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This study presents an analysis of the diffusional dynamics of H, impurities in liquid Ne using quasielastic
neutron scattering (QENS) and quantum dynamical simulations. By applying a Lorentzian fitting procedure,
we identify two key spectral features: peak width (I') and intensity (A), both of which are highly dependent
on the momentum transfer Q. At low Q values, the experimental results for I align well with simulated self-
diffusion coefficients. However, at higher Q, QENS data reveals a sublinear variation with respect to Q° that
characterizes a jump diffusion process. Using the Hall and Ross model, we determine the mean residence time
(tcm) and the standard deviation of jump lengths (Icm). These values provide concrete evidence for the existence
of Ne “pseudocages,” i.e., short-lived structures formed by neon atoms that trap H, molecules, confirming a
hypothesis suggested in a previous research. The study highlights a strong coupling between the H, diffusion
and its vibration within these pseudocages, driven by the high molecular density of the system. This finding
underscores the necessity of moving beyond the well-known Gaussian approximation to accurately describe
the microscopic dynamics of semiquantum fluids. In conclusion, this work improves the quality of available
neutron spectra for H, in liquid Ne, correcting previous misinterpretations that were actually due to instrumental

limitations rather than physical anomalies.
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I. INTRODUCTION

Understanding the microscopic dynamics of semiquantum
liquids [1] (i.e., liquid systems exhibiting moderate quantum
effects such as H,, D,, Ne, and their mixtures) is an interesting
and partially unsolved problem in physics. Among the various
open issues, four are surely worth mentioning:

(i) The violation of the Gaussian approximation (GA)
[2]. Many physical models assume that the self (i.e., single-
particle) scattering law [3] of a liquid system exhibits a
Gaussian functional form. However, in semiquantum liquids,
experimental data (e.g., on liquid parahydrogen [4]) show
significant discrepancies that current approaches cannot fully
explain.

(i) The microscopic origin of non-Markovianity. It is
difficult to characterize how memory effects (i.e., non-
Markovianity) emerge from the microscopic interactions
between the liquid system and its surrounding environment
in semiquantum regimes [5]. A complete understanding of
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the information flow and system-environment correlations is
still lacking. (iii) The handling of the “quantum potential.” In
semiclassical hydrodynamic models (such as the Madelung’s
[6]), the so-called quantum potential introduces higher-order
gradients. These make the equations computationally difficult
to handle [7] and lead to numerical instabilities, especially in
the presence of quantum vortices.

(iv) Glass transition and dynamical arrest. There is still
no first-principles microscopic theory that quantitatively de-
scribes the dynamic slowing down toward a glassy state
in dense liquids when quantum and statistical fluctuations
overlap [8].

In addition, the topic of the self dynamics in binary liquid
mixtures (not necessarily exhibiting quantum effects) is of
great interest in itself, given the need to understand how the
single-particle properties of one component change drastically
due to the presence of the other component. For example,
in some systems, a “decoupling” phenomenon is observed:
one species can diffuse much faster than the other [9], chal-
lenging the predictions of the classical hydrodynamic theory
(i.e., the Stokes-Einstein law). Local confinement effects are
also attracting a certain degree of attention: in a mixture,
each particle is trapped in a short-lived pseudocage formed
by both identical and different particles. The interest lies in
understanding how the mixture microstructure (for example,
whether particles tend to aggregate or repel each other) mod-
ifies the lifetime of this pseudocage, thereby slowing down or

Published by the American Physical Society
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accelerating self-diffusion [10]. Finally, the species-specific
glass transition is also currently under investigation: In glass-
forming binary mixtures, it is possible for one species to
“freeze” into a solid state (i.e., the mentioned “dynamic ar-
rest” [10]), while the other continues to move relatively freely
through the framework created by the frozen component [11].
Among the various open problems just mentioned regarding
semiquantum fluids and the self dynamics of binary mixtures,
this article will address both the issue of non-Gaussianity and
that of short-lived pseudocages.

Given this situation, any precise experimental determina-
tion of dynamic quantities (i.e., transport coefficients and
frequency spectra of time-correlation functions) related to
semiquantum systems that can be compared with correspond-
ing theoretical and computational predictions becomes very
valuable, like, for instance, the recent neutron scattering mea-
surements on pure Hj [4,12], D, [13], and Ne [14], on isotopic
D, + H, mixtures [15], as well as on the pseudoisotopic
Ne + H; [16] and Ne + D, [17] systems. In particular, in the
cited studies involving hydrogen, the authors have obtained
estimates of the self scattering law of the H, centers of mass
(CMs), Ss.cm(Q, w), in the pure liquid and in its mixtures
with either D, or Ne. The mentioned physical quantity 7Q
and 7w represent the momentum and the energy transferred
from the scattered neutron to the hit nucleus, respectively.
These results have been achieved because the coherent cross
sections of H,, D,, and Ne are substantially smaller than
the incoherent one pertaining to Hj, so the contributions to
the inelastic signal from collective motions were practically
negligible. In addition, the rotational excitations of H, can be
accurately described and removed (when necessary) from the
recorded spectra making use of the generalized Young and
Koppel model (GYK) [18]. In Refs. [4,15,16], S;.cm(Q, ®)
was connected to the power spectrum of the simulated ve-
locity autocorrelation function (VACF) by means of the GA,
providing experimental evidences that, in liquid H,, D, + H»,
and Ne + H,, the GA violations are small but still sizable.
Another important physical information tentatively extracted
from the Ne + H; spectra of Ref. [16] (namely, in the 2.25
A~ < 0 <3.75 A" range) was the diffusional behavior of
the H, molecules in this system. However, we must stress that
the employed instrument (i.e., a direct-geometry time-of-flight
spectrometer) was a typical inelastic neutron scattering (INS)
beam line. This means that it was not designed to perform
accurate quasielastic neutron scattering (QENS) measure-
ments, since neither its Q and w range, nor the corresponding
instrumental resolution Aw, are optimized to accomplish such
experiments. In addition, a complete and detailed theory for
space-dependent self diffusion in quantum and semiquantum
fluids has not been established yet, so it was necessary to
simply focus on the full width at half maximum (FWHM)
of the QENS peak (represented by the symbol I'). A com-
parison between experimental and GA-based FWHM results
was particularly important since the long-time hydrodynamic
limit of the GA implies the so-called continuous diffusion
mechanism, while there are some clues that the H, self dy-
namics inside heavier liquids exhibits jump diffusion features
due to short-lived pseudocages, which are incompatible with
the GA [19]. Experimental and GA-simulated FWHM results
for two different mixture samples (i.e., those with hydrogen

concentration, x[H,], equal to 10% and 3.5%) were plot-
ted in Fig. 10 of Ref. [16] as ratios I'/(2Q?) versus Q2,
together with their hydrodynamic limit values (i.e., the self
diffusion coefficients, Dy cym, obtained from quantum centroid
molecular dynamics simulations, namely, 3.75 x 10" 5cm3s!
and 2.70 x 107>cm?s™! for x[H>] = 10% and 3.5%, respec-
tively). A physical interpretation of the GA behavior was
apparently straightforward: simulated data show the correct
hydrodynamic limit at low-Q values, while, for larger momen-
tum transfers, they exhibit a broadening which grows faster
than Q? for both H, concentrations. This was a known prop-
erty of the overall GA spectra and had already been described
in the scientific literature [20]. As for the experimental data,
results were slightly more difficult to be interpreted, even
though their general trend looked understandable: the FWHM
versus Q® grew in an under-quadratic way [i.e., I'/(2Q?) de-
creased] for 2.25 A~' < @ < 3.3 A" and then, for higher-Q
values, this trend seemed reversed, with the experimental peak
width proceeding almost parallel to the GA-simulated one.
However, some features were quite puzzling: data for the two
mixture samples showed a strikingly similar behavior, but
their separation was lower than expected (i.e., about one third)
if one considered the respective hydrodynamic limits. In other
words, the widths at the lowest Q value (i.e., 2.25 A=) did
not seem to exactly approach the quantum-simulated D; cy-
In addition, and probably more important, the minimum value
of T'/(20Q?) was located for both samples at Q = 3.25 A1,
which was much larger than the position of the first maxi-
mum (i.e., Q &~ 2.3 A‘l) of the total static structure factor
S(Q). This shift in Q is completely unexpected since the
correspondence between the minimum of I'/ (20?) versus Q?
and the first maximum of S(Q) is well established in various
simple liquids (Ar, Ne, etc.), both experimentally and through
simulation and theoretical work [20-22]. For all the reasons
reported, and also because the only other QENS data [23]
available in the literature are not usable for our purpose, we
have performed a new detailed QENS study on the H, single-
particle microscopic motion in the Ne + H, mixture at two
concentration levels and two density values, to clarify the na-
ture of the quantum diffusional mechanism, mainly focusing
on its differences from the GA and the Fickian hydrodynamic
regime. Subsequently, updated quantum molecular dynamics
simulations have also been carried out and their outputs com-
pared with the new experimental results.

The rest of the paper will be organized as follows: Sec. II
will deal with the QENS experimental procedure and the
subsequent data analysis, while Sec. III will be fully devoted
to quantum simulations, concerning both equilibrium and dy-
namical properties of the mixtures, with a particular reference
to their diffusional behavior. In Sec. IV experimental and sim-
ulation results will be discussed and used to address the main
scientific problems underlined in this introduction. Finally,
Sec. V will conclude the present study.

II. QENS EXPERIMENTAL PROCEDURE
AND DATA ANALYSIS

QENS measurements were performed on OSIRIS [24], a
so-called inverse-geometry near-backscattering spectrometer
based on the time-of-flight technique and installed at the
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TABLE 1. Experimental conditions of the measured samples, including: number “No.,” description, temperature 7', hydrogen molar
concentration x[H,], pressure p, total molecular density 7, and integrated proton current “IPC.” Estimated statistical uncertainties are reported

in parentheses.

T x[H;] p n IPC
No. Description (K) (%) (bar) (nm~3) (WA h)
1 Vanadium 295(3) 348.7
2 Empty Al container 30.00(1) 425.7
3 Liquid Ne 30.01(1) 0.00 2.242(6) 34.383(6) 1911.2
4 Liquid Ne 26.95(6) 0.00 0.97(2) 36.07(3) 2372.3
5 Liquid Ne + H, mix. 26.96(5) 3.010(2) 3.52(1) 34.99(3) 2650.7
6 Liquid Ne + H, mix. 30.01(2) 3.010(2) 5.237(3) 33.27(1) 1897.7
7 Liquid Ne + H;, mix. 30.00(3) 6.99(7) 6.46(3) 31.93(7) 2077.7

ISIS Neutron and Muon Source (Rutherford Appleton Labo-
ratory, United Kingdom). The final neutron energy is selected
by means of Bragg scattering from a large-area pyrolytic
graphite (PG) crystal-analyzer array, while scattered neutrons
are detected by 42 *He gas detectors covering a wide angu-
lar range: 11° < 26 < 148°. Our requirements in terms of Q
were met by selecting a PG004 analyzer (A = 3.33 A) which
gave rise to an accessible energy transfer range -3.0 meV <
hw < 5.0 meV and a momentum transfer range 0.4 Al <
0 < 3.5 A~!. The available energy resolution amounted to
Ahw = 99.0 ueV, which is a value sufficient for our purposes.

A complete description of the measured samples (including
temperature 7', hydrogen molar concentration x[H;], pressure
p, total molecular density n, and integrated proton current
IPC) is reported in Table I, where the ancillary measurements
on the vanadium calibration standard (i.e., sample No. 1 at
room temperature) and the empty container (i.e., sample No.
2 at T =30 K) are also listed. Temperature and pressure
were directly monitored during the experiment, while the total
molecular density was calculated using 7', x[H;], and p in con-
junction with thermodynamic data available in the literature:
Ref. [25] for pure neon, and Refs. [26-28] for neon-hydrogen
mixtures. Another important issue was the rotational pop-
ulation of the H, molecules contained in the experimental
samples from No. 5 to No. 7, where the so-called normal
hydrogen (n-H) assumption was employed. This means that
the concentration of orthohydrogen (o-H;) was not in thermo-
dynamic equilibrium at the actual temperatures of the samples
(T ~27-30 K), but it was that of the room temperature
mixture: x[o-H,]/x[H,] = 0.75. This was possible since the
spontaneous low-temperature orthopara conversion proceeds
very slowly, with a typical time of the order of days [29], in
the liquid phase with no appropriate paramagnetic catalysts
present. However, we experimentally checked the stability
of this ratio during the experiment by comparing the overall
spectral intensities of a series of partial subruns (see later
for details). The scattering container was a can made of an
aluminum alloy with a circular-slab geometry (annulus) and
consisted in two concentric vertical cylinders giving rise to a
2.0-mm void (to be filled with the liquid sample) exhibiting
an average diameter of 20.0 mm. The external diameter of the
container (25.2 mm) was quite close to the horizontal beam
size (about 22 mm), while the active part of the container
(i.e., the portion filled with the liquid samples and amounting
to 51.0 mm) was rather bigger than the vertical beam size

(about 44 mm). The can was masked with boron nitride ce-
ramics to exclude its bulky ends which contained only thick
metal and no liquid sample. In this way, the portion of can
irradiated by neutrons was reduced to approximately 45 mm
in length.

As for the pure Ne samples, the preparation of sample
No. 4 was quite simple: the temperature of the can was set
to 7 = 32.5 K and some neon gas (CK Special Gases Ltd.,
99.995% assay, N 4.5 grade) was allowed to condense in it
at a pressure of p ~ 8.5-9.0 bar, somewhat larger than the
corresponding saturated vapor pressure. Then, the container
temperature was slowly decreased to 7 = 10.0 K where the
pressure reached the final value of p = 20.5 mbar with Ne
totally frozen in the sample can. At this stage, in view of the
value of the initial volume of the neon gas (i.e., 500.0 cm?)
stored in the handling system, we were confident that the
scattering container was completely filled with the Ne sam-
ple. Later the temperature was raised to 27.0 K, the pressure
was adjusted to p = 0.97 bar, and a neutron measurement of
sample No. 4 was started (see Table I). Sample No. 3 was
prepared and measured at 7 = 30.0 K following a similar
procedure. Moving to the mixture samples we have to note
that the preparation of No. 6 was slightly more complex:
an appropriate amount of n-H, gas (CK Special Gases Ltd.,
99.99% assay, N 4.0 grade) was mixed with some neon gas
in a buffer volume (500.0 cm?) at room temperature under
a pressure of p = 18.86 bar. The exact amount of gaseous
mixture needed to fill up the sample can with liquid was
condensed at T = 28.0 K. Then, the can was slowly cooled
down to T = 10.0 K, to decrease the vapor pressure of the
gas handling line to p = 20.4 mbar only. This step, together
with the following one, was considered as quite important to
prevent a possible sample demixing. Subsequently, the sample
container was isolated from the gas handling line and warmed
up to the requested experimental temperature (i.e., 30.0 K).
An internal pressure, first oscillating in the range 5.2-5.3 bar,
spontaneously built up and stabilized to the values of Table I
after a long equilibration time of the order of 1-1.5 h. Finally,
the actual neutron measurement of sample No. 6 started, last-
ing for about 12 h, evenly divided in six subruns. Samples No.
5 and No. 7 (see Table I) were mixed, condensed, and mea-
sured following a procedure analogous to that outlined above,
always paying attention to the sample stability by comparing
corresponding subruns. An example, related to sample No. 5,
of the so-called “raw spectra” I, .(Q, w) (i.e., those including
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FIG. 1. Examples, related to sample No. 5, of the raw spectra
I .(Q, w), including both mixture and can signal, for some selected
Q values ranging from 0.5 A~ (bottom) to 3.0 A~ (top). See Table I
and the main text for details.

both can and mixture signal) is reported in Fig. 1 for some
selected Q values ranging from 0.5 to 3.0 A=,

A standard neutron scattering data reduction was applied
to the I, .(Q, w) spectra from samples No. 3 to No. 7. This
procedure was composed of three main steps:

(a) Empty container scattering removal (carefully taking
into account the attenuation due to the sample transmission).

(b) Sample self-shielding correction.

(c) Multiple scattering evaluation (found negligible for all
the five samples).

In this way the fully processed spectra, I(Q, w), were
obtained, being directly related to the double differential
neutron scattering cross section of the liquids under inves-
tigation. In the case of the pure neon samples the analysis
ended here: since the Ne incoherent cross section is to-
tally negligible with respect to the coherent one (oj,.[Ne] =
0.008 barn < ocon[Ne] = 2.620 barn [30]), it was possible
to associate the I(g, w) for samples No. 3 and No. 4 to
the purely coherent scattering law of the respective systems:
1(Q, w) = I,on(Q, w). In what follows we will call them
1,(Q, w) (with “p” standing for “pure Ne”) to prevent possible
confusion. On the contrary, as far as the Ne + H;, mixtures are
concerned, the situation looked indeed quite different, since in
this case 1(Q, w) contained both a coherent and an incoherent
part: I(Q, w) = L.oh(Q, ®) + linc(Q, w). So, an additional step
beyond the standard neutron scattering data reduction was
taken.

(d) We pursued an approximate removal of the coherent
spectrum I.on(Q, @) (mainly due to the collective dynam-
ics involving Ne-Ne pairs) from the /(Q, w) data to obtain
Iinc(Q, w), which is given by H; only. To this aim, the pure Ne
spectra and the partial static structure factors (derived from
quantum simulations as shown in Sec. III) were exploited
through the following correction scheme:

Linc(Q, ©) =1(0, w) — L.on(Q, )
n Sne-Ne(Q)

~1(Q, w) —1,(Q, w) —

_ 1
np Sp(Q) M

where n/n, is the ratio between the total molecular density
of the mixture and that of the corresponding pure Ne sample
at the same temperature (see Table I), while Sxe—ne(Q)/S,(Q)
is the ratio between the partial Ne—Ne static structure factor of
the mixture and the corresponding total static structure factor
of the pure Ne sample at the same temperature. This formula
takes into account two important effects: the former effect is
due to the fact that in the definition of /(Q, w) and 1,(Q, ®)
we are not dealing with fully normalized double differential
cross sections and so the molecular densities n and 7, have
to be still included as scaling factors. This is accounted for
by the n/n, correction factor, which is always slightly lower
than unity. The latter effect is the more subtle one and is
related to the w-integral of the Ne—Ne partial scattering law
of the mixture, Sxe_ne(Q, @), which is not identical to that of
pure Ne, S,(Q, w). In other words, we have reconstructed the
unknown partial scattering law Sne—ne(Q, @) using S,(Q, @)
in conjunction with Sne—ne(Q), following an approach which
closely resembles the well-known Vineyard approximation.
However, the above equation is approximate for two reasons:
first, the Ne—Ne component of the mixture coherent dynamics
is not exactly proportional to I,(Q, w). Second, the small
Ne-CM component of the coherent dynamics is not removed
from I(Q, w) as we will see later in this section.

The new I;,.(Q, w) data sets were suitable for a standard
QENS data analysis, which was implemented as a constant-
Q fitting procedure in the —3.0meV < Ziw < 5.0 meV range
through the following formula:

Iinc(Q, w) = A(Q)L(Q, w) ® R(Q, w)] + B(Q, w), (2)

where the symbol ® stands for a convolution, A(Q) represents
the QENS spectral intensity, and R(Q, w) is the energy resolu-
tion obtained via a Chesler-Cram fit [31] to the vanadium data
transformed to constant-Q spectra. As for the other physical
quantities in Eq. (2), B(Q, w) is a linear background which
accounts for the inelastic (i.e., nonquasielastic) component
present in the fitted part of the spectrum, as shown below in
Sec. IV, while L(Q, w) stands for a detailed-balance corrected
Lorentzian curve:

_ 1 T 2
- TR+ [DQ)/2P exp (- 22) + 1

L(Q, w) (3)

with T'(Q) being the Q-dependent FWHM and kp the Boltz-
mann constant. The advantage of this model over other
possible detailed-balance corrections of the Lorentzian peak
is the fact that in our case ffooo L(Q, w)dw = 1. The fit quality
in the whole 0.4 A~! < Q < 3.4 A~! range was excellent as
shown by the examples in Fig. 2 (related to sample No. 5 for
Q=14 A" and 2.4 A!). Before concluding this section,
it is worth discussing the physical meaning of the fitting
parameter A(Q) (see Fig. 3), which, in the framework of our
scheme, has been taken to be the product of three factors: an
unknown sample-dependent scaling factor C, the molecular
form factor f(Q) which is due to the H; rotational dynamics,
and the Debye-Waller factor exp[—2W (Q)] which is related
to the CM dynamics (see also Sec. IV for details). One can
note that the GYK model in itself implies in the present
context only the presence of f(Q) and the CM self dynamic
structure factor. However, since we focus on the quasielastic
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FIG. 2. Examples, related to the spectra at Q = 1.4 A~' and
Q = 2.4 A~ for sample No. 5, of the QENS fits operated according
to Egs. (2) and (3). Red full line represents the fitting function, black
error bars stand for the QENS experimental data, while the linear
background is plotted as a green dashed line.

spectral range only, we can reduce such a self scattering law
to exp[—2W (Q)]L(Q, w). As far as the form factor f(Q) is
concerned, in the case of purely incoherent scattering from
liquid or gaseous hydrogen, it is well-known [12] that the
following GYK relationship holds for the incoherent elastic
rotational transitions of an orthohydrogen molecule at low
temperature (i.e., from its initial rotational state J =1 to its
final rotational state J' = 1):

4o0.[H 80;[H]/3
Fron(Q) =x{o-Hy 2L ]L"[ I/

%) (3]«

where o.[H] and o;[H] are the coherent and incoherent neu-
tron cross section for the proton, respectively [30], while
Jn(...) represents a spherical Bessel function of nth order, and
ro stands for the H, interatomic distance. One can also include
the tiny contribution due to the incoherent elastic rotational
transition of a para-hydrogen molecule at low temperature
(i.e., from its initial rotational state J = O to its final rotational
state J/ = 0), fo—0(Q), which according to the GYK model
reads

4o0.[H] . i

Jo—-0(Q) = x[p-H,] 475 %5(%) (%)
In addition, as we have mentioned above, our fitted [;,.(Q, w)
still contained some small “distinct” components not com-
pletely subtracted in Eq. (1), namely, those originated from
the correlated dynamics of Hy—H; and H,—Ne molecular pairs.
Such components give rise to a slight distortion of the form
factor (f1-1(Q) + fo—0(Q)) which we have approximately
included in the final formula for the overall molecular form

* A
f(q)
0.4 (a)
III:;
S 02- M 29
() Tx_gT*EET
=3 17=27 K, x[H,]=3% TrExEy s
@ 0.0 T T T T T T
Y
~ 0.4 (b)
..9 EIII;
-E t!:xtl‘
S5 0.2- TTray
. IIIIIIII

2 1T=30 K, x[H,]=3% Frresgg
g 00 T T T T T T T
-~
E 1.2 (C)
< 4

0.8— IIII::

0-4' ) IIIIIIIII

1T=30 K, X[H,]=7% TS -
00 T T T T T T
0 1 2 3

q (A"

FIG. 3. Experimental QENS spectral intensities A(Q) (blue cir-
cles with error bars) and molecular form factor f(Q) for the H,
rotational dynamics calculated according to the GYK model [18] (red
full line) for the three mixture samples: panel (a) represents sample
No. 5, panel (b) sample No. 6, and panel (c) sample No. 7 (see Table |
for details).

factor f(Q) as

FO) & fim1(Q) + foro(Q)
+ (x[Ha]u* (@) (Scm-cm(Q) — 1)
+2b,[Nelu(Q)Sne—cm(Q)}, (6)

where b.[Ne] represents the Ne coherent scattering length
(equal to 4.566 fm [30]), Scm—cm(Q) and Sxe—cm(Q) are the
(simulated) partial static structure factors for the CM—CM and
CM-Ne pairs, respectively, to be defined in Sec. III, while
u(Q) is given by [18]

u(@) = 2bc[H]jo<%>, )

with b.[H] = —3.7390 fm [30]. Our best estimates of f(Q)
for the three mixture samples are reported in Fig. 3.

III. QUANTUM DYNAMICAL SIMULATIONS

To generate the simulated data required for the study of
the fully processed QENS experimental spectra, fi,.(Q), from
samples Nos. 5-7, we carried out two different types of
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TABLE II. Thermodynamic conditions of the simulated samples and other details, including: simulation number, total number of particles
N, number of H, centers of mass N[CM], hydrogen molar concentration x[H,], temperature T, total molecular density n, type of technique
used, type of Ne—Ne pair potential used (either Lennard-Jones [39] or HFD-B [40]), direct self diffusion coefficient Di,dc)M for H, centers of

(e)

mass, extrapolated self diffusion coefficient Doy for H, centers of mass, mean kinetic energy for H, centers of mass (E;)cm, and for Ne atoms
(Ex)ne- Estimated statistical uncertainties are reported in parentheses when available.

xH] T n D%y Dy (Edem  (Ei)xe

No. N N[CM] (%) (K) (mm™3) Techn. Ne-Nepot. (10°cm?/s) (1073 cm?/s) (K) (K)

i 500 50 10.00 30.0 31.02 RPMD LJ 3.420(2) 3.81(1) 93.9(1) 53.03(1)
ii 500 35 7.00 30.0 31.94 RPMD LI 3.025(1) 3.35(1) 96.0(1) 53.42(1)
iii 500 15 3.00 30.0 33.22 RPMD LJ 2.500(3) 2.78(3) 100.5(1) 53.93(1)
w500 15 300 270 3497  RPMD L 1.758(1) 2.00(3) 103.5(1)  51.00(1)
\% 500 0 0.00 27.0 36.07 RPMD Ll 51.30(1)
vi 256 26 10.16 30.0 30.94 CMD HFD-B 3.73(1) 87.6(2) 53.09(6)
vii 500 50 10.00 30.0 31.02 CMD LJ 3.42112) 91.3(1) 52.92(1)
viii 256 22 8.59 30.0 31.42 CMD HFD-B 3.49(2) 88.6(2) 53.24(6)
ix 256 20 7.81 30.0 31.66 CMD HFD-B 3.39(2) 89.0(2) 53.30(6)
X 256 10 391 30.0 32.94 CMD HFD-B 2.70(2) 92.6(2) 53.72(6)
Xi 256 9 3.52 30.0 33.07 CMD HFD-B 2.66(3) 92.8(2) 53.76(6)
xii 256 6 2.34 30.0 33.48 CMD HFD-B 2.53(3) 94.2(2) 53.89(6)
xiii 256 0 0.00 30.0 34.44 CMD HFD-B 54.24(6)

quantum dynamical simulations based on the ring polymer
representation of quantum mechanical particles, namely:

(a) Centroid molecular dynamics (CMD) [32] is based
on an (ideally) quantum mechanical exact evaluation of
the instantaneous forces on the polymer centers, which are
then propagated according to classical mechanics. Practically,
CMD is a simulation tool able to provide excellent approxima-
tions of canonical (also known as “Kubo-transformed” [33])
correlation functions in systems exhibiting moderate quantum
effects (at T > 0), but limited to functions linear in either the
particle position or momentum operators. This is surely the
case as far as the canonical VACEF is concerned. In addition,
similarly to standard path integral Monte Carlo [34], which on
the contrary is an equilibrium technique, CMD can calculate
partial pair correlation functions, g, g(r) (witha = {Ne, CM}
and 8 = {Ne, CM}), as well as the aforementioned partial
static structure factors, S, g(Q), and single-particle mean ki-
netic energies, (Ex), (With @ = {Ne, CM}).

(b) Ring polymer molecular dynamics (RPMD) [35] im-
plements an algorithm that is similar to CMD, except it now
is the beads on the polymers which are propagated classically.
In essence, this means that the forces on the polymer centers
are only approximately evaluated at each timestep. Otherwise,
RPMD provides the same range of applications, including es-
timates of the canonical VACEF, in addition to g, g(r), S¢,8(Q),
and the mean kinetic energy, (Ex).

The simulations we have carried out, together with their
thermodynamic and numerical details, are reported in Table II,
where, among the others, the total number of molecules N,
the number of H, centers-of-mass considered N[CM], the hy-
drogen concentration x[H,], the temperature 7', and the total
molecular density n (namely, from Refs. [25-28]) are listed.
Our CMD calculations have been performed with a timestep
of Ar =0.005 ps at a temperature 7 = 30 K, fixed via a
Gaussian isokinetic thermostat [36]. The velocity correlation
functions were calculated up to a maximum time lag #,, = 5
ps and averaged over 10 independent runs of 10° timesteps

(i.e., 500 ps) each, for all the thermodynamic states from
No. vi to xiii (as reported in Table II). In this way we were
able to obtain an estimate of the statistical uncertainty of the
results. For the total number of molecules and the Trotter
number P [37], we chose N = 256 and P = 64. A test with
N =500 and P = 64 was also carried out. As for the RPMD
simulations, conditions were similar to the CMD ones, but not
identical: molecular dynamics runs have been performed with
a timestep At = 0.001 ps up to a maximum time lag ¢,, = 2.5
ps at two temperatures: either T = 27 K or 30 K (see Table II
for details), fixed by a Langevin thermostat [38]. Our final
results represent averages over 20 independent batches made
of 1000 individual trajectories each, for all the thermodynamic
states from No. i to v (as reported in Table II). For the total
number of molecules and the Trotter number, we chose this
time N = 500 and P = 64. Tests with different values of P
(namely, P = 128 or P = 32) have been carried out for both
CMD and RPMD simulations, showing insignificant differ-
ences with respect to the mentioned calculations with P = 64,
while the issue of the number of molecules, N, will be dealt
with in detail later.

Starting with the equilibrium properties, it is worth spec-
ifying how the calculations of the S, g(Q) functions, as well
as those for the total static structure factor S(Q), have been
implemented in the RPMD and CMD codes:

N[Ne] N[Ne]

D) (exp(—iQ - r)exp(iQ - 1)),

j=1 =1

1

SNe,Ne(Q) = N[Ne]

1 N[Ne] N

Svecm(@ = D D (exp(—iQ T))exp(iQ 1),

j=1 I=N[Nel+1
N N
j=N[Ne]+1 I=N[Nel+1

x (exp(—iQ - r;) exp(iQ - r7)),

Sem,em(Q) =

N[CM]
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FIG. 4. Partial S, (Q) and total S(Q) static structure factors for
simulation No. ii (i.e., x[Hy] = 7% and T = 30 K, as in Table II)
calculated via RPMD. Red, blue, and cyan full lines represent the
Ne—Ne, the Ne—CM, and the CM—CM partial static structure factor,
respectively, while green dashed line stands for the total static struc-
ture factor. In addition, S(Q) for simulation No. xiii (i.e., pure Ne
at T = 30 K via CMD) has been included as a black dashed line to
highlight the effects of the H, presence on the mixture.

S(Q) =~y > {exp(—iQ-r;)exp(iQ - 1))

j=11=1
= (1 — x[H2])Sne,Ne(Q) + 28Ne,cm(Q)
+ x[H1Scm,em(0), ®)

where N[Ne] and N[CM] represent the number of Ne atoms
and CMs, respectively. It is important to note that in the
definitions above the Ne—CM static structure factor exhibits
a normalization different from those pertaining to the Ne—Ne
and CM—-CM static structure factors. Some selected exam-
ples of Sne.Ne(Q), Sne,cm(Q), and Scm,cm(Q) are reported
in Fig. 4.

The three interparticle interactions, i.e., Ne—Ne, Ne—H,,
and H,—H,, have been assumed to be pairwise additive fol-
lowing this simple scheme:

(a) The Ne—Ne interaction was represented by two differ-
ent isotropic pair potentials: either a Lennard-Jones potential
using the parametrization by Morales and Nuevo [39] (which
has already proved to effectively simulate the Ne—H, mixtures
[34]) employed for the RPMD calculations (plus the CMD
simulation, No. vii), or the HFD-B potential of Aziz and
Slaman [40], utilized for the rest of the CMD calculations. A
detailed comparative discussion on these two potentials can
be found in Appendix B of Ref. [16], where we explained
why, in agreement with Ref. [34], we found some clues that
the Lennard-Jones Ne—Ne potential (within the mentioned
parametrization) is slightly superior to the HFD-B one in
reproducing the microscopic dynamic features probed by our
neutron scattering experiments.

(b) The Ne-H, interaction, i.e., that between a CM
and a Ne atom, was modeled taking the spherical average
of the orientation-dependent potential developed by Faubel

N N
(

Z| =

RPMD
T=30 K, x[H,]=10%

—— T=30 K, X[H,]=7%

—— T=30 K, X[H,]=3%
T=27 K, X[H,]=3%

AAAAAAAA T=30 K, x[H,]=10%

-0.2 . .

0.01 0.1 1
t (ps)

FIG. 5. Canonical VACFs for the H, CM from simulations No. i
(green full line), No. ii (red full line), No. iii (black full line), and No.
iv (cyan full line), all calculated via RPMD (see Table II for details).
In addition, u(cli,)[(t) from simulation No. vii obtained via CMD has
been included as a blue dashed line.

et al. [41], following the approach suggested by Challa and
Johnson [34].

(c) The H,—H, interaction, i.e., that between two CMs,
was described using the isotropic Silvera and Goldman
potential [42].

As mentioned above, in our case the CMD and RPMD
techniques produced two primary physical output quantities,
ie., u®(t) with o = {Ne, CM}, which approximate the two
respective Kubo-transformed VACFs. Some selected exam-
ples of ugi,)[(t) are plotted in Fig. 5, while the preliminary
estimates (dubbed “direct”) of the self diffusion coeffi-
cients DfC)M, obtained from the time integration DifZC)M =

1y u(cll(v}(t)dt, are reported in Table II and Fig. 6. Direct CM
self diffusion coefficients for simulations No. i and No. vii,
calculated with the same values of 7', x[H,], N, and employing
the same Ne—Ne Lennard-Jones potential, turned out to be
identical within the errors, showing that the two simulation
techniques, i.e., CMD and RPMD, are fully compatible for
this class of semiquantum systems. This was also confirmed
by the satisfactory comparison between the two u(cli,)[ () func-
tions related to the mentioned samples, which are plotted in
Fig. 5. However, regarding the ch)M estimates at identical
(or similar) T and x[H,] values, but obtained using different
values of N (i.e., either 500 or 256) and Ne—Ne pair po-
tentials (i.e., either Lennard-Jones or HFD-B), the situation
looks rather unsatisfactory as shown in Table II, where data
from simulations No. vi and Nos. viii—xii are clearly larger
than the corresponding figures for simulations Nos. i—v. This
disagreement was not completely unexpected, at least as far as
N 1is concerned, since it is well known that finite-size effects
play a big role in the evaluation of D,. Unfortunately, the
standard way to correct for such effects making use of the
viscosity [43] was not applicable in our case due to two main
problems (namely, the classicality of the correction formulas
and the lack of reliable shear viscosity data for our Ne + H;
mixtures). So, we had to resort to a linear extrapolation of
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TABLE III. Experimental estimates of the self diffusion coefficient D; v and the exponent of the Debye-Waller factor a2y, for the three
measured mixture samples described in Table I, together with the residence time tcv, the jump length parameter Icy, and self diffusion

(hr)

coefficient D em

derived from fits using the Hall and Ross model. Corresponding values of the residence time AE]\I,[ and the self diffusion

coefficient DSE)M fitted according to the Singwi and Sjolander model are also included. Estimated statistical uncertainties are reported in

parentheses when relevant.

T x[H] n D;.cm oEn TeM lem Dith Aem DS?M
No. (K) (%) (nm™?) (1073 cm?/s) (A?) (ps) A) (1073 cm?/s) (ps) (1073 cm?/s)
5 26.96 3.01 34.99 1.90(6) 0.128(6) 0.33(5) 0.36(2) 1.96(3) 0.18(3) 1.97(3)
6 30.01 3.01 33.27 2.74(5) 0.128(6) 0.37(3) 0.46(2) 2.85(3) 0.21(2) 2.86(3)
7 30.00 6.99 31.93 3.26(7) 0.139(6) 0.42(2) 0.53(1) 3.34(3) 0.25(1) 3.39(4)

D', as a function of N~!/3, making use of RPMD data (al-
wa{ys evaluated using P = 64 and the Ne—Ne Lennard-Jones
pair potential) at different values of N: 108, 256, and 500,
augmented by additional short runs with N = 4000. Also,
since concentrations of 7 and 3% could not be represented
by integer numbers of H, molecules for these systems, the
x[Hz] = 0.07 result for the N =256 sample was obtained
from a linear interpolation of separate runs with 17 and 18 H,
particles, and analogously for x[H;] = 0.03 and the N = 108
system. It is worth noting that in the case of N = 256 and 108,
to increase the statistical accuracy of the result, the number
of averaged trajectories was taken five and ten times longer
than with N = 500. The y-intercept of such linear fits, corre-
sponding to N = 0o, was assumed to be the extrapolated self
diffusion coefficient, DieéM, for the Hy CM (see Table II and
Fig. 6). ’

As for the single-particle mean kinetic energy, the results
reported in Table II show that quantum effects are sizable in
both species, but while for Ne they represent only a modest
correction to the classical equipartition value (%kBT) of the
order of 17-18%, for Hy CM this percentage grows to the
large value of 52-55%, which means that more than a half

4.0 (r=30 K, x{H=10%)
L 351
o
£
(&]
w 3.0 (T=30 K, X{H,=7%) (T=80 K, x{H,]=3%)
o
Z
2.5+
=
o
Q’ 2.0
(T=27 K, X{H,}=3%)
1 .5 T T T T T
31 32 33 34 35
n (nm3)

FIG. 6. Comparative plot of the self diffusion coefficients for the
H, CM vs n taken from Tables II (circles, RPMD simulations) and III
(squares, QENS data): blue full circles are DE‘%M, red empty circles

are DS&M, green full squares are D; ¢y, and, finally, black full squares
are Dﬁhg\d Lines are just guides for the eye.

of (Ex)cm exhibits a purely quantum origin. This difference
is also visible in the mean kinetic energy variation as a func-
tion of T and n: (Eg)n. is mildly sensitive to both physical
quantities, while (Ey)cm seems almost independent of 7', but
extremely sensitive to the changes of n, which determine the
degree of local confinement felt by an H, molecule in the
liquid mixture. In addition, as mentioned earlier and explained
in detail in the Appendix B of Ref. [16], (Ex)cm seems in-
fluenced by the choice of the Ne—Ne pair potential, with LJ
providing larger values than HFD-B. From a quantitative point
of view, the (E;)ne value for pure Ne at 7 = 27 K in Table 11
favorably compares with the experimental measurement re-
ported by Peek et al. [44], i.e., (52.8 = 3.7) K as well as with
that reported by Azuah et al. [45], namely, (52.9 +2.5) K,
both obtained via deep inelastic neutron scattering at 7 =
25.8 K (and saturated vapor pressure). In addition, the agree-
ment with the neutron measurement by Fradkin et al. [46]
operated on isotopic 2’Ne at T = 27 K (and saturated vapor
pressure), is virtually identical to our RPMD simulation result
at the same temperature: (E;)ne = (51.3 £ 0.4) K. Moving to
H,, molecular density values similar to those pertaining to our
simulated mixtures can be found in the solid phase of pure
hydrogen, e.g., at T = 19 — 20 K and p > 500 bar [47] but
inelastic neutron scattering on these samples reveals center-
of-mass mean kinetic energy values which are substantially
higher than those in Table II. For example, at T = 19.4 K and
n=31.29nm>3, (E)em = (102 £ 5) K [48], while from our
RPMD calculations at T = 30 K one can easily interpolate a
figure of about (94.4 &+ 0.1) K. The origin of this discrepancy
is probably related to the lightweight mass of H,: despite the
fact that Ne—H, and Ne—Ne pair potentials are similar, the H,
molecules forming a cage of neighbors are considerably more
delocalized (i.e., larger) than Ne, so a particle in the center of
the cage in pure H; is more confined than in a Ne-rich mixture.

IV. DISCUSSION OF THE SCIENTIFIC RESULTS

The fitted values of I'(Q), plotted in Fig. 7, can be directly
used to provide experimental estimates of /D cp through the
extrapolation at Q = 0 of the values of I'(Q)/(20Q?%).Results,
reported in Table IIT as well as in Fig. 6, exhibit good agree-
ment with the extrapolated self diffusion coefficients, DieéM,
derived from simulations No. ii to No. iv, although in the case
of x[Hy] = 7.00% the RPMD value appears slightly overesti-
mated. The general Q-trend of I'(Q) for all the three mixture
samples is clearly characterized by a strong deviation from
the Fickian behavior (which is linear in Q%) prompting us to

015413-8



QUANTUM DIFFUSION OF MOLECULAR HYDROGEN IN ...

PHYSICAL REVIEW E 114, 015413 (2026)

1.2 1.4+ ;
_No.5 |No. 6 144No.7
1.0 /1.2 T | ’
| M S
< 1.0 1 / 1 Ly
% 0.8 %/ % J% % 1.0 I l
g | : i Wl
= 1 +H 084 ‘%/ 1 ‘L’w \
Q I / 0.8- ’
= 064 [ I /
g J 06{ i 1l
= # c1 064 [/
0.44 ,' ] ¥ i i
I'I' 0.4 ;ﬁ' 044 F
/ 14 {7/
0.2 4 4 /
(;7 0.2 {:’A 0.24 ",’
§ &

LI B BN B | T T T T 1 l‘"l‘l'l'l'l
0 3691215 0 3 6 91215 0 3 6 9 1215
Q* (A%

FIG. 7. Variation with Q? of the HWHMs of the QENS peaks
for samples from No. 5 to No. 7 as in Table 1. Blue empty circles
represent experimental data, red dashed lines are fits using the Hall
and Ross model [49], while green full lines stand for the low-Q
Fickian behavior. See main text and Table III for details.

apply a more realistic diffusional model like, for example, that
proposed by Hall and Ross [49] and suitable for disordered

systems:
2h 212
ro=Z - (-52)] o

where 1y is the mean residence time between two subse-
quent Hy jumps and /¢y is related to the jump length in the
way that 3/, is the value of the three-dimensional mean
square jump length. By imposing that the Hall and Ross
(HR) model has the correct low-Q limit, one immediately
finds that Dy oy = Z%M /(2tcm), giving rise to a two-parameter
fitting model, e.g., based on Icy and 7ey. Results for the two-
parameter HR fits are reported in Table III and Fig. 7. In the
former, one can easily appreciate the good agreement between
low-Q and HR estimates of the self diffusion coefficient. In the
latter it is possible to evaluate the fit quality which, although
not excellent, can be considered as satisfactory, since the
following reduced X2 values were obtained: 1.39, 1.19, and
1.37 for samples No. 5, No. 6, and No. 7, respectively.

The next step was the study of the Debye-Waller factor,
exp[—2W (Q)], which accounts for the nondiffusional (and
nonrotational) part of the CM dynamics, i.e., that related to the
vibrations of an H, CM about its instantaneous equilibrium
position inside the short-lived Ne pseudocages. In the case
of a harmonic solid, it is well-known [3] that W(Q) x 02,
so it was convenient to plot —In(A(Q)/f(Q)) =2W(Q) —
In(C) versus Q%, with C being the aforementioned sample-
dependent scaling factor, as shown in Fig. 8. The behavior
of 2W(Q) as a function of Q? is essentially monotonically
increasing, although a trough is clearly visible in all three
panels of the figure in the 4.5 A=2 < 0% < 8.0 A2 range,
which, as shown in Fig. 4, exactly corresponds to the first
sharp diffraction peak of Snene(Q). However, the low-Q
part of 2W (Q) (say, up to Q> = 4.41 A=2) grows quite lin-
early and can be fitted according to the simple model — In

2.0-
1 No. 5
1.5- i

_ N
1.0 , AR

00+
2.0-
1.5
1.0- b
057 o

0.0 ———————,
2.0-
1.5
1.0-
0.5-
0.0 F—— s

2W(Q) - In(C)

! I ' I ! 1
10 12 14
Q (A%

FIG. 8. Variation with Q? of the exponent of the Debye-Waller
factor, 2W (Q), for the QENS peaks of samples from No. 5 to No. 7
as in Table I. Black empty circles represent experimental data, while
red dashed lines are linear fits in the 0.16 A—2 < Q* <441 A=2in-

terval. The quantity In(C) represents an unknown sample-dependent
intercept. See main text and Table III for details.

A/ Q) = ot%MQ2 — In(C), where aéM and In(C) rep-
resent the two fitting parameters. The rationale behind this
linear functional form will be provided below. Results can
be considered as satisfactory, since the following reduced x>
values were obtained: 1.00, 1.07, and 1.16 for samples No.
5, No. 6, and No. 7, respectively, while the corresponding
estimates of a2, are reported in Table III.

Another diffusional model, due to Singwi and Sjolander
(SS) [50], has also been tested. It is based on the concept of
random jump diffusion and assumes an alternation between
oscillatory motion and directed motion expressed by the
formula:

remll — eV D] + Dy cmQ?
1+ AgyDs.cmQ?

Q) =2n , (10)

where )»a\l/[ represents the typical timescale in which the CM
motion is very similar to what would occur in a solid. How-
ever, such an equation is not suitable for our data set. In fact,
the SS model was originally built starting from the hypothesis
that a particle vibrates about its mean position for a period
Aoy @s in a solid, and then diffuses for a period wqy. This
two-time approach gives rise to quite a long and complicated
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TABLE IV. Comparison between spatial and temporal quantities related to either the vibrational (Q2, 27 /Q from RPMD, 32, from
QENS, and 30‘%1\/[,5 from RPMD) or the diffusional (zcym and SZéM from QENS) dynamics of the H, centers of mass in the investigated mixture
samples described in Tables I (neutron experiment, Arabic numbers) and II (quantum simulations, Roman numbers). For the meaning of the

various symbols see the main text and Table II1.

T x[Hs] Q2 27 [ 3oty 30n TeMm 32\
No. (K) (%) (ps™?) (ps) (A%) (A%) (ps) (A%)
5—iv 26.96-27.00 3.01-3.00 395(5) 0.316(2) 0.39(2) 0.346(1) 0.33(5) 0.39(5)
6-iii 30.01-30.00 3.01-3.00 352(2) 0.335(1) 0.38(2) 0.352(1) 0.37(3) 0.64(5)
T 30.00-30.00 6.99-7.00 307(2) 0.359(1) 0.42(2) 0.354(1) 0.42(2) 0.84(5)

formula where the peak shape is no longer a Lorentzian func-
tion. Subsequently, it is assumed by the authors [50,51] that
)LEI\I,I > '“511/[’ so that the diffusion process is taken as instan-
taneous and one may consider the model as describing a fast
jump diffusion. In this way, the ey dependence disappears
and the Lorentzian peak shape is recovered, with Eq. (10)
describing its width I' as a function of Q. Unfortunately, as
we will see below, the two timescales, i.e., )»E;,[ and M&\l/l in
the SS formalism, are actually very close to each other, and
so the SS approach cannot be applied in the reduced form of
Eq. (10). Nevertheless, a simpler formula for the SS model
does exist and is obtained by fixing W (Q) = 0 in Eq. (10):

Ds,CM Q2
1 + AopyDs,cmQ?

It is still supposed to describe periodic jumps occurring be-
tween potential energy minima where the scattering particle
performs an oscillatory motion. However, in spite of its pop-
ularity in the QENS data analysis (see, e.g., Ref. [52]), in
our context it is to be considered as essentially heuristic. We
have exploited it in the same way as we made use of the
HR model for fitting the QENS results. The fit quality turned
out as slightly worse than that pertaining to HR, since in the
present case the following reduced x? values were obtained:
1.46, 1.34, and 1.56 for samples No. 5, No. 6, and No. 7, re-
spectively. Results for this type of fit are reported in Table III,
where one can easily appreciate the good agreement between
SS and HR estimates of the self diffusion coefficient, while, as
for the mean residence time, Tcy appears substantially larger
than )\Eﬁ,[, with the latter not being considered in the rest of the
present work.

At this stage it is possible to compare the two diffusional
quantities 7cy and 31(2:M (which are temporal and spatial,
respectively) with the corresponding VACF-related quantities
(27 /Q2E) and the three-dimensional S(xéM, where Qf is the
Einstein frequency, directly connected to the short-time sec-
ond derivative of “(clfv)l (1) [33]:

I'(Q) =2h (1)

) _ _iicu(0) 0
ey (0)

Estimates of all these four quantities are reported in Table IV.
In the following, for the sake of brevity, we will use the term
“vibrational” for quantities related to the VACF. The compar-
ison between the two temporal ones, namely, (27 /Q2g) and
Tcm, 18 straightforward since the average vibrational period
turns out to be just slightly smaller than the mean residence
time between two subsequent jump. Physically, this situation

can be easily described as an H, molecule oscillating only
once in its short-lived Ne pseudocage before jumping into a
different one. This means that due to the high system density,
diffusion and vibrations are very strongly coupled for the H;
CMs. Such a coupling also explains a rather counterintuitive
fact visible in Tables III and IV: as T grows, the residence
time tcym becomes larger. However, if (27 /Q2g) and tom are
linked together, they are both driven by the system molecular
density n, since Qg is strongly density-dependent. Unfortu-
nately, this captivating picture must remain at a qualitative
and heuristic level. In fact, if quantitatively translated into a
rigorous mathematical model like that including the so-called
“itinerant oscillators,” this idea gives rise to highly implausi-
ble results as it has been recently proved in the case of the
Ne + D, mixtures [53]. However, the comparison between
the two spatial quantities, namely, 32y, and 312, confirms
our previous interpretation, since they turned out to be rather
similar (even identical in the case of sample No. 5). However,
the former quantity appears to be scarcely sensitive to the
density and temperature changes of the mixtures, while the
latter, which is given by 6D cmtem, is clearly dominated
by the changes of Dy cym which surpass those coming from
tcum. Differently from 312, whose meaning is physically
quite straightforward, the concept of 32y, in a liquid is more
subtle, since in diffusing systems the exponent of the Debye-
Waller factor is not at all proportional to the mean square
displacement. However, following the GA approach presented
in Ref. [2], it is possible to give a physical interpretation
of a%M: the self intermediate scattering function I (Q,t) is
approximated by the Gaussian term exp[—Q?%y(t)], where
y1(t) represents the time-dependent mean square displace-
ment given by the double time integral of the single-particle
VACF. The asymptotic behavior of y;(¢) for very large values
of t reads D;|t| — Cy, so it means that GA simply states that
in a liquid system exp[—2W (Q)] ~ exp{Q’Re[C;]}, where
Re[C] = —ozéM. Following the procedure sketched in the Ap-
pendix, one can explicitly write for our H-CM a relationship
between aéM and the spectrum ﬁg;,)[ (w):

a2 = [T com (2N a® ) [92. a3)
MT T Jy do 2kgT ) M o’

In addition, one can also establish a connection between the
Debye-Waller factor in a liquid and the more common one
used for the solid state, exp[—2W;,1 (Q)]:

Fl 2 0
W(0) = 2L

2M Jy (14)

)
w

hw \dow
2kgT

Z(w) coth (—
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FIG. 9. Ratios between the spectral full width at half maximum,
I", and 2Q? as a function of Q? for T = 30 K and x[H,] = 3% (red)
or 7% (blue). Full lines represent the GA-simulated results exploiting
simulation Nos. iii and ii, respectively (see Table II). Experimental
data are plotted as empty circles and full squares for samples No.
6 and No. 7, respectively (see Table I). Thin dash-dotted lines indi-
cate the experimental hydrodynamic limit values, /D, cym, obtained
from Table III. Experimental data from Ref. [16] (T = 30.1 K and
x[H;] = 3.4%) are also reported as green circles (joint by a dotted
green line which is just a guide for the eye).

where M is the particle mass and Z(w) is the well-known
density of phonon states, which is proportional to ﬁ(cll(\,}(w).
It turns out that Eq. (14) can be recovered from Eq. (13)
through integration by parts if the diffusion is totally negligi-
ble and thus ﬁcﬁ(O) = 0. This fact can be easily appreciated

by writing: lin%) ﬁgi,)[(a)) = 7' D, cm. Other details about the

implementation of Eq. (13) are given in the Appendix, espe-
cially those concerning the long-time behavior of the VACF
and its possible effects on ﬁgf\,}(w). For all the reasons stated
in the Appendix, one can conclude that the RPMD simulation
values of 30‘(2:1\/1’ calculated on the basis of Eq. (13), dubbed
32y, , and reported in Table IV, have to be considered as
more than just qualitative, although they turn out to be 9-
16% underestimated with respect to the corresponding QENS
quantities.

We are now in a position to try solving the problem,
presented in the introduction, concerning the FWHMs of
QENS and GA spectra, both evaluated at 7 = 30 K in the
225 A~ < 0 < 3.75 A" range (namely, 5.06 A2 < 0% <
14.06 A=2). A new and updated version of Fig. 10 in Ref.
[16] is reported here in Fig. 9, where the data from the old
INS spectrometer (taken with Ahw &~ 2.37 meV) has been
complemented by those obtained from the present QENS
instrument (taken with Aiw ~ 0.10 meV).The effect of such
a resolution improvement is actually relevant: although we
did not have access to QENS data for 0% > 12.25 A~2, no
sign of the anomalous growth of I'/(2Q?) is visible for both
samples No. 6 and No. 7. In the case of the GA, this discrep-
ancy between INS- and QENS-simulated data is even more
striking: the FWHMs of the latter spectra plotted versus Q°
are roughly flat with a tiny initial positive slope followed

0.05 ,
02_12 25 A.g 9;035 No. iii, GA, 7=30.0 K, X[H,]=3.0%
=12. <o
\quo.ao
< 0.04 £
> g/0.25
() %o.zo
£ 0034 2
/3\ 0‘100 3 6 9 12
- QZ(AZ)
S 0.02
= e | S
o
W 0.014
000 T T T T
-15 0 15 30 45 60
ho (meV)

FIG. 10. Symmetric part of the GA-simulated self scattering law
of the Hy CM at 0? = 12.25 A2 for simulation No. iii in Table II
(red full line), together with its diffusional component (blue dashed
line). The green horizontal line marks the FWHM of the whole peak,
while the orange one is related to the FWHM of the diffusional
component only. In the inset, the values of FWHM/(2Q?) for the
whole peak (green dashed line) and those of FWHM/(2Q?) for
the diffusional component only (orange full line) are reported as a
function of Q? for the same simulation as above. The value of th,’_jC)M
is also plotted as a black dot-dashed line.

by an equally small decrease, while, by contrast, Fig. 10 in
Ref. [16] showed an intense monotonic growth for both H;
concentrations (namely, 3.4% and 10%). The reason for the
large differences observed by comparing the two scenarios,
i.e., INS in Ref. [16] and QENS in Fig. 9, can be related to the
merging of the diffusional and the inelastic part of the spectra
operated by the INS spectrometer due to its large energy
resolution. Since the same effect takes place once the GA-
simulated spectra are folded with an appropriate resolution
function which mimics that of the corresponding spectrom-
eter, it is interesting to show an example of these two spectral
parts without any resolution broadening and calculated in
an w range substantially larger than the interval available
on OSIRIS. In Fig. 10 we have plotted the symmetric part
of the GA-simulated self scattering law of the H, center of
mass, S’S,CM(Q, w), for simulation No. iii, defined, following
Eq. (3), as

- 1 ho
Ss,em(Q, w) = ESs,CM(Qv w)|:exp <_kB_T> + 1]. (15)

The wavevector transfer value corresponding to
0% = 12.25 A2 has been selected since in Fig. 10 of Ref.
[16] this corresponds to a situation where the GA estimates
of I'/(2Q?) already exhibit large extra-intensities if compared
to the /iD; o of the simulated mixture. Since here the plotted
scattering law does not include any additional broadening, it
is possible to separate the purely diffusional component from
the inelastic one via a simple two-Lorentzian fit. In this way
two distinct FWHMSs can be evaluated: one for the whole
peak, and one (i.e., I') related to the diffusional component
only (after treating the inelastic signal as an additional
background), with the former substantially larger than the
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latter. This achievement fully explains the discrepancy
between the curves in Fig. 10 of Ref. [16] and those reported
in Fig. 9, since the old INS data, due to the instrumental
resolution, contain information on the whole peak, while, on
the contrary, the present QENS data, owing to their limited
w range, contain information on the diffusional part only.
In the inset of Fig. 9 such an effect is shown for the entire
Q? range by comparing the values of FWHM/(2Q?) for the
whole peak with those of FWHM/(2Q?) for the diffusional
component only. While the latter stay very close to Dy cy in
the whole Q7 range, the former grow in a highly superlinear
way, as reported for the GA in the literature [20,21], and
also in agreement with the GA curves in Fig. 10 of Ref.
[16]. In addition, it is also possible to study the Q-evolution
of the area, 1(Q), of the diffusional GA component through
the same fitting model used for the corresponding QENS
data, namely: —InI(Q) = ozCMQ2 In(C). Results for 3aCM
are (0.424 +0.009) A% and (0.40 +0.04) A2 for sample
No. 6 and No. 7, respectively, showing a reasonably good
agreement with corresponding data extracted from the QENS
spectra and the VACFs, reported in Table IV.

The only issue related to Fig. 10 in Ref. [16] (Fig. 9 in the
present study) which is still unexplained is the position of the
minimum of I'/(2Q?) at Qi ~10.5 A2, In fact, according
to the literature [20-22], it should coincide with the first
maximum of S(Q). Now, looking at Fig. 4, one can easily
locate the four maxima of S(Q) and S, g(Q) in the range
20 A1 <0< 25 A" (e, 40 A2 <02 < 63 A2,
which does not match the observed Q,, value. Even though Q,,
was somehow dubious, being derived from a heuristic spline
interpolating four data points only, it would be worthwhile
to further investigate this intriguing question by studying the
experimental FWHM for the whole peak and its variation
along with Q. Rigorously speaking, this cannot be done using
the present QENS data since their narrow o range prevents
the possibility to isolate the whole spectral peak, to analyze it
via a fitting procedure, and finally to remove the experimental
energy resolution in an accurate way. However, an approxi-
mated attempt can be carried out using our f;,.(Q, w) spectra
by means of a fitting procedure, which modifies Eq. (2) by
replacing the linear background B(Q, w) (2 fitting parameters)
with a cubic one, C(Q, w), containing four fitting parameters.
Subsequently, using these new fit results, the unbroadened
spectral function L(Q, w) is symmetrized by removing the
correction for the detailed balance, while C(Q, w) is also
symmetrized by keeping only the even powers of w. This
procedure gives rise to a new spectrum, P(Q, »):

hw
PO, w) = {L(Q w)[exp( kBT> + 11|

+ C(Q, w) +C(Q, —a))}. (16)

Finally, the FWHM of the whole P(Q, w) peak is evaluated
for each Q value. Results for sample No. 6 are reported in
Fig. 11 clearly showing that the FWHM of the whole spectral
peak becomes progressively larger than the diffusional I" as
Q grows bigger than about 1.5 A~'. However, there is no
evidence of a minimum of FWHM/(2Q?) for Q values close

%0.20- l J H )
=ty
g % %%{%{%

”g/ 0.10 | %HH

= 054 x20 /

= N
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FIG. 11. Ratios between the spectral full width at half maxi-
mum and 2Q as a function of Q for sample No. 6 (see Table I).
Experimental data are plotted as red empty circles and black full
squares for the diffusional part only (as in Fig. 9) and the whole
peak, respectively. The red dash-dotted line exhibits the experimental
hydrodynamic limit value, /D; ¢y, obtained from Table III. Finally,
the green dashed line represents the simulation of the total static
structure factor S(Q) for simulation No. iii (see Table II), divided
by 20 for graphic reasons.

to the first maximum of S(Q), as reported, for example, by
Skold et al. in the case of liquid Ar at 85.2 K [54].

V. CONCLUSIONS

In this study we have measured the QENS spectra of hydro-
gen mixed with liquid neon (namely, at 7 = 27 K and 30 K)
for two values of the H, molar concentration (namely, 3% and
7%), making use of the OSIRIS neutron spectrometer [24].
These low-energy parts of the double-differential neutron
scattering cross section are strictly related to the self dynamic
structure factors of the H, center of mass, S;cm(Q, w), for
the three mixture samples [3]. To quantitatively extract the
Ss.cm(Q, w) estimates, QENS data have been corrected for
the usual experimental effects (i.e., empty can contributions,
self-shielding attenuation etc.) and, after subtracting an ade-
quate (although approximated) contribution due to the Ne—Ne
coherent scattering, have been interpreted in the framework
of the GYK model [18] for taking into account the effects
stemming from the rotational ortho-hydrogen dynamics. In
this way, we obtained a complete descrlptlon of S, CM(Q w)
in the wavevector transfer range 0.4 A~' < Q0 < 3.5 A" and
in the energy transfer range -3.0 meV < fiw < 5.0 meV, with
an energy transfer resolution (FWHM) amounting to Ahw =
99.0 ueV, ready to be studied to extract information of the H,
diffusional dynamics in the aforementioned liquid systems. In
fact, after a straightforward Lorentzian fitting procedure, we
managed to determine the two basic spectral features related
to the H, diffusion, namely, the intrinsic QENS peak width,
I', and the corresponding peak intensity, A, both strongly
dependent on Q. The low-Q ' estimates turned out to be in
a good agreement with the self diffusion coefficients sim-
ulated via quantum calculations, especially when the latter
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were corrected for finite-size effects through an extrapolation
procedure. In addition, at larger Q values, the peak width
values exhibited typical sublinear variations as a function of
Q?, which have been interpreted as a clear mark of a jump
diffusion process with the help of the Hall and Ross fitting
model [49], providing estimates of the mean residence time,
Tcum, and the jump length parameter, Icy. These two quantities
represent a sound and objective characterization of the short-
lived Ne pseudocages in our system, which have been simply
hypothesized in a previous study [16]. In particular, the former
physical quantity, Tcym, was found to be almost identical to
the average vibrational period of an H, trapped in such a Ne
pseudocage, and the latter, /¢y, turned out rather similar to
acm of Hp, which in turn controls the intensity of A(Q) via a
Debye-Waller factor. These two similitudes were interpreted
as the result of a strong coupling between the diffusion and
the vibration of the H, CM caused by the high molecular
density of the system. The cited quantum calculations, ob-
tained through RPMD and CMD, provided, as in the case of
other semiquantum mixtures [4,15,16,53], accurate estimates
of the partial static structure factors, Sy g(Q), as well as of
the canonical velocity autocorrelation functions, u'%)(¢) (with
o = {Ne, CM} and 8 = {Ne, CM}). The latter functions, sim-
ilarly to what was found in Refs. [15,16,53], exhibit the typical
behavior of a dense fluid, i.e., a rapid drop to values lower
than zero (understood as the backflow caused by bouncing
on the pseudocage walls), followed by a slow decrease char-
acterized by a longer tail. These u(cli,[ (t) were employed, in
conjunction with the well-known Gaussian approximation [2],
to evaluate the S; cm(Q, @) spectra in the same (Q, w) range
as the experimental one, at identical thermodynamic and w-
resolution conditions, to be analyzed in an analogous way. In
particular, the FWHMSs obtained from the GA data showed
a low-Q behavior quite close to that found in the QENS fit
results, while, as QO grew, their respective trends became more
and more distinct, with the former I'/(2Q?) staying always
very close to the hDgfIC)M value, while the latter decreased in
a substantial way following a strongly non-Gaussian trend
well described by a jump diffusion model. It was this kind
of discrepancies between QENS and GA data sets that, in the
conclusions of previous spectroscopic studies [4,15,16,55] on
various semiquantum liquids, pointed to the necessity of going
beyond the GA for an accurate description of the microscopic
self dynamics in these fluids. In this respect, the present QENS
experiment has underpinned in a quantitative ways the strict
connection, already hypothesized in Refs. [16,55], between
caging effects due to heavy particles (like Ne atoms) surround-
ing diluted lightweight particles (like H, or D, molecules) and
the observed breakdown of the GA.

In conclusion, we can point out that the present study sub-
stantially improves the quality of the existing neutron spectra
of H, impurities in liquid Ne [16,23,55], especially in terms
of the energy transfer resolution in the quasielastic region of
the (Q, w) kinematic plane. In particular, we have filled the
gap present in Ref. [16], allowing to correct the interpreta-
tion of the supposedly anomalous Q-dependence of I", which
actually did not exhibit a deep physical origin but was just
an instrumental effect. However, there is still an aspect which
has not yet been totally clarified by the present experiment

and might reveal an interesting difference between simple
liquids and binary mixtures: in similar systems (e.g., liquid
Ar [54]) a dip in FWHM/(2Q?) as a function of Q is observed
at wave numbers corresponding to the first maximum of the
static structure factor S(Q), while in the present mixtures
this feature seems completely absent. As we are aware that
our QENS data are not ideal for such an analysis, we think
that in principle one would need further high-resolution neu-
tron scattering measurements in broader w and Q ranges, for
example —20 meV < fiw < 50 meV and 0.5 A~' < 0 <5
A-!, for properly addressing this problem. Unfortunately,
this type of measurements seems experimentally unfeasible at
the moment.
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APPENDIX: DEBYE-WALLER FACTOR AND LONG-TIME
TAIL IN DENSE LOW-TEMPERATURE LIQUIDS

In Sec. IV, Eq. (13), derived from Eq. (54) of Ref. [2] via
Fourier transform, has been presented. A few details about this
derivation are probably worthwhile. The definition of C; in the
mentioned equation of Ref. [2] (specialized for n = 1) is the
following:

C = /Oot u(t)dt, (A1)
0

but it is not immediately applicable since it contains the fully
quantum u(t) rather than the Kubo-transformed one, u® @),
provided by our RPMD/CMD simulations. However, the real
and the imaginary part of u(¢) can be expressed (see Egs. (83),
(84), and (85) of Ref. [2]) in terms of f(w) which is propor-
tional to the Fourier spectrum of #®)(¢) (although normalized
to unity as in Eq. (86) of Ref. [2]). So, inserting the mentioned
Egs. (84) and (85) into Eq. (54) (specialized for n = 1) and
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using standard algebraic manipulations, one writes

ho

o’ = _i/” f°° i _ifw /°°i~
o _Re[Cl]_ZM ; t dt ; dw cos(wt )w coth T f(a))_2M ; dt ; dw[sm(a)t)]wcoth T flw)dow.

(A2)

Note that, due to two different definitions of the velocity autocorrelation function in Ref. [2], our present formulas and those in
such a paper sometimes differ by a factor 3. Then integrating Eq. (A2) by parts, one obtains

/10)
2kgT

h o0
—a? =Re[C] = o /O tdt{ |:sin(a)t)a) coth (

lim w coth
w—> 00

[Aw/(2kpT )] f(w) = 0, one can totally drop the boundary
term. Finally, using the well-known distribution theory
identity fooo sin(wt )dt = PV(1/w) (where symbol PV stands
for the Cauchy principal value), one arrives to Eq. (13).

In the derivation above, as explicitly stated by the authors
of Ref. [2], it is assumed that i) (w), being an even function

of , can be expanded in powers of w? as

where, assuming quite reasonably that

lin})ft(K)(a))=7T_'Ds+cza)2+C4a)4+~-~ , (A4)
where ¢, and c¢4 are constants related to the moments of
uX(t). However, eight years later, in 1970, Alder and Wain-
wright discovered the slow power decay proportional to ¢ ~3/2
of the VACF in moderately dense hard-sphere fluids using
classical molecular dynamics simulations [57]. Subsequently,
this effect has been found in a number of liquid systems
[20,58], and has been explained by using classical kinetic
theory [59]. In the @ domain, this decay corresponds to the
following limit:

lim @8 (w) = 77'Dy —c1p @ + - -+,

w—0

(AS5)

where ¢/, is a positive constant. In the case of a quantum

) f(w)}o _ /0 oosin(a)t);iw[a)coth (2ZZ)T> f(a))}da)}, (A3)

(

fluid, however, this aspect seems less clear [60,61], but we do
not wish to enter into a theoretical debate since our sole point
here is the following: if the long-time tail spectrum were char-
acterized by Eq. (AS), the integral in Eq. (13) would diverge
at w = 0 and, consequently, 30‘(231\4 would be ill-defined. This
possibility led us to further investigate the long-time tail prob-
lem in the specific case of our dense, low-temperature, liquid
samples. Taking into account the detailed studies of Refs. [62]
[63] on the temperature and density dependence of the long-
time tail in Lennard-Jones systems, one can approximately
estimate the onset of such a tail in the VACF for our three mix-
ture samples using, e.g., standard Lennard-Jones parameters
for the H,—Ne interaction obtained via the Lorentz-Berthelot
combining rule [58]: € = 36.83 K and o = 2.85 A. By in-
specting the thermodynamic state in Ref. [63] closest to our
experimental conditions (i.e., T = 33.15 K, n = 34.49 nm3
for our combined € and o), one realizes that no persistent
long-time tail behavior proportional to ~3/2 is present in the
VACEF, as shown in the lowest curve of Fig. 4 in the cited
paper [63]. For this reason, although the aforementioned cal-
culations were obtained via classical molecular dynamics, we
believe that the use of Eq. (13) is fully justified in the present
context of our dense Lennard-Jones-like mixtures.
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