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Revisiting the phase diagram of hard-sphere dumbbells with nested sampling:
Known phases and alternative packing variants
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We explore the use of the nested sampling technique to sample the configuration space of nonspherical hard
particles. We employ the technique on the hard dumbbell system consisting of two hard spheres connected by a
rigid bond, and investigate the phase stability across a wide pressure range and for bond lengths from completely
overlapping to tangential hard spheres. Nested sampling recovers all previously identified features of the phase
diagram and identifies a family of new packing variants. The fluid phase, plastic crystal, close-packed solid
phases, and aperiodic crystal are all sampled, and the transition points between these are mapped. Our results
show good agreement with predictions made by existing equations of state and former Monte Carlo simulations.
Nested sampling also identified a close-packed structure with Pnma symmetry which has not previously been
considered.
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I. INTRODUCTION

Hard-sphere-based models offer a convenient and sim-
ple way to capture a range of properties in both atomistic
and molecular systems. While hard-sphere-based models are
computationally cheap to evaluate, they are also capable of
describing complex behavior, such as the fluid-solid transition
[1–3] (observed in some of the first atomistic simulations
of hard disks and hard spheres [4,5]), solid polymorphism
[6], and amorphous phases [7,8]. Systems of hard particles
have also been used to develop a better understanding of
jamming phenomena [9], glass transition, and liquid crys-
tal phases in materials [8,10]. With anisotropy introduced
(for example, via constructing unions of hard spheres), hard-
particle models have also been regularly used to represent
colloidal systems, and demonstrate a wide variety of prop-
erties which depend on the shape and relative orientation of
particles [11–15].

Hard-sphere models are also a popular system for vali-
dating and benchmarking simulation methods and configu-
rational sampling algorithms in the context of soft matter.
One such approach is nested sampling (NS) [16,17]. This
algorithm performs an unbiased and exhaustive exploration
of the configuration space, allowing predictions of the ther-
modynamically relevant phases and evaluation of the partition
function [18,19]. Nested sampling has been successfully ap-
plied to a range of materials, often discovering previously
unconsidered phases or transitions, giving unique insight into
features of the potential energy landscape as well as the
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behavior of widely employed model potentials [20–24]. The
NS approach is particularly well suited to high-throughput
generation of phase diagrams as a function of model param-
eters, requiring no prior knowledge of the expected phases.
However, previous applications of NS have focused almost
exclusively on the study of spherically symmetric potentials
and atomic models.

In this paper we explore the application of NS to the hard-
sphere dumbbell model in three dimensions, demonstrating
the generalization of the method to rigid molecular models,
and hence to systems with rotational degrees of freedom. The
dumbbells are constructed as the union of two hard spheres
of radius σ (we set σ = 1 for all results in this study) con-
nected by a rigid bond of length L. We vary L to create a
series of models from completely overlapping (L = 0, a single
hard sphere) to tangential spheres (L = 1), as demonstrated
in Fig. 1.

These particles have been studied for close to 50 years
as an important model for small nonspherical molecules
and colloids. They provide crucial insight into how ther-
modynamic properties depend on the geometry of their
constituent particles, without the complication of energetic
considerations, such as balance between short- and long-range
interactions. As athermal models, the thermodynamically sta-
ble phase is determined entirely by the dimensionless pressure
P∗ = Pσ 3/kBT , where P is the external pressure and kB is
Boltzmann’s constant. Phase-transition pressures at any tem-
perature T are collapsed to the same dimensionless pressure
by this scaling. Since we set σ = 1, the dimensionless pres-
sure is P∗ = P/kBT .

Existing studies, primarily employing Monte Carlo [25]
and molecular dynamics techniques [26], have established a
consensus on the main features of the hard dumbbell phase
diagram in the P∗ − L plane. At L = 0 the hard-sphere phase
diagram is recovered in which the fluid solidifies into a crystal
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FIG. 1. Shape of dumbbell particles with placing the hard
spheres at different distances L normalized by the diameter of the
constituting spheres. L = 0.0 represents the simple hard-sphere sys-
tem, while in the case of L = 1.0 the two spheres have only a single
point of contact. Coloring is just for clarity.

of close-packed spheres at approximately P∗ = 11.54 [2] via a
first-order transition. The fcc polytype is marginally more sta-
ble than the hcp [27], however, pure fcc structure would only
be expected if compression is sufficiently slow that hcp stack-
ing faults are annealed away during crystallization. When L is
small but has nonzero value, the solid phase becomes a plastic
crystal (PC) first observed via direct simulation of crystalliza-
tion from the fluid [28]. In the PC phase, bond centers occupy
the sites of a close-packed lattice [29,30]. The dumbbells
rotate around these bond centers but with clear deviations in
their orientational correlation function from that of an ideal
free rotor [31]. Highly accurate free-energy calculations based
on a combination of lattice switching Monte Carlo and ther-
modynamic integration have been able to show that the most
stable arrangement of dumbbell bond centers transitions on
increasing L from fcc to hcp at all relevant densities before
L � 0.15 [32], leading to an analogy between the hcp PC and
the β-N2 phase of solid nitrogen.

Upon increasing L further, Singer and Mumaugh [29]
noted that the PC-fluid coexistence curve terminates at ap-
proximately L = 0.4, suggesting that some other solid phase
becomes more stable past this limit. Several candidates for
this structure were first proposed by Vega et al. [25], in-
cluding the α-N2 structure of solid molecular nitrogen (the
orientationally ordered version of the fcc PC phase) and three
other close-packed structures. The latter were constructed as
stacked bilayers in which both spheres comprising the dumb-
bell are arranged into close-packed two-dimensional layers.
The bonds that connect the two spheres in each dumbbell
between these layers are tilted at an angle of arcsin (L/σ

√
3)

to the direction normal to these layers, which ensures close
packing within the bilayer. Subsequent bilayers can be stacked
onto the first with a σ/

√
3 shift that is either parallel or

antiparallel to the in-layer component of the dumbbell bond
vectors. The former leads to a structure which is equivalent
to fcc (ABC)n stacking of hard spheres when L = 1, and the
latter leads to hcp (AB)n stacking when L = 1. Vega et al.
named these two cases CP1 and CP2, respectively. A third

structure in which the direction of the dumbbell bond vectors
alternates between bilayers was named CP3. This corresponds
to (ABCBC)n stacking at L = 1. Other stacking sequences
of these dumbbell layers are, of course, possible (see Ref.
[33] for a detailed description of stacking variants), including
a dhcp polytype, i.e., (ABCB)n, random stacking disordered
sequences, and structures in which the bond vector connecting
the two spheres in the dumbbell rotates around the normal
to the stacked layers in steps of 60◦, exploiting the sixfold
symmetry of the layers. We refer to all these stacked layers
structures collectively as CPx.

Vega et al. also showed that the CP1 structure becomes
more stable than the PC structure at approximately L = 0.38,
and for smaller L at higher pressures. This has been confirmed
by subsequent studies [32,34], as has their observation that
the CP1, CP2, and CP3 polytypes have near-identical stability
[35]. The α-N2 structure (analogous to the fcc PC crystal
but with bonds aligned along the diagonal of the cubic cell)
was found to never be thermodynamically stable relative to
the higher-density close-packed phases, but is mechanically
stable for small L and does not disorder into the PC phase
when simulated at high pressures.

Using free-energy calculations based on Monte Carlo sim-
ulation, Vega et al. [36] were also able to compute the pressure
at which CP1, CP2, and CP3 coexist with the fluid for three
values of L. We note here that studies of crystal nucleation
in the hard-sphere dumbbell system have either avoided the
regime of L for which the CPx structure putatively represents
the stable solid phase or been unable to capture its formation
due to a combination of high-energy barriers and slow dynam-
ics [26,37]. This potentially presents a significant challenge
to the NS algorithm, which relies on identification of solid
phases by evolution of samples starting in the melt. To our
knowledge, no simulation study has directly captured crys-
tallization from the fluid into these close-packed structures.
We are also unaware of any simulations which capture phase
coexistence between the fluid and any of the CPx structures.

As L approaches 1.0, a further phase transition has been
shown to occur. As noted above, in this limit the CPx phases
reduce to stacking of close-packed spheres and there is no
longer any need for the dumbbell orientations to align to
maintain that packing. By analogy with the two-dimensional
(2D) aperiodic phase of Wojciechowski et al. [38], Vega et al.
[25] considered a phase in which the dumbbell spheres are
close packed (specifically as per their CP3 structure) with
a random network of bonds. The additional entropy of the
bond network [39] in this aperiodic phase (AP) enhances its
stability relative to the orientationally ordered CPx phases.
The presence of a phase transition into the AP phase has
been confirmed by multiple free-energy calculations [32,35].
This phase also presents a potential challenge to NS. Many
realizations of the disordered bond network will need to be
located and sampled by the algorithm in order to accurately
locate its phase boundaries.

In the present work we apply NS to this system and
demonstrate that it can accurately identify and sample the
full range of complex phases without prior knowledge of their
structures, and provide insight into thermodynamic properties
across phase transitions. Furthermore, it identifies a family of
previously unconsidered close-packed dumbbell structures for
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intermediate L. Our work also highlights challenges specific
to hard potentials, such as jamming, and the complexity of
the configuration space of particles with internal degrees of
freedom. These results serve as an important first step toward
using NS to explore the phase behavior of molecular systems
in the future.

II. METHODOLOGY

A. Hard dumbbell model

In the hard dumbbell model, particles are constructed using
two spheres, connected by a rigid bond of fixed length L. Two
spheres within the same particle do not interact with each
other. All other pairs interact through the hard-sphere potential
U (r), in which the potential energy is either zero or infinity,
thus

U (r) =
{∞ ; r < σ

0 ; r � σ
,

where σ is the diameter of a sphere within the dumbbell and r
is the distance between the center of two spheres (not within
the same particle).

Our nested sampling implementation implements this po-
tential using a modified version of the HS_ALKANE package
[40], which had been used in a previous work by Quigley and
Bridgwater [41].

B. Monte Carlo moves

We define a Monte Carlo (MC) sweep as the number of
MC moves equal to the degrees of freedom in the system. We
attempt five MC move types. The first changes the volume
of the simulation cell box isotropically. In order to be able to
accommodate different crystalline symmetries in the simula-
tion cell, not only volume steps but isometric stretch and shear
steps were also introduced to be able to change the aspect ratio
and tilt of the box. These two types of move change the aspect
ratio of the box while maintaining the cell angles or change
the cell angles while maintaining the cell lengths. We also
include dumbbell translation and rotation moves. These five
moves are attempted randomly with probability in the ratio
1 : 3 : 3 : 3N : 2N , respectively.

Translation moves perturb the center-of-mass position of
a particle by a random vector of magnitude 0 to �rmax. For
rotation moves, we perturb the orientation of a particle by
choosing a random axis through the center of mass of the
particle and then rotating it about that axis by angle α chosen
randomly in the range between −αmax and +αmax. Each rota-
tion or translation move is attempted on a randomly selected
particle and accepted if no overlaps between hard spheres are
generated. Moves which perturb the shape of the simulation
box are rejected if overlaps are created and otherwise ac-
cepted. Moves that change the volume are rejected if overlaps
are generated, otherwise accepted with probability

Pacc(Vo → Vn) = exp [−βP(Vn − Vo) + N log (Vn/Vo)], (1)

where Vo and Vn are the old and new volumes, respectively,
and β is the inverse temperature and P is the pressure applied
to the system of dimers. We set the inverse temperature β = 1
in all simulations.

The size of the proposed perturbations are chosen such that
the acceptance probability of a move remains between 20%
and 50%. Since the step sizes strongly depend on the density
of the phase, these were adjusted during the equilibration of
the Monte Carlo simulations, as well as periodically updated
during nested sampling. In the latter case these adjustments
are performed every K/2th nested sampling iteration, where K
is the number of walkers (see below). Theses adjustments are
performed during a short simulation that does not contribute
to the nested sampling statistics.

C. Nested sampling

Nested sampling is an iterative “top-down” approach, start-
ing the sampling at the high-energy region of the phase space
and progressing toward the ground-state structure. This is
done using a large set of independent configurations and con-
tracting the available phase-space volume with a fixed ratio
during the iterative steps [19].

Contrary to most of the previous materials applications of
the method, in the case of the hard-sphere dumbbell particles
the energy of the system is either zero or infinity, meaning that
it is not a suitable choice to drive the exploration. Instead, we
use the density of the configurations [20], thus progressing to-
ward smaller volumes during the sampling, rather than lower
energies. In the following we describe details of the nested
sampling method as employed in the present work.

The sampling starts by randomly generating K configura-
tions of the N dumbbell system, each generated by placing
N number of dumbbells in the simulation box at random
positions and random orientations, but ensuring no particles
overlap. These initial configurations have a sufficiently large
volume, such that they correspond to a low-density fluid phase
in the ideal gas limit. These K configurations form the so-
called live set, with each configuration constituting a walker.
During the sampling, at each iteration i, the walker with the
largest volume is recorded, Vi = max{V1...VK}, and replaced
with a new walker generated by performing a series of the
Monte Carlo sweeps, described above, on a randomly picked
existing walker. During this Monte Carlo walk every step
is accepted, unless the step generates an overlap or causes
the volume to exceed that of the old configuration, i.e., the
Vnew < Vi criteria has to be always satisfied. Due to the small
size of the system typically used in NS, we also have to
introduce additional criteria to prevent very anisotropic cells
to be favored in early stages of the sampling. Such cells limit
position fluctuations along the short direction and affect the
sampling and formation of the crystalline phases by intro-
ducing unphysical correlations [42,43]. Hence, we restrict the
shortest cell height to remain larger than 80% of that of a cube
of the same volume. This process is repeated iteratively until
all the K configurations have reached a volume low enough
(i.e., high-enough packing fraction) that we have generated
samples representative of the ground-state structure or struc-
tures. Using the volumes of the culled configurations, the
partition function Z can be calculated at a given pressure P
as

Z (P) =
∑

i

wie
−βPVi , (2)

044117-3



ADESIDA, QUIGLEY, AND PÁRTAY PHYSICAL REVIEW E 113, 044117 (2026)

where β = 1/(kBT ) is the thermodynamic inverse tempera-
ture and wi is the NS weight,

wi = �i−1 − �i =
(

K

K + 1

)i−1

−
(

K

K + 1

)i

, (3)

where K is the number of walkers and �i is the phase
space volume fraction at the ith iteration, with �0 = 1. The
isothermal compressibility κ can be derived from the partition
function, using the relations discussed in Ref. [44], at an
arbitrary pressure, once the sampling is finished,

κ = 〈δV 2〉
〈V 〉kBT

= − 1

V

( d p

dV

)
T

= Z
∑

i V 2
i wie−βPVi − (∑

i Viwie−βPVi
)2

kBTZ
∑

i Viwie−βPVi
. (4)

Similarly, the expected value of any observable can be calcu-
lated from the appropriately weighted average of the samples
generated during the NS. For example, the expected value of
volume can be calculated by

〈V 〉(P) =
∑

i Viwie−βPVi

Z (P)
. (5)

Thus, a single NS run can be performed to explore the
configuration space over a continuous pressure range. Peaks in
the compressibility indicate the location of phase transitions,
i.e., pressures at which the volume of the system changes
very rapidly. Varying the separation distance between the two
spheres composing the dumbbell L in different NS calcula-
tions, we are able to generate the pressure–bond-lengths phase
diagram of hard-sphere dumbbells.

D. Computational details

1. NS parameters

Initial configurations for the NS live set were generated
within a cubic cell of volume N × 30σ 3 for each walker,
where N is the number of dumbbells. We used either N = 16
or N = 32 in the present work. While this means we use
very small system sizes, previous works have shown that
this does not significantly affect the sampled phases, and
with, e.g., the solid-liquid transition usually underestimated
only by 3%–10% [43]. It is also worth noting that, thanks
to having multiple configurations sampling the phase space
simultaneously, NS does not require that phase transitions are
sampled with both phases present in the same simulation cell,
and hence no interfacial configurations have to be accommo-
dated. The number of walkers K controls the resolution of
the sampling, with the computational cost depending on it
linearly. We chose K such that the resulting compressibility
peaks are sufficiently converged (i.e., the deviation of the
peak location in three independent runs varied by less than
5%, for examples see Figs. 3 and 6). We found that K =
1152 is sufficient for the majority of the studied systems to
achieve this. This resolution typically required 106 NS itera-
tions to reach configurations representative up to 150σ 3/kBT
pressure after starting the sampling from the random initial
configurations.

L=0.2σ (NS)
L=0.4σ (NS)
L=1.0σ (NS)

Co
m
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si
bi

lit
y 

fa
ct

or
, Z

Packing fraction, ф

L=0.2σ (EoS)
L=0.4σ (EoS)
L=1.0σ (EoS)
L=1.0σ (EoS, RISM)

FIG. 2. Compressibility factor as a function of packing fraction,
calculated by the equation of state from Ref. [47] (solid lines), from
Ref. [50] (dashed line), and from nested sampling (solid circles), for
three different bond lengths in the fluid phase.

During the NS iteration, new configurations were gen-
erated by cloning a randomly selected existing walker and
using 4800 MC sweeps to decorrelate it. Simulations were
parallelized as described in Ref. [19], spreading the cost of
this decorrelation across multiple iterations. During a paral-
lel nested sampling run using Nproc number of processors,
not only the freshly cloned configuration is decorrelated by
an MC walk, but the Nproc − 1 extra processors are used to
each propagate one other randomly selected walker. These
MC walks are shorter, in our case 4800 sweeps/Nproc, as

static crystal

plastic crystal

B

B

-3

FIG. 3. Compressibility (solid lines) and density curves (dashed
lines) plotted for three parallel nested sampling runs at bond length
L = 0.2, as a function of pressure. The peaks in the compressibility
curves and the changes in gradient for the density observed at the
same pressure values signal phase transitions in the system (marked
by vertical gray dashed lines). Included are results of a MC simula-
tion of the system under a range of relevant pressures, shown by open
circles.
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every configuration is propagated during multiple NS iter-
ations, each achieving the required decorrelation length on
average.

The nested sampling code used in the current work is
available on the GITHUB repository provided in Ref. [45]. This
also requires the use of the HS_ALKANE package developed
by Quigley and Bridgwater [40], an implementation of the
hard-sphere alkane model of Malanoski and Monson [46],
which reduces to a dumbbell model for a chain length of two.

2. Additional MC simulations

A series of traditional Metropolis MC simulations in the
NPT ensemble were also performed at a range of different
pressures in order to explore select configurations produced
by nested sampling under equilibrium conditions. Specifi-
cally, these were used to explore order parameter distributions
and autocorrelation functions in crystalline solid structures
identified by nested sampling. These reference simulations
were performed using 256 or 432 dumbbells and performing
5 × 105 MC sweeps, consisting of a combination of transla-
tional, rotational, and cell moves (affecting both the volume
and shape of the simulation box). The first 1 × 106 MC
sweeps were always used to equilibrate the system. Configu-
rations were output every 100 MC sweeps afterward, such that
a total of 5 × 103 configurations were available for analysis.

In addition, longer simulations were performed to confirm
that other structures found during nested sampling had equiva-
lent densities to those already established in the literature (see
Supplemental Material for details [33]). These simulations
used 960 dumbbells, with an equilibration period of 5 × 105

MC sweeps, followed by sampling at intervals of 20 sweeps
for an additional 3 × 106 sweeps.

III. RESULTS

While there is no exact theoretical solution for the equa-
tion of state (EoS) of the hard dumbbell system, previous
literature has approximated the equation of state allowing the
calculation of the compressibility factor in the fluid phase,
Z = NkBT/(PV ), as a function of packing fraction φ for
different bond-length values [47–49], also with using the ref-
erence interaction site model (RISM) theory [50,51]. In the
current work we define the packing fraction as the total vol-
ume of the dumbbells divided by the volume of the simulation
box. Note that some works use a reduced packing fraction,
normalized by the radius of a sphere having the same volume
as one dumbbell. In Fig. 2 we compare the compressibility
factor of the fluid phase, calculated from our nested sam-
pling simulations [volumes calculated by Eq. (5)], to those
calculated with using RISM by Munaò et al., showing good
agreement, and by the EoS suggested by Vega et al., showing
excellent agreement.

Isothermal compressibilities κ were obtained from the par-
tition function, using NS for different values of bond lengths
in the range of 0.0 < L < 1.0. Peaks on the compressibility
curve as well as changes in the gradient of the density were
used to locate phase transitions in the systems. In the follow-
ing three sections we present details of the observed phases

and transitions, with different bond-length ranges showing
similar behavior discussed together.

A. Bond lengths 0.0σ < L � 0.4σ

For short bond lengths of 0 < L � 0.3, two peaks were
observed on the compressibility curves, indicating that there
are three thermodynamically stable phases of these systems.
This is in contrast to the work of Vega et al. [36], in which
only the plastic crystal and the fluid were identified as ther-
modynamically stable. We attribute this to their work only
considering lower pressures. This is demonstrated in Fig. 3
in the case of dumbbells of bond length L = 0.2, showing the
results of three independent parallel NS runs, with the align-
ment of the peaks also demonstrating the level of convergence
of our sampling. For reference, Vega et al. only considered
pressures up to Pd3/kBT = 50, where d is the diameter of
sphere that possesses identical volume to that excluded by the
dumbbell. In our units and for L = 0.2, this corresponds to
Pσ 3/kBT = 38.6, significantly lower than the transition to a
static phase. In Fig. 3, we also show the expected value of
density as a function of pressure, calculated both by nested
sampling and reference MC simulations, showing very good
agreement.

In order to characterize the emerging solid phases, we
use two order parameters to describe the translational and
orientational order of the dumbbells. As the translational order
parameter we use the Steinhardt bond order parameter [52]
Q6 calculated over the centers of mass of the dumbbells, av-
eraging the local order of all particles within a configuration.
Taking into account the first coordination shell, the value of
Q6 increases slightly from fluid to crystalline phases, with
different close-packed stacking arrangements being distin-
guishable. In the case of spherical particles Q6 = 0.4848 for
the hexagonal-close-packed structure and Q6 = 0.5745 for the
face-centered-cubic structure, with other polytype phases hav-
ing an order parameter value between these. As the dumbbells
are not spherical and hence the in-plane and between-plane
distances of the centers of masses will be different in a close-
packed structure, the calculated Q6 parameters are expected
to deviate from the above values as the bong length increases.
To characterize orientational order in the system, we define
the nematic order parameter S as in Ref. [53],

S = 〈P2(cos θ )〉 =
〈

3 cos2(θ ) − 1

2

〉
,

where θ is the angle between the chain and the mean di-
rection vector of the configuration, i.e., the direction of the
single bond in the case of the dumbbell. The nematic order
parameter is symmetric, not distinguishing the two spheres of
the dumbbell, taking a value close to zero in orientationally
disordered configurations and S = 1.0 if all bonds point to the
same direction.

In Fig. 4 we show both order parameters calculated for
configurations generated by nested sampling along with the
compressibility curves for four different bond lengths. For
L = 0.1 and 0.2 the lower-pressure compressibility peak ap-
pears around P∗ = 10, a value similar to the fluid-solid
transition observed in hard spheres [2,20,54]. This transition
is marked by a change in the Q6 parameter, with at least two
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FIG. 4. Compressibility (black solid line), average nematic order
parameter (blue dots), and average Q6 bond order parameter (red
dots) of configurations generated during NS, plotted as a function
of pressure, for the system of dumbbells of bond length 0.1–0.4σ .
Vertical dashed lines highlight phase transitions.

different values becoming dominant (corresponding to dif-
ferent stacking arrangements), suggesting that the dumbbells
become arranged such that their centers of mass form a regular
close-packed structure. However, the nematic order parameter
remains unchanged and at a low value of S < 0.2, meaning
that the dumbbells are not orientationally aligned. To confirm
whether this phase is a plastic crystal or an ensemble of glass-
like jammed configurations [20,55,56], we performed MC
simulations and tracked the autocovariance of the bond direc-
tions. In a plastic crystal (or a fluid), where dumbbells can
freely rotate and thus point to different directions as the sim-
ulation progresses, the autocovariance decays rapidly to zero.
If the rotation of dumbbells is restricted, and thus their relative
orientation changes very slowly or remains constant, such as
in a jammed state or an orientationally ordered static crys-
tal phase, the autocovariance does not decay or decays very
slowly. Figure 5 shows the bond orientation autocovariance
for L = 0.2, with separate MC simulations of 256 particles
performed at a range of different pressure values. These simu-
lations were started from the static crystal structure, selecting
a configuration generated by NS, and equilibrated via MC,
maintaining a 50% acceptance probability during the MC
sweeps for each simulation. It is apparent that the bond orien-
tation autocovariance decays very rapidly at lower pressures,
even well beyond the low-pressure compressibility peak, con-
firming that dumbbells can freely rotate, while their center
of mass occupies a regular position, and hence this transition
corresponds to a fluid-plastic crystal phase transition. This is
not dissimilar to the plastic and rotator phases observed, for
example, in methane [57], ethane [58], or recently in ice [59],

FIG. 5. Top panel: Compressibility curve calculated by nested
sampling for L = 0.2σ . Example solid configurations generated dur-
ing the sampling are shown for the plastic crystal (dumbbells in
ordered position but random orientation) and the ground-state struc-
ture of a fully ordered static crystal. Spheres are shown smaller than
their true size for clarity. Bottom panel: The mean autocovariances
of the vector representing the bond over a MC run. The points on the
compressibility curve correspond to the pressures at which the MC
runs were performed (pressure values are also shown along some of
the autocovariance lines).

but is distinctly different from orientational glasses, such as
those observed in low-temperature KCN/KBr mixtures [60].

The location of this first phase transition on increasing P
is consistent with earlier literature [29,32,36]. The decay of
the autocovariance only changes dramatically upon the pres-
sure increasing to the second compressibility peak at higher
pressure. We can see in Fig. 4 that this is also marked by
a sudden and significant increase in the nematic order pa-
rameter, showing that the dumbbells become orientationally
aligned, pointing in the same direction. Thus, we can identify
this second compressibility peak as a solid-solid transition
between plastic and static crystal phases.
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L=0.25σ
L=0.26σ
L=0.27σ

L=0.28σ
L=0.29σ

L=0.30σ

L=0.31σ
L=0.32σ

L=0.33σ

L=0.34σ
L=0.35σ

L=0.36σ

L=0.37σ

L=0.38σ

L=0.39σ

FIG. 6. Compressibility as a function of pressure in the bond
lengths range of L = 0.25–0.39, showing the diminishing fluid-
plastic crystal transition peak at pressures around P∗ = 10.

It is interesting to note that while the plastic-to-static crys-
tal transition shifts to lower pressures as the bond length
increases and thus the dumbbell becomes less spherical, the
fluid-to-plastic transition pressure remains almost unchanged.
However, we do not see evidence of the two transitions
merging, as the compressibility peak corresponding to the
fluid-plastic transition starts to diminish at L = 0.25 and be-
comes unidentifiable by L = 0.32, without any significant
shift in the peak position, as seen in Fig. 6.

B. Bond lengths 0.4σ � L < 0.8σ

Beyond L ≈ 0.38, prior studies suggest that our NS
simulations should identify close-packed crystal phases. How-
ever, for bond lengths between 0.5 < L < 0.8, finding these
crystalline structures proved to be challenging. Our NS
simulations using 32 dumbbells often became trapped in
amorphous jammed states, where translational and rotational
moves no longer contribute to meaningful exploration of dif-
ferent structures. As noted earlier, no previous study has been
able to capture nucleation of close-packed CPx phases from
the fluid [26,37]. The difficultly in reaching them with NS
is consistent with those prior observations. We can, however,
still observe a transition peak from the fluid to these amor-
phous solid phases, albeit less pronounced and at slightly
higher pressures than for the crystalline transition. The den-
sity of the amorphous structures is approximately 10% lower
than that of the thermodynamically stable crystal at the same
pressure. Overall, this suggests that accessing the crystalline
phase in these systems is difficult and would require the
resolution of the sampling to be increased. However, doubling

the number of walkers was still insufficient in these cases,
and hence we decided to decrease the dimensionality of the
problem by decreasing the system size. Thus, we performed
NS calculations using 16 dumbbells, first with bond length
L = 0.4 to be able to compare the results to those generated
with 32 dumbbells and therefore estimate the effect of the
smaller size of the system on the location of the transition. We
found that—in agreement with previous studies [43]—using
a smaller system causes the solid-fluid transition point to
be overestimated: the transition pressure calculated with 16
dumbbells is 8.3% above the 32-dumbbell results, based on
several independent calculations.

Using 16 dumbbells and K = 1152 walkers provided suf-
ficient resolution to prevent the sampling from becoming
trapped in a disordered jammed state, reaching the close-
packed crystalline phase.

As discussed earlier, the possible arrangements of dumb-
bell into stacked close-packed layers is richer than has been
described previously in the literature. In addition to variations
in layered stacking, the orientation and tilt of the dumb-
bells introduce further degrees of freedom as demonstrated
in Figs. 7(a)–7(d). The allowed degree of tilt [θ in Fig. 7(a)]
depends on the bond length as L = 2 cos θ , since the densest
packing is achieved when one of the spheres forming the
dumbbell is positioned in the narrowest midsection of a neigh-
boring dumbbell, making contact with both of its constituent
spheres. In the case of a tilted layer, the direction of the tilt
relative to the underlying layer allows further variations in the
structure [Figs. 7(c) and 7(d)]. While these structures all have
the same density at maximum packing, their thermodynamic
properties, such as the entropy, will differ due to differences in
the second and subsequent neighbor shells (see Supplemental
Material for example structures [33]). Several of these were
observed in our NS simulations, many more than the three
examples (CP1–CP3) considered previously in the literature.

While the close-packed crystalline structures sampled by
NS remained largely similar across the bond-length range
0.1 � L � 0.8, the distribution of dumbbell orientations ap-
peared to increase with bond length. This potentially indicates
that stackings such as CP1 and CP2 in which all dumb-
bells share the same orientation are marginally less stable
than others at larger L. This will require detailed free-energy
calculations to confirm, which we defer to future work. We
note, however, that a study by Kowalik and Wojciechowski
[35] found the CP3 structure (in which dumbbell orientations
alternate between layers) to have equal free energy to CP1 and
CP2 at L = 1 within the precision of their calculations.

Interestingly, an entirely different class of close-packed
crystalline phases also emerged from the NS simulations, with
essentially equal densities to the known CPx structures. These
cannot be considered as stacked layers of close-packed dumb-
bells but have the same maximum packing fraction as the CPx
structures for any bond length. As an example we consider
a structure with Pnma symmetry. The orthogonal unit cell
of this structure contains two pairs of dumbbells. The four
spheres of each pair lie in a plane, with their bonds forming
the tetrahedral angle of ≈109.5◦ and the two planes being of
σ/2 distance from each other. Each dumbbell is parallel to
the other within the unit cell. At the limit of L = 0.0, the
structure reduces to the fcc structure, while in the case of
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FIG. 7. (a)–(d) Schematic representation of the close-packed
stacked structure with various relative orientation of the dumbbells
in consecutive layers. Arrows highlight the direction of the bond
within a layer, and θ is the tilt angle relative to the plane of the
center of the dumbbells. (e) Structure of the alternative packing
with Pnma symmetry for L = 0.6σ , showing the orthogonal unit
cell with four dumbbells. Coloring highlights dumbbells in the
same plane.

L = 1.0, the individual spheres display a double-hexagonal-
close-packed (dhcp) arrangement. At L = 1.0 this structure
may be considered as one particular realization of the three-
dimensional aperiodic structure with ordered bonds, but is
distinct from the equivalent CPx structures. Specifically, one
sphere in the 2D rectangular unit cell of the close-packed
layer is bonded to a sphere in the layer above, and one to
the layer below. Bonds are hence interdigitated between suc-
cessive bilayers. At smaller L the positions of the spheres
within the unit cell are also different from the equivalent CPx
structure. This structure is shown in Fig. 7(e) for L = 0.6.
The dimensions of the unit cell, assuming the diameter of

the individual hard spheres is 1.0, are B = 2
√

3+L2+2L
√

6−2L2√
3

,

C =
√

6−L2+2L
√

6−2L2√
3

, and for the third axis perpendicular to

the projection shown in the figure, A = 1.0. An alternative de-
scription of this structure and its possible variants (by analogy
with the CPx structures) is presented in the Supplemental Ma-
terial [33], along with results that indicate these structures can
in fact be slightly higher in density than the previously known
structures when simulated at pressures just above the crystal-
lization pressure. In the present study, our NS results provide
no indication of a solid-solid phase transition that would in-
dicate thermodynamic stability of these new structures over
those previously considered. Given their near-identical pack-
ing fraction to the CPx phases, unambiguously identifying
such a transition (if present) would require specialist methods,
which we defer to future work.

C. Bond lengths 0.8σ < L � 1.0σ

At longer bond lengths of L � 0.8, the distance between
the two hard spheres composing the dumbbell becomes com-
parable to the diameter of the individual spheres. This means
that the overall shape of a dumbbell closely resembles two
spheres with minimal overlap, and in the limit of L = 1.0,
the highest-density dumbbell packing will become identical to
that of single hard spheres. However, such a phase is realizable
with different orientational arrangements of the dumbbells, as
shown in Fig. 8. As a result, a new solid phase becomes dis-
tinguishable from the orientationally ordered crystal, where
the spatiial arrangement of the dumbbells do not display
translational symmetry. This phase is often referred to as the
aperiodic crystal and has been shown to be thermodynami-
cally stable [32,61].

We find this aperiodic phase emerging in the nested sam-
pling simulations when L � 0.86. Figure 8 shows this region
of the bond-length–density phase diagram, highlighting the
three thermodynamically stable phases and the coexistence
regions in between, comparing our result to MC simulations
from Ref. [32]. In the case of the NS simulations, the den-
sity of the phase boundaries was determined by calculating
the average density at the pressure values before and after
the corresponding compressibility peak. The resulting phase
boundaries of both the fluid and the aperiodic phases agree
well with previous findings, however, our sampling does not
capture the solid-solid transition to the fully ordered crystal
phase. As the entropy of the orientationally ordered phase
must be substantially lower than that of the aperiodic crystal,
we can assume that a sampling with significantly higher res-
olution would be necessary to sample both basins and hence
observe the transition with nested sampling.

IV. CONCLUSION

We performed an extensive sampling of the configuration
space of hard dumbbells of various values of bond lengths in
the range of L = 0.1–1.0. We used Monte Carlo simulations
as well as the nested sampling method to locate phase transi-
tions and identify thermodynamically stable phases.

Figure 9 summarizes our results across the entire range
of studied dumbbells in the form of a bond-length–pressure
phase diagram, also showing the Monte Carlo simulation
results obtained by Vega et al. [36] for comparison. We iden-
tified four thermodynamically stable phases: fluid phase at
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FIG. 8. Representation of the aperiodic crystal structure with
L = 1.0σ . Schematic drawings represent structures of the same
packing fraction of (a) close-packed circles in two dimensions,
(b) aperiodic crystal of dumbbells in two dimensions, and (c) per-
fectly aligned dumbbells in two dimensions. (d) and (e) Configura-
tion from the end of a nested sampling run with L = 1.0σ , without
and with the bonds shown by red lines, respectively. Spheres are
shown by size smaller than σ to make bonds visible. (f) Bond-
length–density phase diagram, comparing NS results and those
from Ref. [32].

low pressures, plastic crystal phase with dumbbells occupy-
ing crystalline lattice sites but rotating freely at short bond
lengths, with this phase undergoing a further transition and be-
coming fully aligned at high pressure and longer bond lengths,
as well as a fourth phase of aperiodic crystal, where neither
the orientation nor the centers of mass of the dumbbells show
long range order.

We note that the simulations of Vega et al. used up to 486
particles to compute free energies and locate phase equilibria.
Any finite-size error resulting from the use of much smaller
simulation cells in nested sampling is apparently very small
on the scale of the overall phase diagram. Apart from the
excellent agreement with existing results in the literature, our
findings demonstrate how nested sampling can enhance our
understanding of phase stability and lead to the discovery of
new crystalline structures. Beyond providing a more detailed
characterization of the plastic crystal–static crystal transition
and also highlighting the diverse dumbbell orientations in the

plastic
crystal
phase

static crystal phase

aperiodic 
crystal 
phase

32 dumbbells
16 dumbbells
Vega et al.

Bond length, σ

Pr
es

su
re

, 

FIG. 9. Bond-length–pressure phase diagram of hard dumb-
bells, showing the thermodynamically stable phases. Black circles
and open squares show phase-transition pressures determined from
nested sampling calculations of the current work, using 32 and 16
dumbbells, respectively. Red crosses show results from Ref. [36].
Dashed lines are only guides to the eye.

static crystalline phase, we identified a geometrically distinct
set of close-packed crystalline structures which have identical
or slightly higher packing fractions when compared to any
polytype of the structures previously considered in the liter-
ature. This underscores the importance of unbiased sampling
in uncovering (novel) packing patterns.

Crucially, this work represents the first systematic applica-
tion of nested sampling to nonspherical particles resembling
molecules. While softer potentials are less prone to challenges
associated with jammed structures, our results indicate that
the added rotational degrees of freedom may require higher-
resolution sampling than what has been found sufficient in
applications to atomic materials.
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