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Bifurcation analysis of a birhythmic vibroimpact oscillator with two Kinds of fractional derivative
elements subjected to Gaussian white noise excitation
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This paper explores the stochastic bifurcations of a birhythmic vibroimpact oscillator incorporating two types
of fractional derivative elements under Gaussian white noise excitation. The analysis begins with a nonsmooth
coordinate transformation of the state variables, followed by the application of the stochastic averaging method
to derive analytical solutions. To validate the proposed approach, numerical simulations based on the Monte
Carlo method are conducted, demonstrating excellent agreement with the analytical predictions. A key finding
of this study is that the fractional orders, fractional coefficients, and restitution coefficient play a significant role

in triggering stochastic P bifurcations within the system.

DOI: 10.1103/jltq-flmw

I. INTRODUCTION

Mechanical or structural systems interacting with rigid ob-
stacles, or with each other, often exhibit nonsmooth dynamics,
typically modeled through impact phenomena. Vibroimpact
(VI) systems, a distinct class of such nonsmooth systems, have
garnered considerable attention in recent years. These systems
exhibit rich dynamical behavior, including phenomena absent
in smooth systems, such as corner bifurcations [1], grazing
bifurcations [2-4], sliding bifurcations [5,6], and complex
motions like chatter and sticking [7,8]. Given the pervasive
presence of stochastic influences in real-world applications, it
becomes essential to investigate VI systems under random ex-
citations. Noise can significantly reshape the system’s stability
boundaries, modify the structure of the phase space, and alter
the basins of attraction, effects that are especially pronounced
in multistable systems [9,10]. This has fueled growing interest
in the study of stochastic VI systems [11-17].

Parallel to this, fractional calculus has emerged as an-
other vibrant area of research, particularly in the modeling
of systems with memory and hereditary properties. Unlike
integer-order models, fractional derivatives inherently account
for memory through their convolutional structure, making
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them especially suitable for describing complex dynamics
in excitable media and engineering systems. Stochastic VI
systems incorporating fractional derivatives have recently
attracted growing attention, with applications spanning me-
chanics, control theory, engineering, biological systems, and
applied mathematics [18,19]. For example, fractional vi-
broimpact oscillators are used in engineering to model the
viscoelasticity of materials. Wang et al. [20] demonstrated
this by analyzing the response of a vibroimpact system under
random excitation using fractional derivatives. Such systems
exhibit rich dynamical behaviors, including stochastic bi-
furcations. In this context, Yang et al. [21] highlighted the
occurrence of complex transitions in a dynamical system by
examining stochastic bifurcations in a fractional vibroimpact
oscillator subjected to additive and multiplicative Gaussian
white noise. The inclusion of fractional damping in vibroim-
pact oscillators can also induce resonance phenomena. For
instance, Coccolo et al. [22] showed that, for certain val-
ues of the fractional order, fractional damping could induce
resonance in the Duffing oscillator. Fractional vibroimpact
oscillators have also been employed in the design of vibration
reduction systems. For example, Qu et al. [23] investigated the
influence of the fractional order on superharmonic resonance
and complex transitions in a nonlinear vibration isolation sys-
tem with fractional derivatives.

Vibroimpact oscillators incorporating fractional derivatives
have shown significant potential in biological applications,
particularly in the modeling of complex physiological systems
and the development of medical technologies. For instance,
nanocantilevers employed as biosensors can detect specific
biomolecular interactions through shifts in their resonance
frequency. These frequency variations, induced by molecular
binding events, can be effectively described using stochasti-
cally driven vibroimpact oscillator models, offering insight
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into the underlying biomolecular dynamics [24]. Moreover,
modeling photoacoustic signals as damped oscillators within a
mass-spring framework allows for the quantitative characteri-
zation of biomechanical properties of tissues, such as stiffness
and relaxation times [25]. Additionally, experimental studies
suggest that low-amplitude, high-frequency mechanical stim-
ulation based on vibroimpact dynamics can promote bone
regeneration in animal models of osteogenesis imperfecta,
highlighting their therapeutic relevance in mechanobiology
[26]. Biological processes such as anomalous transport in neu-
ral tissues, subdiffusive behavior in crowded environments,
memory effects in calcium signaling, and nonlocal interac-
tions can be effectively captured using vibroimpact oscillators
incorporating fractional derivatives. These observations sug-
gest that the dynamics of systems subject to both stochastic
excitation and fractional-order effects are inherently rich and
intricate. Consequently, a nonlinear stochastic system that
integrates VI behavior and fractional derivatives is expected to
exhibit even more complex and nuanced dynamical features.

The Van der Pol (VDP) oscillator and its generaliza-
tions represent classical paradigms of self-excited oscillators,
widely employed to model biological and chemical rhythms.
A particularly intriguing nonlinear feature is the generalized
VDP damping, which fosters multistability, a phenomenon
especially relevant in biochemical systems such as enzymatic
reactions and glycolytic oscillations. This multistability gives
rise to birhythmicity, characterized by the coexistence of two
distinct oscillatory states with different amplitudes and fre-
quencies. While birhythmicity is often advantageous and even
essential in biological systems, it can be undesirable in certain
engineering or physical contexts [27,28], making its analysis
and control a subject of significant interest. Recent studies
have explored the role of memory effects, particularly through
fractional derivatives, in birhythmic models [29-31], reveal-
ing that fractional-order dynamics can effectively modulate
the onset and persistence of birhythmicity.

A pivotal advancement in the theoretical study of VI
systems is the introduction of nonsmooth coordinate transfor-
mations [32,33], which effectively recast a nonsmooth system
into an equivalent smooth, impact-free form. These trans-
formations enable the application of conventional analytical
techniques to investigate the dynamics of VI systems. Among
them, the stochastic averaging method, widely recognized
for its efficacy in approximating complex systems, has been
employed to analyze the response [14,34,35] and bifurcation
behavior [21,36,37] of such systems. However, to the best of
our knowledge, little attention has been given to the stochas-
tic dynamics of birhythmic VI (BVI) systems incorporating
fractional derivatives. This study aims to address that gap by
examining the response of a nonlinear BVI oscillator with
fractional-order dynamics subjected to Gaussian white noise.
Our results demonstrate that changes in fractional coefficients,
orders, and the restitution parameter trigger stochastic P bi-
furcations, marked by transitions between monorhythmic and
birhythmic states, as evidenced by single- and triple-peak
probability density functions (PDFs). The pseudopotential
landscape highlights the dominant role of fractional or-
ders in shaping these dynamics, confirming that fractional
damping offers a tunable pathway to diverse oscillatory
regimes.

The remainder of the paper is structured as follows. In Sec.
II, the original VI oscillator is transformed into an equivalent
impact-free system using a nonsmooth coordinate transforma-
tion, and the stochastic averaging method is applied to derive
analytical solutions for the resulting system. Sections III and
IV focus on the analysis of birhythmicity indicators, high-
lighting the influence of fractional orders and coefficients on
the bifurcation structure. The evolution of the pseudopoten-
tial landscape and associated energy barriers under varying
parameters is also examined. Section V investigates the occur-
rence of stochastic P bifurcations. Finally, Sec. VI summarizes
the main findings and presents concluding remarks.

II. ANALYTICAL ESTIMATES
FOR THE PROPOSED BVI MODEL

The differential equations governing a noisy BVI oscillator
incorporating two distinct types of fractional derivative ele-
ments are expressed as follows:

X+ alD,k‘x + azD?‘Zx — (e — czx2 +ax* — ,3x6)5c + w(z)x
=f@), x>0, (1a)

iy = —riy, x=0, (1b)

where x is the displacement state variable, and the over-
dots denote derivatives with respect to time ¢, corresponding
to velocity and acceleration, respectively. The parameter wy
represents the undamped natural frequency of the linear os-
cillator. The coefficients «, B, and ¢, govern the nonlinear
damping characteristics, while p modulates the strength of
this nonlinearity. The birhythmic behavior of the oscillator
arises from the interplay between these parameters, partic-
ularly «, B, and the displacement x, making the system
suitable for modeling certain biological processes. The term
f(t) represents Gaussian white noise with statistical prop-
erties (f()) =0 and (f(¢)f(t")) = 2D&(t —t’), where D is
the noise intensity. The expressions a]Dt)“x(t) and azD;\ 2x(t)
denote two fractional derivative elements, where a; and a, are
the respective fractional coefficients, and A; and X, are the
corresponding fractional orders. These two types of fractional
derivative elements are defined in the Caputo sense as follows:

N 1 d ['xtt—1)
DHx(t) = ———— | =———dr, 0<ir <1,
r(1—apndt ),
(2)
N 1 d ['x(t—1)
DPx(t)= —— | =——dr, 1< <2
TQ—r)dt Jy !
3)

Equation (1b) describing the VI constraint consists of three
elements: the subscripts n and p represent the velocities of
the system before and after the instant ¢* of impact, r, with
0 < r < 1 reflecting the degree of energy loss when the im-
pact occurs, and it is referred to as the restitution coefficient.

A. Nonsmooth transformation

Image transformation needs to be invoked to convert the
VI constraint. Here the nonsmooth transformation [12,32] was
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proposed as follows:
x=ux = |V]=Vsgn(V),
X=x = ngn(V),
X=x3= ngn(V), 4)

where sgn(V') is the signum function of V, such that

-1 if V<0
sgn(V) = 0 if Vv=0
+1 if V>0

Obviously, the transformation in Eq. (4) maps the domain
x > 0 of the original phase plane (x, x) onto the whole phase
plane (V, V), and makes the transformed velocity V contin-
uous when r = 1. Substituting Eqs. (4) into Egs. (1), the
equations of the new variable are written as follows:

V +aisgn(V)D; (IV ) + azsgn(V)D;*(IV )
—u(cr — V2 +aV* — VoV
+ @V =sgn(V)f(t), t#1*, (Sa)
V,=1V,, t=t" (5b)
Here, Eq. (5b) is a constraint equation. Clearly, at t = ¢*,
the velocity has a discontinuity due to the impact when
r # 1. The transformed velocity jump is reduced by an
amount proportional to (1 — r). It is possible to introduce this
jump into the equation of motion using the Dirac § function,
and thus one avoids using the constraint equation. To this end,
one may expand V (7) around the time instant of impact, 7,
where V*) =0, V)~ V(" )+ V(e )t —t*) =V(E*)t —
t*), for V(t*) = 0. The above approximation implies that
8t —t*) =~ sV (t)/V(t*)). From the definition of the Dirac
function, for a given function g(V') that is continuous in the
neighborhood of zero, one can write

| svnaviav = E[/ g(u/z)(S(u)du] = ?

(6)
Thus, one can obtain
8(t —t*) = [V(@)IS(V). (7

The additional damping term due to impact may be written in
the form

(V, — V)8t —t*) = (1 — r)V8(t —t*), (8)

where V satisfies the double inequality |V,,| < V| < |V, [38].
In this case, Eq. (8) can be written after using Eq. (7) as

(1 =PVt —t")~ (1 —r)V|VI§V). 9)

For more information about differential operations with nons-
mooth functions in terms of distributions, readers can consult
Refs. [38—40]. Introducing the new impact term from Eq. (9),
Eq. (5a) takes the form

V + aisgn(V)D} (IV]) + axsgn(V)D}>([V])
— ) — eV 4 anV* — VoV
+ (1= r)VIVIS(V) + ofV = sgn(V)f(t). (10)

B. Stochastic averaging approach

In terms of small VI losses, small random disturbances, and
weak damping, according to the stochastic averaging method
[41], Eq. (10) can be approximated as a quasiconservative
system with a solution of the following form:

Vi =V () = A(t)cos p(2),
Vo = V(1) = —A()wo sin (1),
o(t) = wot +6(2), (11)

with A, ¢, and 6 being random processes. Therefore, the
system equation is further simplified into

Vo + aisgn(Vi)D} (IVi]) + aasgn(V)D} (Vi ])
— ,bL(Cl — 62V12 + aV14 — ﬁVlé)Vz
+ (1 = WVLI8(V1) + @dVi = sgn(V)f(t).  (12)

Potential energy E,(V)) and total energy E of the converted
system are expressed as

4 1
E, (V1) :/ &’ xdx = za)gvﬁ,
0

1
E=E,Vi)+ Evf. (13)

Based on this, one can obtain the equations for the amplitude
A and the phase angle 6 from Egs. (13) as

dA
i My + M +Miz + G f@),
do
7l My + My + Moz + G f(2), (14)
where
a; sin ¢ A
My =+ » sgn(A cos @)Dy (JA cos ¢)),
0
a, sin ¢ "
My, = + - sgn(A cos ¢)D;>(|A cos ¢|),
0
M3 = —Asin® ¢p[—u(c; — c2A% cos® ¢ + aA* cos* ¢
— BA®cos® @) + (1 — r)| — Awy sin ¢|8(A cos @),
sin ¢
G =— sgn(A cos ¢),
(2]
ajcos¢ 5
My = sgn(A cos $)D} (JA cos @),
wo
a; cos ¢ "
My =+ sgn(A cos ¢)D;2 (|Acose)),

wo
My; = —sin¢ cos p[—pu(c; — c2A% cos® ¢ + aA* cos* ¢
— BA®cos® @) + (1 — r)| — Awy sin ¢|8(A cos ¢)],
COS

¢sgn(A cos ). (15)

Gy = —
21 Awn

According to the stochastic averaging method [41], the vari-
ables A and 0 can be approximated as a two-dimensional
diffusion process. Consequently, the mean drift and diffusion
coefficients of the corresponding Fokker-Planck-Kolmogorov
(FPK) equation are obtained by performing stochastic aver-
aging and integrating over one oscillation period 27 /wg. The
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resulting [t6 equation governing the amplitude A(t) takes the
form

dA = m(A)dt + o (A)dW,(t), (16)

where W;(¢) denotes normalized Wiener process. m(A) and
o (A) represent, respectively, the mean drift and mean diffu-
sion coefficients expressed as

0G11 G
mA) = (M +Mp+Mz+D——Gy +D——Gy ),
9A a0 P
(17a)
o?(A) = (2DG%1)¢. (17b)

To derive the explicit form of m(A), the key step is the sim-
plification of the first and second terms in Eq. (17a), and
following the procedure detailed in the Appendix, the aver-
aged drift coefficient m(A) is explicitly given by

y
A YA
"= e T2
5,3
(gz -2t L ) (18)
where
_ 64a;, . M7 i nZ(znwo)M—l
YT T e T ATy
128¢  (ho — D7t & 13 nawg Y2
1280 o G2 b
7'[2(1)0 2 (1 - 41’[2)2
2(1 — Nw
+ e — % (19)

Along the same line, using Eq. (17b), the averaged diffusion
coefficient 62(A) is also obtained as

o?(A) = (2DG%1)¢ = (20)

YIS

By closely inspecting the above equations, one sees imme-
diately that both the drift and the diffusion coefficients do
not explicitly depend on time f. Consequently, A(¢) is a
time-homogeneous diffusion process. The corresponding FPK

FIG. 1. Effect of the fractional orders A; and A, on the birhyth-
micity region in the parametric (o, 8) plane, as derived from
Eq. (24), with the natural frequency fixed at wy = 1.0. The remaining
parameters are set to u = 0.01, D = 0.1, a; = a, = 0.01, r = 0.95,
andc; =c¢; =1.0. (@) A, = 1.4 and (b) 1, = 0.4.

(b)

0 0.2

1
04 , 06 0.8 1 0.6
1

0.7 )\1 0.8 0.9 1

FIG. 2. Parameter domains for the existence of birhythmicity
(black regions) in the (A, ;) plane, based on Eq. (24), with
fixed frequency wy = 1.0. The remaining parameters are © = 0.01,
D =0.1,a; =a, =0.01,r =0.95,and ¢; = ¢, = 1.0. (a) THe case
(¢ =1.368, 8 = 0.144), and (b) the case (¢ = 1.89, 8 = 0.262).
The white regions indicate monorhythmic behavior.

equation for the amplitude associated with Eq. (16) is

PAD _ D A, o]
ot 0A
19
+ 5o lo AP, D). @1)

Solving Eq. (21), one obtains the stationary PDF for the am-
plitude in the form

N, A 2m(v)
P = isen| [ Z5as)

NowZA 2 )
— 20%A 329 A
D | gap 32

- /,L<4C2A4 - gaAG + %ﬂA*‘))], (22)

where N, is the normalization constant which satisfies
o a)gA a)2 )
Ny = |:f0 o exp [64D <32yA
- ,u(4czA4 - ‘3—105146 + %ﬁAg))]dA]l. (23)

By executing 224 — (), the extrema A,, of the distribu-
tion expression from Eq. (22) satisfies the following critical

1 2 A 3

FIG. 3. Effects of the fractional orders A; and A, on the pseu-
dopotential U(A), as defined in Eq. (29), for the parameter set (¢ =
1.85, B = 0.242) at the natural frequency wy = 1.0. The remaining
parameters are i = 0.01, D =0.1, a; = a, = 0.01, r = 0.95, and
¢y = ¢ = 1.0. (a) The case A, = 1.4; (b) the case A; = 0.7.
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0.005

0.02

0.01

FIG. 4. Effect of the fractional coefficient a; on the energy barriers AU, and AU, for the parameter set (¢ = 1.85, 8 = 0.242), with
wo = 1.0 and X, = 1.7: (a) a; = 0.005, (b) a; = 0.01, (c) a; = 0.015, and (d) a; = 0.02. The remaining parameters are fixed as u = 0.01,

a, =0.01,r=0.95,and ¢; = ¢, = 1.0.

conditions:

D C2 1 5

= A — | —A) — —aAS + —pAS )| =0. (24

wg+[”m ”‘(4'" g%An+ ggPAn @9
Then, the stationary PDF of the total energy E = E,(A) =
1wZA? can be retrieved so that

dA|  P(A)
P(E)ZP(A)'d_E WA
0

(25)

A=E;\(E)

According to Ref. [42], the corresponding first approximation
of the joint stationary PDF of the displacement V| and velocity
V5 can be obtained as follows:

P(E)

P, Vi, Vo) =
viv (Vi, V2) TE)

_1 2p2, 1y2
E=;0Vi+3V;

N()a)() a)(z) 2 V22
- —0 130y (V2 4+ %
22D O F [64D M\
V2\* 4 v2\’
2 2 2 2
Sufae( e ) e )

Se(ve 2Y
I

with T (E) = 2m /wy. The stationary PDF of the original vari-
able x; and velocity x, can be derived as

P(x1,x2) = 2Py, v, (X1, X2)

N()a)() a)(2) 2 x%
= 20 139 22
) eXp[64D Wit

0.015

Sele s 2Y
el ) |]) g

III. ANALYTICAL TREATMENT
AND BIRHYTHMICITY INDICATORS

The Langevin equation [Eq. (16)] of the Brownian motion
of the particle in a double-well potential can, therefore, be
approximated by

= —% + o (AW, (28)
and the effective pseudopotential U (A) is given by
UA) = i[ —32yA% + M<4C2A4 — faAG + 5;3&‘)}
128 3 8
Dln(A)
B 20)3 '

(29)

It is found that the restitution coefficient r, the noise intensity
D, and the fractional orders A; and X, influence the pseudopo-
tential U (A). Additionally, U (A) exhibits a weak, logarithmic
dependence on the oscillation amplitude.

In Fig. 1, we report the influence of the fractional-order pa-
rameters A; and X, on the stability map. Specifically, Fig. 1(a)
displays the effect of the fractional-order parameter |, whose
increase causes the domain for birhythmicity to expand. The
impact of the fractional-order parameter A, is shown by
Fig. 1(b), where it is found that increasing the values of X,

0.02 0.02
(d)
0.01
0.01
0.005 001
0 A
-+, 0. ) g
2 _—", 01 041 -1
0.05 \\\ L .. 2 > P 2
: o A5 15 0.05 e
D 974 A -~ el
’ 01 X D04 2

FIG. 5. Effect of the fractional coefficient a, on the energy barriers AU; and AUs, for the parameter set (o« = 1.85, 8 = 0.242) at the
natural frequency wy = 1.0, with A; = 0.7: (a) a, = 0.001, (b) a, = 0.01, (c) a, = 0.012, and (d) a, = 0.015. The remaining parameters are

fixedas u = 0.01, ¢y =0.01,»r =0.95,and ¢; = ¢, = 1.0.
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causes the domain for birhythmicity to reduce. Obviously,
with increasing A;, multimodal structures of the probability
distribution are expected, while with increasing X,, unimodal
structures of the probability distribution can be found, when
fractional coefficients are equal. Otherwise, a couple of pa-
rameters (o, 8) out of such regions will not induce the
stochastic bifurcation of the PDF. Figure 2 represents the bi-
furcation diagram against the system parameter plane (A, 1),
where Figs. 2(a) and 2(b) correspond to the respective values
(¢ =1.368, 8 =0.144) and (a¢ =1.89, 8 =0.262) of the
system parameters. We should also stress that white areas are
those where monorhythmic events are expected, while black
areas are supposed to support the appearance of birhythmic
dynamics. By comparing these two figures, we see that only
one bifurcation is possible in Fig. 2(a), while two bifurcations
are expected in Fig. 2(b), when A, increases, for a fixed value
of )\1 .

In Fig. 3, a two-dimensional view of the pseudopotential
is plotted as a function of amplitude A for the set of param-
eters (o = 1.85, B = 0.242), when noise intensity D = 0.1.
We analyze the effects of fractional orders on the existence
and the number of wells in the pseudopotential. We underline
that the depth of the well embodies the stability of the system.
The effective energy barrier becomes more important when
the well is deeper. It is found that fractional orders A; and A,
change the dynamics of the system. Precisely, increasing A,
leads to the appearance of two wells [see Fig. 3(a)], while
increasing A, leads to the disappearance of the birhythmic
behavior [see Fig. 3(b)].

IV. EVALUATION OF THE EFFECTIVE ENERGY
BARRIERS VERSUS A, A, AND THE NOISE INTENSITY D

The transition between unimodal and bimodal distri-
butions, which can be monitored through the appropriate
competition between the fractional orders A; and A;, as well
as the noise intensity D, can significantly alter the behavior
of potential barriers from the oscillations within potential
wells. From Eq. (29), the behaviors of the potential barriers
AU, (associated with the inner orbit) and AUj (related to the
outer orbit) can be calculated. These are illustrated in Figs. 4
and 5. In Fig. 4, it is observed that as the fractional coefficient
a; increases, AUs, in relation to A; and D, tends to disappear,
while the barrier AU, remains unchanged. This also signifies
the transition between bimodal and unimodal distributions.
A similar behavior is seen in Fig. 5 as the fractional coef-
ficient a, increases. Note that AU;(j =1, 3) represents the
difference between the maximum and minimum values of an
effective potential U (A).

V. STOCHASTIC P BIFURCATION

In this section, we will explore the possible transition
scenarios of the oscillator, in conjunction with numerical tech-
niques to analyze the effects of fractional orders, fractional
coefficients, and the restitution coefficient on the transforma-
tions of the stationary PDF from one form to another.

0.2 T T T T .

0.15

R 041

0.05

0.03 0.04 0.05

a

0 0.01  0.02 0.06

FIG. 6. Bifurcation diagram in the (a;, D)-plane parameter space
based on Eq. (24), for the parameter set (o = 1.85, 8 = 0.242),
with natural frequency wy = 1.0. The remaining parameters are fixed
as w=0.01, ,, =07, ,,=1.7, a, =0.01, r =097, and ¢, =
Cy = 1.0.

A. Effect of fractional coefficients a; and a,

The influence of the first fractional coefficients a; on the
stochastic response of the fractional-order BVI system is ex-
amined in Fig. 6. In this diagram, the blue region corresponds
to a bimodal stationary amplitude distribution, indicating
birhythmic behavior, while the white region signifies a uni-
modal distribution associated with monorhythmic dynamics.

As illustrated in Fig. 7, the stationary probability density
function P(A) is used to examine bifurcation control under
varying fractional coefficients a;. For a; = 0.001, P(A) dis-
plays a single right-hand peak associated with the outer limit
cycle. As a; increases, this peak diminishes, while a left-hand
peak, corresponding to the inner cycle, gradually emerges.
At a; = 0.02, both peaks coexist, forming a bimodal dis-
tribution. Further increasing a; to 0.04 suppresses the right
peak entirely, yielding a unimodal distribution centered on the
inner cycle. These transitions between unimodal and bimodal

0.8 T T ;
a; = 0.001
0.6 728N i
) \
g B \
304_ . (1170.02 “ |
X . S _
0.2r ,a’——_ h 1
O 1 1 1
0 1 2 A 3 4

FIG. 7. Analytical (solid lines) and Monte Carlo simulation
(dashed lines) results for the stationary PDF as a function of the
amplitude A, for various values of the fractional coefficient a;. The
parameter set is (¢ = 1.85, B = 0.242) with u = 0.01. Other param-
eters are fixed aswy = 1.0, A,y = 0.7, ., = 1.7, r = 0.97, a, = 0.01,
c1 =c¢; = 1.0,and D = 0.04.
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0.1 P(xla 1132)

Wi T
2 5 0 1

-5 0

X1

xl x2

-5 0

FIG. 8. Effect of the fractional coefficient a; on the joint PDFs, for the parameter set (o = 1.85, 8 = 0.242), with D = 0.04 and u = 0.01.
The values of a; are (a) a; = 0.001, (b) a; = 0.02, and (c) a; = 0.04. The remaining parameters are fixed as wy = 1.0, A; = 0.7, A, = 1.7,

a, =0.01,r=097,andc; =c, = 1.0.

profiles signify a stochastic P bifurcation, indicating that a;
effectively governs the bifurcation dynamics. This behavior is
corroborated in Fig. 8, where the joint PDF P(x, x;) evolves
from a craterlike shape with a single peak at a; = 0.001 to
a topologically distinct unimodal structure at a; = 0.04, con-
firming the occurrence of bifurcation.

Considering the fractional coefficient a, as a bifurcation
parameter, Fig. 9 presents the bifurcation diagram in the
(az, D) plane, where the blue region denotes birhythmic be-
havior characterized by the coexistence of two stable limit
cycles, while the white region corresponds to monorhythmic
dynamics with a single stable limit cycle. It is evident that
for D < 0.0263 a single bifurcation occurs as a, increases
from 0 to 0.045. In contrast, when 0.0263 < D < 0.1734, two
bifurcations emerge within the same interval of a,, indicating
a more intricate transition between rhythmic regimes under
stronger noise intensity.

The P bifurcation induced by the second type of fractional
coefficient a; is illustrated in Fig. 10, and dashed lines cor-
respond to numerical results obtained from simulations of
system (1). As shown, the PDF initially exhibits a unimodal
structure with a pronounced peak at a large amplitude when
a, = 0.001. Increasing a, to 0.015 leads to the emergence of
a secondary peak, marking a transition from unimodality to

02 L T T T

0.15¢
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FIG. 9. Bifurcation diagram in the (a,, D)-plane parameter
space, derived from Eq. (24), for the fixed set (¢ = 1.85, 8 = 0.242)
at the natural frequency wy = 1.0. The remaining parameters are
n=0.01,1,=0.7, 1,=1.7,a,=0.01, r = 0.97, and ¢; = ¢, = 1.0.

bimodality. When a, exceeds 0.05, the outer peak disappears,
and the PDF reverts to a unimodal profile centered around the
inner stable limit cycle, indicating the occurrence of a second
P bifurcation.

The corresponding joint PDFs of displacement x; and
velocity x, are shown in Fig. 11. Figure 11(a) reveals a
craterlike distribution with a shallow central hump. In con-
trast, Fig. 11(c) for a; = 0.05 displays a sharp peak at the
equilibrium, confirming the return to monorhythmic behavior.
These topological transitions in the joint PDF substantiate the
presence of a stochastic P bifurcation as a, increases from
0.001 to 0.05.

B. Effect of fractional orders A; and A,

We now examine the stochastic bifurcation induced by the
first type of fractional-order parameters A; and X,. The bifur-
cation diagram in the (A;, D) parameter space is presented in
Fig. 12, where the blue region denotes birhythmic behavior
and the white region corresponds to monorhythmic dynamics.
When the noise intensity D < 0.02, the system consis-
tently exhibits monorhythmic behavior as A; increases. For

08 : : : :
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0.3
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0.1

FIG. 10. Analytical (solid lines) and Monte Carlo simulation
(dashed lines) results for the stationary PDF as a function of the
amplitude A, for various values of the fractional coefficient a,. The
parameters are fixed at (¢ = 1.85, § = 0.242) and p = 0.01, with
wy = 10, )\.] = 07, )\.2 = 17, r = 097, a) = 001, Cl =C = 10,
and D = 0.04.
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FIG. 11. Effect of the fractional coefficient a, on the joint PDFs for the parameter set (¢ = 1.85, 8 = 0.242), with D = 0.04 and u = 0.01:
(a) a, = 0.001, (b) a, = 0.015, and (c) a, = 0.05. The remaining parameters are fixed as wy = 1.0, A; = 0.7, 1, = 1.7, a; = 0.01, r = 0.97,

and Cl=0C = 1.0.

intermediate noise levels 0.02 < D < 0.078, a single transi-
tion is observed, from birhythmicity to monorhythmicity, as
A increases from O to 1. However, when D > 0.078, two
distinct transitions emerge, reflecting a more complex bifur-
cation structure driven by the interplay between noise and
fractional-order effects.

Figure 13 presents the PDF of the amplitude for various
values of the fractional-order parameter A, with the noise in-
tensity fixed at D = 0.1. As shown, the amplitude distribution
is unimodal for A; = 0.2 and A; = 0.9, whereas a bimodal
structure emerges at A; = 0.6. These qualitative changes in
the topology of the PDF, driven by variations in A1, reflect the
occurrence of a phenomenological bifurcation in the system’s
stochastic dynamics.

Figure 14 reveals that the parameter space (A, D) is par-
titioned into two distinct regions: a white region associated
with monorhythmic behavior and a blue region corresponding
to birhythmic dynamics. As the fractional-order parameter
Ay increases from 1 to 2, multiple transitions between these
rhythmic states emerge. For instance, when the noise intensity
D < 0.06, a single transition is observed. As D increases to
the interval 0.06 < D < 0.12, two transitions occur. In the
range 0.12 < D < 0.133, three transitions are evident, and a

0.15 - . .

0.4 A 0.6 0.8 1

O L
0 0.2

FIG. 12. Bifurcation diagram in the (A;, D) parameter space,
based on Eq. (24), for the fixed set (¢ = 1.85, 8 = 0.242) and nat-
ural frequency wy = 1.0. The remaining parameters are p = 0.01,
A =14,a, =0.015,a, =0.01,r =0.95,and ¢c; = ¢, = 1.0.

fourth emerges when D lies between 0.133 and 0.154. These
results underscore the intricate interplay between stochastic
fluctuations and fractional dynamics in shaping the system’s
rhythmic behavior.

The PDF of the amplitude is depicted in Fig. 15 for vari-
ous values of the second fractional-order parameter A,, with
the noise intensity fixed at D = 0.1. As shown, the PDFs
corresponding to A, = 1.5 and A, = 1.95 exhibit unimodal
profiles, whereas the case 1, = 1.83 reveals a bimodal dis-
tribution. These observations suggest that variations in A, can
induce a stochastic phenomenological bifurcation, highlight-
ing its crucial role in shaping the system’s dynamic behavior.

C. Effect of restitution coefficient r

Equation (24) suggests that the number of real roots varies
between one and three as the parameters change, since the
amplitude A,, cannot be negative. Consequently, the proba-
bility distribution for the amplitude will either be unimodal
or bimodal, indicating the occurrence of a type of stochastic
bifurcation. By determining the roots of Eq. (24), we present
the corresponding bifurcation diagram of system (1) in the
(r, D) space in Fig. 16. In Fig. 16(a), we observe that the

04 T T ;\ T
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-~ 7\
- - == \\
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FIG. 13. Analytical (solid lines) and Monte Carlo simulation
(dashed lines) results for the stationary PDF as a function of
amplitude A, for varying values of the fractional order A;. The param-
eters are fixed at (o = 1.85, 8 = 0.242) and pu = 0.01, with wy =
1.0, A =14, a; =0.015, a =0.01, r=0.95, ¢; =c, = 1.0,
and D =0.1.

034211-8



BIFURCATION ANALYSIS OF A BIRHYTHMIC ...

PHYSICAL REVIEW E 112, 034211 (2025)

0.1

0.05

0 1 1 1 1
1 1.2 1.4 1.6 1.8 2
A2

FIG. 14. Bifurcation diagram in the (A,, D) parameter plane
based on Eq. (24), for the set (o« = 1.85, B = 0.242), with the nat-
ural frequency wy = 1.0. The remaining parameters are u = 0.01,
A =0.7,a, =0.0l,a, =0.02, r =0.95,and ¢; = ¢, = 1.0.

stationary amplitude distribution is bimodal in the blue region.
This diagram further implies that when the noise intensity
is below a certain threshold, an increase in the parameter
r results in two types of transitions: from monorhythmic to
birhythmic behavior and from birhythmic to monorhythmic
structures. Figure 16(b) illustrates the influence of the mod-
ulated nonlinear parameter p on the birhythmicity region,
revealing that an increase in u significantly expands the area
of birhythmicity.

The bifurcation analysis highlights the pivotal role of the
restitution coefficient r in shaping the dynamics of stochastic
system (1). In this section, r is treated as a bifurcation param-
eter to examine its influence on the behavior of the stochastic
VI system. Figure 17 presents both the approximate stationary
solution and the Monte Carlo simulation results for the sta-
tionary PDF, with the noise intensity fixed at D = 0.05. When
r = 0.92, the stationary distribution remains unimodal in both
analytical and numerical cases. However, as r increases to
0.96 and 0.98, the distribution undergoes a qualitative change,
transitioning from unimodal to bimodal, and then reverting

0.5 - - . :

0.4

FIG. 15. Analytical (solid lines) and Monte Carlo simulation
(dashed lines) results for the stationary PDF as a function of ampli-
tude A, for different values of the fractional order A,. The parameters
are setas (o = 1.85, 8 = 0.242) with u = 0.01, wy = 1.0, 1, = 0.7,
a; =0.01,a, =0.02,r =0.95,¢; =c; = 1.0,and D = 0.1.

0.2

@

0.15

FIG. 16. (a) Bifurcation diagram in the (r, D) parameter plane
derived from Eq. (24) for the fixed set (¢ = 1.85, f = 0.242) with
n = 0.01. (b) Influence of the nonlinear parameter w on the birhyth-
micity region (shaded area) in the (r, D) plane. The remaining
parameters are wy = 1.0, Ay = 0.4, A, = 1.6, a; = a, = 0.01, and
cir=c=1.0.

to a monorhythmic form. This sequence of changes clearly
signals the occurrence of a stochastic P bifurcation, induced
by the variation of the restitution coefficient.

To further validate these findings, the influence of the resti-
tution coefficient » on the shape of the joint PDF is illustrated
in Fig. 18, along with the corresponding density plots. As
r increases, the joint PDF undergoes a clear transformation,
changing from a single peak at r = 0.92 to a triple-peaked
structure at r = 0.98, reflecting the emergence of complex
stochastic dynamics driven by variations in impact restitution.

VI. CONCLUSION

In this paper, we explored the stochastic bifurcations of a
nonlinear BVI oscillator incorporating two types of fractional
derivative elements and subjected to Gaussian white noise
excitation. By employing a nonsmooth transformation along
with the stochastic averaging method, we derived approxi-
mate analytical expressions for both the stationary PDF of the
amplitude and the joint PDF of displacement and velocity.
To validate these analytical results, we conducted numeri-
cal simulations based on the Monte Carlo method, yielding
excellent agreement between theory and computation. Our
analysis shows that the probability distributions are highly

0.6}

2 4 3 4

FIG. 17. Analytical (solid lines) and Monte Carlo simulation
(dashed lines) results for the PDF as a function of amplitude A,
for various values of the restitution coefficient r. The parameters

are setto (o = 1.85, 8 = 0.242) with u = 0.01, wp = 1.0, A; = 0.4,
)»2 = 16, ay =da; = 001, Cl=0C = 10, and D = 0.05.

034211-9



BORIS A. GUIMFACK et al.

PHYSICAL REVIEW E 112, 034211 (2025)

-5 0

0.1 P(xl,xz)

()

X1

-5 0

FIG. 18. Influence of the restitution coefficient r on the joint PDFs for the parameter set («¢ = 1.85, 8 = 0.242) with u = 0.01:
(a) r =0.92, (b) r =0.96, and (c) r = 0.98. The remaining parameters are fixed as wy = 1.0, Ay = 0.4, A, = 1.6, ay = a, =0.01, ¢, =

c; = 1.0, and D = 0.05.

sensitive to variations in the fractional coefficients, fractional-
order parameters, and the restitution parameter. Specifically,
increasing the coefficients a; and a, causes a transition
from monorhythmic to birhythmic behavior, and then back
to monorhythmicity in the amplitude PDFs, as evidenced by
a shift from single- to triple-peak and back to single-peak
structures in the three-dimensional joint PDF, characterizing
a stochastic P bifurcation. Similar trends are noted for the
fractional orders A; and A, which also govern the transi-
tion between rhythmic regimes in the amplitude distributions.
Furthermore, the evolution of the pseudopotential and energy
barriers concerning these bifurcation parameters supports the
conclusion that fractional orders play a dominant role in con-
trolling the onset and nature of bifurcations. These findings
suggest that with appropriate tuning of system parameters, a
broad spectrum of oscillatory dynamics can be engineered in
systems with fractional damping and nonlinear effects. These
models highlight the relevance of such systems as powerful
frameworks for analyzing the dynamics of complex bio-
logical phenomena and for designing innovative biomedical
devices.
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APPENDIX: KEY STEPS TO CALCULATE EXPRESSIONS
(18)—(20) USING EQS. (15) AND (17)

The full calculation of Egs. (18)—(20) is based on the de-
termination of the following expressions:

[ a1Asing d ["]cos(¢p—woT)|
(M11)¢—<mSgH(A COS¢)EfoT dr>¢.

(AT)
Then, the cosine function in Eq. (A1) can be replaced by the
following Fourier series:

| cos ¢| = 2 + Y B,cos(2ng). (A2)
A —
where
4 (=1)
T x4
According to Egs. (A2) and (A3), and Refs. [42,43],
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3261114 .
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Following the same procedure, (M;»)s can be obtained as
follows:

64aA  (hy — D)7 o= 13 (2nwg)2 2
Miz)y = =—3 708 = 2. (1 — 4n2)?
n=1
15
6daA (A — 1 3(2nwy )22
L Ot cos( 2 — Drm n°(2nwo) . (AS)
2wy 2 ~ (1- 4n?)?

Equations (A6) and (A7) can be obtained through mathemati-
cal calculation:

(M13), = (—Asin® p[—pu(c) — c2A* cos® ¢ + aA* cos* ¢ — BA® cos® ) + (1 — r)| — Awy sin ¢|8(A cos §)])y
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