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Evolutionary emergent metabolic interactions in cell cultures:
A statistical mechanics point of view
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Cell cultures exhibit rich and complex behaviors driven by dynamic metabolic interactions among cells.
In this work, we present a model that captures these interactions through a framework inspired by statistical
mechanics. Using Monte Carlo simulations, we explore the equilibrium and dynamical properties of a population
of cells arranged in a two-dimensional lattice, where each cell is characterized by fluxes of three reactions:
glucose consumption (g), respiration (r), and waste production/absorption (w). The system minimizes an energy
function influenced by competitive (J, > 0) and cooperative (J,, < 0) couplings between cells. Our results reveal
three distinct phases: a competitive phase dominated by glucose competition, a cooperative phase marked by
ordered waste exchange, and a disordered phase with local-scale cooperation. By incorporating evolutionary
dynamics, we demonstrate how initially noninteracting cells can develop effective metabolic interactions, leading
to heterogeneous cultures sustained by cross feeding. These findings are further supported by analytical solutions
derived using mean-field approximations. The model provides insights into how environmental constraints and
stochastic fluctuations shape community structures, offering a versatile approach to study several emergent

phenomena in biological systems.

DOI: 10.1103/dm8r-hzmk

I. INTRODUCTION

Metabolic heterogeneity—the variability in metabolic
states across individual cells—has emerged as a critical area
of study with profound implications across diverse scientific
domains. In oncology, it offers insight into therapeutic vul-
nerabilities and clinical prognoses [1—4]. In biotechnology,
it presents challenges for industrial efficiency [5,6] and in
microbial ecology, it supports competitive and cooperative
dynamics [7]. Although these fields have traditionally ap-
proached heterogeneity from different perspectives, a unifying
theme has emerged: metabolic diversity arises not only from
cell-autonomous processes, but also from dynamic interac-
tions between cells and their environment. Recent advances
in single-cell technologies have further highlighted how these
interactions evolve over time [8], challenging traditional mod-
eling paradigms that assume static metabolic networks.

The origins of metabolic heterogeneity are multifaceted.
Intrinsic factors such as cell-cycle fluctuations, aging,
and transcriptional stochasticity generate baseline variability
[9,10]. In contrast, extrinsic factors such as environmen-
tal stress, nutrient shifts, and cell-cell interactions amplify
this diversity [11-16]. Among these, intercellular commu-
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nication has emerged as a pivotal modulator. For example,
yeast populations develop cooperative metabolic networks
via metabolite exchange under stress [17,18], while tumors
exploit glucose competition to suppress T-cell activity [1].
Such interactions can induce persistent metabolic reprogram-
ming, as seen in cancers where nutrient deprivation triggers
irreversible pathway activation [12,16]. Strikingly, tumors
exhibit both Warburg and reverse Warburg effects simulta-
neously through metabolic coupling, allowing cross feeding
that fuels proliferation [19-21]. Recent single-cell flux anal-
yses further quantify these dynamics, revealing structured
proton-exchange networks [22]. However, existing theoretical
frameworks struggle to reconcile two key observations: (1)
metabolic interactions are often plastic, rewiring rapidly in
response to local conditions, and (2) these dynamic changes
can lead to persistent population-level heterogeneity through
feedback loops that alter both cellular states and their interac-
tion rules.

Current modeling approaches fall into two broad cate-
gories. Constraint-based population models (CBPMs) extend
traditional metabolic network analysis to cell communities
but typically fix interaction rules over time [23]. On the
other hand, ecological models account for environmental
feedback, but often treat interaction modalities as static pa-
rameters rather than dynamic variables. A recent work has
shown how intracellular metabolic states can alter environ-
mental conditions, which in turn affect cellular behavior [24],
but these models still assume that the fundamental rules
governing cell-cell interactions remain unchanged. This limi-
tation becomes particularly apparent in systems like tumors,
where metabolic coupling between cancer cells and their
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microenvironment can shift abruptly between competitive
and cooperative regimes, or in microbial communities where
cross feeding networks reorganize on timescales compara-
ble to metabolic adjustments. Pioneering work incorporated
metabolic interactions using methods from disordered sys-
tems theory [25-27], while later studies formalized how
diffusion-limited exchanges constrain viable metabolic states
[28,29]. Yet a critical gap remains: existing models largely
assume static interaction networks, neglecting how environ-
mental or cellular feedback reshapes metabolic coupling over
time.

Here, we bridge this gap by developing a theoretical frame-
work that explicitly incorporates dynamic interaction rules
into constraint-based modeling of cell populations, keeping a
description consistent with the usual framework of constraint-
based models. Our approach differs from previous work in
three crucial aspects. First, we treat metabolic interactions
as state-dependent functions that evolve on the basis of lo-
cal metabolite concentrations and cellular metabolic states.
Second, we integrate techniques from disordered systems
theory with evolutionary dynamics to predict how transient
environmental changes can drive populations toward stable
heterogeneous states. Finally, our model reveals how inter-
action plasticity, the ability of cells to modify their coupling
rules, can become an evolvable trait that shapes the resilience
of the population.

The manuscript is structured as follows: Section II details
our modeling approach. Section III presents numerical ex-
periments replicating empirical conditions. Section IV adapts
analytical techniques from disordered systems to evolving
cell populations. Section V evaluates implications, limita-
tions, and future directions of our work. We conclude with
broader insights into metabolic heterogeneity as an evolvable
trait.

II. MODEL

Our model is built on four key assumptions, three of which
were introduced in [26]: (i) All cells share the same metabolic
network, fully defined by stoichiometric constraints. (ii)
Nearby cells couple their metabolism, and the system min-
imizes a cost function (or energy) that accounts for these
interactions. (iii) Cells exhibit diverse metabolic states, de-
scribed by a probability distribution. The fourth assumption,
first introduced in this work, establishes a new dynamics for
the couplings. That is, (iv) the strength of interactions between
neighboring cells is modulated by environmental signals. A
detailed discussion of the advantages and limitations of these
assumptions is provided in Secs. I[ID and V.

A. Metabolic network and stoichiometric constraints

To simplify, we assume each cell operates a metabolic net-
work that consumes a single substrate S from the environment
(glucose, for example) at a rate g. The substrate is transformed
into an intermediary P (pyruvate), obtaining energy E (e.g,
ATP), corresponding to the glycolysis process. After that,
the intermediary can be either transformed into E through
respiration at a rate r, or secreted as waste by-products (W)
with a rate w. These by-products can be lactate, acetate, or any

alcohol derived from fermentation. Cells can also utilize W as
an alternative substrate, producing energy through respiration
(r) via the lactate shuttle. The simplified metabolic network is
shown in Fig. 1(a).

In the following, the sign of a particular flux will be neg-
ative if the reaction in the network is incoming at a node,
and positive if it is outgoing. Therefore, in the model, the
reaction flux g is negative, while r is positive. Note that E is
always produced, while S is consumed. Also, thermodynamic
reversibility imposes restrictions on the reaction fluxes inside
the cell. Then,

b, <g<0. 0<r<ub, )

where 1b, and ub, are the lower and upper bounds for reac-
tions g and r, respectively. In this work, we set Ib, = —1 and
ub, = 1, in order to simplify the calculations.

Balance equation for the intermediate P leads to the stoi-
chiometric constraint:

—g=r+w, 2)

where —1 < g < 0,0 < r < 1. These constraints imply —1 <
w < 1, which properly describes the possibility of waste ab-
sorption or secretion.

B. Energy minimization and interacting cells

In the condition of cell independence, it can be defined a
utility function, related to the biomass production (or ATP in
its case), which can be expressed in some cases as a linear
combination of the reaction fluxes [27]. In this simple sce-
nario, each cell i maximizes the utility function:

—E; = hegi + hyri, 3

where h, and h, represent the contributions of glycolysis—
and respiration to biomass production, respectively (h,, = 0).
The minus sign makes the equivalence of minimizing the
energy (or cost) function E; of each cell, which gives a direct
interpretation in the framework of statistical mechanics.

While traditional constraint-based modeling (CBM) as-
sumes cells independently maximize their utility functions,
we introduce interactions between cells by minimizing a
global energy function H:

H=YE+V, )

where V represents the energy associated to metabolic interac-
tions between neighboring cells, contributing to the biomass
production in a similar way as the utility function. Then V' can
be seen as the contribution to the utility function due to inter-
actions between neighbors, weighted through their couplings.
Specifically, we consider two types of interactions:

Vg = — ngijgigj and Vw = — leijw,-wj. (5)

ij ij
Here, the couplings Jg; > 0 model competition for glucose
between neighbors i, j, favoring states where g; and g; have
the same sign. Conversely, J,,;; < 0 favors cooperation, where
one cell’s waste (e.g., lactate) becomes another’s energy
source. In the general case, J,; and J,,;; are different for
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FIG. 1. (a) Representation of the simplified metabolic network. Arrows represent the metabolic fluxes, and the capital letters represent the
involved metabolites. (b) Schematic representation of the bidimensional lattice for a competitive scenario. (c) Schematic representation of the
bidimensional lattice for a cooperative scenario. Collaboration is evident between the cells. The top arrow corresponds to flux g, while the
bottom left arrow and the bottom right arrow correspond to r and w, respectively. In all cases, arrows pointing to the center are representative

of a negative flux, and arrows pointing out represent a positive flux.

each pair of neighbors. This framework generalizes the linear
programming hypothesis, often applied to bacterial colonies.

C. Metabolic states and boltzmann distribution

We can define the equilibrium metabolic state of the culture
with the set g, r, w, where g = {g1, g2, ..., gn}, and the same
for the other reactions. In equilibrium, the metabolic state dis-
tribution of cells in a culture follows a Boltzmann distribution:

N
g, row) o & T (e Juijsisj+30; husi ) Hg(gi — i —w;), (6)

i=1

where s denotes the different reactions, 8 quantifies hetero-
geneity of the culture, and the stoichiometric constraint is
enforced by §(-). In the limit 8 — o0, the system converges to
a single minimum, corresponding to the linear programming
solution of the flux balance analysis. For 8 — 0, p(g, r, w)
becomes uniformly distributed in all configurations satisfying
—g =r + w. In this form, Eq. (6) can be interpreted as the
canonical distribution of N continuous coupled spins, subject
to an external field 4 with inverse temperature 8 [26,27].

D. Coupling dynamics

Experimental evidence suggests that the strengths of the
interaction between cells adapt to environmental changes. For
example, in Saccharomyces cerevisiae cultures, cells on the
periphery exhibit a higher glycolysis activity, while central
cells favor respiration due to glucose depletion [18]. More
generally, two mechanisms for this adaptation are possible:
first, daughter cells that are more resistant (or fit) to new envi-
ronmental conditions have a larger possibility to survive, and
second, regulatory mechanisms can up- and down-regulate
different enzymes, changing the possible metabolic phenotype
of the cell. Although our model does not distinguish explicitly
between these mechanisms, it reflects the richness of the pos-
sible dynamical behavior of these systems. A comprehensive
review of cell communication mechanisms is provided in [30].

To model this, we adapt a framework from neuronal
learning [25,31-33]. The couplings J,; and J,;; evolve

according to

d
T—J§
dt

1

ij=N

VN

where s € {g, r, w}. The Gaussian noise term 7;(t) has zero
mean and correlations:

<Sisj>{-lxif} - /-’L(Jsij —Ji/N) + nsij(t)v @)

Msij(ONsij (1)) = —==8sij k18 —1'). ()

The first two terms of the right-hand side of Eq. (7) corre-
spond to the deterministic drift of the couplings. They capture
the evolution of couplings based on neighbors’ correlations
(first term) and the evolution toward a ground value J; (sec-
ond term). This value may vary between different types of
cells. For example, neurons have a different intrinsic coupling
compared to other tissues. Also in this term, w establishes the
rate at which the system evolves toward J;. It can be used to
understand the relation between the tissue’s natural drift and
the drift due to the correlation between neighbors.

The timescale 7 is the time covariance of the noise, and
its value determines the dominance of the deterministic or
the stochastic part of Eq. (7) [34]. On the other hand, the
inverse temperature f is related to the stochastic dynamics of
the couplings, and its relationship to the cellular system’s §
determines the system’s equilibrium state. When the noise is
small, i.e., B — o0, the deterministic terms dominate the dy-
namics. On the other hand, if B — 0, the dynamics becomes
fully stochastic and the noise dominates the dynamics. This
separation of timescales—where coupling dynamics operate
slower than internal fluxes—aligns with biological observa-
tions [17,18,31]. In our case, we set T = 1 for simplicity,
while controlling the timescale separation between the two
stochastic processes with the ratio n = B/8.

Summarizing, the rule that governs the evolution of the
couplings Jg;;, as well as the proper selection of the model pa-
rameters, can be understood as an effective modeling strategy
that captures a variety of underlying processes—both regu-
latory and evolutionary—which shape the system’s behavior.
This allows the model to reproduce well-known biological
phenomena such as the Warburg effect, inverse Warburg ef-
fect, or synaptic learning driven by impulse activity [35,36].
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The dynamical equations describing the evolution of the
interactions’ lack of experimental support, but represent a
plausible biological scenario and serve as a first proxy to jus-
tify the existence of such evolutionary behavior in the culture.
We chose them to exploit our previous understanding of this
kind of dynamics, while other evolutionary processes can be
adapted well to our formalism. Therefore, the framework can
also be adapted to describe other scenarios, such as noise-free
evolutionary models [37], which correspond to the limit 8 —
oo, or cases governed by anti-Hebbian learning rules [36],
which would involve changing the sign of (s;s;),,;. In this
way, Eq. (7) should be viewed as a simplified yet flexible tool
for modeling potentially complex and multicausal real-world
dynamics.

III. SIMULATIONS

This section presents the results of Monte Carlo (MC)
simulations for the model described above. Our objectives
are twofold: first, to illustrate the rich phenomenology that
emerges from the model’s underlying hypotheses; and second,
to highlight its versatility, which makes it suitable, at least in
principle, for describing real-world experimental scenarios.

A. Case of equilibrium

We begin by reviewing and extending the equilibrium
properties of the model without the coupling dynamics to
establish a connection between the original findings in [26,27]
and the dynamical model introduced here. Unlike previous
works, where only couplings in the waste reaction (w) were
considered, we assume that couplings also affect the reaction
g (competition). This extension allows us to explore how the
culture’s possible states depend on the coupling strengths.

In the following, all simulations are performed on a
two-dimensional lattice, with interactions limited to nearest
neighbors. While we acknowledge that this choice may not be
optimal in certain cases—such as cells in suspension—it suits
very well to describe biofilms, or simple tissues.

We can define m; as the average rate per cell of reaction
s across the system. At very low values of §, the exponential
term in the Boltzmann factor becomes negligible and the equi-
librium state is dictated solely by the constraints. In this case,
—mg =m, = 0.5 and m,, = 0. At high values of 8, the ex-
ponential term dominates. In the absence of interactions (i.e.,
Joij = Jwij = 0 for all (i, j)), each cell maximizes its glucose
uptake and fully respires it, resulting in —m, = m, = 1 and
my, = 0.

When interactions are present, the behavior of the system
becomes more complex. We consider the case where J;; val-
ues are drawn from a Gaussian distribution with means J,, < 0
and J, > 0, and variances A = 1. This generalizes the model
in [27], where only couplings via the waste product w were
considered.

For any finite B, if |J,| is sufficiently larger than |J,],
we expect a nonzero average secretion (or absorption) of the
waste product w, i.e., |m,,| > 0. In this scenario, maximizing
g for each pair of cells takes precedence over other reactions.
As a result, cells compete with their neighbors for glucose,
producing r and w according to the interaction terms.

This competitive behavior is confirmed in our MC simula-
tions, as shown in Fig. 1(b). In this scenario, the interpretation
is that all cells are, on average, in the same metabolic state
(competitive in this case). In the visual representation of fluxes
in Figs. 1(b) and 1(c), arrows represent reaction fluxes, with
absorption (negative flux) depicted as an incoming arrow and
secretion (positive flux) as an outgoing arrow. The thickness
of the arrows corresponds to the magnitude of the fluxes. The
upper arrow represents glucose consumption (g), while the
left and right arrows correspond to respiration (r) and waste
production/absorption (w), respectively.

Conversely, when |J,,| increases, the exchange of secreted
by-products becomes significant, altering the culture’s be-
havior. In this case, a collaborative state emerges, as shown
in Fig. 1(c). In the bidimensional lattice, neighboring cells
maximize their fluxes w, with one cell absorbing and the other
secreting. It means that at this point, collaboration via lactate
shuttle is playing an important role in the culture’s behavior.
This collaboration creates two distinct sublattices at the mi-
croscopic level, as illustrated in Fig. 2(a) and 2(b). Some cells
(sublattice 1) take glucose from the environment and secrete it
as a by-product W (w > 0), while others (sublattice 2) use W
as a substrate for respiration (w < 0). Full-system averages
obscure this microscopic behavior, as shown in panel (c).
As B increases, the ordered configuration becomes dominant,
while lower values of 8 introduce randomness, disrupting the
collaboration.

To generalize, Fig. 3 shows a J,-J,, phase diagram of the
system for 8 = 1, obtained from extensive MC simulations.
Depending on the values of J, and J,,, three distinct phases
can be identified:

(1) The competitive phase, marked by positive magneti-
zation in w, resulting from competition for glucose among
neighboring cells.

(2) The cooperative phase, characterized by a well-
ordered structure similar to Fig. 1(c).

(3) The disordered phase, arising from conflicting inter-
actions and marked by the formation of small clusters of
cooperating cells, indicates local-scale cooperation. These
emerging collaborative phenomena are indicative of the pos-
sible emergence of the reverse Warburg effect in tissue.

B. Dynamical simulations

In the previous section, we described the equilibrium phe-
nomenology of the model. Here, we demonstrate the relevance
of this phenomenology by showing that simple evolution-
ary dynamics can drive a system of initially noninteracting
cells (i.e., all J;; = 0) toward a state of effective metabolic
interactions. The underlying idea is that cells capable of ex-
ploiting their environment behave better than those that do
not. For instance, cells that consume glucose more efficiently
outperform others and dominate the culture. Alternatively,
when cooperating, cells that utilize metabolic by-products
from neighboring cells as resources can survive even with
reduced glucose consumption. These mechanisms introduce
evolutionary forces that may favor the emergence of metabolic
interactions.

To incorporate these dynamics into our MC framework, we
consider two processes running in parallel: one governing the
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FIG. 2. (a) Staggered magnetization for each value of 8 when J,, = —10, J, = 2, and A = 1. The panel represents cells that take glucose
from the environment and secrete it as a by-product, while (b) represents cells that use W as a substrate for respiration. (c) Magnetization

across all cells.

change of fluxes within each cell and another governing the
evolution of the interactions. Each process operates on its own
timescale and temperature.

The change of fluxes follows the Metropolis rule, defined
by

AH(s) =Y (hysi — hys)) = > (uijsisj — Jijslis)), (9)

s, s,i<j

where s’ represents a proposed update to the flux configura-
tion. The acceptance probability depends on the change in
energy AH (s):

1, 20 D
B ZUij )i
where the factor 4 accounts for nearest-neighbor interactions

in the simulations. Here, Z(J;;, [J/;;]) is the partition function
of the current state, with no changes to the J;; values, while

AH = %u 412 =0 (10)

9D-MC B=1A=1

6l glucose
competition
51 (respiration/
glycolisis)
4 L
Jg 3t
ordered
of cooperation
1 .
disorder
0 LS - * - =
-8 -6 -4 -2 0
Jw

FIG. 3. Phase diagram obtained from the bidimensional model
with respect to the couplings J, and J,,, for g = 1.

Z(J{j, [J/i;]) is the partition function if the proposed change
from Jj; to J; is accepted.

Figure 4 shows the results for the coupling evolution (J,;;)
at different values of p and n. The system is initialized with
different values of J,,;;, while J, is kept at zero throughout the
simulation, as we focus on the cooperative scenario. When
the system reaches equilibrium, larger values of J,,;; increase
the likelihood of stabilizing in a cooperative state, consistent
with the phase diagram shown in Fig. 3. Additionally, lower
values of p or n drive the culture toward a more cooperative
outcome. This supports the notion that a cooperative station-
ary state emerges when interaction dynamics evolve more
slowly than flux dynamics but are still fast enough to propa-
gate within the culture. Furthermore, Fig. 4(c) demonstrates
that the initial conditions of the interactions have minimal
influence on the equilibrium state.

C. Isolated cells

To demonstrate the versatility of our approach, we simulate
an experiment reported in [18], where a yeast culture is placed
in an environment where only the outermost cells have access
to substrate. Under these conditions, it was observed that
the outermost cells consumed large amounts of substrate and
secreted a by-product, while the inner cells began utilizing this
by-product to produce ATP. This is an excellent example of
how, under specific environmental conditions, a culture can
evolve to adopt the most advantageous metabolic configura-
tion for the system as a whole. This scenario aligns naturally
with our model.

In this case, we modify the flux limits to —1 < g <0,
0<r<0.5, and —0.5 < w < 1 to allow for the accumu-
lation of the by-product. Additionally, glucose is no longer
supplied constantly within a small 7 x 7 subset of the culture,
while the rest of the culture retains an unlimited glucose
supply. In this subset, cells begin with a finite amount of
glucose, which is consumed according to Michaelis-Menten
kinetics. This initial glucose supply is sufficient to sustain the
cells for a limited period. Once depleted, glucose becomes
scarce, forcing the cells to adapt to the new environmental
conditions. This adaptation is evident in Fig. 5(a), where the
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FIG. 4. The curves represent the MC averages of the couplings over the population (J,,;;). Simulations were performed for different values

of n and p, with two different initial conditions. Fields J; are zero in all cases. Initial values are (a) J°

= —0.02 and (b) J?

wij

= —0.50. In both

wij

graphs u = 1,0.1,0.01; n = 4, 8. The curves, from top to bottom, correspond to the legend from top to bottom as well. (c) Dependence on
the initial conditions (J, ;)- In all cases, the results were averaged over 10 simulations.

average fluxes m; are plotted for the 7 x 7 subset. Initially,
these cells behave similarly to the rest of the culture, which
has an unlimited glucose supply. However, once their glucose
runs out, the island’s inner cells’ fluxes go to zero, which can
be interpreted as if the cells died from nutrient deprivation
[12]. Also, cells in the island’s outermost layer can switch to
consuming the by-product (w) generated by the external cells,
and use it to obtain energy by a lactate shuttle mechanism.
This adaptation is reflected in the negative values of m,, at the
end of the simulation.

As in the experiment, the goal is to examine how cell in-
teractions evolve in a changing environment. The simulations
were performed while maintaining the interaction dynamics
described earlier. This can be noted in Figs. 5(a) and 5(c). The
dynamics for the coupling evolution of the cells in the island
changes abruptly at ¢+ = 2000, when the Michaelis-Menten
process depletes the carbon reserves g for some cells (which
have an initial stock of 2000, being consumed at a maximum
rate of one unit per second). The process continues up to
t = 4000, where glucose is fully depleted for all cells in the
island. This explains the sharp behavior of the curves at this
particular time. The strong interactions developed within the
culture reflect in the fact that the outermost layer of the
7 x 7 subset can consume the by-product (w) secreted by
the surrounding culture. However, since only nearest-neighbor

interactions are considered, the flux of the cells that are not
at the boundary, hence not in direct contact with the rest of
the culture, eventually goes to zero. This, combined with the
relatively low w fluxes maintained at the boundary, causes
([Jwijl) to decrease. Nevertheless, it is still sufficient to sustain
the fluxes on some cells, using the lactate shuttle as its main
metabolic pathway. These results are illustrated in Fig. 5,
where panel (b) shows the cell configuration on the 2D lattice
and panel (c) presents the evolution of the interactions within
the culture, the isolated subset, and its boundaries.

IV. ANALYTICAL SOLUTION

In this section, we present an analytical solution of the
model with dynamical evolution for couplings. To do that,
the same approach as for Sherrington-Kirkpatrick spin glass
systems was followed [38], although we considered continu-
ous spins in the space of fluxes, instead of Ising spins [27].
Furthermore, introducing the new temperature for the cou-
pling dynamics makes it necessary to use techniques of
partially annealed systems, developed by [25,31,33]. The
complete derivation for the cell and coupling system is pro-
vided in Appendix.

We begin by noting that the Boltzmann ansatz for the
probability distribution allows us to describe the cells as in-

050 i M
r '\/l\\\/\\/l\k/\\/\\/l\
0.25} r » \nalalnln k’.\ y
S NA NI AN NN AR =5
s 0.00} \/l\ k:/\ /\: \/l\ A . =culture
g /N \/l\: :/I\ \/I\ — =10 ~island
—025) \/'\ \:/\ /\: \/|\ \ N =boundary
N \/\: :/\ NA -15 boundary
~0.501 — AN k:/\ /\:kq\k
’ Sy ASRAN AN AN AN
R A LR L etk skt | | -20 culture
; \/'\ /NN \/'\ AN \/I\ \
0 2000 4000 6000 /'\ NN NN AN NS AN \/I\ 0 2000 4000 6000
time CANANANA AA NA NA N time
(a) (®) (©

FIG. 5. (a) Average fluxes g, r, and w in the 7 x 7 isolated subset. Glucose begins to deplete for some cells at t = 2000 and is completely
exhausted around r = 4000. Cells are forced to utilize w to survive. (b) 2D lattice representation of the cell culture, with a 7 x 7 subset in the
center subjected to finite glucose conditions. In this snapshot, glucose has already been depleted in this subset, and the only surviving cells
are those at the boundary, which can take up w from the surrounding culture. (c) Average J,, values for the entire culture, the subset, and its
boundary. Once glucose is depleted, the boundary cells maintain stronger interactions, while those in the center of the subset eventually run

out of resources.
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teracting through a Hamiltonian defined as

H({sDy,;y = — Z Zhssi - Z stijsisjs

i<j

Y

where the subscript indicates that the Hamiltonian is defined
for a fixed set of couplings {J;;} at a given instant of the
evolution. The thermodynamics of the cell system are then
derived from the partition function

Z({ ) = Tr(e D), (12)

To incorporate the coupling evolution described by Eq. (7),

and defining n = /8, the partition function for the full dy-
namics of the coupled system (cells and couplings) becomes
Zp = /d‘lsij Z"({Jyij}) e 2PN i us=h/N? - (13)

This partition function can be used to compute the moments of
the dynamical variables in the usual manner [31,33]. Specif-

ically, the first moment of the couplings to leading-order N
after equilibrium is given by

N aanB

7 on UNTy = uds = 3 ()’

(14)

a

where the index a corresponds to the replica index (see
Appendix for the full derivation).
For the moments of the spins, it is

= (i) (15)
hi=h

l d anf}
7 om

Here, (-) represents the Boltzmann average with the Hamilto-
nian (11) for a fixed set of J;;s, while the overbar denotes the
average over the asymptotic dynamics of the Jy;;s.

Using standard techniques from spin glass theory, we de-
fine the order parameters

1 1
mi =Y st al =5 ) st
i i

where m{ is the first moment of the reaction flux s over
different replicas and ¢ is the overlap between the fluxes
of a cell for different replicas. When a = b, ¢“ corresponds
to the second moment of the reaction flux for one replica.
In terms of a population, m¢ represents the average of the
reaction flux s over the cells, while ¢ quantifies the overlap
of s for configurations at two widely separated times.

The parameter n remains finite and integer (although a real
analytic continuation can be performed), corresponding to a
partially annealed system [25,31,33]. After performing the
typical algebraic manipulations, we apply the replica symmet-
ric approximation, that is, m¢ = mj, q?” = g, for a # b, and
q5* = &,. The free-energy density of the system is then

(16)

Jm?  A?
flng. g t) ==Y [Tm + 5+ 1>q3)}

s

1 N
+oin / (Tr [exp(—Hgs))' DR, (17)

where

HRS = - Z(ﬁh: +Jsms + Ar\/a s)s

A7
- S -a)s (18)
and A% = ﬁ The saddle-point solutions in the thermody-

namic limit minimize the free energy. In the replica symmetric
approximation, the interpretation of the order parameters is

qs = <S>2’ &= (S2).
Here, (s) and (s?) are the first and second moments of the
reaction fluxes, while (s)? is the overlap between the reaction
fluxes at two widely separated times.

Finally, it is important to note that the parameters in
Eq. (19) are such that they minimize the free-energy func-
tion, and the Boltzmann average (-) is performed with the
n-replicated Hamiltonian Hgg. The overbar () denotes a
Gaussian average over the variables ¢, defined as

—Hks (.
[ i <eH'“>J"(M>

my = (s), 19)

_ Tr (e~ He)
()= :
f Di; [Tr (7 Hrs)"

(20)

where Diy = [, dt, exp(—t2/2)/+/27.

Evolution phase diagram

The analytical solutions obtained above bring the oppor-
tunity of exploring the full space of parameters and, at the
same time, validate the dynamical model used for coupling
evolution. Following the previous analysis, we separate the
solutions for the two cases: flux equilibrium without and with
evolution on the couplings.

The first scenario, presented above in Fig. 3 (for MC
simulations), is now obtained using the theoretical mean-
field solutions. The results, shown in Fig. 6(a), reproduce the
simulations for the competitive region. However, the ordered
cooperation phase is not obtained, as a direct consequence
of the limitations of the mean-field theory of spin glasses: it
fails when most of the couplings J,,;; are negative. This is also
confirmed in Fig. 6(b), where a great part of the coupling J;;
is positive (although its average is negative). In this case, the
disorder phase region appears for low values of Jg, replicating
the disorder phase in Fig. 3.

Once obtained the results without evolution, we can follow
the case with evolution as well. The results obtained in Sec. III
can now be generalized to analyze the phases adopted by the
tissue as a function of the parameters p and n. As mentioned
in Sec. II D, the parameter u represents the rate of evolution to
ground value J;. On the other hand, n determines whether the
coupling evolution is governed by deterministic factors when
n is large, or by the stochastic noise given by B when n is
small. The resulting equilibrium phases are shown in Fig. 7.

Let us first discuss the phase diagram of Fig. 7(a) in de-
tail. At all times, the evolution of the couplings arises from
the competition between three factors: the rate of evolution
u toward the fields J;, the correlations between fluxes of
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FIG. 6. (a) Analytical mean-field solution for 8 = 1, A = 1. (b) Analytical solution for 8 =1, A = 6.

neighboring cells modulated by 8, and the stochastic noise
determined by B. When the “natural drift” from tissue is
very weak (u — 0), the system’s behavior depends on the
relationship n = B/p. In this case:

(1) For larger values of n, the variance A> = 1/Bu of the
coupling equilibrium distribution decreases, implying that all
Jsijs tend to be identical. This leads to a competitive config-
uration [26,27,31,33,38], characterized by order parameters
|my | > 0 and |q,| > 0. This analysis is confirmed after solv-
ing Egs. (19) and (20). Results are shown in Fig. 7(a).

(2) For smaller values of n, the coupling average goes to
zero, with a higher variance. It means that the couplings have
a higher probability of taking different signs for different pairs
of cells. This results in a disordered phase in Fig. 7, with the
emergence of cross feeding regions within the tissue, analo-
gous to the apparition of the spin-glass phase in the disordered
Ising systems [26,27,31,33]. In this scenario |m,| =0 and
|gw| > 0.

As u increases, the dynamics evolve at a higher rate to-
ward the fields J; (which are taken as zero), meaning that
the J;;s follow a Gaussian distribution with mean J; and vari-
ance A — 0. Consequently, the system transitions to a single
purely state with |m,,| = 0 and |g,| = 0O, resulting in a state
where no cells secrete or absorb lactate, and the entire tissue
relies on respiration.

It is important to highlight the biological significance of the
existence of both ordered and disordered cooperation phases.
When the average flow is zero but the second moment is non-
zero, it indicates the presence of opposing flows within the
culture. This is a sign of the emergence of cross feeding cycles
in the system. If the phase is fully ordered, we are observing
a case of cross feeding that extends uniformly throughout
the entire culture, which arises due to the shift toward the
lactate shuttle mechanism in the cultured cells. On the other
hand, the disordered or glassy phase exhibits localized regions
within the culture where these cross feeding cycles appear.

8 8
7 7
glucose
6 || glucose 6 || compet.
compet. (respir/
(respir/ glucose glycol)
5 competition 5
glycol) p glucose
= (respiration) = competition
4 4 (respiration)
3 3
5 5 disorder
disorder
0.001 0.002 0.003 0.004 0.005 0.006 0.001 0.002 0.003 0.004 0.005 0.006
2 K
(a) (b)

FIG. 7. (a) Phases exhibited by the culture for J,, = J, = 0, 8 = 0.05, and the dynamic evolution (7) applied to the third reaction. (b) For
Ju» = —10, a larger collaborative region (disordered phase) is observed in the phase space.
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Unlike the ordered case, this behavior does not propagate
across the entire culture. These phenomena show similarities
to the persistence of cells in tissues (such as tumor environ-
ments) due to the reverse Warburg effect mechanism between
stromal and tumoral cells.

In biological terms, these results lead to the following
conclusions:

(1) If cells are not under dominant evolutionary pressure
(u is small), the primary metabolic pathway in the tissue
(respiration, fermentation, or cooperation through cross feed-
ing) depends on whether their couplings evolve in response to
correlations between neighboring cell fluxes or in response to
noise in the dynamics.

(2) If the dependence is on correlations, there is an average
flow of outgoing lactate per cell (fermentation).

(3) If the dependence is primarily on noise, the average
secreted lactate is zero across the tissue, but fluctuations ap-
pear in various regions where lactate is secreted and absorbed.
These fluctuations correspond to the formation of cooperative
cross feeding regions.

This interpretation is validated in Fig. 7(b). Introducing a
Juw < 0 reinforces the tendency toward the disordered phase,
which is consistent with the interpretation in Fig. 3.

V. DISCUSSION AND SUMMARY

In this work, we have developed a theoretical framework
to study the emergence of metabolic interactions in microbial
communities. By combining Monte Carlo simulations with
analytical methods from the statistical physics of disordered
systems, we explored how competitive and/or cooperative
interactions arise in a population of cells. Our model high-
lights the relationship between glucose competition and waste
exchange, revealing three distinct phases: competitive, co-
operative, and disordered. These phases reflect the diverse
strategies used by cells to optimize resource utilization and
survival, reproducing known phenomena such as the Warburg
and reverse Warburg effects in tumor tissues. The simulations
performed in the two-dimensional model can be understood
as an appropriate proxy for modeling biofilms or structures
in simple tissues. In contrast, the analytical computations
carried out in the mean-field model are more representa-
tive of a varying population of cells, such as bacteria in
suspension.

From a technical point of view, we emphasize that the as-
sumption that all cells are characterized by the same metabolic
constraints is a condition imposed in this context because we
were interested in modeling the behavior of isogenetic cells.
However, it is not a fundamental limitation of our approach.
The description of different species in a culture, each with
distinct metabolic constraints, could readily be incorporated.
Although this would slightly complicate the simulations and
significantly increase the complexity of the analytical com-
putations, it remains feasible within the existing formalism.
Nevertheless, we note that we did not aim to fit the stoi-
chiometric model to experimental parameters, and therefore,
the current model should be understood as exploratory rather
than predictive. We are confident that exploring alternative
distributions for interaction strengths or introducing spatial

heterogeneity could offer further insights into the robustness
and adaptability of microbial communities.

It is important to note that, in order to keep the analytical
treatment tractable, our model does not directly account for
cellular division. However, changes in coupling parameters
can be interpreted as the result of the emergence of new cells
with greater fitness or better adaptation to the environment.
Alternatively, the impact of transcriptional changes occurring
during cell division is captured via the stochastic component
of the dynamical equation, modulated by the parameter .

In a more general model, one can imagine that the spatial
redistribution due to population growth could be represented
through a deterministic evolutionary pressure specific to the
tissue being modeled. The effects of this pressure can be
absorbed into the choice of the intrinsic field J; for each
tissue type. Similarly, the influence of spatially correlated cell
flows can be modeled through their effects on the evolution of
interaction couplings.

Imposing a Boltzmann distribution to characterize the
probability space of metabolic states is often justified us-
ing the principle of maximum entropy, as seen in previous
works [6,7,17]. The use of an exponential distribution further
facilitates parallels with methods from the statistical mechan-
ics of disordered systems. It is important to emphasize that
other feasible distributions could be employed in similar con-
texts, depending on the biological assumptions or modeling
goals.

The main results of this work can be grouped into two
fundamental parts: (i) the generalization of previously stud-
ied models that describe the equilibrium state of interacting
cellular systems, and (ii) the inclusion of a dynamical pro-
cess governing the interactions between cells, along with
its numerical and analytical solutions. In the first part, we
obtained a detailed phase diagram that maps the presence
of different metabolic phases as a function of fixed interac-
tion parameters. In particular, within the cooperative phase,
we observed the emergence of opposing sub-networks where
cross feeding processes occur. Moreover, upon incorporating
the evolution of interactions, we were able to study adaptive
phenomena in cells located in glucose-deprived regions. We
found that, in principle, these cells could survive in such
hostile environments thanks to nutrients received from ex-
ternal neighbors. This includes the dynamic formation of
cross feeding networks, where external cells consume glu-
cose and internal cells utilize metabolic by-products. Given
that diverse cross feeding patterns (via the reverse Warburg
effect) have been observed in microbial cultures, our ap-
proach has the potential to gain biological relevance. The
qualitatively similar results obtained from studying both two-
dimensional and mean-field models highlight the universal
applicability of the phase diagram. They also underscore that
the evolutionary dynamics driving metabolic interactions are
the main determinants of the phase structure, limiting the
relevance of spatial system structure in explaining the ob-
served phenomena.

Our theoretical framework also challenges the notion that
cells “want to” optimize a utility function. The idea that indi-
vidual cells maximize biomass or ATP production serves as a
mathematical abstraction to describe complex biological pro-
cesses. Similarly, our proposal—that a culture may minimize
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a cost function that includes intercellular interactions—should
be interpreted in the same light. A simple proxy for such an
interaction is the use of environmental energy sources, which
may, in turn, originate from the metabolism of neighboring
cells. This reasoning aligns with approaches such as those
in [28,29], where metabolic network modeling is combined
with diffusion constraints, single-cell experimental flux data,
and tools from statistical physics to show that heterogene-
ity in a culture can be explained by metabolite exchanges
among cells. Our approach opens a path to understanding
how this heterogeneity arises as a result of evolutionary
dynamics.

Future research could integrate empirical parameters and
validate the model’s predictions against real-world experi-
mental data. Given the complexity of measuring the intrinsic
parameters of the model, experimental validation can be
challenging. However, the model can be adjusted to ad-
dress this issue. For example, the values of the fields A,
could be set to realistic levels based on existing stud-
ies of cellular metabolism. Similarly, the interaction fields
Js, as well as parameters such as B and B, could be es-
timated using fitting procedures applied to experimental
data from cellular cultures, as in [29]. Furthermore, ex-
ploring alternative distributions for interaction strengths or
introducing spatial heterogeneity could offer additional in-
sights into the robustness and adaptability of microbial
communities.
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APPENDIX: DERIVATION OF THE ANALYTICAL
SOLUTIONS

We start with the simple model described in [27], with the
corresponding Hamiltonian:

ZZh 5; —ZZJWS s, (A1)

s i<j

H({s})

where s € {g, 7, w}. The partition function of the spin
system is

Z({Jij)) = Tr e 1D, (A2)

The flux configuration will follow an equilibrium distribution:

o—BH(s)
P({s})) = 0———. (A3)
Zg({Jsij})
Now we can consider that the Jy;; follows a dynamic law with

the form [31]
d 7 1 1 )

T_ Si' =N — Si. b
i TN JN

being #n,;(t) a Gaussian noise with 0 mean and

(15ij (O (1)) = 2 Ay kLA = 1),

So, under this dynamic approach, we will consider that
for each time 7, the spin system equilibrates according to
(20-22). Also, for long times, both systems (spins and cou-
plings) equilibrate, and the difference in timescales loses
relevance.

Then, the correlations in the dynamic equation can be
expressed in terms of the equilibrium distribution as

d OH{Jsij})

<Sisj) Jsij} :u’(JSIJ /N) + (A4)

N'CEJsijZ_ 815,1 +\/_ l_](t)
(AS)
with
1 1
H{Jsij}) = 3 InZ({Jsi;}) + EMN Z(Jsij — Js/N)%.
s,i<]j
(A6)

There are two equilibrium processes, for J,;; and s. The first
one, at a slow pace, with associated Hamiltonian H({Jy;}),
inverse temperature B, and partition function ZE’ and the
other with a fast pace (equilibrates for each step of the first
process) with Hamiltonian H ({J;;}), inverse temperature S,
and partition function Zg. The quadratic term in H is related
to a quadratic potential centered at J;/N.

The process (AS) can be identified as a Langevin equation,
with partition function

Zy=Trt e PHUH — Ty PG INZ()
sij} {Vsij}

)= 3N X Usij=Js/NY)

(A7)
Zy = TrZ'({Ugj)) e PV R TV (A)
sij

where n = £ and Z"({Jyi;}) can be interpreted as the partition
function over n replicas of the same disorder configuration (n
is a positive integer for the moment). So,

|:T1‘ [e -3, HW)

Zz =Tr
P i)

where a = 1,2, ..., n. Calling A> = 1/Bu

Zﬂ_Tr

”}v/l_[r[d.]ujexp[ AZ( sij — g/N)z]

i<j s

X exp (ﬂ Z Z his! + B ZJsijs?s?), (A10)
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Integrating and neglecting the subexponential term as N — 0o, we obtain

242 2
Zﬁ—TrHexp ﬁzhl,-i- ZZ —I—Z'Bz—}é(Zs?s?)

i<j a i<j

W) 2 -5))

Now, we introduce the variables m} = } , 57, g = l.s?sf’ and apply the Hubbard-Stratonovich
(N =/ N e 2w +VDrugy) 1o eliminate the squared terms in the exponent:

=g (1 350 ) (I oo~ 3 S 0 - S )

a aa BA
" Hp(ﬂzh RRCEAADY S

a<h

Tl Tor

“Q

,b), (A12)

Note that the trace acts only over a single cell site. Then, and neglecting the subexponential terms again, the partition function
becomes

7= [ T1( o T Joo - X 57 - 3310

a<b a<sb
x exp| NIn Tr Hexp Z (,Bhs + ,Bjsm‘;)sa + Z ngbsusb , (A13)
) a asb Y I+ Aa
Zy = / l_[ (Hdm qu )exp (Nnf(m?, ¢*")) ~ exp(Nnf (m:*, ¢=*")), (Al4)
a<sb
where
a)2 ab\?
a _ab (mr) (qr ) 1
, = — — = —InT
flonsar’) ; 2n agr 2n + no ) U
BAGY .,
X ex Bhs + /BImS)s" + —L %", (A15)
P@( L e
is the average free energy function for one replica and cells for N large and m}* and q*”b are such that they extremize f(m;, g b,
Now, we take the replica symmetric anzats, where m{ = m, qs = g; (a < b) and ¢} = ¢,. Using the transformation
2
e M g B Y2 (AL6)
BJs BA BA

we obtain

Jom?  BIA?
f(m?,qf”)=—2[ﬂ%+ﬁ (67 + (= 1)q§)}

N

1 T hy + BJ; ZA? ﬂzAz(“ @y
~In rl_[exp Z(ﬂ + BJsmg)s¢ + B qs Zs — ;(s) .

a<b
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Using ) ,_, s* st = 2(2 57)? —

the exponent. Now, the trace runs over a single replica and

Jom?
fWM%=—Z[?

s

1

n

Jm? A2
fw,qu):-z[%ﬂsm-w@p

where we have called Hgs = — Y~ (Bhy + BJsms + BA Jqsts)s —

T HRS Tre Hasg P
[Tre Tre T He 15

2
+ —ln/ {Trl_[exp[(ﬂhs—i-ﬂ]sms—i—ﬁA\/as)sﬂ-p ,32A

Za (s*)? and the H-S transform, introducing the variable 7;, we eliminate the squared sums in

AZ
&+ - 1)43)}

2

(& — qs><s”>2] } Dt
~In / {Tr[exp(—Hgs)1}" Dty

gs)(s)?. Using the saddle point conditions gives

¥ B -

) (A17)
/ [Tre~Hrs)7D7,
2
Tre Hasg
—Hgsn g
/ [Tre ] <Tre—HRS> s
, (A18)
/ [Tre M%) D7,
T —Hgsn Tre™ HRSS D—'
[Tre ] W Iy
, (A19)

g =

— 1 ;fyz
where Dty = [, e di,.

/ [Tre Hrs 1Dy,

The equilibrium solution (without the coupling dynamics) for each instant can be obtained after taking the limit » — 0, while

maintaining a fixed 8. With that, it is

2
. Tre Hrss D . Tre Hrsg D . Tre Hrs D
"= ) B O 6= [ \ e | P 6= [ e P

(A20)
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