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Using precision coefficients of recurrence times and integrated currents to construct
a lower bound for the average dissipation rate
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For continuous-time Markov jump processes on irreducible networks with time-independent rate constants,
we employ a transition-based formalism to express the long-time precision of a single integrated current over an
observable channel in terms of precisions of the recurrence times of the forward and backward jumps, and of an
effective affinity that captures the thermodynamic driving on that channel. This leads to a general inequality that,
similarly to the well-known thermodynamic uncertainty relation (TUR), links the stationary entropy production
rate with the fluctuations of an integrated current, but also incorporates the statistics of the forward and backward
recurrence times. Such inequality can be saturated in less-restrictive conditions than the TUR, and potentially
offers new opportunities for the optimization and design of biological and chemical out-of-equilibrium systems

at the nanoscale.
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I. INTRODUCTION

In small nonequilibrium systems, fluctuations play a cru-
cial role and set fundamental constraints on performance.
Stochastic thermodynamics provides the theoretical frame-
work to quantify these limits, revealing how precision, speed,
and energetic cost are tightly intertwined. A paradigmatic
result in this direction is the thermodynamic uncertainty rela-
tion (TUR) [1-4], which provides a quantitative link between
fluctuations and dissipation.

For Markov jump processes on irreducible networks and
reversible jumps, in particular, the TUR concerns a general
lower bound to the precision of any time-integrated current.
In this work, we shall focus on the integrated steady current
Ni =N, 5 — Nj_,, along a channel connecting the pair of

states («, B), where ./\/,’_> j indicates the total number of jumps

i — jin a given time window of duration ¢. Denoting by

(XY - (x)?
PIX) = ()

the squared coefficient of precision of a random variable X
with nonzero mean, the bound set by the TUR reads

2

osst’
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2

revealing that higher precision (i.e., narrower fluctuations)
of N; requires higher dissipation, quantified by o, the
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stationary average rate of entropy production (here expressed
in units of Boltzmann constant).

The TUR Eq. (2) represents a principle of broad rel-
evance for biochemical networks and molecular machines
[1,2,5-9]. Extensions of this idea also regard bounds on mul-
tiple output currents [10] and on other performance metrics.
For example, lower bounds have been derived for first-passage
times [11] and their fluctuations [12] in Markov processes, for
the number of coherent oscillations (and timing precision) in
biochemical clocks [13,14], and for information processing
[15]. Similarly, the achievable signal-to-noise ratio of sensory
readouts is fundamentally limited by dissipation [5]. In short,
improving precision or speed in small systems inevitably in-
curs an irreducible thermodynamic cost.

Recent work has developed transition-based formulations
of dissipation bounds when only partial information is avail-
able. In Ref. [16] it is demonstrated that the log ratio of
waiting-time distributions for forward and backward tran-
sitions encodes the cycle affinity, yielding a lower-bound
estimator for the total rate of entropy production. Similarly,
any partial estimate of the entropy production rate, derived
from the statistics of visible transitions, provides a value lower
than o*. These ideas have been extended into novel fluctu-
ation relations. For instance, stopping an experiment after a
fixed number of visible transitions recovers thermodynamic
symmetry even in the presence of hidden dynamics [17],
and coarse-grained fluctuation theorems have been formulated
for multiple observable currents [18]. Universal trade-offs
between entropy production and precision of counting observ-
ables or waiting times were also recently obtained [19].

In this context, we start from the known inequality [20]

o >0 40" >0t 3)
where ot is a contribution that arises solely from the visible
(observed) transitions on the monitored o <> 8, while 67 is a
contribution that can be related to the hidden (not observed)
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part of the network. Then, o can be written as o = J A,

where J = (V) /t is the steady-state average probability cur-
rent and A4 is an effective affinity. As shown in what follows,
we provide an exact expression of o by further elaborating
on a recently introduced explicit formula for the precision co-
efficient of an extensive current in a time window of duration
t [21]. By employing a decomposition of the moments of the
recurrence times (i.e., the times between repeated occurrences
of a given directed transition, possibly separated by an arbi-
trary number of opposite events) in terms of the moments of
intertransition times between visible transitions, we obtain an
exact expression of lim;_, o  P[N;] in terms of A (and hence
of o*) and of the precisions Plta—pl, Pltg—a] of the recur-
rence times of forward and backward transitions, respectively.
Exploiting this fact, and using the bound Eq. (3), we provide
a lower bound on the steady-state entropy production rate
directly in terms of lim,_, o t P[N;], Plta—pl, and Pltg_q].
This formulation, valid for any irreducible continuous-time
Markov jump process, constrains the achievable trade-off be-
tween dissipation and experimentally accessible precisions,
both of which represent key performance metrics of nanoscale
systems, such as molecular motors or biochemical sensing
networks [5].

II. FRAMEWORK

We consider a Markov jump process on an irreducible
network with a finite number of states. We assume, without
loss of generality, that pairs of states are connected by a sin-
gle bidirectional transition channel with a time-independent
transition rate constant k;; from state i to state j, and k;; from
Jj to i, ensuring that o* is well defined at stationarity [22].
The state space probability p, evolves according to the mas-
ter equation dp,/dt = —Rp,, with [R];; = —k;i(1 —8;;) +
dij Zn £i ki, the rate matrix. For a pair of connected states o
and 8, we are interested in the extensive current

Ne=Nowp=Npor “)

NEL, ; denoting the number of times the transition i — j oc-
curs in a time window of duration ¢. Assuming that the system
is initially found at stationarity, the integrated current V; is on
average (N;) = Jr with J the stationary probability current
J = pykap — Ppkga = Fup — Fpo, Where Fjj = pi°k;; is the
stationary flux from i to j, and p}® is the stationary probability
for state i.

An exact formula for the precision coefficient P[N;] of
an extensive current NV, was recently presented in Ref. [21].
In particular, denoting with € = J/2 the rectifying efficiency,
with Q = F,g + Fg, the dynamical activity (or traffic) along
the observed channel, and introducing the coefficient ¢y =
(11— 62)/(262), for long observation times we have [21]

1
Too = rl—iglot P[M] = _5 + CO((%{%ﬁla) + (Tﬂ%a\ﬂn

P oa—> _7) —a
+ [z ﬁ]] [z ].

(5
where the coefficients
('L’l-2_>j) - (Ti—>j>2

(Timj)?

Plrimjl = (6)

quantify the precision of the recurrence times 7;_,;, whose
mean values satisfy (7, ;) = Fu_l The quantities (7;_, jjx,)
in Eq. (5), instead, represent the average occurrence times
conditioned to the starting state xy.

Equation (5) is the starting point to derive the main result
[Eq. (16) later] through a recasting of (74— gjo) + (Tg—q|p) in
terms of average recurrence times and “trans-transition” prob-
abilities [16—18,20]. We briefly introduce the transition-based
framework below.

II1. VISIBLE TRANSITIONS’ DYNAMICS

To simplify the notation, let £ € {1, |} denote the visi-
ble transition in its two possible directions, 1: « — f and
J: B — «, and let s(£) and t(£) denote the source and target
states of ¢, respectively. The inverse transition £ is obtained
by swapping the source and target states of £. Under the
assumption that only the forward and backward jumps over
the monitored channel are observable, the time series of the
output consists of sequences of transitions £ € {1, |} and of
intertransition times 7y := Ty ¢ [Fig. 1(c)].

It is a well established fact that sequences of single observ-
able bidirectional transitions are generated by a discrete-time
stochastic matrix P whose elements are the trans-transition
probabilities [17,18,20]

[Pler = p(L1€) = ke[S~ Tscorecer)- @)

The trans-transition probability p(¢|¢’) is the probability that
the next observed transition is £ € {1, |} given that the pre-
vious one was £’ € {4, |}, regardless of the time between the
two occurrences, with k; = kseye(r) and p(£]€) + p(€|€') = 1
[see Fig. 1(b)]. The matrix S := R\™¥ [23], also known
as survival matrix, is obtained from the rate matrix R as
[S];; = [R];; for all i, j except for [S]ep = [Slga = 0. Given
the trans-transition probabilities Eq. (7), we can define the
effective affinity, or force,

_ P
pA 1)
which drives the nonequilibrium current along the observed

channel. The reduced effective entropy production rate men-
tioned in the Sec. I,

®)

ot =JA, ©)

which is obtained solely from the observation of sequences
of transitions regardless of the intertransition times, lower
bounds the stationary entropy production rate o** of the full
system, with equality holding for unicyclic networks [20].
Additionally, the knowledge of the probability density of the
intertransition times allows the estimate of an extra entropic
contribution o®, related with transition-time asymmetries,
providing the refined lower bound in Eq. (3).

Interestingly, employing the transition-based formalism we
can provide a simple relation between the average recurrence
times and the average occurrence times conditioned to the
source state, appearing in Eq. (5), via the trans-transition
probabilities Eq. (7). In the following section, we use this fact
to derive our results.
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FIG. 1. (a) An example of Markov jump process where only bidirectional transitions along a channel connecting states o and § are
observable. The shaded area represents the hidden part of the network. In this example, without loss of generality, only one channel o <> f is
present; however, multiple channels connecting & and 8 may exist, and they can be incorporated in the hidden part of the network, or can be
lumped together in a single observable channel. (b) Network of the effective process in the space of transitions. The sequence of transitions
Le{r, ]}, with 1: ¢ — B and |: B — «, is generated from the discrete-time process with transition matrix P [see Eq. (7)]. (c) A typical
realization of the process A, where only 1 and | are observed. Specifically, a transition 1 increases the integrated current \; by 1, whereas a
transition |, decreases the current by 1. Here, we also indicate the intertransition times 7./, between consecutive occurrences of transitions ¢’
and ¢, and the recurrence times T, of transitions £ € {1, |}, which are blind to occurrences of the inverse transition .

IV. RESULTS

The moments of the intertransition times are obtained in
terms of the survival matrix S (see Appendix A). The re-
currence times 7, and the conditional occurrence times
Ta— Blxo» ON the other hand, are blind to the occurrences of the
reverse transition 8 — o between two occurrences of « — f8
(the same holds for the inverse transition by swapping « and
B). Therefore, they are expressed in terms of the survival
matrix ' = R\ with [S'];; = [R];; and only [S']5, = 0.

Let 74y, denote the time at which £ € {1, |} occurs condi-
tioned to an initial state xy. The recurrence time t; is obtained
by setting xp = t(£). We prove in Appendix A that
pEle)

P10

with 7y, the time between transition £’ (first) and transition £
(next). The average recurrence times thus satisfy

(Teise)) = (Tg) + (T)s (10)

(o) = pUIOTeise) + (Tas@))s (11
which immediately provides
20 F;
(w) _ pdle) _F 1)

() plll) F’
where we used (7;) = F[l, being F; the stationary flux along
the direction of £. Since the ratio between forward and back-
ward fluxes is related with the local thermodynamic force F,
we straightforwardly obtain F = In %, choosing £ =1 as
the reference positive orientation of the transition. As a side
outcome, we can show (see note, Ref. [24]) that the trans-
transition probabilities depend only on the set of probability

fluxes. As a consequence, from Eq. (11) we deduce that also

the sum (7ys(¢)) + (Tg5(7)) 18 invariant for networks with the
same set of fluxes, whereas the single addends are not.

To the best of our knowledge, Eqs. (10)—(12) are novel
outcomes. In particular, Eq. (11) represents a direct propor-
tionality between average recurrence times and conditional
occurrence times, the coefficient being expressed in terms of a
trans-transition probability; Eq. (12) encodes the information
of the local forces via the statistics of alternated series of
visible transitions only.

Finally, for the pair of states («, 8), with $:= o« — B and
J:= B — « along the considered channel connecting « and
B,letJ = F; — F, denote the stationary current. Using the ex-
pression Eq. (11) we elaborate the term (T go) + (Tg—ap)
in Eq. (5), obtaining, for J # 0,

(1) — (1))
o = 13
i) T = T e T D (13
(t4) — (1) (14)

DR )

where we used p(£|€)=1— p(Z|¢'). As shown in Ap-
pendix B, Eq. (5) simplifies to

et +1
eA—1

where we used the definition Eq. (8) for the effective affinity
A. Recalling the effective entropy production rate 6¢ = J A <
o* [20], we invert the expression above, obtaining our main
result

1
Too=j

+ Plry] — P[T¢])7 15)

0% > o' =2Jcoth™ (JTo — APY), (16)

with AP® = P[14] — P[r,]. The quantity J 7 is also known
as Fano factor [25-27]. For comparison, the asymptotic TUR
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from Eq. (2) reads

0% > oTR = Tioo a7

The bound in Eq. (16) is meaningful whenever J is

nonzero, while for vanishing current it reduces to the trivial

inequality o > 0. Remarkably, the inequality (16) surely

saturates for unicyclic networks because o¢ = ¢* in such a

special case [16,20]. Note that, when J = 0, it can be shown
that (see Appendix C)

APy = 2F——L((z,)) — (1)), (18)
where F =F,=F, and p=p(t|{)=0=p{ | 1)=0
which means that AP]_; can assume finite values on local
equilibrium conditions, highlighting the presence of hid-
den dissipation. Only in the unicyclic case, J = 0 implies
APj_, =0, since (t44) = (t;;) [20]. Conversely, J can be
non-null even if AP* = 0. Additionally, Eq. (16) yields the
bound |J 75 — APT| > 1 because coth™' (x) is only defined
for |x| > 1.

The expression Eq. (16) reveals that a lower bound on the
stationary entropy production rate ¢* of the full system is
obtained after evaluating the factor 7o, = lim,_, ¢t P[N;] at
long times, and collecting the statistics of the recurrence times
To—p and Tg_, 4. Itis worth noting that, at least in the unicyclic
case [28], the estimate of 7, does not necessarily require
sampling infinitely long trajectories. In such case, in fact, T
can be inferred from finite-time measurements through the
statistics of the times between strictly positive increments of
the observed current [28].

As a numerical check (see Fig. 2), we performed exten-
sive tests on randomly generated networks to confirm that o'
computed with Eq. (16) never falls above the true entropy
production rate o**. In addition, we found that this bound can
provide almost saturating estimates of o** under less stringent
requirements than the TUR. For randomly generated rate con-
stants, in fact, Eq. (16) can still approach saturation in the
far-from-equilibrium regime, even for networks that are not
(quasi-)unicyclic; for an example, see the note in Ref. [29].

V. DISCUSSION AND FINAL REMARKS

The bound o¢ < 0% was originally formulated in terms
of stalling probabilities [30-32] or from the statistics of se-
quences of visible transitions [17,20], and it only accounts
for asymmetries of extensive currentlike quantities. Here we
have rephrased this inequality in terms of directly measurable
fluctuation statistics. Specifically, our main result, Eq. (16), in-
volves the long-time precisions on a chosen integrated steady
current AV, and on the forward and backward recurrence times
associated with the corresponding transitions. This reformu-
lation makes the connection between entropy production rate
and measurable precision parameters explicit, thereby pro-
viding a TUR-like inequality where, besides 7., also APT
does enter. It shows that one can infer a minimal steady-state
entropy production rate from the asymptotic variability of the
integrated current NV; and the asymmetry in the recurrence-
times fluctuations.

o X 102

FIG. 2. Comparison between lower bounds for the entropy pro-
duction rate o*° obtained from the long-time precision coefficient
of a single integrated current: asymptotic TUR Eq. (17) (circles) vs
asymptotic bound Eq. (16) (crosses). The points are obtained from
randomly generated instances of the four-state network in Fig. 1(a),
with rate constants drawn as k = 10%, where X is uniformly dis-
tributed in the interval [—1, 2). The values of ¢* are divided into
equally sized intervals. Then, for each interval, we pick the minimum
value of the difference 0% — &, for § = 0"R, o¢. For the same
network, each panel represents a different choice of observable edge,
highlighted by the bidirectional arrow in the insets. The irregularities
at very high o* are due to the limited amount of data falling in that
region (less than 10 networks per interval, shaded region).

Interestingly, our inequality can approach saturation even
for randomly generated networks far from equilibrium, where
the TUR typically becomes loose. In particular, equality in
Eq. (16) holds for any unicyclic network with arbitrary rate
constants, but there are nonunicyclic networks for which
the bound is practically saturated [29]. The TUR, instead,
achieves saturation only under special conditions, such as
in the linear-response regime or for unicyclic networks with
homogeneous rates [1].

Remarkably, the lower bound o considered in this work
is not directly comparable to the TUR, and an universal order
relation does not exist between the two formulations, except
when APT = 0 [33].

The structure of inequality (16) also opens a route for
optimization. Since it couples precision on the integrated cur-
rent N, recurrence-time precision, speed (i.e., the average
current J), and dissipation rate, it provides a natural frame-
work to study trade-offs among these quantities. For example,
one may tune the rate constants to enhance the output’s
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precision at the expense of higher energetic cost, or analyze
the efficiency of molecular clocks and timers in terms of
the balance between accuracy and dissipation. Such applica-
tions highlight how fluctuation-based bounds can go beyond
inference and might serve as design principles for nonequilib-
rium processes.

Because the bound Eq. (16) is expressed in terms of
observable fluctuations, it provides a tangible route to quan-
tify dissipation in complex systems where affinities or full
state information remain hidden. The practical implica-
tions are broad. In biophysics, for instance, steady currents
and recurrence-time distributions are often experimentally
accessible, thanks to single-molecule tracking techniques, es-
pecially for rotary molecular motors (such as the F;-ATPase
motor [34-37]) and transporters [8,38—43]. Furthermore, the
randomness of catalytic sites in single-molecule enzymology
is central in the field of statistical kinetics [25-27]. Systems of
this type constitute potential test benches of our results, pro-
vided that an o <> 8 channel be identifiable and observable
(e.g., associated with stepping events in processive motors, or
with reactive events of product formation in enzymatic catal-
ysis), a condition that is explicitly invoked in some theoretical
models [44,45].

Looking forward, a particularly promising direction is to
explore more deeply the information contained in forward
and backward recurrence-time statistics. Asymmetries be-
tween these distributions encode irreversibility through their
Kullback-Leibler divergence, potentially providing a direct
microscopic link to entropy production. Here, we have shown
that this information is already captured by the difference
APT between precision coefficients, suggesting a systematic
way to detect dissipation even when average currents vanish.
A detailed analysis of these temporal asymmetries beyond the
second moments of the distributions might therefore sharpen
the present bound and clarify the mechanisms by which hid-
den dynamics contribute to entropy production.

Overall, our contribution lies in rephrasing a known
transition-based entropy production bound [Eq. (3)] in terms
of measurable precision coefficients, thereby clarifying the
role of both currents and recurrence-time fluctuations. This
perspective not only strengthens thermodynamic inference but
also highlights new opportunities for optimization and design,
underscoring the relevance of precision-based bounds for the
study of nonequilibrium processes in biological and chemical
systems.
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APPENDIX A: PROOF OF EQS. (10) AND (11)

Let 1: o — B be the transition from « to 8 through the
(chosen) channel connecting « and 8, and let |: 8 — « be its
reversed counterpart. Also let S’ := R\{K}, £ € {?, |}, indicate
the survival matrix derived for the first-exit-time problem
where the given transition ¢ is absorbant, and let S := R\ Y
indicate the survival matrix where both 1 and | are absorbant.

According to our sign convention on rate matrices, the
average conditional occurrence time for transition £ is [21,46]

(Tey) = kel (S P sermy = Z[(S/)il]nm-

n

(AL)

Notice that the reverse transition £ can occur arbitrarily many
times before £ occurs.

Here we show that the average occurrence times can be
expressed as a linear combination of the intertransition times
which are obtained from a first-exit problem where both 1
and | are absorbant, and therefore depend on the survival
matrix S. The four average intertransition times (7 ;) between
consecutive transitions £’ and £ are [20]

(S~ lsereer)

(tee) = (A2)

S soyery
Given an initial state xo at the initial time 7o = 0, we
are interested in the probability density p(t, £|x() associated
with the occurrence of £ in the time interval [t, T + dT1).
Letting N/(£) indicate the number of times £ occurs before
the occurrence of £ given xo, the density p(t, £|xp) can be
decomposed as

p(t, Elxo) = Y p(z, & (N(D) = n}lxo),

(A3)
n=0
where
p(T, € {N () = n}Ixo)
t»t 1
/dt,,/ dt,,1/ dt,_o-- /dtl
X ,O(‘E e tmg tn 19 5t tl £|x0) (A4)

is interpreted as a convolution of probability densities of the
kind [e~®~-1S],, k,,, for suitable choices of the states x,
v, and yy (see below). In what follows we treat separately
the cases where xp = s(£) and xy = t(£), and we solve the
problem by means of the Laplace transform L{p}.

1. Case 1: xg = s({)

Let us consider the case xp = s(£). The integrand in
Eq. (A4) becomes, for each n,

(T, Uity ity £ -+ 511, £]s(0))

= ke[e” (t— l")s]s(l)s(é)(kz (l_[[e—(t, fio 1) S(Z)S(£)>’ (A5)

—tS

with o = 0. The Laplace transform of ¢™"> reads

[e.¢]
/ dt eftuefts
0

=wl+8S)'=Sw™",  (A6)

054127-5



ALBERTO GARILLI AND DIEGO FREZZATO

PHYSICAL REVIEW E 113, 054127 (2026)

with I the identity matrix, and where we defined S(u) = ul +
S, which satisfies S(0) = S and %S(—u)_l = S(—u)2. The

J

L{p(z, Lls(0)} ) = k[S) swrsce) Z(kz[s(u)_]]s(z)s(g))"-

Laplace transform of Eq. (A3), by considering Eq. (AS5) along
with Eq. (A6), is then

(A7)
n=0

By taking the derivative (d £L(—u)/du),—o we obtain the average occurrence times Eq. (10) conditioned to the source state of £:

ke[S(—u) " sysce)

s == 1 k S _y)! s(D)s(f) —
(Tll (K)) (1 _kZ[S(—M)_l]s(Z)s(e))u:O +Mgn°°< Syl “© ([)du

ke[S~ 1s(0)s(0)

d 1= [kg[S(—=w) e ™! (AS)
1 = kz[S(=u) s @ys0) 0

kE[sz]s(Z)sw)

= + ke[S sors ()
1 — k7 [S eiysce)

where we used the partial sum for the geometric series and
then summed after taking u = 0. Finally, by considering
that s(£) = t(£) and by recognizing the intertransition times
Eq. (A2) and the trans-transition probabilities Eq. (7), we
obtain Eq. (10):

p(1?)
p(L10)

(Tase)) = (Tg) + (Tar)- (A10)

2. Case 2: xg = t(£)
Similarly to the previous case, the Laplace transform of
Eq. (A3) for xo = t(£) = s(£) reads
Lip(, €lt(€))}(u)
= ke[S Tseys() + kekilS) ™ Ts(orse

X [S(u)il]s(é)s(Z) Z(kz[s(u)il]s@)s(z))m (Al1)

n=0

Taking (d L(—u)/du),—o and using similar arguments to those
used to get Eq. (A10), we obtain the average occurrence
times conditioned to the target state of ¢, which is exactly the
average recurrence time (7,) of transition £. This corresponds
to Eq. (11):

p(Lle) plt),
D p(ﬁlf)m“))
= pLIO)(Tese) + (Tas)))-

(te) = p@l@((%) + {Tz) +

(A12)

APPENDIX B: PROOF OF EQ. (15)

Given the stochastic matrix Eq. (7), the steady-state vec-
tor of the transition-space process, q* = (q7, qis)T, is such
that q* = Pq*, with P defined in Eq. (7). It can be easily
verified that g3 = p(1 | 1)/(p(1 | 1)+ p(} | 1)) and g} =
pd I D/ (p(1 ] 1)+ p(l | 1)), from which we obtain the di-
rect relation between the rectifying efficiency € and q*:

1) —pU 1)

RN T N R M
Since the factor ¢ entering Eq. (5) can be expressed as
= %; (B2)
J (7)) —(my)

| A9
(11— kz[s_l]sw)s(t’))z) -

[
by using Eq. (14) we obtain that

1 _Lpr I +p( 1)
+ co({Tyia) + (Typ)) = J(p(T |t —p | U)

eJ
1/eA+1
= - , B3
J<eA—1) B3)

where we also used p(£|¢') = 1 — p(£]¢') and Eq. (8). Plug-
ging the expression above into Eq. (5), we finally obtain
Eq. (15).

APPENDIX C: AP* AT LOCAL EQUILIBRIUM

Here we derive the exact expression Eq. (18), valid in local
equilibrium conditions. Very generally, AP* can be written as

() — (1)
AP = -
(13)?

(t]) = (1))?
(ry)?

= F(t}) = FH(x}),
()

where we used that (ty) = F[l. We explicitly evaluate the
second moments of the recurrence times 7, by employing the
same techniques used for the first moments in Appendix A.
Taking the second derivative (d>L£(—u)/du®),—o of Eq. (A11),
we obtain the general expression of (r})

(z2) =p@1O)(y + z(£)), (C2)

in terms of the moments of the intertransition times 7,,, with
2,0 {1, !}, where

P11
y={(t}) + (7)) + 2t ) Typ) + mmm
p 1),
C3
oo ©)

is independent of ¢, and

p)€)
) =72 _
A= a0

@10\’
(T (1)) + (Ty4)) + 2(2(7:@) ()2
(C4)
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In the above expressions, (t},z) = 2[S’3]S(()t(gr)/[S’1]S(g)tw).
Before proceeding, we need to prove the identity

P D+ P D)
)+ ) = T o b e

_(pm | ¢>><T >_<p<¢ | w)(T >
p 1) T e
(C5)

with Q = F; + F, the local dynamical activity along the ob-
served channel. Let us consider a time window of length
t, where the sequence of n bidirectional visible transitions
{¢y,...,¢,}1is observed, with ¢; either 1 or |. The time ¢ can
be decomposed as

t=1(6)+ @) — 1)+ -+ —1(Ly)),  (CO)

with 7(¢;) the time at which transition £; occurs. Since 7 (¢;) —
t(¢;_1) is the intertransition time 7, ,¢,, we write

Mg

P=tE) @1+ Y YT, (€D

00e(t, ) i=1

where rz(’ z denotes the intertransition time of the ith occur-
rence of £’ — £ and ng, the total number of £’ — £ transitions
in a trajectory of duration . Dividing the expression above by
t and taking the limit # — oo, the boundary terms #(£;)/t and

(t —t(£,))/t become negligible, and therefore

Nyt

.1 ; 1
tlggo; Z Zrﬂ:tlggo; Z nee(tee)
£0e{t, 1} i=1 0 e{t, 1}
=Q Y WpEl) (T =1,
£0e{t i}
(C8)

where we identified (7,,) with the empirical average T,, =
> t\) /npe, and used limy_, oo npe/t = QqP(€)p(L]L).
Using g =p(t | 1)/(p(t 1 ) +p( 1) and  q =
p 1 D/ (p(t 1)+ pWd | 1)), we obtain

Q
AT+ p | T)[1!7(T [ DA DUtpy) + (7))

+r(t 1 Dp( [ D(T) + (I DU I ()] =1,
(€9

which, by inversion, provides Eq. (C5).

When J =0, then F; = F| = F and also = 2F. Since
J = Qe vanishes if and only if € =0, then the steady-
state probabilities for the discrete-time process in the space
of transitions (see Appendix B) satisfy q*(1) =q*(]) =
1/2, implying that p(1]])=p(l | 1) = p and therefore
p(t ) =p(l | {)=1~p. By plugging Eq. (C5) into
Eq. (C4) and evaluating at J = 0, we obtain

1— Ti7 1—
2(0)y— =2 P(( ) _
p pF p
For J = 0, Eq. (C1) reduces to
AP;_y = pF*[z(})y=0 — 2(})s=0],

which, using Eq. (C10), readily provides Eq. (18) in the main
text.

p(zﬁ)(rm). (C10)
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