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It was recently conjectured and verified for the transverse-field Ising model [Phys. Rev. B 113, 165102 (2026)]
that, after a sudden quench within the same equilibrium phase, the initial ground state has its largest overlap with
the final ground state. We show that this phase-based criterion is generally false, even in translationally invariant
free-fermion systems. For Hamiltonians that factorize into independent 2 x 2 momentum sectors, we derive the
exact necessary-and-sufficient condition for ground-state overlap dominance: the initial and final sector Bloch
vectors must have positive dot product for every momentum. This result proves the conjecture in classes where
same-phase quenches enforce this geometric condition, but gives explicit same-phase counterexamples in Kitaev
chains, where excited final eigenstates can dominate the overlap distribution. We further show that the same
obstruction controls real-time Fisher-zero crossings, allowing dynamical quantum phase transitions without

crossing an equilibrium phase boundary.

DOI: 10.1103/gxlb-k4cp

The adiabatic theorem gives the reference point for spec-
tral ordering under slow driving. In quantum mechanics, this
line begins with the work of Born and Fock and was later
put into a modern operator form by Kato. It has since been
extended beyond the standard gap assumption in several direc-
tions [1-3]. A sudden quench probes the opposite limit. One
prepares the ground state of an initial Hamiltonian, changes a
control parameter on a short time scale, and then asks how that
state decomposes in the eigenbasis of the final Hamiltonian.
This problem is central in nonequilibrium many-body physics
because it fixes the spectral weights before one studies local
observables, correlation functions, relaxation, or late-time en-
sembles [4-9].

Quantum quenches matter both theoretically and experi-
mentally. They organize exact results in integrable chains,
motivate generalized Gibbs descriptions, and underlie light-
cone spreading, entanglement growth, and thermalization in
isolated systems [6,7,9-12]. For the present problem, the cen-
tral object is the set of overlap weights py = |(E/§f ) |llléi))|2,

where |\Iféi)) is the initial ground state and |Ejf )) are final
many-body eigenstates. These weights enter both the work
distribution [13-16] and, more directly for the present pur-
pose, the Loschmidt amplitude,

G(t) = (\p(()i)|efint|qJéi)) — ZpAefiEf(‘f)t’ (1)
A

so overlap ordering is naturally tied to Loschmidt physics
and dynamical quantum phase transitions (DQPTs) [17,18].
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Complementary studies have characterized overlap distribu-
tions and related spectral content generated by quenches in
interacting lattice models and integrable field theories [16,19],
while general field-theoretic analyses have related quasiparti-
cle or energy-eigenstate expansions of nonequilibrium states
to their subsequent unitary dynamics [20,21]. It also connects
naturally to the equilibrium systems on fidelity and ground-
state overlaps as probes of phase structure [22-24].

Exact free-fermion chains are the natural setting in
which this question can be solved without uncontrolled
approximations. The Ising chain becomes quadratic after
the Jordan-Wigner and Bogoliubov transformations [25-28].
Standard two-band and Bogoliubov-de Gennes models, such
as the Su-Schrieffer-Heeger (SSH) chain, and the Kitaev chain
have the same sectorwise structure [29,30]. A recent work by
Damerow and Kehrein asked whether quenches that remain
inside one phase should always have their largest overlap with
the final ground state, proved this for the transverse-field Ising
chain (TFIM), and gave partial evidence for the axial next-
nearest-neighbor Ising (ANNNI) chain [31]. The open issue
is whether the mechanism is truly phase based or whether the
Ising result relies on a stronger hidden geometric constraint.

In this Letter we solve the ordering problem exactly for
a broad class of Hamiltonians. For translationally invariant
free-fermion models that factorize into independent 2 x 2
sectors, the many-body problem reduces to a sectorwise con-
dition on Bloch vectors. The condition is necessary and
sufficient. It yields a simple affine-family corollary and makes
the theorem-valid region explicit. Throughout, “same phase”
means the same connected gapped region on the chosen
one-parameter line. For the TFIM and the SSH chain, the
theorem-valid region coincides with the full physical same-
phase region. For the Kitaev chain, this coincidence does not
hold, in general. We, therefore, obtain explicit quenches that
remain within a single physical phase but nevertheless violate
the phase-only rule. The same sectorwise positivity condition
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also gives an exact no-go result for DQPTs: when the initial
and final sector Bloch vectors have a positive dot product at
every momentum, Fisher-zero lines cannot cross the real-time
axis. The converse does not follow. Violating the positivity
condition only makes a DQPT possible; an actual crossing
requires the initial and final sector Bloch vectors to become
orthogonal in at least one momentum sector. Our finite-range
example realizes this orthogonality condition within a single
connected equilibrium phase.

Model and exact theorem. We consider translationally in-
variant free-fermion Hamiltonians of the form

HO) =Y xleok. DI +dk. 1) -0l ()
kelC

where y; is a two-component fermionic spinor, d(k, 1) € R3,
and k labels an independent crystal-momentum sector or an
independent (k, —k) Bogoliubov sector. We assume the region
of interest is gapped, |d(k, 1)| > 0, Vk, A. Foraquench A; —
Ay, define the normalized Bloch vectors

A d(k, Ay)

Rk T o

and the sectorwise dot product x; := (Ali,k . (Aif,k. The occupied
and empty projectors in sector k are

A

1-— da,k -0

2 K
The initial many-body ground-state projector is P; = ¥, P
A final many-body eigenstate is labeled by a subset A C K:

sectors in A are excited to the upper level, and sectors outside
A stay in the lower level. Its projector is

Py = ®Pfjk @ P/ (5)

k¢A keA

+ 1+€la,k~a

P = Pi= )

o

The overlap weight is py 1= Tr(R'PIf‘f)). Using (a - a)(f) .
6)=(a-b)I +i(a x b) - o and Tro = 0, one obtains

o 14+ x; _ 1 —x;
Tr(Pi’ka,k) = — Tr(Pi’kP;fk) = 7 (6)
Because the sectors are independent,
1+ x; 1 —x;
= . 7
Pa l—[ ) l_[ ) Q)

k¢A keA

The final ground state corresponds to A = &, with weight
po =[], 5%. For any nonempty A,

7
pa I —x;
Pa_ . (8)
Po ]g 1+ x;

Hence, the ordering criterion is immediate.

Theorem. For the factorized free-fermion Hamiltonian (2),
the final ground state is the unique maximal-overlap final
eigenstate after the quench A; — Ay if, and only if,

dij-dsr >0, Ykek. )

Here, maximal overlap means the largest individual many-
body overlap weight (p4) among the final eigenstates. Now,
if the inequalities are only nonstrict, the final ground state is
still a maximizer, but it need not be unique.

The proof is direct from Eq. (8). If x; > O for every k, then
every factor on the right-hand side lies in [0,1), so ps < po

for all nonempty A. If one sector has xi, < O, then the one-
sector excitation A = {ko} satisfies ps > po. If x;, = 0, then

Diko)y = Po-
A useful corollary holds for affine one-parameter families,

dk,)) =ag + by, Ael=[r_, Al (10)

Define Qi(A1, Ap) :=d(k, A;) - d(k, Xp). This function is
affine in each argument, so its minimum on / x [ lies at
a corner. Since Qy(A, 1) = |d(k, A)|> > O inside the gapped
interval, only the mixed corner is nontrivial. Therefore, if

(@ +A_by) - (ax + A b)) >0, Vk, (11)

then every quench with endpoints in 7 satisfies Eq. (9). The
corollary gives a simple sufficient test for a whole interval of
quenches, while the theorem gives the exact pairwise region
in the full two-parameter plane.

TFIM chain. For the transverse-field Ising model after
Jordan-Wigner and Bogoliubov transformation, we have

d(k;h) = (0,sink, h — cosk), (12)

which 1is affine in the transverse field h: d(k;h) =
a; + hby, a; = (0,sink, —cosk), by = (0,0, 1). Then,
Qi(h_,hy)=1+h_hy — (h_ + hy)cosk. For the physical
convention # > 0, the minimum over the Brillouin zone
occurs at cosk = 1, 0 Qmin = (1 — h_)(1 — h). Hence, the
maximal connected theorem-valid intervals are

Pem = (0, 1),  Ppm = (1, 00). 13)

These are exactly the ferromagnetic (FM) and paramagnetic
(PM) phases used by Damerow and Kehrein. This is also
visually clear from Fig. 1(a).

SSH chain. For the SSH model, (k) = (v + w cos k)o, +
wsink oy, where v and w are the intra-cell and inter-cell
hoppings [29]. For a quench v; — vy at fixed w: O (v;, vy) =
d;-dy =vivy +w(v; +vy)cosk + w?. Because Oy is linear
in cos k, its minimum occurs atk = Qork = 7:

min Qx(v;, vy) = min{(v; + w)(v; +w), (v = w)(vy = w)).

(14
Hence, for fixed w > 0, the exact theorem-valid region is
the union of the three connected gapped sectors separated
by the gap closings at v = £w. In particular, quenches with
[vil, vyl < w or |v;], [vy| > w have the final ground state as
the unique maximal-overlap final eigenstate. Therefore, the

maximal connected theorem-valid intervals are
Ptop = (_wv w)v Ptriv = (_oov —w)U(w, OO) (15)

These coincide with the standard topological and trivial SSH
phases on the positive-coupling line, also shown in Fig. 1(b).
Nearest-neighbor Kitaev chain. For the Kitaev chain with
nearest-neighbor (NN) hopping ¢ and pairing A: d(k; ) =
(0, 2A sink, —p — 2t cos k) with gap closings at u = £2¢ for
A 0 [30]. For a chemical-potential quench,
Ox (i, ip) = (1 + 2t cosk) (i + 2t cos k) + 4A? sin* k
= pilts + 2t (i + [y) cosk + 4A?
+4(* — A?)cos’ k. (16)

This admits a complete analytic classification.
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NN Kitaev, t=1, A=0.5

FIG. 1. Physical same-phase regions and exact theorem-valid re-
gions for four one-parameter free-fermion models. White denotes
parameter pairs whose endpoints are not in the same connected
gapped phase. Gray denotes same-phase quenches for which the
ordering theorem fails. Teal denotes the exact theorem-valid region,
where the final ground state is the unique maximal-overlap final
eigenstate. Dashed lines mark equilibrium phase boundaries. Labels
inside the diagonal blocks indicate the phase character: FM and
PM for the TFIM, and winding number v for the SSH and Kitaev
chains. (a) TFIM for & > 0. The theorem-valid region coincides
with the ferromagnetic and paramagnetic phases. (b) SSH chain with
fixed w = 1. The theorem-valid region coincides with the full phys-
ical phase diagram. (c) Nearest-neighbor Kitaev chain with # = 1
and weak pairing A = 0.5. Inside the topological sector v = 1, the
theorem-valid region is a strict subset of the physical same-phase
region. (d) Nearest-neighbor Kitaev chain with # =1 and strong
pairing A = 1.5. The theorem-valid region again coincides with the
full physical same-phase region.

For the two outer gapped intervals, p;, uy >
2t or i, y < —2t, the factors pu, +2tcosk keep fixed
sign for all k € [0, ]. Hence,

Or(pis pp) >0, Yk a7

for any A s 0. Therefore, the theorem-valid region coincides
with the physical same-phase region in the two trivial sectors
[see Fig. 1(c)] for arbitrary pairing strength.

The topological interval —2¢ < u < 2t depends on the ra-
tio |A|/t. If |A| > t, then the coefficient of cos® k in Eq. (16)
is nonpositive, so Qy is concave as a function of x = cosk €
[—1, 1]. The minimum is, therefore, reached at x = £1, and
the exact criterion reduces to (u; & 2¢)(uy &= 2¢t) > 0. Thus,
the full topological interval is theorem valid in the strong-
pairing regime.

For 0 < |A| < t, by contrast, Q; is convex in x = cosk.
The stationary point lies at

(i + )
4(t2 — A2)’
If |x.] > 1, the minimum is again attained at x = =£1, so the

same-phase condition remains sufficient. The only nontrivial
case is |x,| < 1, that is,

(18)

=

412 — A?)
i+ ay € ————. 19)

Then, the minimum occurs at x,. Hence, inside the strip (19),
the theorem-valid region is the exact ellipse
(i t+nmp) | (=)
16(12 — A?) 16A2
Therefore, same-phase violations already occur in the nearest-
neighbor Kitaev chain when 0 < |A| < . A simple example

+ <1 (20)

is the symmetric quench: p; = —m, uy =m, 2|A| < |m| <
2t, for which k = 7 /2 gives
Onpp =407 —m* < 0. (21)

The final ground state is then not the maximal-overlap final
eigenstate, although both endpoints lie in the same connected
topological phase. Figures 1(c) and 1(d) show the exact
theorem-valid region for the weak-pairing example ¢ = 1,
A =0.5. In the strong-pairing line t = 1 and A = 1.5, the
full same-phase region is recovered.

Finite-range Kitaev chain. Above, we have seen the viola-
tion of the original conjecture [31] in the weak pairing limit
in NN Kitaev chain. Now, we investigate the violation in the
finite-range spinless superconductor,

R
Hp(p) = Z Z[_trcj‘cﬂ—r + Arcjcjyr +Hoe]
r=1 j

1
s <c;cj - 5), @2)
J

with real ¢, and A,. After Fourier transform and Nambu dou-
bling, Wy = (cx, CT_ k)T, the Hamiltonian becomes

Hr(w)= Y Wlldy(K)1y + do(ks )T, (23)
O<k<m
where d,(k) =2Pr(k) and d (k;u) = —u — 2Tr(k), with
Tre(k) = % 1, cos(rk),  Pr(k) = Y%, A, sin(rk). Thus,
the Bloch vectoris dg(k; ) = (0, 2Pg(k), —u — 2Tx(k)), and
the exact criterion becomes

Or(ks iy 1 p)i= (i + 2Tr(K)) (i s + 2Tx(k)) + 4Pr(k)* > 0

(24)
for all k. The physical phase boundaries are given by the
bulk-gap condition Pg(k) = 0 together with p + 27x(k) = 0.
Now, choose the illustrative family R =3 with 1, = A, =
1. Then, Ts(k) = cosk + cos2k + cos 3k, Ps(k) =sink +
sin 2k + sin 3k. Using trigonometric identities,

P3(k) = sin 2k (1 4+ 2 cos k), (25)

so Py(k)y=0 at k=0,£r/2,4£27/3. Evaluating
Tz(k) at these points gives T3(0) =3, Ti(xrw/2) =
—1, 3(£27/3) = 0. Hence, the bulk gap closes at
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4 : : boundary effect. It extends over a finite area inside the phase

1.00 box 0 < p < 2, and it also appears in the phase 2 < u < 6.
A concrete same-phase counterexample is u; =
S 0.75 0.2, s = 1.8, which lies fully inside the phase 0 < p < 2.
g {050 For this quench, min; d(k;0.2)-d(k;1.8) ~ —0.478992
E_) 0 at k =~ 1.75349. Therefore, the final ground state is not
9 1% ) the maximal-overlap final eigenstate. This is an explicit
g -2 4 |q0.00 5 same-phase violation of the phase-only rule inside an exactly

E S« solvable free-fermion family.

2 1 (179 DQPTs consequences. The exact overlap-ordering the-
T: ~0.50 orem has an immediate dynamical consequence in every
= factorized free-fermion system. For a quench from the ini-
B -6 -0.75 tial ground state |W;) to a final Hamiltonian Hy, the
100 Loschmidt amplitude is G(t) = (Wo ;| e Hr" |Wy;), and the
L standard DQPT diagnostic [17] is the return-rate density

-8 -6 -4 -2 0 2 4
Initial chemical potential y;

FIG. 2. Detailed validity map for the finite-range Kitaev chain
with R=3and t, = A, =1 for 1 < r < 3. The color scale shows
ming &(k;u,-) . a(k;uf). Red means that the theorem holds, blue
means that it fails, and the white contour gives the exact boundary.
White regions are excluded because the two endpoints are not in
the same connected gapped region. Dashed lines mark the bulk gap
closings at u = —6, 0, 2.

u=—6,2,0. The physical line, therefore, splits
into four connected gapped regions, (—oo, —6),
(—6,0), (0,2),and (2, 00), with  winding  numbers

v =0, —1, =3, 0, respectively.

The exact theorem-valid region is obtained from Eq. (24)
by requiring ming d(k; ;) - d(k; wy) > 0. Figure 2 shows the
full same-phase domain together with the exact sign of this
minimum. The theorem-valid region is strictly smaller than
the physical same-phase region. The difference is not a small

—-= 1, >0k

r(t)=—(/L)In |G()|?>. In a factorized two-level descrip-
tion, G(t) = [, gk(t), where each sector is controlled by the
final quasiparticle energy E,{ and the sectorwise Bloch-vector
overlap x;, = (Al,; k -d r.k- Since the initial-sector ground state has
final-basis weights p,” = (1 +x;)/2 and p: =0 —x)/2,
the sector Loschmidt amplitude is
1+ x SEL1 1 —x B

2 2

This gives |gx(1)|? = cos?(E/ 1) + x7 sin*(E/1), so a real-
time zero can occur only if x; = 0, in which case the critical
times are 7, = 2n+ 1)x/ (2E,f ). Equivalently, the Fisher
zeros 7, of the analytic continuation G(z) are z,,; = [In(1 —
X /1 +x) +im(2n + 1)]/(2E,{), and they cross the real-time
axis precisely when x;, = 0. Therefore, the theorem-valid con-
dition x; > O for all k£ implies that no Fisher-zero line can hit
the real axis and, hence, that no DQPT occurs. In this class,
DQPTs are the exact dynamical signature of the breakdown
of overlap ordering: x; > 0 for all ¥ implies ground-state
dominance and no DQPT, while the onset of a DQPT is

gk(t) = (26)

—_—dk* iz, =0

Im z

0.0 0.5 1.0

Rez t

FIG. 3. DQPT diagnostics for two same-phase quenches of the finite-range R = 3 Kitaev chain with z, = A, =1 for r = 1, 2, 3, both
lying inside the connected equilibrium phase 0 < u < 2 (i.e., 7 /2 < k < 27 /3). Dashed green curves correspond to the theorem-valid quench
(i, p) = (0.2, 1.0), for which x; > 0 for all k. Solid blue curves correspond to the theorem-invalid same-phase quench (u;, ) = (0.2, 1.8),
for which x;, = 0 at the two critical momenta £* &~ 1.62401 and £* ~ 1.98970. (a) Mode-resolved excitation probability p, = (1 — x;)/2; the
dotted horizontal line marks the threshold p, = 1/2, equivalent to x; = 0, and the vertical dotted lines mark the critical modes. (b) Lowest
Fisher-zero line 7y x; the vertical dotted line marks the real-time axis Re z = 0. (c) Return-rate density r(z), with vertical dotted lines marking
the critical times ¢ = (2n + 1)m/ (2E,f;) obtained from the Fisher-zero crossings. The figure shows that, although both quenches remain in the
same connected equilibrium phase, only the theorem-valid one is DQPT-free, while the theorem-invalid one exhibits the standard sequence of

Fisher-zero crossings and cusp singularities.
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controlled by the first critical momentum k*, for which x;« =
0 or, equivalently, py = 1/2.

This mechanism is especially transparent in the finite-range
R = 3 Kitaev chain (22). The bulk gap closes at u = —6, 0, 2,
so 0 < u < 2 is one connected physical phase. However, the
theorem-valid region inside this phase is only the subset for
which ming x; > 0. Thus, the same physical phase splits into
a theorem-valid subregion and a theorem-invalid subregion. In
the former, py = (1 — x;)/2 < 1/2 for all k, the Fisher zeros
remain off the real axis, and r(¢) stays smooth. In the latter,
there exists at least one critical mode k* with x;+ = 0, s0 pp= =
1/2 [see Fig. 3(a)], the Fisher-zero line crosses the real axis at
= (2n+ 1)71/(2E,{*) [see Fig. 3(b)], and r(¢) develops the
nonanalytic cusps characteristic of a DQPT [see Fig. 3(c)].
This provides a same-phase DQPT mechanism that is absent
in Eq. [17] and directly ties the dynamical transition to the
exact overlap criterion.

Discussion. The result is controlled by a sectorwise geo-
metric criterion rather than by phase continuity. In factorized
free-fermion systems, overlap ordering is determined by the
sign of (Al,;k -d . in each sector. This explains the TFIM
and SSH cases, where the theorem-valid region matches the
full same-phase region, and also identifies where this cor-
respondence fails. In the nearest-neighbor Kitaev chain it
holds only for |A| > ¢, whereas for 0 < |A| < ¢ and in the
finite-range Kitaev chain the same physical phase can contain
theorem-invalid quenches. The same criterion also controls
the dynamics: x; > 0 for all k excludes Fisher-zero crossings

and, hence, DQPTs, while leaving the theorem-valid region al-
lows same-phase DQPTs through critical modes with x; = 0.
The exact geometric criterion relies on sector factorization.
Once we introduce a generic interaction, we loose the an-
alytical control and, therefore, our theorem is not expected
to hold in a generic interacting system. However, at weak
coupling in a gapped regime, a mean-field description may
provide an approximate diagnostic, provided the dressed dot
products remain separated from zero by a finite margin. We
could validate such diagnostics using a numerical benchmark
such as exact-diagonalization method.

Conclusion. We derived an exact necessary-and-sufficient
criterion for ground-state overlap dominance after sud-
den quenches in translationally invariant factorized class
of free-fermion systems. The final ground state is the
unique maximal-overlap final eigenstate if all sectorwise
Bloch-vector overlaps are positive. This yields exact model
comparisons with physical phase regions, explicit same-phase
counterexamples to a phase-only rule in the Kitaev chain,
and a direct dynamical corollary: theorem-valid quenches are
DQPT-free, whereas theorem-invalid same-phase quenches
can exhibit DQPTs. The main open question is which ad-
ditional (if any) structures, beyond factorization, can make
phase continuity sufficient.

Data availability. All the codes that were used to generate
figures in this work are available from the author upon reason-
able request.
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