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We investigate mixed eigenstates in systems with sharply divided phase space, using different piecewise-
linear maps whose regular-chaotic boundaries are formed by marginally unstable periodic orbits (MUPOSs) or by
quasiperiodic orbits. With the overlap index and the entropy localization length, we classify mixed eigenstates
and show that the contribution from dynamical tunneling scales as ~% exp(—b/h), with b > 0 associated with
the relative size of the regular region. The dominant fraction of states that remain sticky to the boundaries,
referred to as sticky eigenstates, scales approximately as /'/? in the MUPO case and oscillates around this
algebraic behavior in the quasiperiodic case. This behavior generalizes established predictions for hierarchical
states in Kolmogorov-Arnold-Moser (KAM) systems, which scale as '~'/7, with y set by the corresponding
classical stickiness reflected in the algebraic decay of cumulative recurrence-time distributions ¢~7. For the
piecewise-linear maps studied here, y = 2. These results reveal a clear quantum signature of classical stickiness

in non-KAM systems.
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I. INTRODUCTION

Rooted in the correspondence principle, long recognized
as a central pillar of Bohr’s philosophical interpretation of
quantum mechanics, the principle of uniform semiclassical
condensation (PUSC) of eigenstates asserts that in the semi-
classical limit almost all eigenstates are either regular or
chaotic [1-3]. Their phase-space representations condense
onto regions exhibiting regular or chaotic classical dynamics
in systems with compact, mixed phase space. The PUSC
further implies that chaotic eigenstates delocalize over the
chaotic component in accordance with random matrix theory
[4-6], whereas regular eigenstates remain confined to quan-
tized invariant tori within the regular region, giving rise to
Berry-Robnik spectral statistics [7-9]. Although this provides
a qualitative picture of asymptotic behavior of eigenstates,
understanding how quantum eigenstates approach this limit
is considerably more challenging. Multiple mechanisms in-
tervene, including dynamical tunneling [10-12], which refers
to classically forbidden transitions between phase-space re-
gions separated by dynamical barriers, and slow relaxation
processes in classical transport that give rise to dynamical
localization and delay the onset of quantum chaos [13-15].

Extensive works have deepened the understanding of dy-
namical tunneling, using approaches such as random matrix
models and the construction of fictitious integrable sys-
tems [16—18]. These studies reveal a tunneling rate scale
as fiexp(—a/h) with a > 0 associated with the relative size
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of the regular region, for the direct regular-to-chaotic tun-
neling, while the nonlinear resonances within the regular
region may significantly enhance this tunneling process. Con-
cerning classical transport, particularly in the vicinity of
the boundary between regular and chaotic regions, studies
of mixed Kolmogorov-Arnold-Moser (KAM) systems show
that cantori-induced stickiness yields a power-law decay
Q(t)~1t~7 of the cumulative recurrence-time distributions
(RTDs) [19]. This indicates that chaotic trajectories can
remain trapped near KAM surfaces for long times before es-
caping, thereby producing intermittent bursts of chaos motion
characteristic of weak chaos. The corresponding exponent
displays a universal character: for bounded phase spaces it
typically satisfies 1.5 < y < 3, whereas in unbounded phase
spaces one finds y ~ 1.5 [20-22].

One quantum signature of universal power-law trapping
is fractal conductance fluctuations in ballistic cavities with
mixed phase space, such as two-dimensional billiards coupled
to two infinite leads, whose fractal dimension is semiclassi-
cally derived as D =2 — y /2 [23-25], A second quantum
signature, identified in studies of the standard map, is the for-
mation of hierarchical states localized near cantori-mediated
structures at the regular-chaotic border. In KAM systems,
the fraction of such states is predicted to scale as ii'~!/¥
[26]. It remains unclear whether an analogous phenomenon
occurs in non-KAM systems, such as piecewise-linear maps
whose regular-chaotic boundaries are formed by marginally
unstable periodic orbits (MUPOs) or quasiperiodic orbits. In
these systems the phase space is sharply divided, similar to
that of mushroom billiards [27-32]. The boundaries between
distinct dynamical regions are simple curves, rather than the
hierarchical structures typical in KAM systems [33-35].

Recently, the concept of mixed eigenstates has provided a
quantitative means to study eigenstates whose Husimi func-
tions overlap both the regular and chaotic regions of phase
space [36-39]. This measure, referred to as the overlap index,
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characterizes the degree to which the phase-space represen-
tation of an eigenstate spreads across the two components.
Moreover, it has been found that in KAM systems the fraction
of mixed eigenstates decays algebraically with the (effective)
Planck constant, as A", with n > 0. It is natural to expect a
connection between mixed eigenstates and hierarchical states,
since the finite width of the coherent states underlying the
Husimi representation tends to smooth or blur hierarchical
eigenstates across the regular-chaotic border.

In this paper, we take advantage of the overlap index and
combine it with another measure, the entropy localization
length, to address both aspects of the PUSC picture, namely
the degree of concentration and the degree of localization.
This allows us to classify mixed eigenstates in non-KAM
systems and thereby identify sticky eigenstates. In particular,
we show that their fraction exhibits a pronounced power-law
decay, with exponents close to those extracted from RTDs.
This combined approach allows us to detect a clear quan-
tum signature of classical stickiness in systems with sharply
divided phase space, generalizing predictions for hierarchi-
cal states in KAM systems such as the standard map. The
sharply divided phase space of the system considered here
provides a simple and transparent setting for examining how
phase space transport structures influence quantum eigen-
states. From this perspective, the results may offer useful
insight into broader questions concerning the mechanisms
behind nonthermal eigenstates, scar-like localization, and de-
viations from full ergodicity in many-body systems [40,41].

The paper is organized as follows. In Sec. II, we analyze the
classical dynamical features of several piecewise-linear maps
with sharply divided phase space, as well as their canonical
quantization on the torus. In Sec. III, we introduce the overlap
index and the entropy localization length, and use them to
identify and characterize the sticky eigenstates. In Sec. 1V,
using random-matrix modeling, we reveal the decay behavior
of mixed eigenstates originating from dynamical tunneling.
Finally, we present our conclusions in Sec. V. Details on the
RTDs are provided in the Appendix B.

II. PIECEWISE-LINEAR MAPS AND THEIR
QUANTIZATION

A. Piecewise-linear symplectic maps

We consider area-preserving, discrete-time classical maps
€2 on a phase space with the topology of a two-dimensional
torus T2, given by the form

(mod 1),
(mod 1), (1)

Pnt1 = Pn + kf(x,)
Xn+1 = Xp + P+l

where k acts as a control parameter that determines the tran-
sition from regular to chaotic (ergodic) dynamics of the map.
When f(x,) = sin(2wx,), the system is the standard map, a
prototype model widely used to study the hierarchical struc-
ture of KAM islands and cantori. Following Refs. [42-44], we
consider two different maps: (i) the continuous sawtooth map
(distinct from the hyperbolic discontinuous sawtooth map
[45—-47]), where

JOa) =1 —12x, — 1], 2

1% >
kf(xn) ’,”
0.5 ,,”
,/” Tn
A 0.2 04/ 0.6 0.8 1
—0.5 1 /'l --- map (1), k=1
AN ’ —— map (ii), k=4
\\\ L’ --- —sin(2rz,), k=1
-1t AV

FIG. 1. Illustration of two piecewise-linear functions alongside
the standard map for comparison.

and (ii)
—Xp if0<x, < %,
f(-xn)= _%"i_-xn lf}‘ g-xn < 43_&’ (3)
1 —x, if 2 <, <1

These two maps can be viewed as linearized versions of
the standard map, with the piecewise-linear function f(x;)
approximating the sine function, as shown in Fig. 1. In
both cases, f(x) can be represented through the Taylor ex-
pansion as the limit of a truncated smooth series f(x) =
limys— oo far(x). For map (i), this gives

M

_ 2 _@=DU
fu) = ; i@ rn S . @

whereas for map (ii), one obtains

L& @D
fM(X) = _E lgo: m Sin 2mx). 5)

For small values of M, the smoothing of fj,(x) induces
tiny island chains around the main regular island, as expected
from the KAM theorem. As M increases, these island chains
generally become less visible as the border between regular
and chaotic regions becomes sharper, in the limit M — oo,
they disappear, as shown in the Appendix A. This occurs
because the limiting potential f(x) violates the smoothness
assumptions of the KAM theorem in a minimal way: It is a C'
but not a C2 function of the coordinate. As a result, the phase
space can be sharply divided, meaning that regular and chaotic
regions of positive measure are separated by nonhierarchical
borders formed by simple curves, in contrast to the hier-
archical structures commonly found in generic Hamiltonian
systems. These borders can arise from MUPOSs or quasiperi-
odic orbits, along which sticky motion occurs. In such cases,
especially those involving MUPOs, the cumulative RTD gen-
erally follows a power-law ~¢~" where y = 2 [33-35] (see
numerical results and discussions in Appendix B).

For k > 2 map (i) is uniformly hyperbolic, since then all
periodic orbits are hyperbolic. It was also proved that [48]
map (ii) is fully chaotic and there are no stable islands in the
phase space for k > 4, while for k < 4 there is an isolated
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FIG. 2. Comparison between the Poincaré sections in panels (al)—(d1) and the SALI plots in panels (a2)—(d2), for maps (i) with k = 1.5
and (ii) with k = 2, 3.5, 4, from left to right. Panels (al)—(d1) show a single chaotic orbit evolved for 10* iterations. The SALI values, shown
on a logarithmic scale in the lower panels, are computed up to 60 iterations. We plot0 < x < 1, -0.5 < p < 0.5in(a)and —0.5 < x, p < 0.5

in (b)—(d) for visualization convenience.

island of regular motion with elliptical shape if

l arccos <lﬁ — 1) eR\Q (6)
b4 2
is an irrational number and a polygonal shape otherwise. More
specifically k = 2(1 +cos %) (n =2, 3,---), a single stable
island appears in the form of a 2n-sided polygon, composed
of periodic orbits of period n.

For both maps, Fig. 2 compares the Poincaré sections with
the smaller alignment index (SALI) plots [49]. As an effective
chaos indicator, SALI tracks the evolution of two random de-
viation vectors w along an orbit, governed by the tangent map
Wy = (092/0%,) - w,, where X, = (x,,, p,). In Hamiltonian
systems with toroidal phase space, a chaotic orbit typically
exhibits a single positive Lyapunov exponent A, and it can
be proven that SALI(¢) o e, In the case of regular mo-
tion, however, SALI(¢) ~ const. > 0 as t — oco. SALI plots
reveal fine structures, similar to finite-time Lyapunov expo-
nents (FTLEs), highlighting the intermittent dynamics along
the boundaries between chaotic and regular regions formed
by MUPOs with null stability exponent, as well as MUPOs
within the chaotic region where stickiness appears as interme-
diate colors.

In the continuous sawtooth map for k=15 [see
Fig. 2(a2)], families of period-three MUPOs appear within
the chaotic region, namely the sets {x = %, é <p< %}, {x =
%, % <p< %} and their images, as well as MUPOs along
the island border, both indicated by intermediate colors. In
map (ii), at k = 2 [Fig. 2(b2)], families of MUPOs lie along
the boundary of the polygonal regular island and also within
the chaotic sea, from two sets {x = p+0.5,0 < x < 0.25},

{x =0.5,0.25 <y < 0.5}, together with their image. At
k = 4 [Fig. 2(d2)] there are no stable islands in phase space,
and only one family of MUPOs of measure zero remains in
the fully chaotic phase space. In particular, on kX = 3.5 on map
(ii) [Fig. 2(c2)], the isolated island is elliptical, as predicted by
Eq. (6), but its border is formed by a quasiperiodic trajectory
rather than MUPOs, and stickiness persists, consistent with
Ref. [34], and there are no MUPOs in the chaotic region.

B. Lagrangian descriptors

Lagrangian descriptors (LDs) were originally introduced
as a tool to identify hyperbolic trajectories (saddle points).
More recently, they have been used as a classical measure to
characterize the phase-space structure of dynamical systems
[50,51], particularly the stable and unstable manifolds of hy-
perbolic invariant sets associated with the unstable periodic
orbits (UPOs), such as homoclinic tangles, since the deriva-
tive of the LD becomes unbounded across these manifolds.
It should be noted that LDs can also be used to determine
whether orbits in a system’s phase space are chaotic or regular,
based on the difference or ratio of the LDs for those orbits and
their nearby trajectories [52]. For area preserving maps, the
LD corresponding to an orbit {x;, p; ﬁfi”[\;l of length 2M + 1
generated by the maps is defined as

LD, = LD; +LD,, 7
or, in a slightly modified form,
LD, = LD; x LD, ®)

with a < 1 and normalizing with respect to the maximal value
of LDs in the phase space, where the forward and backward
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FIG. 3. Lagrangian descriptors for the two maps with a = 0.5, shown from left to right and normalized to their respective maximum LD
values, are presented as in Fig. 2, where the top and bottom panels correspond to integration times M = 10 and M = 60, respectively.

contributions are given by

M—1
LD} =" xig1 — 5l + |pivt — pil*, )
i=0
and
-1
LD, = Z [xir1 — xi|* + |piy1 — pil“. (10
i=—M

The minimal values of the LD naturally occur at fixed
points, as shown in Fig. 3: for map (i) at (0,2/3) and for
map (ii) at (0,0), the latter being independent of k. Both points
lie within the regular island, as revealed by the Poincaré and
SALI plots in Fig. 2. The ridges or discontinuities of LD field
indicate the stable and unstable manifold, or the transport bar-
riers. In particular, the short-time LD field (M = 10) shown
in Figs. 3(al)-3(d1) reveals structures within the chaotic re-
gion associated with the stable and unstable manifolds of the
UPOs. In contrast, the longer time LD field (M = 60) shown
in Figs. 3(a2)-3(d2) highlights MUPOs in the chaotic sea,
as well as those serving as transport barriers at the border
between the chaotic sea and the regular island, in agreement
with the regions shown in intermediate colors in the SALI
plots.

C. Canonical quantization and quantum maps

The phase space of the classical maps is a two-torus, so
quantization imposes the same periodicity on quantum states.
As a result, quantum states are periodic up to phase factors
under translations by the fundamental periods of the torus in
the position and momentum representations [53-56], that is,
the wave function v (x) and 1/7(p) satisfy

Y+ 1) =y, P+ 1) =e T (p), (11

resulting in the quantization of x; = j/N and p; = k/N for
j,k € N. The invariance imposed on the Hilbert space in
both translations implies that the finite dimension of the
Hilbert space should satisfy N = (2 /)~!. The semiclassical
limit # — O thus corresponds to N — oco. The phases 6 =
(61, 6,) € [0, 1]? are at first arbitrary, label a family of Hilbert
space Hy (@), and one obtains the periodic boundary condi-
tions for 6; = 6, = 0, which we will use in the following. A
state [) of Hy admits a natural position representation as a
periodical sum

oo N-1
Y@ = Y Y s — j/N —v), (12)

v=—00 j=0

where ¥; = (x;|Y) and |x;) being the state localized at x =
xj(mod 1), form the complete basis of discrete position states.
One can build an analytical coherent state representation of
‘Hy from the standard Weyl group coherent states on the plane
R2, that |a) = exp(aa’ — a*a)|0) and
el /2

1
(x]er) = G exp{ - [E(oﬂ +x%) — ﬁax]/h}, (13)

where o« = (x +ip)/+/2. By introducing Eq. (13) into
Eq. (12) together with the consistency condition N =
(2w li)~!, the state |/) of Hy can be decomposed by coherent
states on the torus as

N-1

{alyr) =/ dx(alx)y(x) =Y (alx;)y;,  (14)

j=0
where the coherent state in T?2 in discrete position satisfies

(alx;) = (2N) & e 2mNI@ Hal )/ 2= 2ax]

x 63(iN[x; — ~/2&]|iN), (15)
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and 65 is the Jacobi-0 function
o0
o, .
05(z|7) = Z VTV withIm(t) > 0. (16)
V=—00
The unitary operator Uy in Hy, which corresponds to the

classical map, is determined by its generating function of that
map [56-58]
(Un)j.j = (xy|Unlx;)

1 328 (x’, x)
- JUN| axox

the classical map 2 is here denoted as (x, p) — (x/, p’) and

the generating function gives p = —3S(x’, x)/dx and p’ =

aS(x’, x)/0x". It is easy to check that

12
exp(2miNS(xj, x;)), (17)

Xjr,Xj

S, x) = 3(x —x')* + kh(x), (18)
where f(x) = dh(x)/dx. For map (i)
X2+ 1/4, x<1/2,
hix) = {—x2+2x— 1/4, x> 1/2, (19)
and map (ii)
—%xz, 0<x< %,
h(x)={3x*—ix+1/16, ;<x<3,  (20)
x—3x2—1/2, 2<x<,

the unitary operator Uy reads

Uy)j.j= % exp (ZniN[%(x} — x_,-)2 + kh(x‘i)]), 21)
note that here the constant added to /(x) is arbitrary and does
not affect the spectra or eigenfunction statistics.

The canonical quantization of piecewise-linear maps on
the torus yields finite-dimensional Floquet models, in which
the discrete Fourier transform connects the position and mo-
mentum bases and enables a construction from diagonal
phase factors and Fourier-transform blocks. Examples such
as the quantum baker map and the quantum sawtooth map,
have been realized on quantum-information platforms includ-
ing nuclear magnetic resonance and superconducting-qubit
processors [59-62].

III. HUSIMI FUNCTION

The Husimi function as the phase space representation of
eigenstates allows for a direct comparison with the classical
phase space structure. The quasienergy spectrum {¢,} from
diagonalization Uy |e,) = exp(—i€,)|€,), while the Husimi
representation is obtained by projecting the eigenvector onto
a coherent state |o) centered at (x, p) € T2, as defined in
Eq. (15),

2
; (22)

N—1
1 1
Hy(x, p) = llelen)? = 21D enjlaly))
j=0
where ¢,; = (xj|e,) are the coefficients of |¢,) in the position

basis. The prefactor 1 /N accounts for the fact that the coherent
state |o) is not normalized, with (¢|a) = N. For N > 1, we

0.5 0.5

0.0

0.0
2 05 -05 » 05 05

FIG. 4. Three-dimensional representation of the normalized co-
herent state |o) centered at (0.25,0), showing the surface together
with its projection onto the (x, p) plane, for system sizes N = 100
(a) and N = 1000 (b).

show in Appendix C that the coherent state on the torus admits
the asymptotic form

(xjla) > exp (— nNrjz-) exp(—irNp(x + 2r})), (23)

where r; =x; —x — |x; —x+ 4], which is equivalent to
stating that |r;| = dist(x —x;, Z), i.e., the distance from
x — x; to the nearest integer. The coherent state, appearing as
a Gaussian bump in phase space, is the minimum uncertainty
state that saturates the Heisenberg bound AxAp ~ i when
expressed in dimensionless variables satisfying Ax = Ap. For
a coherent state on the torus, this relation becomes AxAp ~
1/(27N), as seen from Eq. (23), the Gaussian form has the
variance Ax = 1/+/2wN. Consequently, the bump becomes
narrower as the system size N increases, as shown in Fig. 4.

The asymptotic form of the coherent state on torus allow-
ing the Husimi function to be simplified as

2\
Hn(-x7 p) i <ﬁ)

In systems with mixed phase space, the Husimi functions of
eigenstates are located in either regular or chaotic regions
in the semiclassical limit, provided that dynamical tunneling
between classically disconnected regions is negligible, in ac-
cordance with the PUSC. To better quantify the concentration
in each region, we define the overlap index of eigenfunctions
[63,64] as

N-1 2

_ 2 .
§ :ane rrNrje inNp(x+2r;) ) (24)
=0

1
on = —— / H,(x, p)x (x, p)dxdp
27 h

_N / Hy(x, p)x (x, p)dxdp. (25)

where the Husimi functions are normalized such that
N [ Hy(x, p)dxdp = 1. Here x(x,p) is the characteristic
function takes the value of 41 in the chaotic region and —1
in the regular. Thus, w, provides a measure of how strongly
the Husimi distribution of the eigenstate is concentrated in
either region. Figures 5(a)-5(c) shows the Husimi functions
of two maps with overlap index close to two limiting values
w = =1, where for eigenstates with w >~ 1 we select those that
are extended in the available phase space (not the localized
chaotic eigenstates). Figures 5(d1) and 5(d2) corresponds to
the case containing only one family of MUPOs (of measure
zero) in the phase space: the upper panel shows the eigenstate
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FIG. 5. Examples of Husimi functions H,(x, p) for two maps, presented in the same manner as Figs. 2 and 3, with N = 500. The upper
panels (al)—(cl) correspond to eigenstates with overlap index w >~ —1, while the lower panels (a2)—(c2) show states with w ~ 1. All data are
shown in a linear scale. Bright colors indicate regions of large H,(x, p), and dashed lines in panels (a) and (b) mark the boundaries between

regular and chaotic regions.

that is strongly localized around the MUPOs, while the lower
panel displays the chaotic eigenstate that is delocalized across
all the available phase space.

Besides the eigenstates with overlap index w >~ +1, there
exist eigenstates with intermediate values of @, which we refer
to as mixed eigenstates. To quantify the fraction, we define

1 N—-1
Ju =5 Y oo (26)
n=0

where the indicator function 1y, <.+ = 1 when |w,| < o*
and 0 otherwise. The threshold w* < 1 specifies the window
defining mixed eigenstates.

A. Mixed eigenstates

In mixed KAM systems, the primary regular island is
surrounded by chains of resonant sub-islands, producing a
nested hierarchical structure at the interface between the reg-
ular region and the surrounding chaotic sea. When invariant
tori are destroyed, they break into cantori that serve as partial
transport barriers within the chaotic region. In such systems,
previous studies [36-39] have shown that the fraction of
mixed eigenstates scales as fy; ~ i with n > 0. It is there-
fore instructive to contrast this behavior with systems whose
mixed phase space is of non-KAM type. Examples include
mushroom billiards and piecewise-linear maps with sharply
divided phase space, where the boundaries between regular
and chaotic regions are simple smooth curves or lines, and nei-
ther hierarchical structures nor cantori arise. Instead, MUPOs
or quasiperiodic trajectories generate the sticky boundaries, as
shown in Appendix B.

In these systems, the histogram of the overlap index in
Fig. 6(a) clearly shows that mixed eigenstates persist. The

Husimi functions for eigenstates with @ = —0.5 and 0 demon-
strate states with substantial weight in the regular region,
whereas the case w = 0.5 illustrates an eigenstate localized
near the MUPOs, carrying most of its weight in the chaotic
sea. More importantly, Figs. 6(b)-6(d) show that the fraction
of mixed eigenstates in two quantum maps still follows a
power-law decay, fy ~ K", though with different exponents
n. Throughout this analysis we adopt a threshold w* = 0.8;
other reasonable choices yield similar power-law behavior
with only minor variations in the extracted exponents. Figures
6(b) and 6(c) correspond to maps whose sticky boundaries are
formed by MUPOs, while Fig. 6(d) shows the case of map (ii),
where an elliptic quasiperiodic orbit forms the boundary.

The example states with @ >~ —0.5 and O further reveal a
subtlety in defining mixed eigenstates: the finite spatial extent
of the coherent state (a Gaussian bump, shown in Fig. 4)
used to define the Husimi function can cause regular states
localized near or on the boundary to be counted as mixed.
This subtlety can be addressed more effectively by studying
the localization properties of the mixed eigenstates.

B. Localization of mixed eigenstates

To resolve the subtlety noted above in defining mixed
eigenstates, we supplement the overlap index with a charac-
terization of the phase-space localization. For each eigenstate
we compute the Wehrl entropy [65-67]

Sn = —N/dxdp H,(x, p)In H,(x, p), 27
with 0 < H,(x, p) < 1 from Eq. (24), which implies bounds
on S,. For comparison, the mean Wehrl entropy of a random
pure state is

(S)y =WUN+1)—W2)~InN+y, —1, (28)
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FIG. 6. (a) Histogram of the overlap index w for map (ii) at
k =2, with examples of Husimi function (shown in linear scale)
for three typical values w = —0.5,0,0.5, where the system size
N = 500. (b)—(d) Fraction of mixed eigenstates fj; with @] < 0.8
as a function of N = (27)~!, for two maps at different values of k.
Fits of the fractions are shown as solid lines, error bars reflect the
uncertainties based on the number of states in each decade, assuming
independent counts.

which equals the Shannon entropy of its expansion in a rel-
atively random basis, where the expansion components are
complex random numbers. Here, W(x) denotes the digamma
function and y, the Euler constant.

Based on the Wehrl entropy, we define the entropy local-
ization length as

I, = exp(S,)/N. (29)

Different mechanisms of eigenstate localization in quantum
chaotic systems, which in the classical limit are of weak or
strong ergodicity, lead to deviations from RMT predictions.
These mechanisms include quantum scarring caused by short
unstable periodic orbits and strong scarring associated with
MUPOs (or bouncing-ball modes in quantum billiards), and
the interplay between two typical timescales: the classical
transport time that characterizes the classical ergodicity, and
the Heisenberg time that it takes to resolve individual eigen-
states. Therefore, the maximum entropy localization length of
the eigenstates, approximated by the mean value of a random
pure state, is [ya ~ e?~! ~ 0.655.

In mixed-type systems, the PUSC suggests that chaotic
eigenstates are delocalized over the chaotic region following
the RMT, whereas regular eigenstates are localized on the
quantized tori within the regular region. Yet this picture is
incomplete without considering tunneling between chaotic
and regular states and the role of eigenstates sticky around
the boundary. These mechanisms describe and quantify the
approach to the PUSC scenario which always appears in the
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FIG. 7. Joint distribution of entropy localization length / and the
overlap index w, for map (ii) at k = 3.5 where no MUPOs exist in
the chaotic region, with N = 500 (a) and N = 5000 (b). The inset
shows the Husimi functions, plotted on both logarithmic and linear
scales, corresponding to the eigenstates indicated by the red circles.
For the logarithmic scale, a cutoff of H,(x, p) < 107!? is applied.
The vertical and horizontal dashed lines roughly partition the states
into the lower-left and upper-right groups, where the number of states
in the lower-left group is NAg.

strict semiclassical limit. A joint distribution of the entropy
localization length and the overlap index is well suited for ex-
amining both aspects of the PUSC picture, namely the degree
of concentration and the degree of localization. To address
this issue more accurately, we chose map (ii) with k = 3.5
in which the regular region of elliptical shape has relative size
Ag =~ 0.13 and no MUPOs appear in the chaotic region, thus
eliminating strong scarring by MUPOs on chaotic eigenstates.

In Fig. 7, we show the joint distribution for different sys-
tem sizes, together with example Husimi functions of two
representative mixed eigenstates. The distribution exhibits a
clear trend in which the overlap index increases with the
entropy localization length, except in the limiting regimes
o >~ *1. This approximately monotonic relation allows us
to partition the states equivalently using either measure: the
smallest Nz >~ NAy, states are identified as regular and appear
in the lower-left region of the distribution plot, where all reg-
ular eigenstates satisfy w < 0. This classification is consistent
with the Weyl law Ny ~ (2mh)~'u(A), where (A) is the
measure of region A supporting the eigenstates. To further
test the validity of @ < 0 as a criterion for identifying regular
eigenstates, Fig. 8 compares the fraction of states with w < 0
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FIG. 8. Comparison of the fraction of eigenstates with overlap
index w < 0 for three different values of N, shown as a function of
k for map (ii), together with the relative area Ag of the regular island
(dashed line). The inset shows the convergence of this fraction with
N at two values of k.

to the relative size of the regular island in map (ii) for different
values of k and for various system sizes. The comparison
shows consistent convergence across system sizes, confirming
that this criterion yields a fraction equal to the relative size of
the regular island.

Figure 7 also shows that, as the system size increases,
the eigenstates cluster more tightly around w ~ %1, and the
corresponding localization lengths cluster accordingly. At the
same time, more regular states exhibit Husimi functions that
partially leak outside the regular region and are therefore
identified as mixed eigenstates, the localization length taking
close values (for example, those with —0.8 < @ < 0). In ad-
dition, more states lying just outside the regular partition also
emerge as mixed eigenstates, exhibiting intermediate localiza-
tion lengths (for example, those with 0 < w < 0.8). Although
the number of mixed eigenstates increases in both partitions,
their overall fraction decays as a power-law with increasing
system size as shown in Fig. 6(d).

C. Sticky eigenstates

From the preceding analysis of overlap index and localiza-
tion, the mixed eigenstates can be broadly classified into three
typical types:

(i) Regular states localized on quantized invariant tori near
the edge of the main island, and partially leaking out through
dynamical tunneling or due to the finite bump width of the
Gaussian coherent state from which the Husimi function is
defined, with overlap index w < 0;

(i1) Chaotic states which reciprocally flood into the regular
region via the same tunneling mechanism;

(iii) Sticky states localized near the sticky boundaries
formed by MUPOs or quasiperiodic trajectories.

As we show next in Sec. IV, using a random matrix model
of dynamical tunneling, the fraction of mixed eigenstates from
types (i) and (ii) produced by dynamical tunneling decays
much more rapidly, scaling as & exp(—b/h), similar to the
direct regular-to-chaotic tunneling rate [10,11,16,17] (without
considering the improvement from resonance-assisted tunnel-
ing), where b > 0 depends on the relative size of the regular

—0.51 — 0.4 —0.52
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Soicky
-
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(c) k=3.5, map(ii)

FIG. 9. Fraction of sticky eigenstates fy;cy with 0 <w<0.8as
a function of N = (2 i)~!, for two maps at different values of k. Fits
of the fractions are shown as solid lines.

region. Therefore, the regular states, whose leakage is en-
hanced by the finite-size effect of the coherent state, together
with the sticky states, dominate the power-law decay of the
mixed eigenstate fraction.

In mixed KAM systems, the type (iii) states are replaced
by the hierarchical eigenstates:

(iii) Hierarchical states localized near the resonance- and
cantori-induced structures at the boundary between regular
and chaotic regions.

Reference [26] proposed that the fraction of hierarchical
states scales as fyjer ~ A% with @« = 1 — 1/y, where y is the
exponent characterizing the cumulative RTD Q(¢) ~ ¢t~ from
classical transport. This exponent exhibits a universal char-
acter in generic KAM systems: for bounded phase spaces it
typically lies in the range 1.5 < y < 3, whereas in unbounded
phase spaces one finds y =~ 1.5. It is therefore of interest to
test whether this relation also holds in mixed systems of non-
KAM type, that is, whether there exists a direct connection
between the decay of the fraction of sticky eigenstates and the
cumulative RTD exponent characterizing classical stickiness.

Since the regular states of type (i) and the sticky states
dominate the mixed eigenstate fraction, the sticky states can
be operationally defined by separating out the regular states
from the mixed ones, yielding the criterion 0 < w < w,. Fig-
ure 9 shows the fraction of sticky eigenstates obtained with
w, = 0.8 for two maps at different values of k. In the first
two cases, the fraction fycky exhibits a power-law scaling
Sstiecky ~ A% with an exponent « close to 1 — 1/y, consistent
with the classical transport result that the cumulative RTDs
near the MUPOs Q(t) ~ ¢t~ with y = 2. In the third case,
however, fyicy does not follow an exact power-law and in-
stead oscillates around the expected scaling ' ~!/7 with y =
2, while the corresponding classical RTD likewise oscillates
around the nominal behavior =2 (see Appendix B).

IV. RANDOM MATRIX MODEL

The Hamiltonian of a mixed system can be written in the
following form [10,11,16]:

H =" Exly)(Yrl + ) Eclyc) (el
R c

+ ) Vacl¥r) (el +c.c.), (30)
RC
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where Eg and g are the energies and wave functions of the
regular states, E¢ and ¥ are the energies and wave functions
of the chaotic states, Vzc accounts for the interaction between
the regular and chaotic basis states. A random matrix model
for this Hamiltonian is in the following block structure:

Hy | V
H= , (31
VT | He

where Hg and H¢ describe the regular and chaotic subspaces,
respectively, and V denotes the couplings.

Random matrix models have been successfully applied
to mixed systems to describe level splittings produced by
chaos-assisted tunneling. In our case, we can adopt the same
framework to assess how dynamical tunneling influences the
mixed eigenstates. The first block Hg of dimension Ng, which
models the Ny regular basis states that reside in the regular
region of the phase space. For the quantum maps consid-
ered here, the phase space contains a single regular island
embedded in a chaotic sea. Accordingly, Hy is taken to be
a diagonal matrix with eigenvalues Egr = (k + &)/Ng, k =
0,1,..., Ng — 1, where the parameter £ is drawn from a uni-
form distribution on [0,1]. The chaotic block H¢ of dimension
Nc¢ is from the Gaussian orthogonal ensemble (GOE) with
energies E¢ in the interval [—1, 1], or from circular orthogonal
ensemble (COE). The diagonal structure of the regular block
Hpy and the random matrix structure of the chaotic block H¢
encode, respectively, the localization of the regular eigenstates
g and the delocalization of the chaotic eigenstates ¥/¢ on the
computational basis.

The off-diagonal block V accounts for the coupling be-
tween regular and chaotic states. Its matrix elements Vgzc
fluctuate strongly and are modeled as independent Gaussian
random numbers with variance [16]

Ag 2Ag
(Vecl?) = cohtgr s ) (32)
(4 4+1,0)°

where Ag = Ng/(Ngr + N¢) = Ng/N is the relative size of the
regular island in phase space, fier = (27 N)~! is the effective
Planck constant, I' denotes the incomplete Gamma function
and ¢y is a nonuniversal prefactor that does not depend on /i
in random matrix models and in the following, we set ¢y = 1.
We define the overlap index of the eigenvectors 1, of H in the
random matrix model

N—1

op =Y xil(ilym), (33)

i=0
where {|i)} denotes the computational basis. The basis is or-
dered such that the states {|i) : 0 < i < Nz — 1} correspond to
the ith quantized torus in the regular block Hg, while the states
{]i) : Ngp < i < N — 1} correspond to the chaotic block H¢, on
which the eigenstates of H¢ are delocalized. The characteristic
function yx; takes values on the computational basis as

-1l 0<i<Ne—1,
Xi=1,

N <i<N-1,
in direct analogy with Eq. (25) in physical systems.
If we set the coupling term Vic to zero, then the model
obviously realizes the PUSC scenario: regular eigenstates

(34)
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FIG. 10. (a) Histogram of the overlap index w for Ax = 0.25 and
N = 500. (b) Rescaled fraction of mixed eigenstates fy; with |w| <
0.8 as a function of N from the random matrix model, for three values
of Ag. Dotted lines indicate fits to the rescaled data, and the insets
display the corresponding fractions. Each data point is obtained from
an ensemble of ~4 x 10° eigenvectors at each N.

have an overlap index w = —1, while chaotic eigenstates
have w=+1 and are fully delocalized as random vectors.
In this limit, the level spacing distribution follows the Berry-
Robnik statistics. Introducing the coupling defined in Eq. (32)
gives rise to direct regular-to-chaotic tunneling (i.e., dynam-
ical tunneling), which leads to fractional level repulsion at
small spacings, with the tunneling rates scaling as yr ~
Begr exp(—a/hiege) from Fermi’s golden rule, where the coef-
ficient a > 0 is associated with the relative size of the regular
region Ag and larger regular regions yield larger values of
a, consistent with the behavior observed in two-dimensional
maps [17].

This tunneling mechanism also yields intermediate values
of the overlap index |w| < 1, as seen in Fig. 10(a), which
shows the corresponding histogram of the overlap index for
the random matrix model with Az = 0.25 and N = 500. Fur-
thermore, Fig. 10(b) demonstrates that the fraction of mixed
eigenstates decays with the effective Planck constant in the
same functional form as the regular-to-chaotic tunneling rate

fu ~ N7'exp(—=bN) ~ hegr exp(—b/her),  (35)

where b > 0 is another coefficient that increases with the size
of the regular region Ag. As shown in Fig. 10, larger Ag
produces a correspondingly steeper slope in the log-normal
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FIG. 11. Analogous to Fig. 7, the joint distribution of entropy
localization length / and the overlap index w for the random matrix
model with the same Az = 0.13. The vertical and horizontal dashed
lines partition the states as Fig. 7 into the lower-left and upper-right
groups, where the number of states in the lower-left group is NAg.

plot. Here we set w* = 0.8, and similar results are obtained
for other values of w* < 1.

The entropy localization length of mixed eigenstates can
also be characterized in the random matrix model, through the
Shannon entropy of the eigenvectors

N-1

Su=—Y_ 1¥ul* In[Yul?, (36)

i=0

with [, = exp(S,)/N, where v,; = (i|y,,). For a random pure
state from the COE or GOE, the expansion components ¥,
are all real random numbers, the mean Shannon entropy [13]

(S)y ~InN + y. +1In2 — 2. (37)

For N > 1, the maximum entropy localization length of the
eigenvectors can be approximated, given by the mean value
of random pure states, is g, = ¥ t"272 ~ (.482.

In Fig. 11, we show the joint distribution for two values
of N to compare with the quantum maps discussed above and
the results in Fig. 7. The correlation between the entropy lo-
calization length and the overlap index is evident: the overlap
index grows with the localization length, except in the limiting
regimes w =~ *1. As the system size increases, the eigenstates
cluster more tightly around w ~ +1, and the corresponding
localization lengths condense accordingly, consistent with the
behavior of the quantum maps. In contrast, a smaller number

of regular states tunnel out of the regular region and become
mixed, and likewise fewer states outside the regular partition
appear as mixed eigenstates. As a result, their fraction de-
cays as hexp(—b/hes), much faster than the algebraic decay
observed in the quantum maps, implying that mixed eigen-
states generated by dynamical tunneling can be neglected in
maps. This discrepancy arises for two reasons intrinsic to
the random matrix model: first, the definition of the overlap
index in Eq. (33) lacks the finite-size smearing associated
with coherent states in physical systems, since it is constructed
upon the computational basis and therefore does not identify
regular states as mixed; and second, the model contains no
mechanism for stickiness, and therefore no sticky eigenstates.

V. SUMMARY AND CONCLUSIONS

We investigate mixed eigenstates in non-KAM systems
with sharply divided phase space, specifically two different
piecewise-linear maps, in which the boundary between the
regular island and the chaotic sea is formed by MUPOs or
quasiperiodic orbits and where classical stickiness is present.
For MUPOs, the cumulative RTD follows Q(t) ~ t~7 with
y = 2, while in the quasiperiodic case Q(¢) oscillates around
t~2. We confirm that the fraction of mixed eigenstates f
exhibits a power-law decay, scaling as fy ~ i" with n > 0,
as in KAM systems. Using the overlap index and the entropy
localization length, we classify the mixed eigenstates into
three types: regular states that arise from finite-size of the
Gaussian bump of the coherent state underlying the Husimi
function or that leak into the chaotic region through dynamical
tunneling, chaotic states that reciprocally flood the regular
region through the same tunneling mechanism, and sticky
eigenstates localized near the sticky boundaries.

From random matrix modeling, we show that the fraction
of states from dynamical tunneling scales as %exp(—b/h),
with b > 0 associated with the relative size of the regular
block/region. Consequently, the observed power-law decay of
mixed eigenstates is dominated by regular states that are clas-
sified as mixed because of the finite size of the coherent state,
as well as by the sticky eigenstates. We further demonstrate
that regular states identified as mixed eigenstates can be ef-
fectively separated using the criterion w < 0. This allows us to
determine the fraction of sticky eigenstates fq;cky. We find that
fsticky scales as R'=Y7 with y = 2 for maps in which MUPOs
form the sticky boundary. For map with an elliptical regular
region, where a quasiperiodic orbit serves as the sticky bound-
ary, fsicky oscillates around t~2. This scaling of the sticky
eigenstates is consistent with the proposal in KAM systems
concerning the scaling behavior of hierarchical eigenstates
that originate from the hierarchical structure of the boundary.

We note that the criterion used in the original study to sepa-
rate hierarchical eigenstates, based on Berry-Robnik statistics
together with the assumption that chaotic eigenstates follow
the Gaussian random-wave form across all system sizes, does
not take into account the effects of dynamical localization
in chaotic eigenstates or the associated spectral statistics.
These omissions lead to noticeable fluctuations in numerical
results. The numerical analysis in KAM systems therefore
can be refined by introducing the overlap index and apply-
ing the criterion developed in this work. It is also worth
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FIG. 12. Phase-space portraits for map (i) at k = 1.5 (upper panels) and map (ii) at k = 2.0 (lower panels), generated using the smoothed
potentials in Egs. (4) and (5). Each portrait is formed from 30 random trajectories evolved for 1 x 10* iterations. From left to right, the panels

show M =2, 5, 20, 50.

mentioning that sticky eigenstates contribute to resonance
states with small decay rates when the system is opened via
the leaking formalism. As shown in Ref. [44], their fraction in
a two-dimensional piecewise-linear map follows %'/?, where
the boundary is formed by MUPOs, consistent with the be-
havior of 1 — 1/y,, where y, = 2 denotes the exponent of the
power-law escape, or survival probability. It may therefore
be viewed as an extension of the fractal Weyl law verified in
open chaotic systems [68]. This suggests that the equivalence
between the recurrence time distribution and an escape time
distribution obtained by leaking the system [69], as well as the
connection between sticky eigenstates in the unitary system
and their fate in the corresponding open system, an interesting
direction for future research.

An open question arising from this work is whether an
effective theory can explain the apparent closeness between
the power-law exponent of the sticky eigenstates and the
power-law exponent characterizing classical stickiness in non-
KAM system, where no hierarchical structures exist near the
sticky boundary and the self-similar Markov tree model is
therefore not applicable. It would also be interesting to inves-
tigate the topological properties of these sticky or hierarchical
eigenstates.
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APPENDIX A: DISAPPEARING OF TINY ISLANDS

In Sec. IT A, we construct a smooth approximation fy(x)
to the piecewise-linear function f(x) appearing in the two
maps by truncating the Taylor expansion. This approximation
converges to the original piecewise-linear form in the limit
M — oo, namely, f(x) = limy_ o fu(x). For small M, the
smoothing introduced by fj,(x) gives rise to tiny island chains
surrounding the main regular island, consistent with the KAM
theorem. As M increases, these island chains become less
visible as the border between the regular and chaotic regions
becomes sharper, approaching the border formed by MUPOs
in the piecewise-linear case shown in Fig. 2. This behav-
ior is illustrated in Fig. 12, by the phase-space portraits for
M = 2,5, 20, and 50, where for M = 50 almost no secondary
island chains or other tiny islands are visible around the main
regular island, indicating the general tendency of island chains
to disappear in the approach to the piecewise-linear limit (a
C? discontinuity), where the smoothness assumptions of the
KAM theorem cease to hold.

APPENDIX B: RECURRENCE-TIME DISTRIBUTIONS

Stickiness in Hamiltonian systems is quantified by the
recurrence-time distribution P(¢), which reveals the algebraic
trapping behavior near regular structures. The recurrence-
time measures the interval required for a trajectory to return
to a predefined region away from the regular island. In
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practice, it is often more convenient to analyze its cumulative
distribution,

o0 Nz
o) =) P = lim - (B1)

t'=t

which gives the probability of remaining trapped longer than
t, where N, is the number of recurrences with time ¢t > ¢
and N is the total number of recurrence events observed in
the long time limit. For fully chaotic systems, Q(¢) decays
exponentially at long times, Q(¢) ~ exp(—ht), where h is the
Kolmogorov-Sinai entropy. In mixed KAM systems, cantori-
induced stickiness yields a power-law decay of Q(¢) instead.
The corresponding exponent displays a universal character:
for bounded phase spaces it typically satisfies 1.5 <y <
3, whereas in unbounded phase spaces one finds y ~ 1.5
[21,22].

In mixed systems of non-KAM type, including mush-
room billiards and piecewise-linear maps with sharply divided
phase space where MUPOs form the sticky boundaries, it has
been shown that y = 2 [27,28,30]. A more detailed analysis
further indicates that, due to the intrinsic inhomogeneity of
the phase space, generic mixed systems exhibit finite-size
effects associated with the chosen recurrence region: the RTD
may be viewed as a superposition of two contributions: an
exponential component reflecting the hyperbolic nature of the
dynamics, and a power-law component arising from sticky
nonhyperbolic structures [35,69]. Accordingly,

Cie ™,
Q(t) {Clem + Cztiz,

where C;, C, are normalization constant, u is determined by
the measure of the recurrence region and 7, marks the onset
of the power-law regime. This form captures the exponential
distribution at short time regime and =2 power-law that dom-
inates in the long-time, as clearly shown in Fig. 13 for two
classical maps whose regular-chaotic boundaries are formed
by MUPOs.

For map (ii) at k = 3.5, or at other parameter values that
produce a sharply divided phase space with an elliptically
shaped regular island, the boundary between the island and the
chaotic component is no longer formed by MUPOs, instead,
it is formed by a quasiperiodic trajectory. The RTD does not
follow the power-law #~2 exactly at long times, but instead
exhibits oscillations around it, as shown in Fig. 14.

1<t

(>0 (B2)

APPENDIX C: APPROXIMATION OF THE COHERENT
STATE ON TORUS

Equation (15) gives the expression of the coherent state on
the torus, in the form of a Jacobi-0 function which is invariant
under translation in both the position and momentum. The
evaluation of these coherent states can be simplified first by
combining all the real parts and imaginary parts term by term

£ = e NEHeF D=V, (iN[x; — v/2a]|iN)
= Z exp(—aN( + x; — x)z)
veZ

x exp(—imrNp(2x; — x + 2v)). ChH
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FIG. 13. (a) Rectangular recurrence region (in red) near the reg-
ular island used for the recurrence-time distributions in map (i) at
k = 1.5. (b) Cumulative RTDs, where the inset shows the same plot
for short time regime in the log-normal scale. The distribution is an
exponential distribution for the short time regime and a power-law
distribution ~¢~? for the long-time regime. (c), (d) Same as panels
(a), (b), but for map (ii) at k = 2.

Let A=x—x;e[-1,1], and define r=A—[A+1].
Equivalently, |r| = dist(A, Z) is the distance from A to the
nearest integer. Clearly, |r| < 1/2. For N > 1 the sum is
dominated by a single Gaussian term

£ ~ & = exp(—nNr?) exp (—in N p(x + 2r)), (C2)
where a convenient upper bound on the truncation error
2= TN(1=Ir])
_ —N(r+m)?
£ =&l <) 2e < T —meay (@

m>1

this upper bound goes exponentially small for N > 1, so the
single Gaussian term & is extremely accurate.

0.5

10° 102 10° 104 10°
t
FIG. 14. Analogous to Fig. 13 but for map (ii) at k = 3.5. In this
case, the boundary are formed by a quasiperiodic trajectory instead of
MUPOs. Oscillations arise in the long-time regime, while the results
deviate from the 72 decay, and it is the average trend that remains
consistent with it.
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