
is identical to that in Ref. [17].

1. Trace-preserving constraints: Mathematical
formulations and equations

The most commonly considered constraint for a quantum
channel map (1) is trace preservation (13). This is an alter-
native to Eq. (14), which enforces the constraint that the unit
matrix AIN is mapped to the unit matrix AOUT. The technical
meaning of this constraint is to construct a unit matrix of
dimension n × n from a sum of Ns matrices of the same
dimension, each with rank D (or lower). For a unitary mapping
with Ns = 1 and D = n, both forms of constraints coincide.
For the trace-preservation constraints (13), the following mod-
ifications apply.

Instead of Eq. (A10), the Lagrangian corresponding to the
trace preservation constraints (19) is

L =
Ns−1∑
s=0

D−1∑
j, j′=0

n−1∑
k,k′=0

B∗
jk;sS jk; j′k′Bj′k′;s

+
n−1∑

k,k′=0

λkk′

⎡⎣δkk′ −
Ns−1∑
s=0

D−1∑
j′=0

B∗
j′k;sB j′k′;s

⎤⎦. (A20)
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In the Ns = 1 case, varying (A20) yields the familiar Lagrange
stationarity condition, which results in the algebraic problem:

SU = Uλ. (A21)

Instead of Eq. (A12), the variation of L (A20) yields a matrix
from which the solution candidates can be obtained as its
eigenvectors:

S jk; j′k′ =S jk; j′k′ − λkk′δ j j′ . (A22)

Instead of Eq. (A15) the solution adjustment transform now is

Gkk′ =
Ns−1∑
s=0

D−1∑
j=0

B∗
jk;sB jk′;s, (A23)

B̃ jk;s =
n−1∑
k′=0

G−1/2
kk′ Bjk′;s. (A24)

When the Kraus rank Ns is insufficient, the Gram matrix (A23)
may have zero eigenvalues, and the transform (A24) cannot be
applied. In practice, the matrix (A23) is more likely to have
a zero eigenvalue than the matrix (A8) that we considered
above. Also, similarly to the above, the obtained B̃ jk;s may
not satisfy the lower diagonal condition (A4). This issue can
be resolved in the same way using the QR transform (A17).

Instead of Eq. (A19), the expression for the Lagrange mul-
tipliers for the next iteration is

λkq = Herm
Ns−1∑
s=0

D−1∑
j, j′=0

n−1∑
k′=0

B∗
jq;sS jk; j′k′Bj′k′;s. (A25)

Everything else regarding the trace-preservation constraints
(13) is almost identical to the expressions presented above in
Appendix A for the constraints (14).

2. Numerical implementation approach and challenges

For the updated version of this algorithm, see the class
com/polytechnik/kgo/QCInverseProblem.java, which
implements the algorithm of above. Compared to the
older version, com/polytechnik/kgo/KGOIterational
SubspaceLinearConstraintsB.java, it removes all the
“external” constraints code (used to build a hierarchy of
solutions) and explicitly takes the value of the Kraus rank Ns

as an argument. For Ns = 1, it is almost identical to com/
polytechnik/kgo/KGOIterationalSubspaceLinear
ConstraintsB.java from Ref. [18] and com/
polytechnik/kgo/KGOIterationalSubspaceLinear
Constraints.java from Ref. [17], with external
constraints disabled. Also, see the class com/polytechnik/
kgo/LLTbasis.java, which now includes all operations in
the lower diagonal basis of the Cholesky decomposition (A1).
The introduction of this class makes the implementation in
com/polytechnik/kgo/QCInverseProblem.java much
cleaner. Additionally, this class is used to create the matrices
Ac (23) when using commercial SDP software.

Whereas the physical applications are demonstrated and
discussed in Sec. IV above, this Appendix focuses only on
the numerical aspects of the developed algorithm. What al-
lows the algorithm to find the global maximum is its use of
the eigenproblem (A13) as the core building block. While
derivative-based methods do not guarantee finding the global

maximum, the use of the eigenproblem guarantees finding
the globally optimal solution in the space of dimension dimTr

(A6) for the constraints (13) or dim1 (A7) for the constraints
(14). What prevents the algorithm from finding the global
maximum in a single step and requires iterations is the fact
that the space in which we search for the solution is known
only approximately. Therefore, iterations are required. This
space is determined by the convergence-helper homogeneous
linear constraints derived from the quadratic constraints (13)
or (14). For a real-valued space, there are n(n + 1)/2 − 1 and
D(D + 1)/2 − 1 constraints, respectively. Numerical experi-
ments show the crucial importance of the convergence-helper
constraints; removing even a single one often prevents the
algorithm from converging.

The numerical testing of the algorithm from Appendix A
demonstrates its ability to reconstruct a quantum channel for
relatively low values of Ns. For Ns � 4, the algorithm often
iterates near Kraus rank-one solutions, and it frequently takes
a large number of iterations to escape from a Kraus rank-one
local maximum. The selection of the state corresponding to
a nonmaximal eigenvalue at iteration step can improve the
situation to some extent.

There is an important synergy between the described al-
gorithm and SDP programming. For the quantum channel
reconstruction problem, satisfaction of the constraints (19) or
(20) can be readily obtained from the current iteration Choi
matrix J jk; j′k′ (16). First, the matrix Gkk′ (A23) or Gj j′ (A8)
can be obtained as a partial trace of the current Choi matrix
J jk; j′k′ . Then, by applying the transformation

J̃ jk; j′k′ =
n−1∑

k′′,k′′′=0

G−1/2
kk′′ G−1/2

k′k′′′ J jk′′; j′k′′′ , (A26)

J̃ jk; j′k′ =
D−1∑

j′′, j′′′=0

G−1/2
j j′′ G−1/2

j′ j′′′ J j′′k; j′′′k′ (A27)

one can immediately obtain the Choi matrix satisfying the
constraints (19) or (20), respectively. This transformation cre-
ates a “minimal disturbance” to the current iteration of J jk; j′k′

and allows for an efficient optimization of the SDP algorithm.

APPENDIX B: SOFTWARE USAGE DESCRIPTION

The software [24] is written in Java. The related
code is in the com/polytechnik/{kgo,utils,
sdpexternalsolvers} directories. To test the provided
software, install Java 25 or later, install CVXPY [27]
as pip3 install cvxpy, and recompile and install
SDPA [25]. Additionally install the Gson library from
github.com/google/gson.

Download the source code [24], file
AMuseOfCashFlowAndLiquidityDeficit.zip, then
decompress and recompile it. Here, we use the backslash
“\” to split lines to fit the two-column PRE format; BASH
interprets it correctly, allowing the commands to be copied
directly from the article into the BASH prompt.

unzip AMuseOfCashFlowAndLiquidityDeficit.zip
javac -g com/polytechnik/\
{kgo,utils,sdpexternalsolvers}/*java
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Make sure that the java Gson library, python CVXPY

library [27], and the JNI library com/polytechnik/
sdpexternalsolvers/libSDPAsolver.so linking to
SDPA [25] are installed/built. The commands for building the
JNI library and linking it to SDPA are provided in the Javadoc
section of com/polytechnik/sdpexternalsolvers/
SDPAsolver.java. After that one can run the provided
software:

java -Djava.library.path=\
com/polytechnik/sdpexternalsolvers/ \
com/polytechnik/sdpexternalsolvers/\
TestChoiMatrixUnitaryLearning

See other programs in the classes com/polytechnik/
sdpexternalsolvers/{TestChoiMatrixProjections,

TestChoiMatrixUnitaryLearning,TestChoiMatrix
RankOnRandomSK,TestChoiMatrixRankOnSKFrom
RandomSample,TestChoiMatrixRankOnSKFromQuantum
ChannelOutPureAsMaxEVofRho}.java. Test usage is
provided in the javadoc preamble.

The full codebase is available from [24], file
AMuseOfCashFlowAndLiquidityDeficit.zip. It is a
large codebase that also includes other related projects
and is expected to evolve as the algorithms presented in
this work evolve. The Supplemental Materials [45] for
this article contain the minimal code needed to reproduce
the results of this paper. This code will not evolve; it
corresponds exactly to the results presented in the published
paper.
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