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Analytical theories of polymer dynamics typically focus on the linear response around some steady state
obtained via perturbative calculations. The present study derives a dynamical, nonlinear mean-field theory that
yields unified access to the evolution of conformations, contact probabilities, and fluctuations of active polymers
within a single analytical framework. As in previous mean-field descriptions of passive polymers, the object
of interest is the two-point correlator, which is the lowest-order relevant observable in the general Langevin
equation of a polymer. In contrast, the present focus is on active polymers driven by heterogeneous monomer-
level kicks and spatially correlated active flows, while allowing nonreciprocal couplings, in the presence of
hydrodynamic and contact interactions. Using a Gaussian closure to truncate higher-order correlations leads to
a self-consistent diffusion equation for the chain correlations. In some cases, this can be further simplified to
the dynamics of pairwise squared separations in closed form. In the continuum limit, the theory reveals useful
analogies to similar mean-field approximations for reaction-diffusion systems, as well as fractional diffusion
in different scale-free regimes. Deriving asymptotic solutions in different parameter regimes of the continuum
limit recovers the scalings of coiled, globular, and self-avoiding polymers, thus validating the theory. Applied to
hydrodynamically coupled active polymers, such as chromatin, the framework predicts a sequence of crossover
scalings between coiled, swollen, and hypercompacted fractal states.
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I. INTRODUCTION

The widespread role of polymers in industrial applications,
materials science, and cell biology has sparked pioneering
theoretical research ranging from scaling concepts [1] to
models of polymer solutions [2] and melts [3] to explain
spatial organization and material properties. The physical
principles linking heteropolymer sequence to organization
have been investigated in energy landscape models of protein
folding [4-9]. More recently, these concepts helped ratio-
nalize the spatiotemporal organization of the genome into
conformational ensembles [10-14]. This genome folding con-
trols function in the form of gene expression by tuning the
frequency of contacts among different regulatory elements
[15,16].

In addition to passive forces, energy-consuming processes
in the living cell and the cell nucleus also generate active
forces that break detailed balance. Seminal experiments have
demonstrated that chromatin, consisting of genomic DNA and
associated proteins, undergoes active fluctuations [17] and
spatiotemporally correlated flows [18,19] with implications
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for function [20]. Moreover, pairwise correlated motion has
been measured in locus tracking experiments [21,22] and
recently attributed to spatially correlated flows [23]. These
experimental data make chromatin a paradigmatic example of
an active polymer and necessitate theoretical and analytical
frameworks beyond thermal equilibrium.

Linear response theory is a powerful framework for elu-
cidating the statistics of single-chain conformations in active
and passive Rouse and wormlike chains [24-31] and Gaus-
sian network models [32-37]. Motivated by the coherent
chromatin flows observed in experiment [18,19], effective
linear theory enabled us to analytically relate spatiotempo-
rally correlated motion with heteropolymer folding [30,31].
However, exploration beyond linear theory typically poses
challenges due to the many coupled degrees of freedom and
requires Brownian dynamics simulations [12,13,38], pertur-
bative calculations, renormalization group theory, and scaling
arguments [39,40].

These challenges are not unique to polymers but are
shared among classical and quantum many-particle systems.
For sufficiently large particle densities, however, interactions
become self-averaging and can be approximated by mean-
field theories such as the Hartree-Fock method for wave
functions. In multichain systems such as polymer melts, lo-
cal polymer concentration profiles have been derived with
self-consistent field theory [3], and dynamical mean-field the-
ory [41] based on the Martin-Siggia-Rose formalism [42].
Analogous mean-field theories have led to major advances
in understanding nonequilibrium pattern formation, such
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as in reaction-diffusion systems [43,44]. The goal of this
manuscript is to expose active polymer dynamics in sequence
space to these powerful continuum limit frameworks.

In contrast to classical reaction-diffusion models, the main
object of interest is not the primitive density but the correla-
tions, or dynamical structure factor, of the polymer. In thermal
equilibrium, the corresponding partition function can be stud-
ied with the random-phase approximation, which works best
for polymer melts [45]. Similar Gaussian approximations, by
effectively modeling dynamics in mean-potential, have been
used to develop dynamical mean-field descriptions of passive
heteropolymers [46-50]. In the following, motivated by these
past advances and by the dense, active chromatin in the cell
nucleus, I will discuss a dynamical mean-field theory for
active polymers, in which fluctuations and dissipation are de-
coupled and pairwise interactions may be nonreciprocal. This
framework maps polymer and chromatin folding to a (frac-
tional) diffusion problem and thereby paves the way towards
analytically tractable and asymptotically solvable theories.

II. LANGEVIN DYNAMICS OF AN ACTIVE,
DISCRETE HETEROPOLYMER

Consider a polymer consisting of N monomers, each la-
beled with a discrete index i indicating the sequence space
coordinate. The relative arrangement of the monomers with
real space coordinates r;(¢) defines the polymer conformation
at time ¢. Each chain conformation has an internal energy
E({r;(+)}) due to bonds between neighbors in sequence space
and higher-order interactions in real space. In addition to
potential forces from the internal energy, nonequilibrium
mechanisms such as reaction-diffusion-interaction can give
rise to deterministic nonreciprocal forces x; (1) = x;({r;(¢)}, t)
[51]. These nonreciprocal interactions can be derived, for
example, by connecting the polymer conformation to the
concentration profiles of reactants using (time-dependent)
Green’s functions. Taken together,

fit) = o + x:(1) ey
i - Sr,‘ ( t) Xi

is the deterministic force acting on each monomer. In addition,
the monomers are agitated by stochastic forces »,(t) with zero
mean and covariance [30]

(n:()@n; (1) = 51 C; 8t —1"), 2

where Cj; is a symmetric and positive semidefinite ma-
trix with units of a diffusion coefficient. The excitations
are assumed Markovian in the present work but can con-
tain both thermal and active components and thus break the
fluctuation-dissipation theorem. For example, diagonal entries
with different magnitudes can be interpreted as loci having
different levels of activity. Off-diagonal entries could corre-
spond to different loci showing correlated or anticorrelated
responses to long-ranged stochastic forcing by electrical fields
or concentration gradients [30].

The monomers are embedded in a fluid which mediates
drag forces and hydrodynamic couplings, with mobility tensor
M,;;({r;(t)}). Motivated by experimental data on spatiotempo-
rally correlated active flows in chromatin [18,19], the polymer
is also advected with stochastic velocity &(r, ¢) with zero mean

and covariance [23,52-54],
(E@ DR 1) = JTAC(r =) —1),  (3)

on timescales larger than the experimentally measured cor-
relation time of 10s [18]. As will be discussed below,
spatially correlated flows are, when averaged over chromatin
conformations, effectively equivalent to monomer-specific
correlated agitations [30]. Despite this mapping between
sequence space and embedding space, which allows con-
structing analogies, both terms can generally be expected
to have different physical interpretations. To simplify the
analysis, I consider monomer-specific excitations and spatial
excitations to originate from different physical processes and
thus as statistically independent (n ® &) = 0.

Taken together, and neglecting memory in the present work
by assuming that conformational changes are the slowest
relevant set of degrees of freedom, the polymer obeys the
following Langevin dynamics [55]:

Ori(t) = Mij({ri®O}-Lf ;@) + n; ()] + E@i(0), 1), (4)

where repeated indices indicate summation. In the following,
I will systematically study Eq. (4) by gradually increasing the
complexity of the model for polymers in d = 3 dimensions.

III. DYNAMICAL MEAN-FIELD THEORY OF POLYMER
FOLDING AND FLUCTUATIONS

A. Gaussian closure

A polymer such as chromatin lacking a well-defined crystal
structure, up to translation and rotation, has a vanishing first
moment (r;(¢)) = 0. Such polymers only have structure in the
statistical sense, represented by correlators of second order
and higher even orders, while odd correlators vanish due to
symmetry. According to Marcinkiewicz’ theorem [56], the
hierarchy of correlators either truncates at the Gaussian level,
namely the two-point correlator

Xij(t,t") = (ri(t) - r;(t"), &)

or is infinite. Current experimental measurements on chro-
matin yield pairwise contact probability maps but lack the
information required to constrain higher-order correlators.
Given this lack of data, and motivated by past self-consistent
mean-field modeling of passive polymers [46-50], consider
a Gaussian approximation for the joint distribution of the
chain configurations. The Gaussian distribution can be in-
terpreted as the least-biased distribution that maximizes the
information-theoretic entropy given available data and has
been used successfully to reproduce chromatin conformations
in linear network models [32-37].

The Gaussian closure is a well-known approximation
to deal with the infinite Bogoliubov-Born-Green-Kirkwood-
Yvon hierarchy in many-particle systems. Truncating the
series of correlators enables the use of powerful tools such
as correlation splitting techniques. By exploiting these tools,
below I derive a dynamical mean-field theory for the dynamics
of the position correlator

Xij(t) = (ri(t) -r;(1)), (6)
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and the corresponding mean-squared separation between
monomers,

AR} = (Iri(t) — rj()?) = Xii + X;; — 2Xi;, )

in active polymers with broken detailed balance and non-
potential forces. For variables that depend only on a single
time point, the short-hand notation X;; = X;;(¢) and ARizj =
ARizj (¢) is used.

To model purely local interactions such as self-avoidance,
self-attraction, or proximity ligation in the chromosome con-
formation capture protocol [33], consider the regularized
contact kernel

8(r,a) = <27r az>g exp|: 3r2] (8)
)=\ 3 52 |

with r the pairwise distance and the standard deviation a
reflecting the typical contact range. In the limit a — 0, this
converges to the three-dimensional (3D) § distribution. Within
the Gaussian closure, this leads to the conformation-averaged
interaction probability (effective contact kernel)

3
2

- 2w, 2
P(r,a) = (6)(r,a) = I:?(a +r )] . )

In the limit @ — 0, this converges to the probability density
P;j = P(AR;;,0) of pairwise contacts or looping in active
heteropolymers such as chromatin. Since Gaussian approxi-
mations become increasingly accurate at high concentrations
in many-particle systems, I expect the mean-field theory to be
applicable in the dense cell nucleus. It will fail, however, to
account for dynamics driven by rare events.

B. Correlation splitting

To simplify the theory, consider timescales much larger
than the correlation time of the excitations and the memory
of the solution surrounding the polymer. This Markovian as-
sumption can in principle be lifted because it is separate from
the Gaussian approximation required for correlation split-
ting. Using the Novikov-Furutsu theorem [57,58], with the
excitations and the conformations (approximately) Gaussian
random variables, and respecting causality of the excitations
leads to (details in Appendix) the following dynamics of the
same-time correlator [Eq. (6)]:

9X;; = [JX + XJ" + MCM];; + A(C:)(AR;;),  (10a)
with M;; the effective hydrodynamic kernel and J;; the re-
sponse matrix as detailed below. In deriving Eq. (10a),
I assumed fluid incompressibility and that hydrodynamic
interactions are reciprocal, Mi = M ji» and instantaneous.
Moreover, in the last step I approximated the covariance of
the mobility tensor via preaveraging M;; ~ I M;;. This choice
was made purely for convenience and is not strictly required
to carry out the Gaussian integrals of the closure; furthermore,
it does not change the asymptotic scaling (e.g., for a — 0) of
the effective interactions. The last term in Eq. (10a) reveals
that the polymer fluctuations smear out the spatiotemporally
correlated fluid flows, essentially amounting to a random walk
in random flow [59].

Importantly, detailed balance holds if and only if (i)
interactions are reciprocal, M~'J:=H = H”, and (ii) the
fluctuation-dissipation theorem holds, [MC]ij =T¢;; with
constant T, and (iii) A =0 or (C¢)(AR;j) oc M;;. In this
passive scenario, Eq. (10a) reduces to the Gaussian self-
consistent theory derived in prior work by assuming the
existence of a mean potential [46-50]. In thermal equilib-
rium, the conformations of the chain, X = —%T H -1 are
determined purely by the energetics and the effective hydro-
dynamic kernel cancels out. More broadly, this discussion
reveals three distinct routes to drive the polymer out of equi-
librium. If detailed balance is broken, then the conformational
ensemble is not just set by the energetics, and active excita-
tions will fold the polymer [30]. In summary, the dynamical
mean-field theory models evolving contact maps in active
polymers such as chromatin and does not rely on the existence
of a free energy.

Moreover, the theory also gives direct access to the fluctu-
ations [Eq. (5)], which obey

Xyt 1) =[IX(t,1);j, for t>t, (10b)
with the initial condition X;;(¢',¢') = X;;(t'). Note that the
response matrix implicitly depends on time, J = J(r). This
expression for the fluctuations illuminates how tension prop-
agates along the polymer and how this gives rise to the
subdiffusive motion of individual loci and pairs of monomers.
In agreement with the previous discussion, it also reveals that
time-reversal symmetry is broken, thus indicating nonequilib-
rium dynamics, whenever Jx #*X JT [60].

Describing pairwise hydrodynamic interactions by the
Rotne-Prager-Yamakawa tensor [61,62], while neglecting
many-body effects and using fluid incompressibility, leads to
the Zimm kernel [63,64],

A 1 ARiZj
M,‘j = §<tr(M,‘j)> = D()h( 62 ), (11)

with monomer radius a and diffusion coefficient D.
The conformation-averaged hydrodynamic coupling, h(r) :=
erf(r~12) — /r/m (1 — e~ /"), scales as h(r) ~ (wr)~1/? at
large distances. Hydrodynamic coupling causes the displace-
ments of the chain (kicks) to be effectively correlated in
sequence space even when the monomer excitations (forces)
are not. The effective response matrix is given by

~

J W L t "E + L (12)
im = Mij | —tr Xl
131 " \oror; | T \or, X

This reveals that the Gaussian ensemble dynamics resembles
how different segments of the polymer move in response to
the mean-field generated by other segments. Consequently,
the Gaussian closure is equivalent to assuming that the dy-
namics of each segment is fast so that it can explore the full
phase space admitted by the constraints from the neighboring
segments.

C. Effective models based on linear response

In steady state, 1" — oo, the conformation-averaged re-
sponse matrix J(z') becomes time invariant. Integration of
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Eq. (10b) then yields the linear response

X;j(t,1") =[x (1] (13)

ij*

In thermal equilibrium, one has J= —%T MX~! which im-
plies that different energy landscapes for polymer folding
cannot be distinguished at the level of the linear response.
Characteristic signatures emerge only after applying a quench,
at the level of nonlinear responses, or if the energy landscapes
admit multiple stable states. This degeneracy is actually a
feature that allows constructing effective linear models. For
example, for a globule in thermal equilibrium, it implies
that the effective response mimics long-ranged couplings
by Hookean springs. Such power-law couplings have been
proposed by phenomenological linear models to mimic the
structure and dynamical fluctuations of fractal chains [65-68].
The Gaussian closure reveals that this is an internally consis-
tent approach in the vicinity of the steady state, which can
be determined by fixed-point iteration of Eq. (10a), where
the linear response reproduces the relevant dynamical scal-
ing exponents. The framework also enables analyzing the
fluctuations in general polymers beyond the steady state and
complements recent scaling arguments [39,40,69,70].

D. Elimination of translation and swelling

The theory can be further simplified if one constrains
the response matrix in the following way. First, assume that
> i Jin = p1 + O(1/N) with p; constant, which implies that
the polymer experiences either no body force or a harmonic
attraction towards the center of a confinement; the O(1/N)
contribution could stem from nonreciprocal interactions. Sec-
ond, assume that Zn T = p2 with p, constant, which implies
that the polymer in a hypothetical collapsed state experiences
either no directed net force or a harmonic attraction toward
the center of a confinement. Together, this implies that p, =
A= o1+ O(N) = p.

The diffusivity of the center of mass of the polymer, D :=
8, (|JF(t) — F(t)|?) |,=r with F:= Il\,ziri, can be derived by
using Eq. (10a):

1 A 1
D = 55 DMICH + 55 D AC) (AR (14)
Y ij

The first term decays with the length N of the polymer if the
matrix of excitations C is sufficiently sparse. The summand
in the second term is negligible for AR;; > A, where A is
the typical correlation length of the flow. In other words, the
second term also decays with N if the radius of gyration of the
polymer exceeds the correlation length A of the flows, R, >> A.
In this case, the rate of diffusion of sufficiently long polymers,
N — oo, will asymptotically vanish, D — 0. In contrast, if
A > R,, then global advection leads to D — A(C:)(0) with
a correction proportional to RﬁVng (0), which can be seen
by rewriting the Gaussian mean via an exponential Laplacian
[Eq. (A20)].

The dynamics of the radius of gyration of the polymer,

RI=55Y, 7 AR}, can be derived by using Egs. (7) and

(10a), leading to
1
(& —20)R; = = D Q. (15)

with

Q; = {MCM +[A (C;)(0) — DIl — JAR?) (16)

where [ is the identity matrix. The right-hand side of Eq. (15)
is, in the continuum limit, a boundary integral over the poly-
mer contour. It resembles a variational form that must be
minimized with €2; representing a Neumann boundary con-
dition for the mean-squared separation AR?. If the polymer is
not confined, p — 0, and the radius of gyration is the slow-
est degree of freedom next to the center of mass, 9,R, ~ 0,
then the right-hand side of Eq. (15) must vanish and €2; = 0.
Conversely, if the polymer is sufficiently strongly confined,
then one can assume that folding first proceeds by bringing
the radius of gyration to a steady state, 9,R, — 0, followed by
reshuffling of the monomers to generate local structures. This
implies that ©; =  with constant Q& = —2pR;.

Finally, substituting Eq. (10a) in the time derivative of
Eq. (7) leads to a closed equation for the dynamics of the
mean-squared separation:

AR, =[JAR + ARPJT —2MCM],,
+ 2D — 2A(C:)(AR;j) + Qi + ;. (17)

The diffusivity D of the center of mass of the polymer on short
timescales cancels identically if one substitutes the boundary
terms €2; [Eq. (16)]. The remainder of Eq. (17), with ; =0
for unconfined polymers, corresponds to the bulk dynamics of
the mean-squared separation.

If advection is global, with a correlation length exceeding
the radius of gyration, A >> R,, then the explicit bookkeeping
of D in Eq. (17) will prevent diffusion of the center of mass
from unphysically creating a global sink for the mean-squared
separation. Conversely, if advection is local, with a correlation
length much smaller than the radius of gyration, A < R,
then D — O prevents a global source from destabilizing the
system by exciting all pairwise separations AR > A. Thus,
the separation of Eq. (17) into bulk and boundary terms is
important for consistently taking the continuum limit.

E. Polymer response: Potential and nonpotential forces
1. Reciprocal forces

To model the energetics of the polymer, consider the fol-
lowing two main contributions. First, reciprocal harmonic
springs connect different monomers according to the Kirch-
hoff matrix K;; with ), K;; = 0 [32-34,67]. Assuming only
coupling among neighboring monomers, one has

Kij = k|:8i+1,j +8i1,j— Z(5i+1,n + 8[1,;1)8ij]~ (18)

Second, purely local interactions are incorporated via the con-
tact kernel 6(7, a) with a the contact range [Eq. (8)]. Together,
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the conformational energy is given by

E=). B i =) +y 8(ri =, a)}, (19)
<j
up to the second virial coefficient y [2]. Here, y > O corre-
sponds to repulsive interactions indicative of self-avoidance,
whereas y < 0 models pairwise attraction upon contact. After
evaluating the Gaussian integrals, one has

1 8°E
——=tr{ ——— :K,»j—i—S,»j, (2021)

3 8r,-8r_,-

with the self-interactions

Sij = —2m |:yP§(ARij, a)— Y yPi(AR,j.a) 3,,}, (20b)
n
forming a Kirchhoff matrix. These local interactions can be
made specific to pairs of monomers by promoting y to a
symmetric matrix.

The second term in Eq. (20b) is an effective local pressure
which ensures that self-avoidance is reciprocal and which
pushes monomers away from the centroid of the polymer for
y > 0. Compared to the contact probability P, Eq. (9), the
response matrix due to contacts shows an additional scaling
o P?/3. This is because the Hessian [cf. Eq. (20a)] involves
real-space gradients averaged over the chain conformation,
and these distances scale as P~!/3. This interpretation is con-
sistent with the idea that each polymer segment responds to
the mean-field generated by other segments. It also allows
extrapolating that n-body interactions would enter as P?/3 x
P"~! with an additional sum over particle combinations.

2. Nonreciprocal forces from chemical reactions

Finally, the model can incorporate nonreciprocal interac-
tions mediated by, for example, transcribed RNA, as we have
recently investigated using Brownian dynamics simulations
[51]. Assuming that RNA diffuses quickly compared to chro-
matin fluctuations, the 3D steady-state concentration profile
due to RNA synthesis at a monomer i, diffusion, and degrada-
tion or processing is given by

e*\" —ril/¢i

c(r—r;) « 21

Ir—ri|
with ¢; the diffusion length of the specific RNA species.
Gradients in this concentration profile generate forces that
act on other monomers, potentially mediated by biomolecular
condensates, and can be approximated by [51]

b e*\"j*"i\/zi
=Yg 22
Xj Z J Sl'j |rj—ri| ( )

where the nonsymmetric matrix Bj; indicates how strongly
monomer j is attracted (negative values) or repelled (positive
values) by the typical amount of RNA produced at monomer
i. This amounts to nonreciprocal, screened Coulomb inter-
actions. Their contribution to the effective response matrix,
Eq. (12), is given by

8 Bji (AR Bjn (ARG
<8_ri.Xj>=£_»3b< )2 e )pe @

mean-field theory of self-avoiding, active heteropolymers

(a) non-uniform excitations (b)  correlated excitations
tension bulk
) propagation correlation source

%

< boundary correlation source

L /7

j=s

(c) nonreciprocal interactions (d)  reciprocal interactions
s Qoo (0] (o)

j<_ - AR

FIG. 1. Effective diffusion of pairwise squared separations and
correlations in the dynamical mean-field theory. Pairwise squared
separation AR? for a discrete heteropolymer consisting of N =
1000 monomers that repel each other (virial coefficient y = 1),
are connected by nearest-neighbor springs (stiffness k = 1/2),
and experience thermal excitations (diffusion coefficient 7' = 1).
The Gaussian pairwise contact probability is P = (27 /3)"3/2AR73.
(a) Increasing the magnitude of excitations in the central segment
(by x7.5) locally stretches the chain as reported in Ref. [30]. The
underlying mechanism is an increased boundary source (influx) of
correlations, equivalent to a sink for the mean-squared separation.
(b) Correlated excitations (C;; increased by +0.5 in the dashed
region) locally condense the chain as reported in Ref. [30]. The un-
derlying mechanism is a bulk source of correlations, equivalent to a
bulk sink for the mean-squared separation. (c) Molecules produced at
a locus i = 0.75N nonreciprocally attract the locus j = 0.25N with
interaction parameter Bj; = —25, following the condensate-based
mechanism discussed in Ref. [51]. This leads to a characteristic
line in the squared separation and contact maps. (d) If the long-
ranged interactions are reciprocal, Bj; = B;; = —25, then one finds
two characteristic lines. Pairwise squared separation maps are shown
at + = 1000 after numerically integrating Eq. (17). The system was
initialized at + = O with the conformation of an equilibrated Rouse
chain. All interactions were cut off at the monomer size a = 1.

with b(r) :== —(4mr3)~™V2 4 (wr)~1/? — e’erfc(r'/?) scaling
as b(r) ~ —(4mr3)~Y/2 for r — 0 which corresponds to large
diffusion lengths. Note that the function b(r) is strictly
negative and increasing monotonically with r. The above
long-range interaction terms diverge at contact, ARizj — 0 be-
cause of the point source in Eq. (21) and because the gradient
is evaluated at a single point in Eq. (22). In simulations, this
must be regularized, AR%i —d+ ARlzj, which effectively
corresponds to a cutoff at the finite monomer size a.

Figure 1 shows simulations of the specific model discussed
in this section. These calculations recover our prior results
based on linear response theory and Brownian dynamics sim-
ulations for (a) nonuniform and (b) correlated excitations [30].
The structure of the dynamical mean-field theory with sources
of correlations on the boundary (i = j for discrete chains,
s =5 in the continuum limit) and in the bulk (i # j for
discrete chains, s # s in the continuum limit) is independent
of nonlinearities such as self-avoidance. This explains why
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the linear response theory was so successful in predicting
Brownian dynamics simulations [30]. If biomolecules such
as RNA are produced at a specific locus i = s, such as a
promoter, then the resulting gradients can attract a different
locus j = s/, such as an enhancer with a bound biomolecular
condensate [51]. The theory predicts that in contact maps,
such nonreciprocal interactions show as a (c) contact line that
is nonsymmetric about the normal vector on the boundary. In
contrast, reciprocal interactions show as (d) two contact lines
that are symmetric about the normal vector on the boundary
and intersect at i = j. Although the inverse statement does
not automatically follow, because different mechanisms can
create similar conformations, this prediction can be tested by
digestion of RNA.

IV. CONTINUUM LIMIT REVEALS DIFFUSION
ON A TRIANGULAR DOMAIN

The discussion so far has developed a mean-field theoreti-
cal framework for studying the dynamics of active polymers,
which generalizes previous self-consistent Gaussian approxi-
mations of passive polymers [46-50], and has been centered
around a discrete chain. To extract further insights, now
consider the continuum limit by mapping discrete monomer
indices to a continuous sequence space, i > s/ds, where the
discretization ds is taken equivalent to the contact range or
the monomer radius, ds = a. This mapping turns the corre-
lation and mean-squared separation matrices in Eqgs. (10a),
(10b), and (17) into continuous functions such as X;; —
X(s,s') and AR}, = AR(s,s). In this formalism, the re-
sponse of the system is described by the operator f,-j —
J (s, s') which characterizes tension propagation via different
mechanisms. Finally, tensor contractions over a monomer in-
dex become convolutions in sequence space, e.g., Ji,X, i
I dxJ (s, x)X (x, s), in short JX (s, s'), where the placement
indicates what variable the operator acts on. This operator for-
malism will enable a more intuitive discussion and, moreover,
a mapping to fractional diffusion in different self-consistent
scaling regimes, which will enable operator classification.
Conceptually, it reframes the dynamics of polymer con-
formations as a 2D diffusion problem that represents the
propagation of tension in sequence space (Fig. 1).

A. Rouse polymer

To gradually build intuition, first consider the simplest
possible scenario of a Rouse chain, with interaction ma-
trix K = k [8i41,j + 8i—1,; — 28;;] corresponding to Hookean
springs between neighboring monomers, in absence of spatial
excitations, A — 0, self-interactions, y — 0, and hydrody-
namic interactions, M; ;i —> &;j. In the continuum limit, the
springs between neighbors correspond to a Laplace operator
leadmg to the response operator 7 (s, s') = k(s — s )8 2
short j = /<8s , with tension ¥ = k ds®. Thus, Eq. (10a) can
be interpreted as a diffusion equation

X (s,8) =k [8] +37]X (s, ") + C(s, 5). (24)

Since the continuum limit corresponds to the number of
monomers N — 0o, the equivalent of Eq. (17) is given by

FAR (s, s') =k [3] + 97| AR (s, 5') — 2C(s,5)).  (25)

This reveals in a transparent way, without resorting to Fourier
transforms or mapping to an equivalent equilibrium system,
how correlated excitations reduce the mean-squared sepa-
ration between different loci [30]. Moreover, if the springs
between neighbors can vary in stiffness, then the 1D response
operator will be modified to a Sturm-Liouville form, J =
dsk 05, incorporating space-dependent diffusion.

Due to symmetry under relabeling s <> s, the relevant
domain for this diffusion process can be considered as the
triangular half-space defined by s > s'. Spatially independent
but nonuniform excitations, C(s, s') = C(s5)8(s — s') lead to a
Neumann boundary condition,

C(is) 1

2 2
for the slope of the two-point correlation function. This can be
derived by integrating Eq. (24) along an infinitesimal segment
perpendicular to the boundary (s = s’) and taking into account
that X (s, s') ~ X (s — s') for s — . It also reveals that corre-
lations are injected at the boundary (s = s’) and propagated
away by tension, which explains how patterns imposed by
nonuniform activity emerge [30]. For the mean-squared sepa-
ration, the Neumann boundary condition reads

C /
oy = S J30. 27)
2k

This mapping turns the uniform, and even the nonuniform,
Rouse model into a fairly simple initial value problem. For
example, for uniform excitations C(s) = Cy, integration im-
mediately leads to AR?(s, s') = g—:{’ |s — s'| in steady state. For
nonuniform excitations C(s), one can use a separation-of-
variables ansatz to recover the Green’s functions discussed in
Ref. [30].

VX(S, S/)|s:s’ = - ésfs’s (26)

VAR (s,

B. Zimm polymer

Next, consider a polymer with hydrodynamic interactions
according to the Zimm kernel [Eq. (11)] and nearest-neighbor
springs as before. Taking the monomer radius a =ds — 0
according to the continuum limit leads to

2X(x s")

JX(S S)—[DQK/ AR( ), (28)

for an infinitely long polymer. Now consider a locally ho-
mogeneous and scale-free region of the chain in which

AR(s, x) = L'~"|s — x|" with L some local length scale,
OO 2X , /
IXGs, s)_,/ D()K— ax= o |Sv). (29)
§s—X

With 0 < 1 —v < 1, this can be rewritten using the Riesz
potential from fractional calculus [71], which effectively de-
fines an inverse fractional Laplacian and leads to the following
response operator, written in short form:

A «/677 2 v=1
=Dy———— (—L?3}) * k0] 30
J Or(u)cos%( 5) 30)

50
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where I' is the Gamma function. Equation (30) indicates a
composition of the hydrodynamic mobility operator and the
tension operator. This reveals that hydrodynamic interactions
can be interpreted as fractional diffusion of tension. For the
passive Zimm model whose steady-state conformations match
the Rouse chain, v = 1/2, this immediately recovers tension
propagation of wave modes g according to ¢*/? in absence of
self-interactions [2].

C. Self-interacting polymer

Finally, consider self-interactions according to Eq. (20b).
Taking the monomer radius a = ds — 0 according to the
continuum limit leads to [cf. effective contact kernel Eq. (9)]

o 3y [T Xs) = X(s.8)
SX(s,s') = a<27r> [wdx ARG x) , (3D

for an infinitely long polymer. Now consider a locally ho-
mogeneous and scale-free region of the chain in which
AR(s, x) = L'™"|s — x|” with L some local length scale,

3
3 LSU 3 3 00
SX(s,8) = L= / dx
a L> \ 27 oo

For 0 < 5v — 1 < 2, this can be rewritten using the Riesz
fractional Laplacian [71], which leads to the following effec-
tive self-interaction operator, written in short form:

s=_71 ( s )2;(%233)5”21. (33)

a L4\27 I'(5v)cos S”T"

X(x,s')—X(s,5")
|s — x|5 ’

(32)

Here, several interesting comments are in order. For 2/5 <
v < 3/5, the hypersingular integral defining the fractional
Laplacian is evaluated by calculating its principal value. In the
limit approaching the Flory scaling of a self-avoiding chain,
v — 3/5, it converges to the regular Laplacian but requires
additional regularization to be integrable for v > 3/5. The
reason is that, for v — 3/5, Eq. (32) diverges logarithmically
as log N unless there is a short-distance cutoff (monomer
size a) and a long-distance cutoff (polymer length Na). This
divergence can only be absorbed by asymptotically weakening
polymer self-avoidance, y /a ~ 1/log N — O.

Nonetheless, the self-interaction operator remains well
behaved even without such regularization for the accepted
scaling of a self-avoiding chain, v = 0.588. If one singles out
the propagation of contacts alone, and neglects tension, for
example when the polymer is initialized in an overcompacted
nonequilibrium state, then the theory predicts a dynamical
scaling of ¢°’~! with wave mode ¢ for free-draining polymers
and, using operator composition with hydrodynamic interac-
tions, ¢®"~2 for Zimm chains. Importantly, this analysis is
separate from the dynamical fluctuations of polymers around
their steady state, which should be evaluated with Eq. (10b)
yielding different dynamical scalings, namely ¢'*2" for free-
draining polymers and ¢” for Zimm chains.

V. ASYMPTOTIC SOLUTIONS
A. Flory scaling, chain collapse, and globule

By combining the Gaussian closure with fractional calcu-
lus, the previous section effectively linearized hydrodynamic
interactions and self-interactions of polymers in approx-
imately homogeneous, scale-free regions. The payoff of
this analysis is that it enables an analytical derivation of
the asymptotic behavior of the mean-squared separation
AR?(s,s') = L*>7%" |s — §'|*", where As = |s — §'|, and a self-
consistent selection of the corresponding scaling exponent v.
To validate the theory, first consider how it recovers classical
results such as the Flory scaling of self-avoiding polymers
[72], which was originally based on arguments for the primi-
tive probability density, in thermalized polymers with contact
energy y # 0 and with reciprocal couplings. In comparison to
previous work recovering these scalings via spectral analysis
of a mean-field theory of passive polymers [47], the sequence-
space analysis below gives access to the sign of each term and
thus, beyond power counting, allows discussing stability.

The asymptotic solution of Eq. (17) requires identifying
and balancing the dominant terms according to their magni-
tude and sign. In this section, I will neglect hydrodynamic
interactions because they do not affect the steady state of
passive polymers. The tension term is
2v-2

.G

s—

L

and becomes marginal for Rouse chains, v = 1/2. Near the
boundary, As~ 0, the kink in the mean-squared separation
causes the tension term to scale as ~ + As2'~2 and balance
the excitations ~ — As~!, again consistent with Rouse behav-
ior and with directly integrating Eq. (25). Pairwise contacts
contribute [Eq. (33)]

; A
SAR? + ARS = ! ( 3 )2(C057 —1)

a L>\2m cosS”T”

k(37 + 37)AR* = 4kcv(2v — 1)

1-3v

, (35)

s—s
L

for v > 1/3, where B is the Beta function. The scaling of this
pairwise interaction term can also be extracted from Eq. (31),
and generalized to n-body interactions based on the following
argument.

Within the Gaussian approximation, one can factorize
n-body interactions into n — 1 pairwise contacts. The prob-
ability of each pairwise contact scales as the volume explored
by the chain, P ~ AR~ ~ As™3". An operator that weighs
the contact energies for n contacts requires self-convolving
P« Px---x P, where the contact probability appears n — 1
times. Together with the convolution required for the action of
the operator, one has a scaling As"! from the convolutions,
and a scaling P"~! from the contacts. Finally, taking the Hes-
sian of the contact energy contributes AR ~ As~2”, which
is canceled by the scaling of the mean-squared separation
AR? ~ As? that the operator acts on. Together, this means
that for n-body interactions, the corresponding term in the
dynamical mean-field theory will scale as y, As"~ D=3V with
v» the corresponding virial coefficient. This classification of
the operators and the corresponding terms in the dynamical

x BQ2v+1,3v — 1)’
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passive, free-draining polymer mechanics
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FIG. 2. Asymptotic analysis of a passive polymer. Hydrodynamic interactions are irrelevant for the equilibrium steady state and were
therefore neglected. The box depicts the different competing terms in the dynamical mean-field theory [Eq. (17)] and their asymptotic
behaviors. Lines indicate the scaling exponents of the different labeled terms, assuming that the mean-squared separation has a typical exponent
2v, and their sign (magenta indicates negative, blue indicates positive). Stable states require lines of different signs to meet, and blue lines to
have larger slope than magenta lines. (a) The Rouse chain is the simplest model of a polymer. For As ~ 0, the competition between tension
and thermal excitations defines AR?> ~ As and sets the Kuhn length. For As > 0, there is no additional term that could compete with the
tension, which therefore self-tunes to the marginal state v = 1/2. (b) For self-avoiding polymers, pairwise repulsion competes with tension
and therefore leads to the classical Flory scaling v = 3/5 at the level of power counting. The pairwise interaction term scales as log N at the
Flory fixed point and thus diverges for infinitely long continuous polymers. Hence, this fixed point can only be approached from below unless
the interaction parameter is asymptotically rescaled (regularized). (c) Self-attracting polymers collapse to a dense globular state with v = 1/3,
which is stabilized by three-body (ternary) interactions. Note that the pairwise interaction term also has a pole for v — 1/3, which, however,

can be balanced by higher-order interactions.

mean-field theory allows analyzing which asymptotic scaling
exponent v is realized in different regimes (Fig. 2), as will be
explained next.

For nearby monomers, As — 0, the combination of terms
with opposite signs and the steepest scaling dominates
3, AR%(s, s') [cf. Eq. (17), box in Fig. 2] and must therefore
balance to prevent divergence. In this regime, as mentioned
above, the Rouse scaling v = 1/2 is stable because tension
balances excitations, as shown schematically in Fig. 2(a), as
well as repulsive ternary interactions. For distant monomers,
As — o0, purely local excitations and terms with the steep-
est scaling vanish. Instead, the combination of terms with
opposite signs and the shallowest scaling must balance. For
a Rouse chain, because there is no other term to compete
with, the tension self-tunes to v = 1/2 where it becomes
marginal [Fig. 2(a)]. For self-avoiding polymers with y > 0,
regularized so that y log NV is finite, the classical Flory scaling
v = 3/5 [2] is stable because tension balances repulsive bi-
nary interactions, as shown in Fig. 2(b). Finally, self-attracting
polymers with y < 0 collapse to a disordered (Lifshitz) glob-
ule v =1/3 [73], where attractive binary interactions are
balanced by repulsive ternary and higher-order interactions,
as shown in Fig. 2(c). This asymptotic analysis can be gener-
alized from 3D to higher dimensions.

In addition to recovering these textbook results, the theory
also allows one to deduce which regimes cannot be realized

and why. Because tension according to Eq. (34) is marginal
in the Rouse case, v = 1/2, it is always destabilized by
pairwise repulsive or attractive interactions. Similarly, v =
2/3 indicative of a competition between local excitations
and self-attraction, is destabilized by finite tension which
causes the polymer to contract. Finally, for self-avoiding
polymers with nonregularized y > 0, see discussion below
Eq. (33), the polymer can only approach the Flory scaling
from below because the contact operator becomes singular
for v = 3/5. Together, these results indicate that the dynam-
ical theory derived from a Gaussian closure that truncates
the correlator hierarchy at pairwise interactions is consistent
with classical equilibrium polymer literature. In the next sec-
tion, this nonperturbative method will be used to study the
dynamics of active polymers in the presence of hydrody-
namic interactions, which is widely considered analytically
challenging.

B. Correlated random flows can stretch or compact polymers

Finally, motivated by experimental measurements of co-
herent chromatin motion [18,19,21], I will study how polymer
conformations can be reorganized by spatially correlated ad-
vection. Active flows in the cell nucleus decorrelate on a
timescale of seconds [18] and thus can be considered ap-
proximately Markovian for sufficiently slow conformational

045406-8



DYNAMICAL MEAN-FIELD THEORY OF ACTIVE, ...

PHYSICAL REVIEW E 114, 045406 (2026)

Zimm vs. Rouse active polymer mechanics
2 AR _ fluigl . tensioq n-body thermal active
ot coupling propagation interactions excitations flows
As2” Ag2v—2 Ag(1=3v)(n=1) As~! for As ~0
(a) active Rouse polymer (b) active Zimm polymer
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4 35 2 53 4 35 2 53
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FIG. 3. Asymptotic analysis of an active polymer. The box depicts the different competing terms in the dynamical mean-field theory
[Eq. (17)] and their asymptotic behaviors. Lines indicate the scaling exponents of the different labeled terms, assuming that the mean-squared
separation has a typical exponent 2v, and their sign (magenta indicates negative, blue indicates positive). Stable states require lines of different
signs to meet. Insets depict predicted behavior of the root-mean-squared separation AR(s, ') between monomers s and s'. (a) Active fluid flows
cause an effective straightening and swelling of Rouse chains on intermediate length scales. Conversely, it appears as if the regions receiving
correlated excitations are more compact than the regions receiving independent kicks. (b) Hydrodynamic coupling changes the scaling and
sign behavior of the different competing terms in the dynamical mean-field theory of Zimm polymers. This enables active fluid flows to create
a new stable fixed point v = 1/4 that would be prohibited in absence of hydrodynamic coupling.

changes. For the spatial profile of the active flows, consider
finite-range correlations Cg(r) = 8(|r], 1) [cf. Eq. (8)]. The
micron-scale correlation length A [18] far exceeds the range
of molecular contacts, A 3> a. It defines a typical crossover
distance AR ~ A between different polymer behaviors.

Due to the large length of chromatin, I assume that its
center-of-mass diffusivity induced by coherent active flows
is small, D — 0. The additional growth rate of the mean-
squared separation according to Eq. (17) is given by [cf.
Eq. 9)]:

%

(Ce)(AR) = [2?”(,\2 + ARZ)} . (36)

As in the last sections, I will study locally homogeneous
and scale-free regions of the polymer in which AR(s, s') =
L'=|s — §'|” with As := |s — s’|. The conformation-averaged
correlation function of the active flows asymptotically
approaches

Co) — 3
(§>_(E)

In principle, one can use the logic outlined below to also con-
sider power-law correlated flows C¢(r) ~ 1/|r|", which scale
as As™" and are thus equilibrium-like for n = 1, finite-range
like for n = 3, and require regularization to prevent a UV
divergence for n > 3.

[

1 |s=s

{;—3, for AR < 4,
L’ L

3 (37
| 7, forAR > A.

1. Actively stirred Rouse polymers effectively straighten

For simplicity, in this section, I will neglect hydrodynamic
couplings and self-interactions among the monomers of the
chain. In this case, there are only two terms that can po-
tentially compete on large length scales, namely tension and
active fluid flows. Naive matching of the scaling exponents
suggests an asymptotic scaling v = 2/5 for finite-range cor-
related flows, which is more compact than a Rouse chain but
less compact than a globule [73,74]. However, as shown in
Fig. 3(a), this fixed point cannot be realized because the ten-
sion of a free-draining polymer changes sign for v < 1/2 so
that it matches the sign of the flow correlations. Consequently,
on large length scales, the polymer conformations resemble a
Rouse chain with v = 1/2. For monomers s and s’ that are suf-
ficiently close in sequence space, the flow correlations saturate
[Eq. (37)] and admit a fixed point v = 1 where the chain is
effectively straightened. Finally, for neighboring monomers,
As — 0, the polymer again recovers Rouse behavior v = 1/2
due to the Neumann boundary condition.

If chromatin undergoes spatially correlated nonequilibrium
excitations as recently inferred from pairwise locus tracking
experiments and simulated with Rouse phantom chains lack-
ing hydrodynamic coupling [23], then this structural signature
should be visible in contact frequency data. Interestingly, note
that excitations correlated in real space map, via the Gaus-
sian approximation and mean-squared separation, to effective
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excitations correlated along the sequence of the chain. Thus,
the theory predicts that the regions |s — s'| — 0 experiencing
correlated excitations are more compact, in the sense of a
smaller slope of 3, AR?, than distant regions experiencing un-
correlated kicks. This is consistent with linear response theory
and simulations in our previous work, where correlated kicks
led to an effective attraction among monomers independent of
distance in sequence space [30].

2. Actively stirred Zimm polymers appear
to undergo hypercompaction

The structures of a passive Zimm chain and a passive
Rouse chain are identical in thermal equilibrium. However,
these two models differ in how tension propagates and in
how the passive steady state is achieved, with fundamental
implications for the dynamics of active polymers. To illustrate
this point, first consider thermal excitations, which are purely
local in the Rouse model, MCM =TI = (Ta) §(s — s') with
I the identity operator, but are nonlocal for a Zimm polymer
(Eq. (1D)],

N N 6
MCM =TM = (Ta) | —Dy —,
T AR

in the continuum limit ¢ — 0. Assuming a locally homoge-
neous and scale-free region of the polymer as before, one has

(38)

~ ~ Ta |6 -
MCM = — ./ =D,
L b4

s—s
L

(39)

This nonlocality implies that thermal excitations gener-
ally cannot be assumed to vanish for any As > 0. As a
consequence and in contrast to the Rouse model, the hydro-
dynamically coupled tension [Eq. (30)],

D()K A/ 6

Dok VO 50
L2 F(v)cos%( a’)

1+v
2

JAR* = AR*,  (40)
where I have used the semigroup property of the Riesz Lapla-
cian, cannot self-tune to become marginal in steady state.
Instead, it must have a positive sign on all length scales,
which is indeed the case for all 0 < v < 1 as confirmed by
substitution of the scaling ansatz,

V6rT(2v + 1) <nv>
————— " tan

2(v) 2

v—1

. @D

s—s

7AR*> = 2D
J s 7

Incorporating hydrodynamically coupled self-interactions in
the response operator, j — j =+ js, proceeds analogously
and leads to the typical scaling JsAR* ~ As!~v+=D(01-3v)
from the convolution of the n-body interactions with the Zimm
kernel.

Figure 3(b) shows how these different physical mecha-
nisms interact. For monomers s and s’ that are sufficiently
close, AR(s, s') < A, the flow correlations saturate [Eq. (37)].
For neighboring monomers, As — 0, the Neumann boundary
condition dominates and forces the Rouse scaling, v = 1/2,
which crosses over to an active shear-induced straightening
of the polymer, v = 1. For monomers that are sufficiently far
apart, AR(s, s’) ~ A, the flows begin to decorrelate accord-
ing to Eq. (37), and the dynamics admits a new fixed point
v = 1/4 balanced by polymer tension. Such a hypercompact

scaling with fractal dimension 1/v = 4 has been observed in
chromatin [75] and prompted theoretical interest [35,37,76].
The active Zimm theory recovers this anomalous scaling
without invoking loop extrusion [76]. Although the above
scaling appears hypercompact, it is an intermediate regime
that appears directly after an intermediate swelling regime. It
cannot be valid for arbitrarily large distances As in sequence
space because states that are more compact than a globule are
prohibited. In agreement with this physical intuition, active
flows decorrelate more steeply than thermal excitations for
monomers that are far apart, which restores Rouse scaling
even without invoking self-avoidance.

VI. DISCUSSION

In summary, a main contribution of this work is a simple
analytical framework based on a Gaussian approximation,
which allows analyzing the conformational dynamics of
active, hydrodynamically coupled, and self-interacting het-
eropolymers such as chromatin. Compared to analogous work
for passive polymers [46-50], the derivation does not rely on
the existence of a free energy describing the conformations
of the polymer. Therefore, the framework can be applied to
active polymers that feature broken detailed balance and non-
reciprocal interactions. This was demonstrated for a scenario
in which a chromatin locus produces RNA that attracts a
different chromatin locus but not vice versa [51].

The unified framework geometrically interprets polymer
folding as a nonlinear and nonlocal diffusion of the pairwise
squared separation (and thus contact probability) in sequence
space (Fig. 1). In locally homogeneous and approximately
scale-free regions of the polymer, hydrodynamic interactions
and self-interactions between monomers can be formally de-
scribed by fractional calculus modeling anomalous diffusion.
This is analogous to how DNA coiling can facilitate pro-
tein target search by alternating between 1D diffusion along
the polymer and 3D jumps mediated by looping [77-81].
The fractional calculus formalism allows one to interrogate
whether pairs of terms in the dynamical mean-field the-
ory actually compete or not, beyond naively matching their
exponents.

The theory was first validated by reproducing the known
scaling behavior of self-avoiding chains and disordered glob-
ules. The price of its simplicity is the neglect of non-Gaussian
tails in the distributions of conformations. This is internally
consistent when frequent interactions lead to self-averaging,
such as under melt conditions in the dense cell nucleus or
for polymers collapsed to a globule with v = 1/3. How-
ever, in dilute solution, it is well known that the prediction
of Flory theory for the structural scaling exponent of self-
avoiding chains, v = 3/5, which is close to the accepted result
v = 0.588, is based on cancellation of errors. It is there-
fore interesting that approximately Gaussian correlations are
sufficient to suggest an upper bound, v < 3/5, because the
conformation-averaged contact response [Eq. (32)] diverges
logarithmically with chain length on further approach to the
Flory fixed point.

The theory was then applied to active polymers under
free-draining (Rouse) conditions and in a hydrodynamically
coupled (Zimm) setting. Interestingly, analyzing the signs of
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the different terms in the dynamical mean-field theory, using
the fractional calculus formalism, prohibited a fixed point
where active hydrodynamic stirring (correlated flows) com-
petes with tension on intermediate length scales for Rouse
polymers, but allowed the same balance for Zimm chains. In
the latter scenario, for different loci s and s’ that are further
apart than the correlation length A of the flows, AR(s, s') > A,
the theory predicts intermediate-scale hypercompaction with
fractal dimension 1/v =4 in actively driven Zimm chains.
Note that this fractal dimension cannot hold on arbitrarily
large length scales and, indeed, the polymer returns to a
Rouse-like structure for sufficiently large distances.

Active hydrodynamic stirring also causes an intermedi-
ate straightening regime on length scales where the distance
between different loci s and s is below the correlation
length A of the flows, AR(s,s’) < A. This is analogous to
the coil-to-stretch transition of polymers in turbulent flows
[82]. This swelling effectively renormalizes the Kuhn length
and, conversely, it appears that nearby monomers, which re-
ceive correlated excitations, are more compactly organized
than far-away monomers, which receive independent kicks.
This observation agrees with our previous work [30], where
correlated excitations effectively induced attraction between
different genomic loci. It will be interesting to explore how
this couples to other mechanisms that can bring polymer loci
together, such as correlated hydrodynamic fluctuations induc-
ing capillary forces between biomolecular condensates [59]
and chemical reactions mediating nonreciprocal interactions
[51].

At the level of contact maps, each nonequilibrium model
studied in this work can be mimicked by a linear response
theory in which the polymer folds due to additional Hookean
springs [30]. However, they differ at the level of their response
to perturbations and, moreover, have distinct experimentally
testable signatures. For example, the theory predicts that RNA
synthesis at promoters, when combined with RNA gradient
sensing at enhancers [51], would lead to line-shaped features
in contact maps [Figs. 1(c) and 1(d)]. Conversely, if digestion
of RNA abolishes such features, then it would be a strong
indicator for a gradient-sensing mechanism.

The theory also predicts that, depending on the length
scale, active shear flows lead to chromatin straightening or
compaction (Fig. 3); this could be tested experimentally by
modulating cytoskeletal forces. Interestingly, for free-draining
polymers, active shear flows with large correlation length
[Fig. 3(a)] have the right scaling and sign to compete with
collapse due to self-attraction [Fig. 2(c)], indicating an ac-
tive globule-to-stretch-to-coil transition. This proposed active
globule state would be compact (v = 1/3) on large length
scales exceeding the flow correlation length, causing contacts
between regulatory elements to depend only weakly on ge-
nomic distance; straightened on intermediate scales, possibly
preventing compaction of individual genes; and Rouse-like on
short length scales.

In future studies, this framework can be further tested
by studying the propagation of tension along chains that
are inextensible [83], incorporating hard confinement, and
considering higher-order interactions. For example, self-
attraction overcoming tension and competing with bending
could lead to Allen-Cahn or Cahn-Hilliard like dynamics [84]

and thus phase separation in sequence space, analogously
to microphase separation in block copolymers [45]. Spin-
odal decomposition during collapse has been studied for the
equilibration of passive homopolymers and heteropolymers
[46,48,49], but the role of active processes is currently under-
explored. In this context, the present framework could directly
enable studying the effect of heterogeneous active processes
in the sequence and embedding space on, for example, mul-
tistability [49,50]. Moreover, future extensions could include
non-Markovian effects due to active tension fluctuations [85],
viscoelastic memory of the surrounding solvent [86], non-
stationarity of concentration profiles, and self-propulsion of
chemically active condensates [87—89] at specific genomic
loci, which could lead to motility-induced phase separation
[90].

More generally, mapping the problem of active polymer
folding to nonlocal diffusion and reaction among pairwise
contact probabilities opens a path towards the analytical study
of the joint dynamics of chromatin-bound proteins and chro-
matin folding with the rich machinery of reaction-diffusion
systems [44]. In this context, the coupling between concentra-
tion fields and geometry [91], both along the chain and in the
nucleoplasm, could be particularly promising.
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APPENDIX: DERIVATION OF MEAN-FIELD EQUATIONS

First, write out Eq. (4) component-wise with Latin indices
indicating sequence space and Greek indices indicating real
space,

() = M (riOD L)+ nf (O] + & ). 1), (A1)
As discussed in the main text, consider timescales on which
the random variables » and & have decorrelated, which im-
plies that they should be seen as the long-timescale limit
of correlated fluctuations. Consequently, Eq. (A1) should

be interpreted in the Stratonovich sense. After multiplying
Eq. (A1) with r} (¢') and averaging over the noise,

ay(re @y (1)) =([MF () fEO]ry )
+ (M oDl @ory )
+ (E% i), 1) 1] (11). (A2)
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Apply the Novikov-Furutsu theorem [57,58] to the first
term on the right-hand side with r as random variable, and to
the second term with # as random variable. For the third term,
also apply the Novikov-Furutsu theorem but take into account
that the noise is evaluated at random locations. Together,
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Now substitute the covariances of the two different noise
terms defined in the main text, namely Eqs. (2) and
(3). Moreover, use spatial isotropy which in 3D indicates
(r (t)rn @) = (rm(t)or,,(t/))%ég,,. After contracting over
the Greek indices,
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Consider that the flow is incompressible, whereby the spatial
divergence of the mobility tensor must vanish at any point in
space and that the deterministic forces are Markovian (that is,
only depend on the current state and not on past times),
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where the effective response matrix is given by

3f )>

Sry (1)
After applying the product and the chain rule to the second
term on the right-hand side of Eq. (AS5),
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The second term on the right-hand side can be further sim-
plified by using 8r7(t)/8n},(t) = Mgf, which follows from

pm>

Eq. (4), and applying the Novikov- Furutsu theorem [57,58],
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Continue manipulating this term by using spatial

isotropy, whereby (ry (t1)r®(t')) = (ry(t) - rn(t/))%Sm, and
incompressibility of the fluid, whereby the spatial divergence
of the mobility tensor must vanish at any point in space,
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The theory can now be further simplified by eliminating the
second term on the right-hand side in one of two equivalent
ways. Orientational averaging, Mf‘jﬂ — tr(M;;)dap/3, which
provides a decent approximation of hydrodynamic interac-
tions [94], turns the gradients of the mobility tensor into
divergences of the mobility tensor, which vanish due to fluid
incompressibility. The same simplification can be made with-
out orientational averaging, by reasoning that SMI‘;‘,Q /01 (t) ~
840080, and also using fluid incompressibility. Thus, one has
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Now consider the different temporal regimes of Eq. (A10).
Because of the intrinsic symmetry of the two-point correlator,
(ri(t) - r,(t")), focus on the domain 7 >t without loss of
generality. The second and third lines of Eq. (A10) indicate
the response of the system at time 7’ to perturbations applied at
time ¢. Causality whereby an event in the past cannot depend
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on the future implies

O (ri(t) - ru(t)) = Jinlrw(@) -ra(t")) for t>1', (All)

corresponding to Eq. (10b) in the main text. Thus, now only
the initial condition at # = ¢’ needs to be determined.
When approaching t = ¢’ from ¢’ < #, one has [Eq. (A11)]
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When approaching t = ¢’ from ¢’ > ¢, one has [Eq. (A10)]
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The term in the second line can be simplified using
ory (t)/Sn,’fl(t) = M,‘;‘,g, which follows from Eq. (4). The term
in the third line can be simplified using &ry (t)/687 (x,t) =
8(x — ry(t))8y,, which also follows from Eq. (4). Together,
this gives
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Finally, the covariance of the mobility tensor in the term on
the second line can be simplified either by using orientational
averaging or by reasoning that in an isotropic system the
matrix A%? = (Mf‘jﬂ M%) can only have diagonal entries and
that each diagonal entry must have the same value, A% =
é(M};)’M;’,;’ )8up. In summary, invoking isotropy essentially

amounts to orientational averaging, and one has
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where 1 have defined the same-time correlator X;,(t) :=
(ri(t) - r,(t)). To deal with the spatial noise, consider the Tay-
lor expansion
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After using Wick’s theorem, and the independence of

fluctuations along the d = 3 orthogonal spatial directions,
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This can be rewritten to
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Summation leads to
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where I have assumed that the correlation function is isotropic,
Ce(x) = Ce(|x]).

Finally, to simplify dealing with the hydrodynamic self-
interactions coupling to the excitations, I apply preaveraging
of the Zimm kernel,

My ~1M;, with M; = 1({r(M;)), (A21)

which corresponds to Eq. (11) in the main text. This recovers
Eq. (10a) in the main text
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where 1 have used that C;; and M,A.,- are both symmetric.
Note that the preaveraging approximation is only a choice to
simplify the calculations, and not necessary to carry out the
Gaussian averages. Also applying the preaveraging approxi-
mation of the Zimm kernel to the effective response matrix
Eq. (A6) for consistency yields Eq. (12) in the main text
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