PHYSICAL REVIEW E 113, 024206 (2026)

Editors’ Suggestion

Generalized Lotka-Volterra systems with quenched random interactions
and saturating nonlinear response

Marco Zenari ®,"2" Francesco Ferraro ®,"3* Sandro Azaele ®,"3* Amos Maritan,">* and Samir Suweis

1,2,3

' Department of Physics and Astronomy “Galileo Galilei”, University of Padova, Italy
2Padova Neuroscience Center, University of Padova, Italy
3INFN, Padova Division, Italy
4National Biodiversity Future Center, Palermo, Italy

® (Received 5 June 2025; accepted 13 January 2026; published 12 February 2026)

The generalized Lotka-Volterra (GLV) equations with quenched random interactions have been extensively
used to investigate the stability and dynamics of complex ecosystems. However, the standard linear interaction
model suffers from pathological unbounded growth, especially under strong cooperation or heterogeneity.
This work addresses that limitation by introducing a Monod-type saturating nonlinear response into the GLV
framework. Using Dynamical Mean-Field Theory, we derive analytical expressions for the species abundance
distribution in the Unique Fixed Point phase and show the suppression of unbounded dynamics. Numerical
simulations reveal a rich dynamical structure in the Multiple Attractor phase, including a transition between
high-dimensional chaotic and low-volatility regimes, governed by interaction symmetry. These findings offer a
more ecologically realistic foundation for disordered ecosystem models and highlight the role of nonlinearity
and symmetry in shaping the diversity and resilience of large ecological communities.
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I. INTRODUCTION

The study of the stability and the emergent properties
of large ecological communities characterized by random
interactions has evolved significantly since May’s seminal
contribution [1]. A plethora of analytical tools borrowed from
statistical physics have enabled significant progress in under-
standing the properties of fixed points and their stability in
large ecosystems with disordered couplings. These techniques
include random matrix theory [2,3], replica and cavity meth-
ods [4-6], and dynamic generating functionals [7-9], which
were originally developed for describing the properties spin
systems both in and out of equilibrium [10].

In particular, several studies have focused on the stability
of random assemblies of a large number of species by an-
alyzing the eigenvalue spectra of random Jacobian matrices
[11-17], also known in ecology as the community matrix.
However, this approach not only does not take into account the
possibility of asymptotic states other than fixed points but usu-
ally also considers the Jacobian independent of the stationary
species abundances X* (but see Refs. [18,19]). A complemen-
tary approach is to study species population dynamics using
generalized Lotka-Volterra equations (GLV) with quenched
random disorder (QGLV) [16,20-23]. These models typically
exhibit three distinct dynamical regimes: global convergence
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to a unique fixed point (UFP), convergence or fluctuations
between multiple equilibria (MA), or unbounded population
growth (UG). The introduction of demographic noise to these
models has revealed additional phases, such as a Gardner
phase [24], while considering delayed or modular interac-
tions, oscillatory phases appear [25-27]. In the UFP phase, the
species abundance (SAD) can be calculated analytically re-
sulting in a truncated Gaussian distribution [21-23,28-30]. A
heterogeneous non-Gaussian SAD can be obtained in the MA
phase [31,32] or if annealed rather than quenched interactions
are considered [33-35]. Also, recent works have shown that
when non-Gaussian or sparse interactions are considered, the
SAD shape is directly linked to the distribution of interactions
[28,36].

In some of these cases, however, a UG phase is present,
in which one or more species populations diverge to infinity.
This ecologically unrealistic outcome is due to a pathol-
ogy of the GLV model, which assumes that the per-capita
growth rate of a given species depends linearly on the re-
maining populations. This can lead to a positive feedback
when interactions are strongly cooperative or very heteroge-
neous, which can ultimately results in unbounded growth. To
remedy this pathology of GLV equations with random coeffi-
cients, a possibility is to consider nonpositive, non-Gaussian
distributions for these coefficients [28,37,38]. Alternatively,
nonlinear functional responses can be introduced. This, more-
over, makes models more ecologically realistic and, in fact,
several functional responses have been proposed in population
dynamics models.

Functional responses, which describe how a consumer’s
feeding rate changes with resource density, play a fundamen-
tal role in understanding species interactions and ecosystem
dynamics [39,40]. Holling classified these responses into
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three main types: Type I (linear), Type II (saturating), and
Type III (sigmoidal) [39]. Type I responses assume a linear
relationship between resource density and consumption rate
up to a maximum, while Type Il responses show a decelerating
intake rate that reaches an asymptote at high resource densi-
ties, reflecting handling time limitations. Type III responses
exhibit a sigmoid curve, indicating low feeding rates at low
resource densities followed by an accelerating phase before
reaching saturation.

For this reason, a recent work has extended the study
of QGLV to include a nonlinear functional response [41].
In this study, nonlinear feedback mechanisms similar to the
Holling Type II functional response were introduced into the
GLV model, with a saturating feedback function. However,
the complexity of this functional response posed significant
analytical challenges, making it difficult to derive closed-form
solutions for the GLV phases, and mainly numerical simula-
tions were employed to explore the dynamics of the system.

The Monod equation [42], originally developed to describe
microbial growth kinetics, represents a special case of Type 11
functional response and has become widely used in ecological
modeling due to its mathematical simplicity and biological
realism. This equation describes how growth rate varies with
resource concentration, approaching a maximum rate asymp-
totically, similar to the Michaelis-Menten kinetics in enzyme
dynamics.

Following Ref. [33], which explored the role of the sat-
urating function in the GLV dynamics with time-dependent
interactions, we aim to investigate the dynamics and stability
of the QGLV model with a Monod-type nonlinear response.
Our approach begins with the derivation of the Dynamical
Mean Field Theory (DMFT) for the system, which allows us
to study the UFP phase and derive the corresponding SAD
in a closed form. We then focus on the loss of stability and
the emergence of chaos in the MA phase as a function of
the mean, variance and covariance of the random interactions.
Although the UG phase vanishes as a result of the saturating
nonlinear response, the MA phase, as also seen in previous
work [41], presents two distinct types of dynamics. These
are characterized by using the indicators proposed in Ref.
[41] and two additional quantities: the dimensionality of the
dynamics and the Maximum Lyapunov exponent. Thus, our
work provides a comprehensive understanding of the differ-
ent phases displayed by QGLV with saturating functional
responses.

II. GENERALIZED LOTKA-VOLTERRA MODEL
WITH SATURATING RESPONSE

We consider a large ecological community composed of
N species. We denote their abundances or biomass densities
with x;(¢), with i = 1,..., N. We assume that the dynamics
of the abundances follow the GLV equations with a nonlinear
interaction term J(x)

X = Vixi|:1 —xi/ki + Zcxijj(xj):| + A (1)
J#

The parameters r; are the per-capita growth rates of the
species, while k; are their carrying capacities. For simplicity,

we consider these parameters equal across species and rescale
time and abundances, setting them to unity, i.e., r;, = 1 and
ki=1foralli=1,...,N. A small migration term 2; is also
introduced, and from now on, it will also set equal for all
species, that is, A; = A for i =1, ..., N. The addition of a
migration term allows the system to reach a stationary state
at long times for all values of the interaction parameters,
by preventing a dynamical slowdown. This is often referred
to as “aging” in the disordered-systems literature, although
this terminology is somewhat nonstandard here, as the slow-
down originates from near-extinction events rather than from
a rugged energetic landscape [24,43,44].

The function J (x) saturates at large values of its argument
and is introduced to capture the nonlinear interactions char-
acteristic of biological systems. Placing this function inside
the summation, rather than following the usual formulation
of functional responses, enhances analytical tractability at
the expense of certain biological constraints, such as clone
consistency [45], that is, invariance under relabeling. It is
straightforward to show that its introduction constrains the
abundances of all species to remain bounded at all times.
Thus, introducing a nonlinear saturating interaction avoids a
UG phase.

For definiteness, we consider Monod-type response J(x)
[42], that is also similar to the Holling type II [39] functional
response

ax
1 + ahx’

where a is the consumption rate and £ is the handling time.
In what follows, we set a = 1 without loss of generality, as
its effect can be absorbed into a redefinition of the interaction
coefficients o;; and the handling time 4. We also assume a
uniform handling time & across all species. This response
function behaves linearly in the small limit x (x < 1) and
saturates to the value 1/h for large values of x. While the
results that we obtain depend on our specific choice of the
function J(x), the general phenomenology depends only on
the saturating character of the response.

The parameters «;; specifying the interactions between the
species composing a large community are prohibitively nu-
merous and potentially unquantifiable. Following a standard
approach in the study on large ecological communities, we
take the interaction coefficients o;; to be randomly distributed.
Specifically, we take them from a distribution for which

J(x) = 2)

mean(o;;) = /N, 3)
Std(()lij) = CT/\/N, (4)
corr(aj, aji) = y. 5)

The specific choice of the distribution from which the parame-
ters are drawn does not affect the resulting DMFT equations in
the large-N limit, provided that higher-order cumulants are
subleading so that only the first two cumulants contribute at
leading order, as discussed in Refs. [28,43,46]. In simulations,
parameters are drawn from a normal distribution.

The qualitative behavior of the model is shown in Fig. 1.
Similarly to the standard GLV model, the system exhibits
a UFP phase at low interaction strengths and undergoes a
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FIG. 1. Qualitative behavior of the QGLV model with saturating nonlinear response, as a function of the strength of interactions o and
the correlation parameter y. The other parameters are set to u = —3, h = 0.1, A = 1073, The insets show the trajectories of eight random
species among the 400 used for the simulations for a total simulation time of 80. The specific values of the parameters used are 0 = 5 and
y = —0.9,0,0.9. The solid line marks the separation of between the Unique Fixed Point phase and the Multiple Attractors phase and is
determined from the self-consistent condition Eq. (39). The dashed line marks the separation between the qualitatively different behaviors in
the multiple attractors phase and is determined approximately with the order parameters shown in Fig. 4.

transition to the MA phase at a critical interaction strength
that can be determined analytically. However, unlike the GLV
equations with linear interactions, the inclusion of a saturat-
ing response function eliminates the nonphysical unbounded
growth phase present in this model, which emerges for high
cooperation and heterogeneity in the interactions, as can be
easily demonstrated for a finite number of species N. The
absence of this unbounded region enables a more compre-
hensive exploration of the MA phase, where, depending on
the correlation parameter y, two different transient chaotic
behaviors are observed. We describe these two regions of the
MA phase by quantifying their volatility numerically.

III. DYNAMICAL MEAN-FIELD THEORY

In this section, we employ DMFT and map the multi-
species, disordered system Eq. (1) onto an effective single-
species stochastic differential equation. To derive the DMFT
equations, we follow a common approach used in the literature
[22,47], which employs generating functionals. Starting from
the GLV dynamic given by Eq. (1), we define its generating
functional as the Fourier transform of its measure

Z[\IJ] — / D[X]eizifdtxi(t)\l’i(t)’ (6)
paths

where W represents an external source field.

By performing the average of the generating functional
over the disordered interaction parameters o;; we show (see
Appendix A) that this generating functional is equivalent, in
the thermodynamic limit, to the one of the DMFT equation for

an effective species x(7) of the ecological community

x(@) =x(t)[1 —x(t) + )/0'2/ dr'G(t,t")J(x(t))
0

+nQ@) + n(t)]- @)

In this equation

0@t) = (J(x(1))), ®)

n(t) is Gaussian noise, which has zero mean and correlations
given by

")) = o (JJx) (x(1))), ©)]
and
, 8J (x(1))
G, 1) = (222 10
0 <8n(t’)> {10

These averages are understood to be over realizations of
Eq. (7). Thus, the process defined by Eqs. (7)—(10) is self-
consistent.

We note that the DMFT equations could also be obtained
by employing the so-called dynamical cavity method. This
is discussed, for example, in the case of a linear response
function in Ref. [43].

IV. FIXED POINT PHASE

A. Fixed point ansatz

We begin by assuming that the dynamics defined by Eq. (7)
reach a fixed point in the long-time behavior and denote
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x* = 1lim,_, o x(¢). With this assumption, the Gaussian noise
n(t) becomes a static Gaussian variable, as implied by Eq. (9).
Defining it as n* = lim;_ o, ()

n* =04z, a1

where

q = (J(x(2)%) (12)

and z is a zero-mean unit-variance Gaussian random variable.
We additionally assume that the response function G(z,t’)
at stationarity becomes time-translation invariant, G(¢,t') =
Gt —t’) = G(1), and define

X :/er(r). (13)
We also define
Q" = (J(x(2))). (14)
We find that the fixed points of Eq. (7) are
X[ —x* + puQ* +yo’xJ(x)+n*1=0.  (15)
The stable solution of Eq. (15) is given by

x" = f&H[E], (16)

where H[£] is the Heaviside function. The stability of the
zero and nonzero fixed points is analyzed in the next section,
see Eq. (28), which justifies a posteriori the presence of the
Heaviside function, see also [21,22] for similar calculations.
The argument £ is defined as

E=1+4+u0" +n", (17)

and the function f(&) is given by
—2&

he —y — (hs —y? +4hE
with y = 1 — yo?x. Additional details on the derivation of
this solution are provided in Appendix B. We note that in the
limit & — 0 Eq. (16) yields f(§) =& /y which is the result
obtained in Ref. [22]. The evaluation of x can be carried out
starting from Eq. (13) and noting that, at stationarity, x is the
response of the system to a constant perturbation applied at all
previous times [47]. Thus, x is obtained as the average over
the realizations of x* = x(z) of the derivative of J(x(z)) with
respect to n* = 0.,/qz,

fé&) = (18)

1 GG
X_,/Dzﬂa 9z (19)

2
where Dz = ﬁe‘sz is the Gaussian measure. Computing
the derivative, we obtain

1
= dEP(E)———
* /M O ey
with f'(&) being the derivative respect to & of Eq. (18).

@), (20)

B. Species abundance distribution

Starting from the stationary solution of DMFT given by
Eq. (15) we derive the stationary probability distribution for
x*, which corresponds to the SAD. Eq. (17) implies that £ is
normally distributed as a Gaussian random variable N (1 +

wQ*, o2q). Thus, from Eq. (16), we obtain
Py(x™) = (8(x* — f(E)H ()¢

= ¢ 8(x") + Poury(x")H (x™), 2D

where the average is over £. The fraction of extinct species is

given by

¢ = %erfc( (22)

m
)
while the distribution of nonextinct species distribution is
exp [—(f ' (") —m)?/2v°)

V2 (f ()

Pory (™) = s (23)

where
') =x—yolxJx). (24)

The parameters m = 1 + uQ* and v = o ,/q are to be com-
puted self-consistently. Notice that Py, is normalized to 1 —
¢, the fraction of nonextinct species.

In the specific case y =0 we have y =1, f~1(x*) = x*
and f'(§) = 1 and thus the resulting SAD is exactly a trun-
cated Gaussian in Eq. (23), as obtained in the linear response
case [21,22]. For y # 0 the SAD is the pushforward of a
Gaussian through f~!(x), but since f~!(x) is linear for large
x, the SAD also decays in this case with a Gaussian tail. In
Fig. 2, we show the theoretical prediction together with the
histogram of simulation samples for a representative choice of
parameters. Results for other parameter choices are provided
in Appendix C.

V. LOSS OF STABILITY AND EMERGENCE OF CHAOS
A. Linear stability analysis

In this section, we study the stability of the fixed point
ansatz with a linear stability analysis following [22]. We add
to the DMFT equation a small independent Gaussian white
noise ¢ (¢)

x(t) =x()[1 — x(t) + yo? / dr'G(t, t")J (x(t'))
0

+ 1) + n() + £ ()] (25)

and study the resulting deviations 8x(¢) = x(t) — x* from the
stationary solution. At first order the noise is modified to
n(t) =n* +dn(t), with

(8n(®)dn(t)) = o> ((J*)?8x(t)dx(t")) (26)
where J™* = dJ(x)/dx| . The linearized DMFT equation is
8x(t) =8x([1 — x* + yoxJ(x*) + n0* + n*]

+x*[—8x(t)+y02 / dt'[8G(t, 1) (x(t))

+ G, t/)SJ(X(t')} +udQ(r) +8n() + ()],
27)

and it is easy to show that §G(¢, ') = 0 and §Q(¢) = 0, start-
ing from their definition and showing that it can be written
as the average of an unperturbed observable multiplied by ¢.
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FIG. 2. Species Abundance Distribution. (a) Comparison be-
tween the theoretical species abundance distribution and the his-
togram of the stationary samples obtained from 10 simulations with
1000 species. The values x* from the simulations are averaged over
the last 5% of the trajectories that last for a total simulation time of
100. The used parameters are 4 = —3,0 =1, y =0, h = 0.8 and
A = 1078, The solid line represents the survival distribution Py, (x™)
while the point at x* = 0 is given by the sum of the probability of
extinction ¢ and the fraction of nonextinct species with abundances
contained within the first bin, both normalized by the bin length.
(b) Comparison among the theoretical species abundance distribu-
tions for different values of /. Other parameters are fixed as u = —3,
o=1,y=0,and A = 1078,

Given the independence between the two and the fact that
(¢) = 0, the terms mentioned above are zero.

The dynamics of small perturbations around x* = 0 thus
satisfies

8x(1) = dx(O[1 + nQ* +n*l, (28)

which shows that this fixed point is stable when & =1 +
nO* + n* < 0, as anticipated.

The linear dynamics of perturbations around the nonzero
fixed point satisfies instead

8x(t) =x*[—8x(t)+yazfdt’G(t,t’)SJ(x(t/))

+8n(t)+§(t)i|. (29)
We apply the Fourier transform on both sides, obtaining
iwF(w) =x*[~8%(w) + 87 (@) + (@)
+ y0 G (w)8i(w)J ], (30)

and solving for 6% (w) we get

3% (w) = A(w) ' [871(w) + L (w)], (31
with
iw 2 A 3
Alw) = [x—* +1—yo2Gw) ] (32)

Since ¢ is chosen to be a Gaussian white noise, we have
(@) () = €*8(w + )27, (33)

where € is the strength of the Gaussian noise. Regarding
(8x(1)8x(t")), since we are around the fixed point, it depends
only on ¢t — ¢/, and therefore

(8%(w)8%(0)) = €28(w + )27 8C(w), (34)
where 8C(w) can be obtained from Egs. (26), (31), and (33).
Indeed, from Eqgs. (26) and (31) we get
o2 (8(w)87(e)
= ((J")?8%(0)83(e)
= D(w, )[(87j(0)37i(0)) + €*8(w + &)27],  (35)
where
D(w, o) = ((A(@A@)) ' (™)), (36)

The last equation allows us to determine the 87 correlation,
which used in Eq. (31) leads to the final result:

(A7)

R T

(37)
where the (-) is an average over the distribution of x*, with
x* > 0. We are in particular interested in the long time re-
sponse, and we therefore consider w = o’ = 0. In this case

we obtain that
(J’*)2
DO0,0)=({——7F—), 38
©.0 <(1—y02x1’*)2 G8)

where we have used that G(0) = x. 8C(0) diverges if the
following critical condition is satisfied:

1 = D(0,0)s2, (39)
and the averages need to be computed with the stationary
distribution of the surviving species

P(x*) = L
1-¢
with x* > 0 and the prefactor 1/(1 —¢) guarantees the

normalization condition fx «.0dx*P(x*) = 1. The critical con-
dition can be thus rewritten as

l=(1-¢)? / dx*P(x*)(J*)?
x*>0

Poyry (5™ ), (40)

Ty Y
As expected, in the limit # — 0 we obtain the same result of
Ref. [22].

The numerical validation of the critical-point prediction is
discussed in the following section. Comparisons between the-
ory and simulations for other choices of the model parameters
are reported in Appendix C.
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FIG. 3. Different projections of the phase diagram. The lines
separate the Unique Fixed Point phase (below) from the Multiple
Attractor phase (above). (a) y-o phase diagram with u = —3. Black
dashed line is the result obtained in Ref. [22]. (b) -0 phase diagram
with y = 0. The black dashed line is the result obtained in Ref. [22].
(c) u-o phase diagram with 7 = 0.1.

As expected, in the limit of small handling times (2 < 1),
where J(x) ~ x, our results recover the phase diagram of the
linear GLV model [21].

The solution of Eq. (41) is shown in Fig. 3 as a function of
the different control parameters of the model. As a function
of y, the qualitative behavior of the critical line between
UFP and MA remains consistent with the standard GLV, but
we observe that incorporating a saturating nonlinear response
enlarges the region of stability of the system. Moreover,
the greater the handling time, meaning that the nonlinear re-
sponse saturates at lower abundances, the greater the stability.

We also note that, differently from the case J(x) = x, the
critical line delineating the UFP phase is not horizontal in
the u-o space. The presence of a nonlinear saturating re-
sponse allows us to explore in detail the region u > 0 of
cooperative communities, which is inaccessible in the linear
GLV due to the nonphysical UG phase. As shown in Figs. 3(b)
and 3(c), our results indicate that the UFP region is larger in
cooperative communities, which can thus be considered more
stable than competitive (i < 0) ones.

B. Numerical characterization of simulations and validation

We performed extensive simulations to characterize the
phases that are present beyond the unique fixed-point region.
All code used to generate the results in this paper is publicly
available at Ref. [48]. We introduce two phenomenological
order parameters to characterize the long-time behavior of the
dynamics. Following Ref. [41] we consider

. (@1 — x@)F)y (42)
(i 3),

and
(i (0) = X)) 7
U%U»ﬁh

where (-)y is the average over the different populations, (-)r
is the average over the last 5% time steps of the trajec-
tories and x; is the population of the i-th species obtained
by rerunning the process with the same interaction matrix,
but different initial conditions. The parameter v character-
izes the volatility of the dynamical trajectory at stationarity,
while the parameter d characterizes the distance between runs
with the same interaction matrix and different initial condi-
tions. In the UFP phase, we expect both v = 0 and d = 0 since
the system invariably converges to a stable fixed point, which
is unique and independent of the initial conditions. In the MA
phase, we can have both v > 0 and d > 0 if the dynamics is
volatile or v =0 and d > O if the system displays multiple
and linearly stable fixed points.

A similar characterization can be obtained by introducing
more rigorous order parameters. The stability of the attractors
can be taken into account by computing the Maximum Lya-
punov Exponent

d =

; (43)

MLE = lim lim ! In é (44)
1—o0dy—0t  dy
where dj is a small perturbation of the trajectory at the initial
time t = 0 and d, is the separation of the unperturbed and
perturbed trajectories after time . We computed it numerically
by implementing the algorithm proposed in Ref. [49].

To quantify the volatility of the system, we introduce the
dimension of activity, a measure commonly used in theoretical
neuroscience to assess the number of degrees of freedom that
are effectively engaged in the dynamics [50]. It is defined as

_ 1TH(CY
T NTHC?)’

where C is the covariance matrix of the species abun-
dance time series. The prefactor 1/N ensures that D remains

(45)
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FIG. 4. Comparison of the order parameter evaluated along a projection of the phase diagram, obtained fixing u = =3, 0 =5, h = 0.1

and varying y. Each point is obtained as the average over 225 realizations of the interaction matrix with 800 species. The solid line marks the
separation of between the UFP phase and the MA phase and is determined from the self-consistent condition Eq. (41). The dashed line marks
the separation between the qualitatively different behaviors in the multiple attractors phase and is determined approximately.

bounded between 0 and 1. The numerical results for the intro-
duced order parameters are shown in Fig. 4 as a function of the
interaction symmetry y. As expected, the parameters v and D
exhibit a similar behavior, as well as the maximum Lyapunov
exponent (MLE) and the parameter d. We note that, although
a correspondence between v and D might be expected, the fact
that they behave almost as linear transformations of each other
in the MA I phase is not obvious, as the former quantifies the
average volatility of species abundances, whereas the latter
captures the number and structure of principal modes in the
dynamics. Exploring their relationship could provide a useful
framework for investigating the dynamical behavior of the
multiple-attractor phase in GLV models, which we leave for
future work. From now on, we will consider only the dimen-
sion of activity D and the MLE for our considerations. Starting
from the fully asymmetric case y = —1 and moving towards
the fully symmetric case y = 1, the system undergoes a sharp
transition from the UFP phase to the MA phase, which is well
predicted by Eq. (41). Within the MA phase, we identify a
region where both D and MLE remain nonzero, characterizing
the MA I phase (shown in Fig. 1). As the system approaches a
higher degree of symmetry, it displays less volatility, leading
to a decrease in D, which eventually reaches zero, marking
the transition to the MA II phase (also shown in Fig. 1). We
determine the transition between MA I and MA II numeri-
cally, identifying it as the value of y at which D equals its
value at the sharp transition from UFP to MA. We note that the
exact values of D and the MLE are influenced by the choice
of the migration term A. However, this dependence does not
affect the validity of the arguments presented in this section.
A numerical analysis of this effect is provided in Appendix C,
Fig. 7.

VI. DISCUSSION

In this work, we have studied the effect of introducing a sat-
urating nonlinear response in the GLK model with quenched
interactions so to remove the nonphysical unbounded phase
of the model. In particular, we have chosen a Monod-like
function, so to keep the model as simple as possible while
ensuring that the system remains bounded. Interestingly,
the simplicity of the model allows for analytical solutions
of the SAD and for the fraction of extinct species that are
close, but not the same, as the one obtained in the GLV model
without saturating response. Similarly to the present work,
in Ref. [33] the GLV equations were considered with the
same type of saturating response. However, the interactions
in Ref. [33] were modeled as annealed random variables with
correlation time 7. In that work, a single phase was found,
while in the present work the parameter space separates into
distinct phases with markedly different properties. Moreover,
Ref. [33] did not consider a possible symmetry parameter
y between reciprocal interactions as in the present work. A
nontrivial effect of introducing the saturating response is the
enrichment of the MA phase as a function of this interac-
tion symmetry parameter y, inducing the emergence of two
types of dynamic behaviors: a region where chaotic dynamics
with high species turnover is observed (MA I) and another
region where species undergoes only small fluctuations in
their population dynamics, with few (rare) switching events.
The transitions between the two phases cannot be detected
analytically through a linear stability analysis, but they have
been characterized numerically through simulations by intro-
ducing two phenomenological order parameters: the volatility
of the dynamic trajectory at stationarity v, and the distance
between runs with the same interaction matrix and different
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initial conditions d. The MA I phase has been defined as
the one having v > 0 and d > 0, while the MA 1II phase has
v =0 and d > 0. This result has also been validated using an
alternative approach based on the MLE, the classic measure of
the sensitivity of a dynamical system to initial conditions and
on the “dimension of activity” D, a metric commonly used
in theoretical neuroscience, which quantifies the number of
degrees of freedom effectively involved in the dynamics. As
expected, the parameters v and D exhibit a similar behavior,
as well as MLE and d.

The transition observed as the symmetry parameter y in-
creases from —1 to 1 offers significant insight into the role
of interaction symmetry in shaping the system’s dynamic
regime. For large enough interactions heterogeneity (o), our
results reveal a sharp transition from the UFP phase to the
MA I with low volatility, passing through the MA I phase
(high-dimensional and chaotic dynamic). This suggests that
symmetry in the interaction matrix can serve as a control
parameter, tuning the system between qualitatively distinct
dynamical behaviors. This progressive reduction in dynam-
ical complexity with increasing symmetry highlights a key
organizing principle: higher symmetry leads to less volatile
dynamics. Such findings resonate with broader themes in
complex systems theory, where symmetry often governs the
emergence of order and the suppression of chaos. The ability
to delineate these phases and their transitions deepens our
understanding of how structured interactions shape the reper-
toire of collective behaviors in high-dimensional systems.
Future research in this direction may employ the method-
ologies discussed in this work to analytically investigate
the effect of the network topology into the interaction ma-
trix, including trophic hierarchies, modular communities, or
temporal variability, which at present have been explored
mainly numerically [16]. It would be valuable to extend the
DMFT framework to accommodate these complexities, pos-
sibly via perturbative expansions or machine learning-based
(e.g., Hamiltonian learning) surrogate models.
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APPENDIX A: DYNAMICAL MEAN-FIELD THEORY

In this section we carry out the DMFT, or Functional anal-
ysis, of model (1). We present here only the main points of
the derivation, as it is standard in the literature of disordered
systems. We refer the interested reader to Ref. [47] for a
didactic presentation of the method for a similar setting to
the one considered here, which presents all the calculations
in full detail. The dynamical moment generating functional is
defined as
D[X]ei Zifdtxi(t)\l/,v(t)’

Z[¥] = (AL)

paths
where W = (W, ..., Wy) is an external source field and the
integral is computed on the measure generated by the GLV
dynamics. We can constrain the integral over the possible tra-
jectories using a Dirac delta functional in its Fourier transform
representation and obtain

Xi(t)
— | T =x) + Y el (1)) + ¢ (1)
i
(A2)
[
due to the parameters «;;, that are distributed as
7 o
a[ i + _Z['
J N W J
7 o
i ==+ —=2, (A3)
J N \/ﬁ J
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where z;; are normally distributed random variables for which

1
Z; =0, 212] =1 and Z;;z;; = y. The averaged over disorder o) =— ZJ(X_,—(I)), (A6)
functional becomes N J

/ l /
7] = /D[P, 0.L.C.K.P.O.L.C.R] C@, 1) = N ZJ(xj(t))J(xj(t ) (A7)
J
x exp (N(¥ + @ + Q)), (A4) Lit.t) = 11\7 chi(l‘)fci(l’), (A8)
where we have introduced the order parameters i
/ 1 o /
P@) =i le > (A5) K@,th=+ Zx,-a ) (xi(1)) (A9)

using the Dirac delta representation, e.g., for L(t, t")
. . 1
1= /D[L, L]exp (iN/dtdt/L(t, t/)<L(t, 'y — N Z)%,-(t))%,-(ﬂ))). (A10)

In the argument of the exponential of Eq. (A4) we have pointed out the dependence on N and we have that ¥ comes from the
introduction of the order parameters, €2 depends on the details of the microscopic time evolution and ® comes from the average
over the disorder:

U= i/dt/dz’[li(z,r’)L(z,r’)Jrk(t,t’)K(r,ﬂ)+é(r,t’)C(t,z’)] +i/dt[13(t)P(t)—i—Q(t)Q(t)], (Al1)
Q= zlv Zlog[/ Dlx;, &i1pk(x:(0)) exp (i/dt ](x,-(t))%(t)) exp <i/dtfc,-(t)|:j% —[1 = x:(t) + g(r)]D

X exp ( —i / dt dt' [L(t, t)%:(0)%:(t") + Ct, )T (i ()T (i (t') + K (¢, t’)fi(t/)J(xi(t))]>

X exp ( — i/dt [Q(t)](x,(t))]) X exp ( — i/dt [ﬁ(t)ifc,-(t)])}, (A12)

b = —%02/dtdt’[L(t, tYC(t, ') +yK(, tHKE', 1)) — ,u/dtP(t)Q(t), (A13)

(

where p{)(O) is the distribution from which the initial values |
P() = lim = (ifi0)e, (A19)
x; are sampled. Now we are ready to take the N — oo limit N—oo N =
and compute Z[¥] with saddle point. From the optimization 1
of the argument of the exponential of Eq. (A4) we obtain the Q(t) = lim — Z(J x)a, (A20)
. . . N—oo N
following relations: i

/ . l A A /
L) = fim 53 GO, 42D
R , .1
Q1) = iP(1), (Al4) Ct,t) = Jim =3 (W@ De,  (A22)
iQ(t) = nP(), (A15) K — 1 LS ey 23
1 (1,1) = Jim D (i (i)))a. (A23)
EaZC(t, 'y =il 1), (A16)
1 2 IN A ’
—o“L(t,t") = iC(t,t), (A17)
2 From the normalization constraint of the functional Z it is pos-
. 1, , sible to show that P(r) = 0 V¢ and L(z,t') = 0 V¢, ¢'. Finally,
iK(t,1) = Sve K(t, 1), (A18) introducing G(t,t') = —iK(t,t') the effective dynamical
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FIG. 5. Species Abundance Distribution for different combinations of the control parameters of the model. Comparison between the
theoretical species abundance distribution and the histogram of the stationary samples obtained from 10 simulations with 1000 species. The
values x* from the simulations are averaged over the last 5% of the trajectories that last for a total simulation time of 100.

generating functional is

Legr = /D[x, £]Py(x(0)) x exp (i/dtfc(t)<% — [ =x() + &) + nQ@®)]

x(1)

X exp (—02 / dtdt’[%C(t, xR + iy G(t, t’)J(x(t))fc(t’)]),

which is the generating functional of the effective dynamics

X(t) =x@)[1 —x(t) + yo? / dr'G(t, ") J(x(t")) + nQ@) + n(t) + ¢ ()],

with

Cy(t,1") = (nO)n("))x = o> ()T (x(1"))),
5J(x(t))>

G, t') = <

88()

Q1) = (J(x(1))),-
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FIG. 6. Numerical validation of critical-point prediction. Comparison between the critical interaction strength o predicted by solving
Eq. (41) self-consistently for different values of the symmetry parameter y, with © = —3 and 2 = 0.1 held fixed. Numerical validation is
performed by computing the volatility parameter v defined in Eq. (42). Each point is obtained as the average over 225 realizations of the
interaction matrix with 1000 species.

APPENDIX B: STABLE SOLUTION with J(x*) = x*/(1 + hx*). Finally we have a second degree
OF STATIONARY EQUATION polynomial equation in x*. The solutions are
Starting from Eq. (15) we note that there is a trivial solution he —y & /(hE — y)? + dhE
x* =0, and possible other solutions can be obtained solving X = T , (B2)

the equation
where we have introduced € = 1+ uQ*+n*and y=1—

yo?x. The latter can be shown to be always non-negative

* 2 * * * __ . A . .
I =x" +yo xJO&") +pQ" +n" =0, (B y > 0 as confirmed by numerical inspection. Since we want
x107°
- I
i EEE
1.5 /{*\\! : 6 ‘:;,n..;x\{\ o
:é, N | S / ‘% migration
Q 1.4 - ; 5. ! S 2 . e A=10x10"
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FIG. 7. Comparison of the Dimension of activity (D) and MLE evaluated along a projection of the phase diagram, obtained fixing u© = —3,
o =5, h = 0.1 and varying y, for different values of the migration term A. Each point is obtained as the average over 225 realizations of the
interaction matrix with 800 species. The solid line marks the separation between the UFP phase and the MAs phase and is determined by the
self-consistent condition Eq. (41). The dashed line marks the separation between the qualitatively different behaviors in the multiple attractors
phase and is determined approximately.
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x* >= 0 weneed & > 0 to have at least one feasible solution.

Given that, and the fact that \/(h& — y)? + 4h& > |hE — y| we

find that the only nontrivial stationary solution is the one with
the plus in Eq. (B2). We also want to consider the case in
which 7 — 0 where Eq. (B2) is ill-defined when we take the
plus sign. To regularize it, it is sufficient to multiply numerator

and denominator by h&§ —y — /(h&é — y)? + 4h&. The final

result for the stationary solution is

* _25

x* = HIE].
hE —y — \/(h& — y)* + 4h&

(B3)

APPENDIX C: SUPPLEMENTARY FIGURES

In this Appendix we present a more detailed comparison
between theoretical predictions and numerical simulations for
different parameter choices of the model, focusing on the SAD
in Fig. 5 and on the transition between the UFP and MAs in
Fig. 6. We also investigate the effects of the migration term A

159 2 —-§-- N =800
1.4 .E‘E\ - N'=1000
¥ TX -~--- N = 1200

Q 137 ! 5. N = 1400
= 19 4 /,' :SE\

1.1 - ‘] 2\“'»\
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FIG. 8. Dependence of the non-normalized Dimension of Activ-
ity ND on the number of species N as a function of the interaction
symmetry parameter .

and the total number of species N on the computation of the
dimensionality of activity, respectively, in Figs. 7 and 8.
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