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Sliding of a cylindrical shell into a rigid hole
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Fitting two different materials is a versatile methodology in manufacturing complex structures. One of the
canonical models for fitting is the snap-fit model, in which flexible materials and rigid structures are assembled
by pushing their interlocking components together. The assembly via snap-fit is often accompanied by large
deformations of flexible structures and abrupt force drops, highlighting the role of elasticity, geometry, and
contact friction. Despite several model studies revealing fundamental mechanics for snap-fit, the current snap-fit
design relies on prototyping and empirical rules. In this paper, we analyze a snap-fit model in which a naturally
curved beam slips into a rigid hole. We construct an analytical model based on the theory of elastica with
contact friction and demonstrate that its predictions are in excellent quantitative agreement with both simulations
and experiments. We find three distinct sliding modes: folding, pinning, and unfolding. The classification is
systematically organized in a phase diagram based on the geometric parameters of the shells and the hole. Our
study complements existing approaches by providing a predictive framework for contact-based structures that
involve friction, elasticity, and geometry, and sheds light on a unified understanding of the interactions between
an elastic and a rigid body.
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I. INTRODUCTION

The assembly and disassembly of two structures are essen-
tial for the emergence of novel functionality in both natural
and artificial systems. These operations are observed across a
wide range of length scales, including ligand-receptor interac-
tions in biochemistry [1], the assembly of industrial products
[2], docking between spacecrafts in free flight [3], and even
children’s toys [4]. Fitting two different structures relies on
mechanical and geometric nonlinearities as well as unique
interactions at each length scale.

One of the canonical models for fitting structures is
snap-fit, in which one component is inserted into the other,
producing a snapping sound. Many snap-fit structures require
a greater force for detachment than for fitting. As such, snap-
fitted structures are maintained in a configuration different
from their natural state by external forces and constraints.
The necessary force for fitting/detaching them is determined
by a subtle balance between elasticity, geometry, and fric-
tion [2,4,5]. Despite the widespread practical use of snap-fits,
their design in product development often relies on empirical
data and experiential knowledge. Recently, Yoshida and Wada
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performed a model system study for snap-fit, where the set of
an open cylindrical shell and a rigid cylinder acts as a snap-fit,
by combining experiments, simulations, and theory [4]. When
a cylindrical shell is compressed against a cylinder, the shell
either abruptly or smoothly embraces the cylinder, depending
on its geometry and contact conditions.

Understanding the mechanics of snap-fit involves the in-
terplay of friction, elasticity, and geometry [6]. Even if the
structure is simple, predictions of its deformation in the
presence of contact require extensive efforts that combine
experiments and theory [7,8]. The simple model system stud-
ies, which are minimal models simplifying the complexities
in real engineering problems [9,10], help predict the me-
chanics of knots, yarns, and knits [11–14], the performance
of mechanical metamaterials [15], energy absorption de-
vices [16], and soft actuators [17–19]. The contact condition
of structures is crucial in predicting both their statics and
dynamics.

To demonstrate that friction is essential for slender struc-
tures in contact, we introduce previous research [20] that is
also relevant to our study. Yoshida and Wada systematically
perform mechanical testing of open cylindrical shells against
a flat substrate [20]. The deformation of the cylindrical shell
is classified into three types, folding, unfolding, and pinning,
depending on the geometry of the shell and the friction coef-
ficient between the shell and the substrate. When the friction
coefficient is small, the shell closes inward (folding) or opens
outward (unfolding), depending on its opening angle. On the
other hand, when the friction is sufficiently large, the tips of
the shell are fixed and “pinned,” which is classified as pinning.
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FIG. 1. An elastic strip with spontaneous curvature is inserted
into a hole in a rigid body. (a) Experimental setup. The naturally
curved elastic strip of total length, 2L, and radius of curvature, R, is
pressed by a rigid indenter from above by �y and is slid into the rigid
hole underneath. (b)–(d) Snapshots of three different sliding modes
obtained from the experiments for three characteristic configurations:
(b) folding, (c) pinning, and (d) unfolding.

It should be stressed that both geometry and friction contribute
to the classification of deformation modes of the shell.

Here, we study the mechanics of an open cylindrical shell
when it fits and slides into a rigid hole of open-circle shape
[Fig. 1(a)]. By indenting the open cylindrical shell to ‘drip’
it into the hole, we observe three distinct sliding behaviors of
the shell, which are classified as folding, pinning, and unfold-
ing, inspired by Yoshida and Wada [20]. We systematically
conduct experiments and simulations to understand the mech-
anisms underlying these sliding behaviors, supplemented by
the theory of elastica [21–24] that incorporates contact fric-
tion. The analytical predictions are in excellent agreement
with experiments and simulations and uncover the roles of
friction coefficients in sliding behavior. Our model system
is complementary to the self-encapsulation of elastic beams,
analogous to dripping liquid [25]. Our findings would advance
understanding of the mechanics of a cylindrical shell [20]
toward the case when pressed by a complex-shaped indenter,
as well as when cylindrical shells are in contact with random
orientations relevant in stacked configurations [16].

The remainder of this paper is organized as follows. In
Sec. II, we provide the problem setting addressed in this study,
including experimental and simulation methods. In Sec. III,
we analyze the mechanisms of three distinct sliding modes
during the process of an open cylindrical shell fitting into a
hole, and summarize experimental and numerical results as a
phase diagram. In Sec. IV, we introduce the elastica model
as a theoretical framework to classify the sliding behaviors
presented in Sec. III. In Sec. V, we clarify the role of fric-
tion coefficients in sliding behaviors (both hole and indenter)
based on the elastica model. Finally, in Sec. VI, we discuss
the results presented in this paper.

II. PROBLEM DEFINITION

Our model system consists of a naturally curved elastic
strip of open cylindrical geometry (elastic shell), a flat rigid

indenter, and a rigid substrate with a circular-segment-shaped
notch, which we call a rigid hole [Fig. 1(a)]. An elastic shell
has a radius of curvature R, thickness t , width b, and total
length 2L. The bending performance of the shell is char-
acterized by the bending modulus, B = Et3b/12. The rigid
substrate placed below the shell has a hole of a (signifi-
cant) circular segment, whose radius and chord length are
respectively given by R and 2W . The relevant dimensionless
parameters in our model system are the (half of) opening
angles of the shell, �, and the hole, �, which are calculated
geometrically as � ≡ L/R and � ≡ sin−1(W/R) as schemat-
ically shown in Fig. 1(a). The elastic shell is carefully placed
over the hole so that the symmetric axes of the shell and
the hole are aligned, and the indenter is lowered by �y at a
sufficiently low speed to measure the force for the shell to
slide into the hole, Fy. We assume that the shell interacts with
the indenter and the edge of the hole via contact friction satis-
fying the Amontons-Coulomb law [26], whose static friction
coefficients are denoted as μi and μe, respectively.

A. Experiments

Elastic shells in our experiments are cast in a thermoplastic
way from naturally straight ribbons made of glycol-modified
polyethylene terephthalate, as Ref. [16]. The straight ribbon is
laser cut to a length of 2L and a width of b = 9 mm from a flat
sheet (E = 2.2 GPa, t = 0.5 mm, Shim Stock, Artus Corpo-
ration, USA). The total length varies as 2L ∈ [124, 198] mm,
where the opening angle, �, spans 0.55π � � � 0.90π . The
mold for the open shells consists of two parts. The acrylic
outer mold has a circular hole of radius R, while the inner
circular mold, with identical geometry to the hole, is made of
silicone elastomer (Smooth-on, USA). The naturally straight
ribbon is sandwiched between the outer and inner molds and
is bent to form an arc of radius R. The set of a ribbon and
molds is placed into the hot water (95 °C) for more than
15 minutes and is cooled in cold water (20 °C) and then
demolded. The natural radius of the curvature of the shell R
is fixed throughout.

The rigid substrate with a notch and the indenter are laser
cut from acrylic plates of thicknesses 5 mm and 10 mm,
respectively. The geometry of the hole is characterized by the
radius and opening angle, (R, �). The radius of the hole is
chosen to be identical to the radius of natural curvature of
the shell, R (fixed throughout as 19 mm), while the opening
angle is systematically varied as 0.1π � � � 0.35π . Even
when the radius of the hole is different from R, the onset of
the sliding behavior is not affected as long as the width of
the hole, W , is identical. The indenter is T-shaped, which is
clamped to the load cell of the force-testing machine (EZ-LX,
Shimadzu, Japan).

The procedure for the experiment is as follows. We set the
elastic shell on the rigid substrate so that the outer surface
of the shell touches the edge of the hole and its extremities
point upward [Fig. 1(a)]. The shell is placed symmetrically
with respect to the loading direction as much as possible,
to avoid the asymmetric sliding and rolling on the substrate.
Even in the case of asymmetric deformation, we observe
which way the shell’s end points slide. The indenter is slowly
lowered from above at a constant speed 1 mm/s. The indenter
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displacement and reaction force are simultaneously recorded
to evaluate the force-displacement relationship of the shell
during mechanical testing. Two acrylic plates of 1 mm are
placed in front of and behind the shell and substrate, separated
by 11 mm, to prevent out-of-plane deformation.

B. Numerical simulation

To understand the mechanism of the sliding phenomena,
we perform the centerline-based simulations assuming that
the deformation of the shell is planar and can be regarded
as a naturally curved beam [4,7,27]. We use the Cartesian
x − y coordinate system so that the original point and the y
axis correspond to the center of the arc in the natural con-
figuration and the symmetric axis of the shell, respectively.
We express the deformation of the shell by the centerline
position of the shell, r(s) = (x(s), y(s)), assuming that the
shell is sufficiently thin as t/L � 1, where s represents the ar-
clength of the shell centerline measured from the intersection
of the symmetric axis (x = 0) and centerline in the reference
configuration (−L � s � L). Within the discrete simulation
framework, the centerline position of the beam, r(s), is dis-
cretized into a set of connected beads via a stiff linear spring
as ri(i = 1, 2, · · · , N ). The number of beads is set as N = 35
throughout.

The equilibrium configuration of the beam centerline is de-
termined by minimizing the elastic bending energy, expressed
as a function of the position of the beads, subject to boundary
conditions. We employ the elastic bending energy density of
the beam, εb, as a quadratic function of curvature difference
from the natural configuration as, εb = (B/2)(κ (s) − R−1)2,
where the curvature of the beam is calculated as κ (s) =
dθ/ds with the tangent angle of the centerline, θ (s), obtained
as t̂ (s) = r′(s) = (cos θ (s), sin θ (s)). The total elastic energy,
Eb ≡ ∫ L

−L εbds, is discretized and is rewritten as a function of
the set of {ri}i=1,··· ,N . The bending force acting on the i-th node
is then calculated by differentiating the energy as −∂Eb/∂ri.
To realize the inextensibility of the centerline approximately,
the adjacent beads are connected via a stiff linear spring.
The positions of the beads are updated according to their
(overdamped) equations of motion. The equations of motion
are integrated using in-house code written in C-language. This
general framework is used to simulate filament-like structures
such as rods and ribbons [4,20,28,29], and the simulated large
deformations are consistent with experiments.

The normal and tangential contact interactions between
the indenter and the substrate are modeled by calculating
the overlaps between the beads and the indenter. Let H be
the height of the indenter. Upon compression, the height, H ,
decreases as H = H0 − �y with the initial height H0 defined
as the height where the heights of the indentor and beads at the
tips are identical (Fy = 0). As the indenter is lowered, the ver-
tical overlaps are calculated for all bead locations. When they
overlap as δi ≡ yi − H > 0, the repulsive force, Ni, linear to
δi, is applied to the bead. The proportionality factor is chosen
to be sufficiently large so that the penetration of the indenter
against the shell is sufficiently small. The tangential force is
modeled by the Amontons-Coulomb law. The bead in contact
is immobile if the magnitude of the tangential force calculated
from the shell configuration, Ti, is lower than the maximum

static friction force, μiNi, while the bead slips with the kinetic
friction force ±μ′

iNi, where μi and μ′
i(≡ 0.8μi ) represent the

static and kinetic friction coefficients, respectively [7]. The
reaction force, Fy (measured in experiments), is calculated
from the sum of the repulsive forces, Ni, acting on the indenter
via the action-reaction law.

When the shell comes into contact with the hole, the
edges of the hole exert point forces at contact positions [see
Fig. 1(a)]. They still interact by points even if the loading test
progresses, as long as the shell snaps into the hole completely
or is squashed (detailed later). Hence, for simplicity, we con-
sider only interactions at the edges of the holes, not the entire
surface, and compute their distances to determine the contact
forces. Before loading, the contact nodes are set to share the
same coordinates as the edges, with contact forces set to zero.
The initial contact nodes are connected to the corresponding
edges via a linear stiff spring (whose spring constants are
set to be large such that their penetrations are negligible).
The normal, Fn, and tangential components (friction), Ft , of
the contact forces are calculated by decomposing the forces
via springs along the normals and tangents of the deformed
configuration of the shell, respectively. Once the magnitude of
the friction force, |Ft |, exceeds the maximum, μeFn, the node
slips, and we terminate the simulation. To further simulate the
post-slip behavior on the edge, one would need to improve the
contact modeling for the precise geometry of the hole shape,
e.g., by applying an appropriate dry friction model [16,30].
However, our current modeling still yields good agreement
with experiments for the force-displacement curve and the
classification of sliding modes, as detailed later.

III. SLIDING MODES OF ELASTIC SHELLS

The deformation of the shell depends on the dimensionless
geometric parameters, the opening angles of the shell � and
the hole �. We find three distinct sliding modes: folding,
pinning, and unfolding. The shell slips either on the indenter
or on the edge of the hole, followed by opening or closing
deformation, as detailed below [See the Supplemental Mate-
rial Ref. [31]]. We classify the deformation mode based on
the rescaled force-displacement curve, where the indenting
force, Fy, and the displacement, �y, are rescaled on their
characteristic quantities as FyR2/B and ε ≡ �y/R, respec-
tively (Fig. 2). Note that for theoretical purposes (detailed
in Sec. IV), we introduce the normal contact force acting on
each tip as FL,y ≡ Fy/2; thus, the rescaled force corresponds
to 2FL,yR2/B.

When the shell has a large opening angle � and the hole
has a large opening angle �, the shell folds [Figs. 1(b)
and 2(a)]. The shell folds inward, allowing it to eventually
fit into the hole, which we call the folding mode. As the
indenter is lowered, each tip exerts normal and tangential
forces on the indenter, and the contact points do against the
edges, whose contact forces on the right half of the shell
as FL = (FL,x,FL,y) and F sc = (Fsc,x,Fsc,y), respectively
[see Fig. 3(b) for the schematic]. We show the typical force-
displacement curve for the folding mode in Fig. 2(a). The
normal force at the indenter [Fy(= 2FL,y)] increases along
with ε up to the slippage between the tip and the indenter
[highlighted by × and the force drop in Fig. 2(a)]. As soon as
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FIG. 2. Rescaled force-displacement curve measured in exper-
iments(solid line) and simulations(©). The dashed lines represent
the linear response theory. (a) folding, (�,�) ≈ (0.80π, 0.15π ),
(b) pinning, (�, �) ≈ (0.6π, 0.15π ), and (c) unfolding, (�, �) ≈
(0.75π, 0.15π ). Note that the slight difference in (�, �) between
experiments and simulations arises from the discrete resolution of
the model (N = 35) used in the simulations. In both experiments
and simulations (μi = μe = 0.2), cross symbols (×) indicate the
slip onset at the tip, s = L, corresponding to the condition such
that the friction force at the indenter reaches the maximum as
|FL,x/FL,y| = μi. The simulation results for different friction coef-
ficients of μi (0.18 � μi � 0.22) are shown in (a) and (c). (a) The
× marks represent the corresponding slip onset, while (c) the cor-
responding force-displacement curves are shown as the upper and
lower bounds of the shaded region. The dashed lines represent the
prediction from the linear response theory.

the tip slips, the width of the shell decreases, and the contact
angle at the edge is inclined to satisfy the slip condition at
the edge, leading to the folding deformation as shown in the
experimental curves for two independent trials of Fig. 1(b).
We classify the deformation mode as folding, if we observe
the above deformation up to the prescribed maximum value
of ε as ε = 0.3.

In contrast, when both � and � are small, the shell un-
dergoes unfolding mode [Figs. 1(d) and 2(c)]. The opposing
x-direction force at the indenter exceeds the static friction.
As the shell is compressed, it opens, increasing its width and
preventing it from fitting into the hole. Once both tips of the
shell slip completely [highlighted by × marks in Fig. 2(c)],
the force remains almost constant.

0.1 0.2 0.3 0.4

Ψ̃ = Ψ/π

0.5
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Φ̃
=

Φ
/π

FIG. 3. (a) Phase diagram constructed from theory, simula-
tions, and experiment, summarized on the (�̃, �̃) parameter space.
The background color and phase boundaries are predicted from
linear-response theoretical analysis. Analytical phase boundaries are
indicated by different line styles: solid and chain lines for slip in
the closing and opening directions at the indenter as FL,x/FL,y =
±μi, respectively, and dotted lines for slipping at the edge of the
hole as Fsc,t/Fsc,n = μe. Both theoretical and simulation results are
obtained with the friction coefficients μi = μe = 0.2. The corre-
sponding filled and empty symbols represent the experimental and
simulation results, respectively. (b) Coordinate system and variable
definitions for theoretical analysis. Due to the left-right symmetry of
the natural shape, half of the elastic strip is analyzed.

A distinct behavior appears for intermediate values of both
� and �, where neither folding nor unfolding dominates
[Figs. 1(c) and 2(b)]. The tips of the shell are pinned to the
indenter, from which we call the Pinning mode. Unlike the
previous two deformation modes, the friction forces never ex-
ceed the maximum static friction force. As a result, the force
increases continuously without any abrupt drops [Fig. 2(b)].
When the indentation is large enough, the tips of the shell
even lift from the indenter, and the outer surface of the shell
contacts the indenter [see Fig. 1(c)].

We observe qualitatively consistent force-displacement
curves in our numerical simulations for a given set of ge-
ometric parameters (�,�) as Figs. 2(a)–2(c). In Fig. 2(a),
we compare the experimental force curve for the folding
mode with the simulation results for the friction coefficients
of the indenter as μi = 0.18, 0.20, 0.22. We find that the
larger ε is required to fold the shell for larger μi. The
comparison of the values of ε for the folding between ex-
periments and simulations indicates that the indenter friction
coefficient would be estimated as μi � 0.2. We also compare
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the force-displacement curve of the unfolding mode between
experiments and simulations in Fig. 2(c). We show the simu-
lation results for μi = 0.18, 0.20, 0.22 as the shaded region,
which sits close to the experimental ones. This comparison
is consistent with our estimate μi � 0.2. In other words,
setting the friction coefficient μi = 0.20 would be a reason-
able choice to reproduce the experimental force-displacement
curve. Hence, we set the friction coefficients to μi = μe =
0.20 throughout when comparing experimental results with
simulations and theory. The experimental force-displacement
curve for the unfolding mode drops significantly upon slip,
while the force decreases continuously in simulation as found
in Fig. 2(c). The difference in post-sliding behavior between
experiments and simulations stems from differences in con-
tact modeling, which needs to be improved to achieve more
predictive modeling.

The deformation modes of the shell are now classified into
three distinct states as shown in the phase diagram in Fig. 3(a):
folding (blue), pinning (red), and unfolding (green). We ex-
press the experiments with the filled symbols, the simulations
with the corresponding open symbols ((μi, μe ) = (0.2, 0.2)),
and the theoretical analysis with background and lines (see
their derivations in Sec. IV). We use the rescaled opening
angles as �̃ ≡ �/π and �̃ ≡ �/π in the following. When
�̃ is large enough, the contact point of the indenter slips in
the folding direction (folding). As �̃ decreases, the shell does
not slip (pinning). When �̃ is large, the shell always folds
into the hole. Our experiments and simulations are in excellent
agreement except near the phase boundaries (derived next). In
the next section, we derive the theoretical phase boundaries
based on the elastica model.

IV. ELASTICA MODEL

We have shown that the deformation modes of the shell
are classified into three, depending on the two dimensionless
parameters: opening angle of the shell, �, and that of the hole,
�. In this section, we analyze the deformation of the shell
using the elastica model, assuming that the deformation is
planar and that the contact points (both at the indenter and
at the edges of the hole) are immobile. We show that the
phase boundaries between three modes (folding, unfolding,
and pinning) observed in Fig. 3(a) are predictable from our
elastica model.

A. Governing equations

The problem is simplified to that of a naturally curved
two-dimensional beam of radius of curvature, R, where the
centerline of the shell is parameterized by the arc length
s ∈ [−L, L] as r(s) = (x(s), y(s)). In addition to the Cartesian
coordinates, we introduce the bending angle θ (s), defined as
the angle between the tangent to the centerline at arc length s
and the x axis [see Fig. 3(b) for definitions]. From left-right
symmetry in the natural configurations, only the right half
of the shell, 0 � s < L, is considered. The shell is assumed
to be clamped at s = 0, with its horizontal position fixed,
while the vertical displacement at the clamp is free to realize
the left-right symmetry of the shell. We choose the x and y
axes to be the height of the hole edge and the symmetric

axis of the shell, respectively. The shell comes into contact
with the edge of the hole at s = sc. The height of the tip
measured from the edge of the hole decreases by �y from
Y (≡ R(cos � − cos �)) to Y − �y. The tip of the shell s = L
touches the indenter, whose boundary condition is assumed to
be moment-free for simplicity [7].

We now derive the force and moment balance equation for
the beam under the above boundary conditions. External
forces are applied at the two ends as F0 = (F0,x, 0) at s = 0
and FL = (FL,x, −FL,y). The contact force at the edge F sc

is determined implicitly from the overall mechanical equi-
librium of the shell F0 + F sc + FL = 0. The internal force
profile along the centerline, F(s), can thus be expressed as

F(s) =
{−F0 (0 � s < sc),
FL (sc � s < L), (1)

from the boundary conditions, where the internal force is
piecewise constant [10]. We introduce the moment equi-
librium relation from the Kirchhoff equation (along the z
axis) M ′(s) · êz + (t̂ (s) × F(s)) · êz = 0 where t̂ (s) is the unit
tangent vector to the centerline, and êz are the Cartesian ba-
sis vectors in the out-of-plane directions, M(s) = B(θ ′(s) −
R−1)êz is the internal bending moment vector. Substituting the
internal force F(s) for the Kirchhoff equation at the two subin-
tervals 0 � s < sc and sc � s < L yields the elastica equation,

Bθ ′′(s) =
{−F0,x sin θ (s) (0 � s < sc)
FL,x sin θ (s) + FL,ycos θ (s) (sc � s < L) .

(2)

The governing equations (2) are solved under the appropriate
boundary, constraint, and continuity conditions. Given that
there are two second-order differential equations and three
unknown variables, a total of seven conditions are required.
The boundary conditions arise from the clamped condition at
(s = 0) and the moment-free condition at (s = L), given by

θ (0) = 0, θ ′(L) = R−1, (3)

respectively. The free-end and contact positions are obtained
by integrating the deformed tangent along the inextensible
centerline, which yields three constraints:∫ sc

0
t̂ · êx ds = R sin �, (4)

∫ L

sc

t̂ · êx ds = R(sin � − sin �), (5)

∫ L

sc

t̂ · êy ds = R(cos � − cos �) − �y. (6)

The solutions for two regions, 0 < s < sc and sc < s < L,
need to be matched at the contact arclength s = sc. In general,
when the surface of a slender structure is in frictional contact,
one needs to take into account the friction force and torque
[8]. However, given that our shell is sufficiently slender, we
assume that the torque around the centerline due to contact
friction is negligible, a reasonable assumption supported by
our experimental observations. The continuity conditions re-
quire that both the curvature and the deflection angle remain
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continuous at s = sc, namely,

lim
s→sc−0

θ (s) = lim
s→sc+0

θ (s), (7)

lim
s→sc−0

θ ′(s) = lim
s→sc+0

θ ′(s). (8)

The above set of conditions [Eqs. (3)–(8)] provides seven con-
ditions, which are sufficient to solve our elastica equations (2).

We rescale the set of equations by introducing characteris-
tic quantities for length and force. The representative length
scale is taken as R, and the characteristic force scale is chosen
as B/R2 (typical force for bending). The rescaled arc length
is defined by τ = s/R, where 0 � τ < �(= L/R), and the
contact position corresponds to τ = sc/R = �. The forces
appearing in the elastica equations (2) are rescaled as follows:

f0,x ≡ F0,x

B/R2
, fL,x ≡ FL,x

B/R2
, fL,y ≡ FL,y

B/R2
. (9)

By defining the deflection angle in the τ coordinate, ϑ (τ ) ≡
θ (τR), and denoting differentiation with respect to τ as
d (·)/dτ = ˙(·), we rewrite the elastica equation (2) as

ϑ̈ (τ ) =
{− f0,x sin ϑ (τ ) (0 � τ < �)

fL,x sin ϑ (τ ) + fL,y cos ϑ (τ ) (� � τ < �).
(10)

The boundary conditions are rescaled as

ϑ (0) = 0, ϑ̇ (�) = 1. (11)

The constraint conditions are rewritten as∫ �

0
cos ϑ (τ )dτ = sin �, (12)

∫ �

�

cos ϑ (τ )dτ = sin � − sin �, (13)

∫ �

�

sin ϑ (τ )dτ = cos � − cos � − ε, (14)

with the rescaled displacement, ε = �y/R. The continuity
conditions are given by

lim
τ→�−0

ϑ (τ ) = lim
τ→�+0

ϑ (τ ), (15)

lim
τ→�−0

ϑ̇ (τ ) = lim
τ→�+0

ϑ̇ (τ ). (16)

The solution of the set of Eqs. (10)–(16) provides the station-
ary shape of the beam for given system parameters, (�,�),
and the rescaled displacement, ε.

B. Linear response theory

The general framework formulated in the previous sec-
tion yields the exact deformed beam shape. However,
according to the experimental observations, the slippage oc-
curs when the displacement is small. Hence, the solution of
Eqs. (10)–(16) within the linear response would be sufficient
to predict the deformation of the shell. We now solve the
elastica equation within the regime of linear response where
the rescaled displacement, ε ≡ �y/R, and rescaled forces are
sufficiently small as ε � 1 and | f0,x|, | fL,x|, | fL,y| � 1. We
seek only the leading-order term in the solution of the elastica
equation [20]. In the absence of an applied load (ε = 0), the

shell is curved with its spontaneous curvature (without any
stress), and the deflection angle is given by ϑ0(τ ) = τ . When
a small load is applied, the deflection angle can be expressed
as a perturbation expansion around this unloaded state:

ϑ (τ ) = ϑ0(τ ) + ε ϑ1(τ ) + O(ε2). (17)

Within the linear response regime, all forces would be as-
sumed to be proportional to ε, i.e.,

f0,x = k̄xε, fL,x = kxε, fL,y = kyε, (18)

where, k̄x, kx, and ky represent the stiffness parameter for the
corresponding forces. By substituting Eqs. (17) and (18) into
the rescaled governing equations (10)–(16) and leaving the
O(ε) terms only (see Appendix for details), we arrive at the
matrix equations for stiffness parameters, (k̄x, kx, ky ), as⎛

⎝k̄x

kx

ky

⎞
⎠ = C−1

⎛
⎝ 0

0
−1

⎞
⎠, (19)

where the 3 × 3 matrix, C = C(�,�), are solely functions
of (�,�) (see their definitions in Appendix). In other words,
given a set of system parameters, (�,�), we can compute the
stiffness parameters (k̄x, kx, ky) from Eqs. (19).

C. Classifications of deformation modes

The set of coefficients (k̄x, kx, ky) derived in the previous
section characterizes the slip condition of the shell. When the
free-end slips, the contact forces at s = L, (FL,x,FL,y) would
satisfy the Amontons-Coulomb friction law as

±μi = FL,x

FL,y
= kx

ky
, (20)

where the sign of the coefficient determines whether the shell
“closes (folding)” or “opens (unfolding).” On the other hand,
the Amontons-Coulomb law is satisfied when the shell slips at
the contact point with the edge. The contact force F sc would
be obtained from mechanical equilibrium as F sc = −FL −
F0. The tangential and normal components, Fsc,t and Fsc,n

will be obtained as Fsc,t = F sc · t̂ (sc) and Fsc,n = F sc · n̂(sc),
respectively. In linear response theory, the deformed tangent,
t̂ (sc), and normal, n̂(sc), correspond here to those in the ref-
erence configuration. Thus, the slip condition on the edge
becomes

μe = Fsc,t

Fsc,n
= −(kx + k̄x ) cos � + ky sin �

(kx + k̄x ) sin � + ky cos �
. (21)

Note that the shell slips on the edge only in the opposite
direction along the tangent, because Fsc,t > 0 holds within
our experimental parameter space (�̃, �̃). Given the values of
the friction coefficients μi and μe, Eqs. (20) and (21) provide
curves on the � − � plane, which correspond to the analytical
representations of the phase boundaries in Fig. 3(a). We plot
our analytical predictions based on Eqs. (20) and (21) when
the friction coefficient μi = μe = 0.2, which are consistent
with both experiments and simulations [Fig. 3(a)]. In sum-
mary, we are successful in classifying the sliding modes of
the shell when compressed between a flat indenter and a hole,
based on our elastica model within the linear response ε � 1.
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FIG. 4. The effect of friction coefficients on the sliding behavior of the strip based on linear response theory. The force ratio at (a) s = L
and (b) s = sc predicted from the linear response as a function of (�̃, �̃). (a) The intersections of the surface with the planes ηi = ±μi = ±0.2
correspond to the slip conditions at the indenter (either opening or closing the tip, respectively). (b) The intersection with the plane ηe = μe =
0.2 describes the slip condition at the edge of the hole. (c)–(e) Phase diagrams constructed from linear response theory for different friction
coefficients: (c) μe = 0.3, μi = 0.1, (d) μe = 0.3, μi = 0.3, and (e) μe = 0.3, μi = 0.5.

V. EFFECTS OF FRICTION

We have classified the deformation modes of shells based
on the elastica model as Eqs. (20) and (21), where we have
fixed the friction coefficients μi and μe throughout. In this
section, we discuss the effects of friction coefficients by
applying the analytical formulas. The right-hand sides of
Eqs. (20) and (21) provide the force ratios of the contact
points as ηi(�̃, �̃) ≡ FL,x/FL,y and ηe(�̃, �̃) ≡ Fsc,t/Fsc,n,
respectively, for a given set of rescaled opening angles (�̃, �̃).
We show in Figs. 4(a) and 4(b) the surfaces of the force ratios,
ηi and ηe, that are uniquely determined for given dimensional
parameters � and �. The force ratios are calculated for
each parameter (�̃, �̃) and plotted as a point cloud in 3D
coordinates (�̃, �̃, ηα ), which are smoothly interpolated to
construct a continuous surface.

The contour lines of the surfaces in Figs. 4(a) and 4(b) give
the phase boundaries in the phase diagram for given friction
coefficients μi and μe. In other words, we can draw the phase
diagrams for different coefficients by considering the intersec-
tions as ±μi = ηi and μe = ηe. Here, +μi = ηi indicates slip
in the negative direction of the force, and −μi = ηi indicates
slip in the positive direction of the force on the indenter. The
phase boundaries in Fig. 3(a) could be reproduced as follows.
The planes drawn in Fig. 4(a) are the planes for ηi = ∓0.2,
which correspond to the phase boundaries for sliding in the
x-direction (unfolding-pinning boundary) and the opposite
x-direction (folding-pinning boundary), respectively. On the
other hand, the plane drawn in Fig. 4(b) is the plane for ηe =
0.2, which represents the threshold for sliding at the edge in

the tangent direction (folding-unfolding and folding-pinning
boundary). We construct the phase diagram for different fric-
tion coefficients based on the above strategies. The surface
plots of the force ratios ηi and ηe indicate that the change of
μi would affect the phase diagram significantly. In contrast,
the phase boundary due to the slip at the edge is insensitive
to μe because the contour line of μe = ηe does not change
essentially even when the hole friction disappears as μe = 0.
We plot the phase diagrams of several sets of friction coeffi-
cients (μi, μe ) as (μi, μe ) = (0.1, 0.3), (0.3, 0.3), (0.5, 0.3),
respectively, in Figs. 4(c)–4(e), finding that the pinning mode
is enhanced for larger friction coefficients at the indenter,
which is consistent with our intuition.

VI. DISCUSSION AND SUMMARY

We investigated the deformation of an open cylindrical
shell during insertion into a hole by combining experiments,
simulation, and theory. We systematically classified the de-
formation modes, using the geometric parameters (�,�)
and friction coefficients (μi, μe ). Three characteristic modes
(folding, pinning, and unfolding) were identified, and their
phase boundaries were quantitatively determined. Experi-
ments, numerical simulations, and theoretical analysis based
on the elastica model are in agreement with each other [32].

We have carefully conducted experiments to ensure that
asymmetric sliding and rolling are not observed. Nevertheless,
asymmetric deformation of the tips or out-of-plane deforma-
tions of the shell could happen if misalignment of the shell or
that of the contact condition is significant. When asymmetry
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in friction coefficients is significant, the deformation modes
would be governed by the contact points with lower fric-
tion coefficients. The critical condition at which asymmetric
deformations emerge could be investigated by introducing
asymmetry or defects into the simulation, which we leave
for future study. The prediction of asymmetric sliding mode
would be relevant when we apply our study to many-body
systems, such as a randomly stacked system [16].

Lastly, we note that friction at the indenter and at the
edge contribute differently to sliding behavior. In Fig. 4,
we have analyzed the phase boundaries for different friction
coefficients by identifying the intersections of the surfaces.
The value of μe does not affect the locations of the phase
boundaries for the slip at the edge on the (�,�) plane sig-
nificantly, while that of μi affects a lot, as can be seen from
the shape of the surfaces in Figs. 4(a) and 4(b). In other
words, the precision of the indenter friction coefficient, μi, is
more critical in predicting the sliding behavior than the edge
friction coefficient, μe. The difference in friction coefficients
at the tips of the shell could contribute more to the asymmetric
sliding or rolling than at the edge contacts. More systematic
studies are required for experiments with different friction
coefficients [33]. We leave these experimentally challenging
problems as future research.
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APPENDIX A: DERIVATION OF LINEAR RESPONSE

We provide the derivation of the linear response theory
under the small parameter ε = �y/R � 1, where we arrive
at the results of the linear response theory, Eq. (19), from
Eq. (10). We first express the bending angles deviated from
the natural configuration, ϑ1(τ ) (See Eq. (17)) before and after
the contact at τ = � as

ϑ1(τ ) =
{
ϑ−

1 (τ ) (0 � τ < �)
ϑ+

1 (τ ) (� � τ < �).
(A1)

Below, we construct the first-order solution for each region,
ϑ±

1 (τ ), by applying a perturbative approach to Eq. (10).

1. First-order solution in 0 � τ < �

By substituting ϑ (τ ) = τ + εϑ−
1 (τ ) and f0,x = k̄xε into

Eq. (10), we rewrite Eq. (10) in the region for 0 � τ < � as

ϑ̈−
1 (τ ) = −k̄x sin τ, (A2)

with the boundary conditions ϑ1(0) = 0, ϑ̇−
1 (�) = ϑ̇e, where

ϑ̇e represents the curvature at the edge. Note that the curvature
at the edge ϑ̇e would be determined later from the matching
condition with the solution of ϑ+

1 . The solution satisfying the

boundary conditions is obtained by integrating Eq. (A2) twice
as

ϑ−
1 (τ ) = −k̄x{τ cos � − sin τ } + ϑ̇eτ. (A3)

2. First-order solution in � � τ < �

The governing equation in the region for � � τ < � is
calculated by substituting ϑ (τ ) = τ + εϑ+

1 (τ ), fL,x = kxε,
and fL,y = kyε into Eq. (10) as

ϑ̈+
1 (τ ) = kx sin τ + ky cos τ, (A4)

with the boundary conditions ϑ+
1 (�) = ϑe, ϑ̇+

1 (�) = 0. In-
tegrating Eq. (A4) once within the interval τ < τ ′ < � and
imposing one of the boundary conditions, ϑ̇+

1 (�) = 0, yields

ϑ̇+
1 (τ ) = kx(cos � − cos τ ) − ky(sin � − sin τ ), (A5)

which allows us to obtain the edge curvature from the continu-
ity condition at τ = � [Eq. (16)] as ϑ̇e = limτ→�+0 ϑ̇+

1 (τ ) =
kx(cos � − cos �) − ky(sin � − sin �). The bending angle
ϑ+

1 (τ ) is determined by integrating the curvature ϑ̇+
1 (τ ) with

the remaining boundary condition,ϑ+
1 (�) = ϑe. Therefore,

we get

ϑ+
1 (τ ) = kx[τ cos � − sin τ − (� cos � − sin �)]

− ky[τ sin � + cos τ − (� sin � + cos �)]

− k̄x[� cos � − sin �]. (A6)

We have successfully obtained the first-order solution ϑ±
1 (τ )

as Eqs. (A3) and (A6). Our remaining task is to determine the
stiffness parameters, kx, ky, and k̄x by employing the inexten-
sible constraints Eqs. (12)–(14).

3. Derivation of kx, ky, k̄x

Our goal is to formulate a system of equations to find
kx, ky, k̄x using the geometric parameters, � and �. The
trigonometric functions used in the inextensible constraints,
Eqs. (12)–(14), can be rewritten as follows by extracting their
O(ε) contributions:

sin(ϑ0 + εϑ1) = sin ϑ0 + εϑ1 cos ϑ0 + O(ε2), (A7)

cos(ϑ0 + εϑ1) = cos ϑ0 − εϑ1 sin ϑ0 + O(ε2). (A8)

The constraints in Eqs. (12)–(14) can be rewritten as the
following integral conditions by substituting Eqs. (A7) and
(A8) and collecting O(ε) only:∫ �

0
ϑ−

1 (τ ) sin τ dτ = 0, (A9)

∫ �

�

ϑ+
1 (τ ) sin τ dτ = 0, (A10)

∫ �

�

ϑ+
1 (τ ) cos τ dτ = −1. (A11)

We substitute Eqs. (A3) and (A6) into Eqs. (A9)–(A11). No-
tice that the coefficients kx, ky, and k̄x are linear in Eqs. (A3)
and (A6) (ϑ±

1 ) is also linear in Eqs. (A9)–(A11). Hence, we
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get the set of three linear equations as

C

⎛
⎝k̄x

kx

ky

⎞
⎠ =

⎛
⎝ 0

0
−1

⎞
⎠, (A12)

where C = C(�,�) is a 3 × 3 matrix. Equation (A12) is
readily rewritten as Eq. (19) in the main text.

The explicit expressions for the matrix elements Cαβ ap-
pearing in Eq. (A12) are summarized below:

C11 =
∫ �

0
(τ cos � − sin τ ) sin τdτ,

(A13)

C12 =
∫ �

0
τ (cos � − cos �) sin τdτ, (A14)

C13 =
∫ �

0
τ (sin � − sin �) sin τdτ, (A15)

C21 =
∫ �

�

(� cos � − sin �) sin τ dτ, (A16)

C22 =
∫ �

�

[τ cos � − sin τ − (� cos � − sin �)] sin τ dτ,

(A17)

C23 =
∫ �

�

[τ sin � + cos τ − (� sin � + cos �)] sin τ dτ,

(A18)

C31 =
∫ �

�

(� cos � − sin �) cos τ dτ, (A19)

C32 =
∫ �

�

[τ cos � − sin τ − (� cos � − sin �)] cos τ dτ,

(A20)

C33 =
∫ �

�

[τ sin � + cos τ − (� sin � + cos �)] cos τ dτ.

(A21)

APPENDIX B: PHASE DIAGRAM
IN THE FRICTIONLESS LIMIT

In this Appendix, we present analytical results for the case
in which both friction at the indenter and at the edge vanish,
i.e., μi = μe = 0. Interestingly, we still find two deformation
modes, folding and unfolding, while the pining mode disap-
pears in this limit. Even when the edge friction is zero, the

FIG. 5. Phase diagram of the dimensional parameters (�,�)
when the friction coefficients are set to be zero, μi = μe = 0. We
observe the folding and unfolding modes, while the pinning mode
is absent. The critical angle when �̃ → 0 is denoted by �̃∗ � 0.78
[20]. Solid and dotted lines represent the phase boundaries derived in
the limit of μi = μe = 0.

shell can either close or open at the indenter, highlighting the
different roles of friction forces of μi and μe.

The interaction between shell and hole is primarily dom-
inated by hole size (�), which acts as the geometric barrier
of the system. The phase boundaries between the folding and
unfolding modes in the frictionless limit are obtained by set-
ting kx = 0 to reduce the horizontal force at the indenter. The
corresponding stiffness parameter, kx, is obtained by solving
Eq. (19) as kx = (C11C23 − C21C13)/|C|, with the determinant
of the coefficient matrix C, |C|, which yields the phase bound-
ary of ηi = 0 as

C11C23 − C21C13 = 0. (B1)

Equation (B1) provides the phase boundary between folding
and unfolding modes as the solid line in Fig. 5. When � = 0,
� that causes the mode transition satisfies �̃ = �̃∗ = 0.78,
consistent with previous research, where the critical geometry
of folding/unfolding modes is derived for point indentation of
an arch on a frictional substrate [20]. Another phase boundary
(ηe = 0) is obtained from Eq. (21) by setting μe = 0 and sub-
stituting the numerical values of k̄x, ky obtained from Eq. (19)
to Eq. (21) (see dotted line in Fig. 5).
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