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Analytic electron and ion electrical-conductivity tensors of a fully ionized two-component plasma
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We have developed explicit analytic expressions for the electron and ion electrical-conductivity tensors of a
fully ionized two-component plasma. We assume the plasma is nondegenerate, nonrelativistic, and subject to
electric and magnetic fields. The conductivity tensors give the Pedersen, Hall, and Birkeland currents of the
electrons and ions as functions of the electric field, magnetic field, and plasma parameters. (By definition, the
electron and ion Pedersen currents are those that flow in the direction of the component of E that is perpendicular
to B. The electron and ion Hall currents flow in the −E × B and E × B directions, respectively. The electron
and ion Birkeland currents flow in the direction of the component of E that is parallel to B.) We derive
the conductivity tensors from Lorentz-force, kinetic, modified-two-fluid, and standard-two-fluid models of a
plasma. The Lorentz-force model is based on the electron and ion Lorentz-force equations, and the probability
distribution of random collisions. The kinetic model is based on the electron and ion Boltzmann equations in
the relaxation-time approximation. The modified-two-fluid model is derived from the kinetic model, and differs
from the well-known standard-two-fluid model. The Lorentz-force, kinetic, and modified-two-fluid models are in
agreement and, in the steady state, predict the following: In the collisionless limit (ωceτ → ∞, ωciτ → ∞), the
electron and ion Pedersen currents → 0, whereas the electron and ion Hall currents dominate. In the collisional
limit (ωceτ → 0, ωciτ → 0), the Pedersen currents dominate, whereas the Hall currents → 0. (The quantities ωce

and ωci are the electron- and ion-cyclotron frequencies, respectively; τ is the interparticle momentum-transfer
collision time.) The results are consistent with elementary physical considerations. The standard-two-fluid
model predicts instead that, in the steady state, the Pedersen currents are identically 0, and the Hall currents
dominate, for all values of ωceτ and ωciτ (when B �= 0). The discrepancies with the Lorentz-force, kinetic, and
modified-two-fluid models are caused by the collision terms of the standard-two-fluid model.

DOI: 10.1103/d898-7tzb

I. INTRODUCTION

We consider a nondegenerate, nonrelativistic fully ionized
plasma. We assume the plasma consists of electrons and
one ion species with charge state Z. We assume the plasma
is quasineutral, and the electrons and ions are at the same
temperature T. We assume also that the temperature, number
densities, and fluid velocities of the two plasma species have
negligible spatial gradients. In addition, we assume the plasma
is subject to uniform electric and magnetic fields, E and B,
respectively.

We model the plasma with the coordinate system illustrated
by Fig. 1. Without loss of generality, we assume through-
out the article that B is in the positive z direction; i.e., that
B = Bz ez. (The quantities ex, ey, and ez are unit vectors in the
x, y, and z directions, respectively.)

The principal objective of the article is to estimate for such
a plasma the currents that flow within; i.e., the Pedersen, Hall,
and Birkeland currents. By definition, the electron and ion
Pedersen currents are those that flow in the direction of the
component of E that is perpendicular to B. The electron and
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ion Hall currents flow in the −E × B and E × B directions,
respectively. The electron and ion Birkeland currents flow in
the direction of the component of E that is parallel to B.

One example of a plasma of interest is that which
is found within a magnetically insulated transmission line
(MITL) [1–22]. A MITL is a crossed-field device: It subjects
the charged particles between its electrodes to perpendicular
E and B fields. When operated, a MITL is under vacuum
initially: The space between the MITL’s anode and cathode
electrodes typically begins at a pressure in the 10−4–10−8

torr range. However, when operated at sufficiently high
electromagnetic-power densities, particles evolve from the
MITL-electrode surfaces during operation, enter the anode-
cathode gap of the MITL, and become ionized. It is often
desired to minimize the Pedersen and Hall currents (Fig. 1)
carried by such a plasma.

The Pedersen, Hall, and Birkeland currents within a
plasma subject to E and B fields can be estimated with
electron and ion electrical-conductivity tensors. In this arti-
cle, we derive explicit analytic expressions for the tensors
from Lorentz-force, kinetic, modified-two-fluid, and standard-
two-fluid models of a plasma. The models are outlined by
Secs. II, III, IV, and V, respectively.

Section VI compares time-dependent electron and ion
fluid velocities as predicted by the modified- and standard-
two-fluid models. Section VII presents additional comments
on the standard-two-fluid model. Results of the article are
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FIG. 1. Coordinate system assumed by the article. Without loss
of generality, we assume throughout that B = Bz ez. The figure illus-
trates directions of the Pedersen and Hall currents when E = Ex ex .
The electrical-conductivity tensors developed by the article make
the more general assumption that E = Ex ex + Ey ey + Ez ez. When
Ez �= 0, the electron and ion Birkeland currents flow in the direction
of Ez. The quantity V is the potential difference across the plasma,
and d is the plasma thickness.

summarized by Sec. VIII. Appendices A and B outline deriva-
tions of the tensors presented by Secs. II and III, respectively.

Except for Sec. VII A, the article assumes the laboratory
frame of reference: a local inertial reference frame that is
centered on the laboratory and contains the plasma under
consideration. This is the frame within which the laboratory
is at rest, and measurements are made. The article assumes
plasma conditions are such that runaway electrons and ions
can be neglected. Equations in this article are in cgs-Gaussian
units throughout.

II. LORENTZ-FORCE MODEL

A. Electron and ion Lorentz-force equations

The Lorentz-force model of a plasma considered by this
article is based on the nonrelativistic electron and ion Lorentz-
force equations:

Fe = me
dve

dt
= −eE − e

c
(ve × B), (1)

Fi = mi
dvi

dt
= ZeE + Ze

c
(vi × B). (2)

The quantity Fe is the force on an electron, me is the electron
mass, ve is the electron particle velocity, e is the absolute value
of the elementary charge, E is the electric field, c is the speed
of light, B is the magnetic field, Fi is the force on an ion, mi

is the ion mass, vi is the ion particle velocity, and Z is the
ionization charge state.

B. Electron and ion conductivity tensors

Beginning with Eqs. (1) and (2), and assuming E =
Ex ex + Ey ey + Ez ez and B = Bz ez, we derive in Appendix A

FIG. 2. We define a collision to be an event that consists of a sin-
gle 90◦ deflection, or a number of smaller deviations that combined
result in a 90◦ deflection. Such a collisional event, which is illustrated
here, reduces the particle’s initial forward-directed velocity to 0. We
assume that after such a collisional event, the velocity is randomly
distributed azimuthally, and hence the postcollision velocity of the
particle, averaged over a large number of particles, equals 0 [23–25].
(We observe that the velocity-reset assumption is not explicitly made
by the kinetic, modified-two-fluid, and standard-two-fluid models
outlined by Secs. III–V.)

electron and ion electrical-conductivity tensors. The deriva-
tion closely follows those given by Parks [23] and Piel [24].
These references make use of the probability distribution of
random collisions as described by Feynman [25].

Appendix A makes a velocity-reset assumption identical to
that of Parks [23], Piel [24], and Feynman [25]. We define a
collision to be an event that consists of a single 90◦ deflection,
or a number of smaller deviations that combined result in a
90◦ deflection (Fig. 2). Such a collision reduces the parti-
cle’s initial forward-directed velocity to 0. We assume that,
after a collision, the direction of the velocity perpendicular to
that of the initial forward direction is randomly distributed.
Hence as suggested by Fig. 2, the postcollision velocity is,
averaged over many particles, equal to 0. (We note that the
velocity-reset assumption is not explicitly made by the kinetic,
modified-two-fluid, and standard-two-fluid models outlined
by Secs. III–V.)

The electron conductivity tensor σ e can be expressed as
follows:

je = σ eE, (3)

σ e =

⎛
⎜⎜⎜⎜⎜⎝

σe(
1 + ω2

ceτ
2
ei

) −ωceτeiσe(
1 + ω2

ceτ
2
ei

) 0

ωceτeiσe(
1 + ω2

ceτ
2
ei

) σe(
1 + ω2

ceτ
2
ei

) 0

0 0 σe

⎞
⎟⎟⎟⎟⎟⎠, (4)

055202-2



ANALYTIC ELECTRON AND ION … PHYSICAL REVIEW E 114, 055202 (2026)

σe = nee2τei

me
, (5)

ωce = eBz

mec
. (6)

The quantity je is the electron current density, σe is the scalar
electron conductivity, τei is the electron-ion momentum-
transfer collision time, ωce is the nonrelativistic electron
cyclotron frequency, and ne is the electron number density.

The ion conductivity tensor σ i has a similar form:

ji = σ iE, (7)

σ i =

⎛
⎜⎜⎜⎜⎜⎝

σi(
1 + ω2

ciτ
2
ie

) ωciτieσi(
1 + ω2

ciτ
2
ie

) 0

−ωciτieσi(
1 + ω2

ciτ
2
ie

) σi(
1 + ω2

ciτ
2
ie

) 0

0 0 σi

⎞
⎟⎟⎟⎟⎟⎠, (8)

σi = niZ2e2τie

mi
, (9)

ωci = ZeBz

mic
. (10)

The quantity ji is the ion current density, σi is the scalar ion
conductivity, τie is the ion-electron momentum-transfer colli-
sion time, ωci is the nonrelativistic ion cyclotron frequency,
and ni is the ion number density.

The total current density within the plasma is the sum of
the electron and ion components:

j = je + ji = (σ eE) + (σ iE). (11)

C. Interparticle momentum-transfer collision time

Throughout this article we make the simplifying assump-
tion that τei and τie can be approximated as constants. We
determine the relationship between τei and τie by considering
the electron and ion Birkeland currents, jez and jiz, respec-
tively. As suggested by Eqs. (3), (4), (7), and (8), these can be
expressed as follows:

jez = −neeuez = σeEz, (12)

jiz = niZeuiz = σiEz. (13)

The quantities uez and uiz are z components of the electron and
ion fluid velocities.

Throughout the article we assume quasineutrality:

ne = Zni. (14)

The magnetic field B does not affect the electron and ion
Birkeland currents. Hence since the plasma is quasineutral,
the total kinetic momentum of the electrons and ions in the z
direction must be conserved:

nemeuez + nimiuiz = 0. (15)

Combining Eqs. (5), (9), and (12)–(15) we find that

τei = τie = τ. (16)

We define τ to be the interparticle momentum-transfer colli-
sion time.

FIG. 3. Steady-state Pedersen and Hall currents as predicted by
the Lorentz-force, kinetic, modified-two-fluid, and standard-two-
fluid models of a plasma. The currents are plotted as functions
of ωceτ and ωciτ . To facilitate comparison of the currents we set
mi = 10me. The plots make the simplifying assumptions that Z = 1
and E = Ex ex . In the steady state, the standard-two-fluid model is
consistent with the Lorentz-force, kinetic, and modified-two-fluid
models in the collisionless limit (ωceτ → ∞, ωciτ → ∞). The four
models are also consistent when B = 0 (Sec. V C).

We expect τ to be a function of the temperature, elec-
tron number density, and ion number density of a plasma.
Appendix B presents an approximate expression for the
electron-ion momentum-transfer collision time in the second
Born approximation [Eqs. (B38)–(B43)], which Eq. (16) sug-
gests could be used as an estimate of τ .

Figure 3 plots the electron and ion Pedersen and Hall
currents as functions of ωceτ and ωciτ , as predicted by the
Lorentz-force model. The plots assume E = Ex ex.

D. Idealized representations of electron and ion trajectories

Figure 4 illustrates idealized electron and ion trajectories in
a plasma as predicted by the Lorentz-force model, assuming
E = Ex ex.

Figure 4(a) is an idealized representation of particle tra-
jectories in the collisionless limit (ωceτ → ∞, ωciτ → ∞).
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FIG. 4. Idealized steady-state electron and ion trajectories as
predicted by the Lorentz-force, kinetic, modified-two-fluid, and
standard-two-fluid models of a plasma. The figure assumes E =
Ex ex , B = Bz ez, and represents four cases. The Lorentz-force, ki-
netic, and modified-two-fluid models make identical predictions,
which differ significantly from those of the standard-two-fluid
model. The four models agree in the collisionless limit (ωceτ → ∞,
ωciτ → ∞).

In this limit, the Lorentz-force model predicts collisions are
so infrequent that, to a good approximation, electrons and
ions simply drift in the E × B direction at the c(E × B)/B2

z =
−(cEx/Bz ) ey velocity.

Figure 4(b) is an idealized representation of particle
trajectories when ωceτ → ∞ and ωciτ ∼ 25. Under these
conditions, the Lorentz-force model predicts the electron Ped-
ersen current is negligible, whereas the ion Pedersen current
is significant.

Figure 4(c) is an idealized representation of particle trajec-
tories when ωceτ ∼ 25 and ωciτ → 0. Under these conditions,
the Lorentz-force model predicts the electron and ion Ped-
ersen currents are significant, and the ion Hall current is
negligible.

Figure 4(d) is an idealized representation of particle trajec-
tories in the collisional limit (ωceτ → 0, ωciτ → 0). In this
limit, the Lorentz-force model predicts the interparticle col-
lision frequency is so high that, between collisions, electrons
and ions cannot accelerate to velocities sufficiently high to be
significantly affected by the magnetic field. The model pre-
dicts the electron and ion currents are approximately parallel
to E. Hence the model predicts the electron and ion Pedersen
currents dominate, and the electron and ion Hall currents are
negligible.

III. KINETIC MODEL

A. Electron and ion Boltzmann equations

The kinetic model of a plasma considered by this article
is based on the electron and ion Boltzmann equations in the
relaxation-time approximation [26]. The electron Boltzmann
equation can be expressed as follows:

∂ fe

∂t
+ v · ∂ fe

∂r
− e

me

(
E + v × B

c

)
· ∂ fe

∂v
= ∂ fe

∂t

∣∣∣∣
collisions

.

(17)

The quantity fe = fe (t , r, v) is the electron velocity-
distribution function, r = xex + yey + zez is position, and v =
vx ex + vy ey + vz ez is velocity.

Various forms of the collision term that appears on the
right-hand side of Eq. (17) have been considered by the
literature. One is the Boltzmann collision operator, which
models binary collisions [27]. As observed by Krall and
Trivelpiece [27], the Boltzmann equation with a Boltzmann
collision term “is nearly intractable … both because it is in
general nonlinear and also because of the complicated col-
lision integral”. In Ref. [28], Rosenbluth, MacDonald, and
Judd work with a Fokker-Planck collision term, which can
be used to model the cumulative effect of a large number of
small deflections caused by long-range Coulomb interactions.
As observed by Spitzer [29] (and made clear by Ref. [28]),
the “solution of the resultant equation is a matter of some
complexity”. The original Fokker-Planck collision term
ignores magnetic-field effects. Recent publications have de-
veloped Fokker-Planck terms that account for the presence of
an ambient magnetic field [30–43].

In this article, we do not attempt to develop a collision term
that is highly accurate; i.e., one that enables conservation of
the total canonical momentum of the plasma-electromagnetic-

055202-4



ANALYTIC ELECTRON AND ION … PHYSICAL REVIEW E 114, 055202 (2026)

field system coupled to the external hardware that generates
the applied E and B fields [44,45]. We also neglect mo-
mentum loss by charged particles due to cyclotron radiation,
bremsstrahlung, etc.

We instead work with the simplest possible collision term
that is reasonably accurate. More specifically, we work with
the Bhatnagar-Gross-Krook (BGK) collision term [26]:

∂ fe

∂t

∣∣∣∣
collisions

= −
(

fe − fe0

τei

)
, (18)

fe = fe0 − τei
∂ fe

∂t

∣∣∣∣
collisions

= fe0 + fe1, (19)

fe0 = ne

(
me

2πkBT

)3/2

exp

(
−me

(
v2

x + v2
y + v2

z

)
2kBT

)
. (20)

We justify use of the BGK term [Eqs. (18)–(20)] because it
is analytically tractable, provides useful physical insight, and
appears to give results that are accurate to within a factor of
∼2 over a wide range of plasma parameters.

As suggested by Eq. (18), we assume collisions change
the electron distribution function by the amount fe− fe0 on a
timescale given by τei. As suggested by Eq. (19), we assume fe

is the solution to Eqs. (17)–(18), and is a perturbation to the
Maxwell-Boltzmann distribution function fe0, Eq. (20). The
quantity τei is the electron-ion momentum-transfer collision
time, kB is the Boltzmann constant, and T is the temperature
(which we assume to be the same for electrons and ions). We
make the simplifying assumption that τei can be approximated
as a constant.

Equations (17)–(20) can be interpreted as follows. We con-
sider a plasma with no E and B fields in the steady state at
t = 0. We assume the initial electron distribution function is
given by Eq. (20). When E and B fields are turned on, we
expect the plasma to evolve to a new steady state defined by
fe, on a timescale given by τei. When the E and B fields are
subsequently turned off, we expect the plasma to relax back
to the Maxwellian given by Eq. (20) on a timescale given by
τei. These expectations are consistent with the time-dependent
currents developed by Sec. IV C.

The ion Boltzmann equation with the BGK collision term
can be expressed as follows:

∂ fi

∂t
+ v · ∂ fi

∂r
+ Ze

mi

(
E + v × B

c

)
· ∂ fi

∂v
= ∂ fi

∂t

∣∣∣∣
collisions

,

(21)

∂ fi

∂t

∣∣∣∣
collisions

= −
(

fi − fi0

τie

)
, (22)

fi = fi0 − τie
∂ fi

∂t

∣∣∣∣
collisions

= fi0 + fi1, (23)

fi0 = ni

(
mi

2πkBT

)3/2

exp

(
−mi

(
v2

x + v2
y + v2

z

)
2kBT

)
. (24)

The quantity fi = fi (t , r, v) is the ion velocity-distribution
function. We assume the solution fi to Eqs. (21)–(24) is a
perturbation to the Maxwell-Boltzmann distribution function
fi0, and τie is the ion-electron momentum-transfer collision

time. We make the simplifying assumption that τie can be
approximated as a constant.

B. Electron and ion conductivity tensors

We begin with Eqs. (17)–(20) and obtain, after some alge-
bra (Appendix B), the following expression for the electron
conductivity tensor σ e:

σ e =

⎛
⎜⎜⎜⎜⎜⎝

σe(
1 + ω2

ceτ
2
ei

) −ωceτeiσe(
1 + ω2

ceτ
2
ei

) 0

ωceτeiσe(
1 + ω2

ceτ
2
ei

) σe(
1 + ω2

ceτ
2
ei

) 0

0 0 σe

⎞
⎟⎟⎟⎟⎟⎠. (25)

Equation (25) is identical to Eq. (4), which is derived from the
electron Lorentz-force equation.

Since the form of Eqs. (21)–(24) is identical to that of
Eqs. (17)–(20) we can, by inspection, write the ion conduc-
tivity tensor σ i:

σ i =

⎛
⎜⎜⎜⎜⎜⎝

σi(
1 + ω2

ciτ
2
ie

) ωciτieσi(
1 + ω2

ciτ
2
ie

) 0

−ωciτieσi(
1 + ω2

ciτ
2
ie

) σi(
1 + ω2

ciτ
2
ie

) 0

0 0 σi

⎞
⎟⎟⎟⎟⎟⎠. (26)

Equation (26) is identical to Eq. (8), which is derived from the
ion Lorentz-force equation.

It is clear the arguments used to derive Eq. (16) also di-
rectly apply to the kinetic model. As suggested by Figs. 3
and 4, currents predicted by the Lorentz-force and kinetic
models are in agreement.

IV. MODIFIED-TWO-FLUID MODEL

A. Equations of the modified-two-fluid model

In this section we present a modified-two-fluid model of
a plasma. We refer to the model as modified to distinguish
it from the well-known standard-two-fluid model outlined by
Sec. V.

We derive the modified-two-fluid equations by neglecting
spatial gradients in Eqs. (17) and (21), multiplying Eq. (17) by
me, multiplying Eq. (21) by mi, then taking the first velocity
moment of each of the two equations. This is the procedure
normally used to derive fluid equations from Boltzmann equa-
tions, as outlined, for example, by Chen [46]:

mene
∂ue

∂t
+ nee

(
E + ue × B

c

)
= −meneue

τei
, (27)

mini
∂ui

∂t
− niZe

(
E + ui × B

c

)
= −miniui

τie
. (28)

The quantities ue and ui are the electron and ion fluid
velocities, respectively. In the steady state, Eqs. (27) and (28)
become

nee

(
E + ue × B

c

)
= −meneue

τei
, (29)

−niZe

(
E + ui × B

c

)
= −miniui

τie
. (30)

Equations (29) and (30) are identical to Eqs. (A45) and (A49).
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B. Electron and ion conductivity tensors

Equation (29) can be expressed as follows:

E = η
e
je, (31)

η
e
=

⎛
⎜⎜⎜⎜⎜⎝

ηe
Bz

neec
0

− Bz

neec
ηe 0

0 0 ηe

⎞
⎟⎟⎟⎟⎟⎠, (32)

ηe = me

nee2τei
, (33)

where η
e

is the electron resistivity tensor and ηe is the scalar
electron resistivity. Equation (32) is identical to Eq. (A43).

Operating on both sides of Eq. (31) with σ e = η−1
e

, the
inverse of the electron resistivity tensor, we obtain the follow-
ing:

σ eE = je, (34)

σ e =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

σe(
1 + ω2

ceτ
2
ei

) −ωceτeiσe(
1 + ω2

ceτ
2
ei

) 0

ωceτeiσe(
1 + ω2

ceτ
2
ei

) σe(
1 + ω2

ceτ
2
ei

) 0

0 0 σe

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (35)

Equation (35) is identical to Eqs. (4) and (25), which are
derived from the Lorentz-force and kinetic models, respec-
tively. Equation (29); Eqs. (31)–(32); and Eqs. (34)–(35) are
mathematically equivalent.

Beginning with Eq. (30) we obtain a similar set of equa-
tions for the ions:

E = η
i
ji, (36)

η
i
=

⎛
⎜⎜⎜⎜⎜⎝

ηi
−Bz

niZec
0

Bz

niZec
ηi 0

0 0 ηi

⎞
⎟⎟⎟⎟⎟⎠, (37)

ηi = mi

niZ2e2τie
, (38)

σ iE = ji, (39)

σ i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

σi(
1 + ω2

ciτ
2
ie

) ωciτieσi(
1 + ω2

ciτ
2
ie

) 0

−ωciτieσi(
1 + ω2

ciτ
2
ie

) σi(
1 + ω2

ciτ
2
ie

) 0

0 0 σi

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (40)

The quantity η
i
is the ion resistivity tensor, and ηi is the scalar

ion resistivity. Equation (37) is identical to Eq. (A47); Eq. (40)
is identical to Eqs. (8) and (26). Equation (30); Eqs. (36)–(37);
and Eqs. (39)–(40) are mathematically equivalent.

It is clear the arguments used to derive Eq. (16) also di-
rectly apply to the modified-two-fluid model. As suggested by
Figs. 3 and 4, currents predicted by the Lorentz-force, kinetic,
and modified-two-fluid models are in agreement.

C. Time-dependent Pedersen, Hall, and Birkeland currents

We include here expressions for time-dependent Peder-
sen, Hall, and Birkeland currents as derived from Eqs. (27)
and (28). The expressions assume E = Ex ex + Ez ez, and all
currents equal 0 at t = 0. As expected, the currents evolve
to the steady-state values given by Eqs. (34), (35), (39), and
(40). In addition, as expected from Eqs. (16), (17), (21), (27),
and (28), the currents approach their steady-state values with
a time constant given by τ [Eq. (16)].

The time-dependent electron Pedersen, Hall, and Birkeland
currents can be expressed as follows:

jex = −neeuex = −nee

[
(αe cos (ωcet )

+ βe sin (ωcet )) exp

(
− t

τ

)
− αe

]
, (41)

jey = −neeuey = −nee

[
(αe sin (ωcet )

− βe cos (ωcet )) exp

(
− t

τ

)
+ βe

]
, (42)

jez = −neeuez = nee2Ezτ

me

(
1 − exp

(
− t

τ

))
, (43)

αe = 1(
1 + ω2

ceτ
2
)(

eExτ

me

)
, (44)

βe = −ω2
ceτ

2(
1 + ω2

ceτ
2
)(

cEx

Bz

)
. (45)

The time-dependent ion Pedersen, Hall, and Birkeland cur-
rents are as follows:

jix = niZeuix = niZe

[
(αi cos (ωcit )

+ βi sin (ωcit )) exp

(
− t

τ

)
− αi

]
, (46)

jiy = niZeuiy = −niZe

[
(αi sin (ωcit )

− βi cos (ωcit )) exp

(
− t

τ

)
+ βi

]
, (47)

jiz = niZeuiz = niZ2e2Ezτ

mi

(
1 − exp

(
− t

τ

))
, (48)

αi = −1(
1 + ω2

ciτ
2
)(

ZeExτ

mi

)
, (49)

βi = ω2
ciτ

2(
1 + ω2

ciτ
2
)(

cEx

Bz

)
. (50)
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V. STANDARD-TWO-FLUID MODEL

A. Equations of the standard-two-fluid model

We begin with the standard-two-fluid momentum equa-
tions as they usually appear in the literature [29,46–49], and
assume spatial gradients can be neglected:

mene
∂ue

∂t
+ nee

(
E + ue × B

c

)
= Pei, (51)

mini
∂ui

∂t
− niZe

(
E + ui × B

c

)
= Pie, (52)

Pei = −Pie, (53)

Pei = mene

τei
(ui − ue) = −mini

τie
(ue − ui ), (54)

Pie = −mene

τei
(ui − ue) = mini

τie
(ue − ui ). (55)

The quantity Pei is the electron-kinetic-momentum density
transferred to ion-kinetic-momentum density per unit time
due to collisions; Pie is similarly defined.

Equations (51), (52), (54), and (55) can be obtained by
taking the first velocity moment of each of the following
two Boltzmann equations, neglecting spatial gradients, and
invoking Eq. (53), as demonstrated by Ref. [50]:

∂ fe

∂t
+ v · ∂ fe

∂r
− e

me

(
E + v × B

c

)
· ∂ fe

∂v
= −

(
fe − fi

τei

)
,

(56)

∂ fi

∂t
+ v · ∂ fi

∂r
+ Ze

mi

(
E + v × B

c

)
· ∂ fi

∂v
= −

(
fi − fe

τie

)
.

(57)

Equations (51), (52), (54), and (55) can also be obtained from
a linearized version of the Fokker-Planck term [47,51].

Equations (51)–(55) can be combined to obtain the
following:

mene
∂ue

∂t
+ nee

(
E + ue × B

c

)
= mene

τei
(ui − ue), (58)

mini
∂ui

∂t
− niZe

(
E + ui × B

c

)
= −mene

τei
(ui − ue). (59)

It is useful to separate the electron and ion fluid velocities
into components perpendicular and parallel to the magnetic
field:

ue = ue⊥ + ue‖, (60)

ui = ui⊥ + ui‖. (61)

Combining Eqs. (58)–(61) we obtain the following:

mene
∂ue⊥
∂t

+ nee

(
E⊥ + ue⊥ × B

c

)
= mene

τei
(ui⊥ − ue⊥),

(62)

mene
∂ue‖
∂t

+ neeE‖ = mene

τei
(ui‖ − ue‖), (63)

mini
∂ui⊥
∂t

− niZe

(
E⊥ + ui⊥ × B

c

)
= −mene

τei
(ui⊥ − ue⊥),

(64)

mini
∂ui‖
∂t

− niZeE‖ = −mene

τei
(ui‖ − ue‖). (65)

In the steady state

nee

(
E⊥ + ue⊥ × B

c

)
= mene

τei
(ui⊥ − ue⊥), (66)

neeE‖ = mene

τei
(ui‖ − ue‖), (67)

−niZe

(
E⊥ + ui⊥ × B

c

)
= −mene

τei
(ui⊥ − ue⊥), (68)

−niZeE‖ = −mene

τei
(ui‖ − ue‖). (69)

B. Electron and ion conductivity tensors when B � 0

We first consider the case with a nonzero magnetic field.
According to Eqs. (14), (66), and (68),

(ue⊥ − ui⊥) × B = 0. (70)

Since we have assumed B �= 0,

(ue⊥ − ui⊥) = 0. (71)

Combining Eqs. (66), (68), and (71) we find that the collision
terms vanish:

nee

(
E⊥ + ue⊥ × B

c

)
= 0, (72)

niZe

(
E⊥ + ui⊥ × B

c

)
= 0. (73)

According to Eqs. (72) and (73), the transverse electron
and ion fluid velocities both become the ideal collisionless
c(E × B)/B2

z values in the steady state, no matter how short
the time between particle collisions:

ue⊥ = cE × B
B2

z

, (74)

ui⊥ = cE × B
B2

z

. (75)

The standard-two-fluid model predicts that, in the steady
state, the electron and ion fluid velocities are identical, in-
dependent of ωceτei and ωciτie. It is straightforward to show
that in the steady state, Eqs. (51)–(52) lead to Eq. (71) when
B �= 0, independent of the form of the collision terms Pei and
Pie, as long as Eq. (53) is assumed.

As suggested by Eqs. (74) and (75), the standard-two-fluid
model predicts that, in the steady state, the plasma achieves
perfect magnetic insulation; i.e., that collisions do not result
in charged-particle transport in the direction of E transverse
to B, no matter how short the time between collisions. In
other words, the model predicts steady-state electron and ion
Pedersen currents are identically 0, independent of the time
between collisions. In addition, the model predicts that, in
the steady state, electron and ion Hall velocities achieve their
ideal collisionless values, Eqs. (74) and (75), independent of
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the interparticle collision time. In the presence of collisions, it
appears the standard-two-fluid model underpredicts the elec-
tron and ion Pedersen currents, and overpredicts the electron
and ion Hall currents.

It is clear the standard-two-fluid model is inconsistent with
the Lorentz-force, kinetic, and modified-two-fluid models
outlined by Secs. II, III, and IV, respectively. The standard-
two-fluid equations are also inconsistent with elementary
physical considerations. For example, we expect that at a
sufficiently high collision frequency, charged particles would
be unable to accelerate between collisions to a velocity suffi-
ciently high to be significantly affected by the magnetic field.
We expect that in the collisional limit, charged particles would
drift approximately parallel to E, as indicated by Eqs. (A37)
and (A38), and not in the direction of E × B.

Combining Eqs. (14), (63), and (65), and assuming ue|| =
ui|| = 0 at t = 0, we find that kinetic momentum parallel to B
is conserved, and obtain the following in the steady state:

ue‖ = −eE‖τei

me
(
1 + Zme

mi

) , (76)

ui‖ = ZeE‖τei

mi
(
1 + Zme

mi

) . (77)

Equations (74)–(77) suggest the electron and ion electrical-
conductivity tensors can be expressed as follows:

σ e =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0
−neec

Bz
0

neec

Bz
0 0

0 0
nee2τei

me
(
1 + Zme

mi

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (78)

σ i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0
niZec

Bz
0

−niZec

Bz
0 0

0 0
niZ2e2τei

mi
(
1 + Zme

mi

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (79)

Combining (54), (55), (78), and (79), we find

τie = miτei

Zme
, (80)

σ e =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0
−neec

Bz
0

neec

Bz
0 0

0 0
nee2τie

me

(
1 + mi

Zme

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (81)

σ i =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
niZec

Bz
0

−niZec

Bz
0 0

0 0
niZ2e2τie

mi

(
1 + mi

Zme

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (82)

Equation (80) is significantly different than Eq. (16). How-
ever, Eqs. (78)–(82) suggest it would be useful to define
effective electron-ion and ion-electron collision times:

τei,effective = τei(
1 + Zme

mi

) , (83)

τie,effective = τie(
1 + mi

Zme

) = τei(
1 + Zme

mi

) . (84)

Hence

τie, effective = τei, effective = τeffective. (85)

Equation (85) is consistent with Eq. (16). When Zme 	 mi,
then

τ ≈ τeffective. (86)

Combining Eqs. (78)–(85) we obtain the following
expressions:

σ e =

⎛
⎜⎜⎜⎝

0
−neec

Bz
0

neec

Bz
0 0

0 0 σe,effective

⎞
⎟⎟⎟⎠, (87)

σ i =

⎛
⎜⎜⎜⎜⎝

0
niZec

Bz
0

−niZec

Bz
0 0

0 0 σi,effective

⎞
⎟⎟⎟⎟⎠, (88)

σe,effective = nee2τeffective

me
, (89)

σi,effective = niZ2e2τeffective

mi
. (90)

The conductivity tensors obtained with the standard-two-fluid
model, Eqs. (87) and (88), are independent of ωceτ and
ωciτ . Hence Eqs. (87) and (88) are inconsistent with the ten-
sors derived from the steady-state Lorentz-force, kinetic, and
modified-two-fluid models.

Figure 3 plots electron and ion Pedersen and Hall cur-
rents as functions of ωceτ and ωciτ , as predicted by the
Lorentz-force, kinetic, modified-two-fluid, and standard-two-
fluid models. As suggested by the figure, the Lorentz-force,
kinetic, and modified-two-fluid models are consistent with
the standard-two-fluid model only in the collisionless limit
(ωceτ → ∞, ωciτ → ∞) when B �= 0.

Figure 4 is an idealized representation of electron and ion
trajectories for several values of ωceτ and ωciτ . As suggested
by the figure, the standard-two-fluid model predicts that, in
the steady state, the electron and ion Pedersen currents are
identically 0, and the electron and ion Hall currents dominate,
even when the time between collisions is much less than
the particle gyroperiods. These predictions are inconsistent
with those of the other three models, and elementary physical
considerations.

C. Electron and ion conductivity tensors when B = 0

When B = 0, and ue = ui = 0 at t = 0, Eqs. (62)–(65)
demonstrate that kinetic momentum is conserved, and the
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electron and ion fluid velocities are parallel to E:

ue = −eEτei

me
(
1 + Zme

mi

) , (91)

ui = ZeEτei

mi
(
1 + Zme

mi

) . (92)

The electron and ion conductivity tensors become scalars:

σ e =
⎛
⎝σe,effective 0 0

0 σe,effective 0
0 0 σe,effective

⎞
⎠, (93)

σ i =
⎛
⎝σi,effective 0 0

0 σi,effective 0
0 0 σi,effective

⎞
⎠. (94)

When B = 0, the conductivity tensors derived from the
standard-two-fluid model agree with those obtained from
the Lorentz-force, kinetic, and modified-two-fluid models
in the limit (Zme/mi)→ 0.

VI. TIME-DEPENDENT FLUID VELOCITIES
PREDICTED BY THE MODIFIED-

AND STANDARD-TWO-FLUID MODELS

It is of interest to consider the time evolution of the
currents that flow within a plasma subject to electric and mag-
netic fields. In this section we compare time-dependent fluid
velocities as predicted by the modified- and standard-two-
fluid models. Equations (41)–(50) are analytic expressions
for time-dependent velocities as predicted by the modified-
two-fluid model. In this section we make the simplifying
assumption that E = Ex ex and hence do not use Eqs. (43)
and (48). We use the fourth-order Runge-Kutta numerical-
integration technique to obtain time-dependent velocities as
predicted by the standard-two-fluid model, Eqs. (62) and (64).

Results are plotted by Figs. 5–8, which assume the
following:

Z = 1, (95)

mi = 10me, (96)

E = Exex = 3.33 statvolts/cm, (97)

τ = τei = 2.28 ps. (98)

Equation (96) facilitates numerical integration of Eqs. (62)
and (64).

Two cases are considered by Figs. 5–8:

B = Bzez = 10 kG, (99)

ωceτ = 0.4, ωciτ = 0.04, (100)

and

B = Bzez = 100 kG, (101)

ωceτ = 4, ωciτ = 0.4. (102)

Figures 5–8 assume the E and B fields are turned on at t = 0.
As indicated by the figures, the modified- and standard-

two-fluid-models agree early in time for all values of ωceτ and

�
�

�

FIG. 5. Time-dependent electron-fluid velocity uex . The veloc-
ity is plotted for the modified- and standard-two-fluid models
for two cases: ωceτ = 0.4, ωciτ = 0.04 (lower time axis) and
ωceτ = 4, ωciτ = 0.4 (upper time axis). The plots assume the elec-
tric and magnetic fields are turned on at t = 0. The modified- and
standard-two-fluid predictions diverge with time. For both cases, the
standard-two-fluid model predicts uex approaches 0 in the steady
state, which is infinitely less than the predictions of the modified-
two-fluid model.

ωciτ . However, as indicated by Figs. 5 and 7, the standard-
two-fluid model predicts uex and uix approach 0 in the steady
state, which is infinitely less than the steady-state values of uex

and uix predicted by the modified-two-fluid model.
Since ωceτ < 1 for the first case and ωceτ > 1 for the sec-

ond, Fig. 6 finds that the modified- and standard-fluid-model
predictions for uey diverge for the first case but are comparable
for the second. Since ωciτ < 1 for both cases, Fig. 8 finds

�

�

�

FIG. 6. Time-dependent electron-fluid velocity uey. The veloc-
ity is plotted for the modified- and standard two-fluid models for
two cases: ωceτ = 0.4, ωciτ = 0.04 (lower time axis) and ωceτ = 4,
ωciτ = 0.4 (upper time axis). The plots assume the electric and
magnetic fields are turned on at t = 0. For the first case, the modified-
and standard-two-fluid predictions diverge with time. For the second
case, the two predictions are comparable, since ωceτ is significantly
larger than 1.

055202-9



STYGAR, PROVENCHER, TUMMEL, AND WELCH PHYSICAL REVIEW E 114, 055202 (2026)

�

�

�

FIG. 7. Time-dependent ion-fluid velocity uix . The velocity is
plotted for the modified- and standard-two-fluid models for two
cases: ωceτ = 0.4, ωciτ = 0.04 (lower time axis) and ωceτ =
4, ωciτ = 0.4 (upper time axis). The plots assume the electric
and magnetic fields are turned on at t = 0. The modified- and
standard-two-fluid predictions diverge with time. For both cases, the
standard-two-fluid model predicts uix approaches 0 in the steady
state, which is infinitely less than the predictions of the modified-
two-fluid model.

that, for both cases, the modified- and standard-fluid-model
predictions for uiy diverge.

VII. ADDITIONAL COMMENTS
ON THE STANDARD-TWO-FLUID MODEL

A. Ion-rest frame

According to Eqs. (74) and (75), which represent the
standard-two-fluid model in the steady state in the laboratory

�

�

�

FIG. 8. Time-dependent ion-fluid velocity uiy. The velocity is
plotted for the modified- and standard-two-fluid models for two
cases: ωceτ = 0.4, ωciτ = 0.04 (lower time axis) and ωceτ = 4,
ωciτ = 0.4 (upper time axis). The plots assume the electric and
magnetic fields are turned on at t = 0. The modified- and standard-
two-fluid predictions diverge with time, since for both cases, ωciτ<1.

�

�

FIG. 9. Time-dependent electron- and ion-fluid velocities as pre-
dicted by the standard-two-fluid model. The plots assume E = 0,
B = 10 kG, ωceτ = 0.4, ωciτ = 0.04, the initial values of uex =
uix = 0, and the initial values of uey = uiy = 107 cm/s. Several au-
thors suggest the collision terms of the standard-two-fluid model
conserve kinetic momentum; however, the plots suggest kinetic mo-
mentum is not always conserved.

frame, the ion rest frame is the same as the electron rest
frame when B �= 0. Hence in this frame in the steady state,
ui = ue = ji = je = E = 0.

We observe that Braginskii [47] and Epperlein and
Haines [51] calculate electron conductivity tensors in the ion
rest frame in the steady state. However, as indicated above, the
standard-two-fluid model predicts that the ion rest frame is the
same as the electron rest frame, and ui = ue = ji = je = E =
0 in the ion-and-electron rest frame in the steady state.

B. Conservation of kinetic momentum

We consider a plasma with E = 0, B = 10 kG, and solve
numerically Eqs. (62) and (64) of the standard-two-fluid
model. We assume Eqs. (95), (96), and (98), and the following
initial values for the fluid velocities:

uex = uix = 0, (103)

uey = uiy = 107 cm/s. (104)

The four velocities evolve with time as plotted by Fig. 9.
The only dissipative terms in Eqs. (62) and (64) are the

collision terms of the standard-two-fluid model. Several au-
thors suggest these terms conserve kinetic momentum; i.e.,
that the terms guarantee that kinetic momentum transferred
by collisions from electrons to ions is equal and opposite
to that transferred from ions to electrons. However, Fig. 9
makes clear that, for the case considered, the initial kinetic
momentum of the particles dissipates completely and is not
conserved.

It is well known that charged particles do not conserve
kinetic momentum when subject to the v × B force; i.e., when
charged particles have velocity components perpendicular to
B. (For example, a single collisionless electron gyrating in a
magnetic field does not conserve kinetic momentum.) How-
ever, we note that the collision terms of the standard-two-fluid
equations conserve kinetic momentum when B = 0.
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VIII. SUMMARY

We have derived explicit analytic expressions for electron
and ion electrical-conductivity tensors from Lorentz-force,
kinetic, and modified-two-fluid models of a plasma. Even
though the derivations (Appendices A, B, and Sec. IV) differ
significantly, the tensors derived from the three models are
identical. In both the collisionless (ωceτ → ∞, ωciτ → ∞)
and collisional (ωceτ → 0, ωciτ → 0) limits, the tensors pre-
dict electron and ion Pedersen, Hall, and Birkeland currents
that are consistent with elementary physical considerations.

We have also derived electron and ion conductivity ten-
sors from the standard-two-fluid model of a plasma. The
tensors predict that in the steady state, a plasma achieves
perfect magnetic insulation; i.e., that collisions do not result in
charged-particle drifts in the direction of E that is transverse
to B, no matter how short the time between collisions. The
tensors also predict that, in the steady state, electrons and
ions both drift at the ideal E × B velocity in the ideal E × B
direction, no matter how short the time between collisions.

The vanishing electron and ion Pedersen currents are in-
consistent with the physical expectation that collisions would
allow charged-particle transport across a magnetic field. The
vanishing Pedersen currents are infinitely less than those
predicted by the Lorentz-force, kinetic, and modified-two-
fluid models in the presence of collisions. In addition, the
ideal Hall velocities diverge from the Hall velocities that are
predicted by the Lorentz-force, kinetic, and modified-two-
fluid models in the collisional limit (ωceτ → 0, ωciτ → 0).
These discrepancies are caused by the collision terms of the
standard-two-fluid model.

Nevertheless, it is clear the standard-two-fluid model is,
for some applications, more useful than the Lorentz-force, ki-
netic, and modified-two-fluid models. As indicated by Figs. 3
and 4, the standard-two-fluid model is consistent, in the steady
state, with the Lorentz-force, kinetic, and modified-two-
fluid models in the collisionless limit (ωceτ → ∞, ωciτ →
∞). As suggested by Eqs. (93), (94), (A37), and (A38),
the standard-two-fluid model is consistent, in the steady
state, with the Lorentz-force, kinetic, and modified-two-fluid
models when B = 0 and (Zme/mi → 0). As indicated by
Figs. 5–8, time-dependent currents simulated by the modified-
and standard-two-fluid models agree early in time, for all
values of ωceτ and ωciτ .
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APPENDIX A: DERIVATION OF CONDUCTIVITY
TENSORS, RESISTIVITY TENSORS, AND FLUID

EQUATIONS FROM THE LORENTZ-FORCE EQUATIONS

1. Electron and ion conductivity tensors

In this Appendix, we derive general expressions for the
electron and ion electrical-conductivity tensors from the
Lorentz-force equations, Eqs. (1) and (2). The derivation
closely follows those given by Parks [23] and Piel [24]. The
derivations by Parks and Piel assume the probability distribu-
tion of random collisions as described by Feynman [25].

We first consider an electron within a fully ionized two-
component plasma. We assume E = Ex ex + Ey ey + Ez ez and
B = Bz ez. Hence we can expand Eq. (1) as follows:

me
dvex

dt
= −eEx − e

c
veyBz, (A1)

me
dvey

dt
= −eEy + e

c
vexBz, (A2)

me
dvez

dt
= −eEz. (A3)

We assume the electron begins, on average, with 0 velocity:

vex(t = 0) = 0, (A4)

vey(t = 0) = 0, (A5)

vez(t = 0) = 0. (A6)

Equations (A1)–(A6) give the electron velocity as a function
of time:

vex = −cEx

Bz
sin (ωcet ) + cEy

Bz
(1 − cos (ωcet )), (A7)

vey = −cEy

Bz
sin (ωcet ) − cEx

Bz
(1 − cos (ωcet )), (A8)

vez = −eEz

me
t, (A9)

ωce = eBz

mec
. (A10)

We define p(t) to be, at time t , the probability an electron
suffers a collision per unit time. Hence∫ ∞

0
p(t )dt = 1. (A11)
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We assume collisions occur randomly in time; hence we
assume an incremental change in the probability d p is pro-
portional to dt , in the following manner:

d p

p
= − dt

τei
. (A12)

We make the simplifying assumption that τei can be approxi-
mated as a constant. Consequently,

p(t )dt = 1

τei
exp

(
− t

τei

)
dt (A13)

is the probability a collision occurs between times t and t +
dt , after no collisions have occurred between times 0 and t .

We define a collision as we do in Sec. II B and Fig. 2:
a set of one or more scattering events that combined causes
each component of the electron velocity to reinitialize, on
average, to 0. Multiplying the probability distribution func-
tion [Eq. (A13)] by each of the electron velocity components
[Eqs. (A7)–(A9)], and integrating over all time, gives compo-
nents of the electron fluid velocity ue:

uex = −c

τeiBz

∫ ∞

0
exp

(
− t

τei

)
[Ex sin (ωcet )

− Ey(1 − cos (ωcet ))]dt

= − 1(
1 + ω2

ceτ
2
ei

) eτeiEx

me
+ ωceτei(

1 + ω2
ceτ

2
ei

) eτeiEy

me
, (A14)

uey = −c

τeiBz

∫ ∞

0
exp

(
− t

τei

)
[Ey sin (ωcet )

+ Ex(1 − cos (ωcet ))]dt

= − 1(
1 + ω2

ceτ
2
ei

) eτeiEy

me
− ωceτei(

1 + ω2
ceτ

2
ei

) eτeiEx

me
, (A15)

uez = −
(

eEz

τeime

) ∫ ∞

0
t exp

(
− t

τei

)
dt = −eτeiEz

me
. (A16)

Since
jex = −neeuex, (A17)

jey = −neeuey, (A18)

jez = −neeuez, (A19)

the components of the electron current can be obtained di-
rectly from Eqs. (A14)–(A19):

jex = σe(
1 + ω2

ceτ
2
ei

)Ex − ωceτeiσe(
1 + ω2

ceτ
2
ei

)Ey, (A20)

jey = ωceτeiσe(
1 + ω2

ceτ
2
ei

)Ex + σe(
1 + ω2

ceτ
2
ei

)Ey, (A21)

jez = σeEz, (A22)

σe = nee2τei

me
. (A23)

The quantities jex, jey, and jez are the electron Pedersen,
Hall, and Birkeland currents, respectively. Equations (A20)–
(A22) can be expressed alternatively as follows:

je = σ eE, (A24)

σ e =

⎛
⎜⎜⎜⎜⎜⎜⎝

σe(
1 + ω2

ceτ
2
ei

) −ωceτeiσe(
1 + ω2

ceτ
2
ei

) 0

ωceτeiσe(
1 + ω2

ceτ
2
ei

) σe(
1 + ω2

ceτ
2
ei

) 0

0 0 σe

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A25)

The above arguments apply equally well to ions:

ji = σ iE, (A26)

jix = niZeuix, (A27)

jiy = niZeuiy, (A28)

jiz = niZeuiz, (A29)

σ i =

⎛
⎜⎜⎜⎜⎜⎜⎝

σi(
1 + ω2

ciτ
2
ie

) ωciτieσi(
1 + ω2

ciτ
2
ie

) 0

−ωciτieσi(
1 + ω2

ciτ
2
ie

) σi(
1 + ω2

ciτ
2
ie

) 0

0 0 σi

⎞
⎟⎟⎟⎟⎟⎟⎠

, (A30)

σi = niZ2e2τie

mi
, (A31)

ωci = ZeBz

mic
. (A32)

2. Electron and ion conductivity tensors in the collisionless limit

By definition, in the collisionless limit, the time interval
between interparticle collisions is much greater than the par-
ticle gyroperiods; i.e., ωceτei → ∞ and ωciτie → ∞. In this
limit, the electron and ion conductivity tensors, Eqs. (A25)
and (A30), reduce to the following:

σ e =

⎛
⎜⎜⎜⎜⎝

0
−neec

Bz
0

neec

Bz
0 0

0 0 σe

⎞
⎟⎟⎟⎟⎠, (A33)

σ i =

⎛
⎜⎜⎜⎜⎜⎝

0
niZec

Bz
0

−niZec

Bz
0 0

0 0 σi

⎞
⎟⎟⎟⎟⎟⎠. (A34)

For example, when E = Ex ex, fluid velocities calculated
with Eqs. (A18), (A24), (A26), (A28), (A33), and (A34) are
as follows:

ue = uey = −cEx

Bz
ey, (A35)

ui = uiy = −cEx

Bz
ey. (A36)

As expected, in the collisionless limit (ωceτei → ∞, ωciτie →
∞), the characteristic time between interparticle collisions is
so great that, to a good approximation, both electrons and
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ions simply drift in the E × B direction at the c(E × B)/B2
z

velocity.

3. Electron and ion conductivity tensors in the collisional limit

By definition, in the collisional limit (ωceτei → 0,
ωciτie → 0), the time between interparticle collisions is much
less than the particle gyroperiods. In this limit, the electron
and ion conductivity tensors, Eqs. (A25) and (A30), reduce to
the following:

σ e =
⎛
⎝σe 0 0

0 σe 0
0 0 σe

⎞
⎠. (A37)

σ i =
⎛
⎝σi 0 0

0 σi 0
0 0 σi

⎞
⎠. (A38)

When E = Ex ex, fluid velocities calculated with
Eqs. (A17), (A24), (A26), (A27), (A37), and (A38) are
as follows:

ue = uex = −eExτei

me
ex, (A39)

ui = uix = ZeExτie

mi
ex. (A40)

As expected, in the collisional limit (ωceτei → 0,
ωciτie → 0), the characteristic time between interparticle col-
lisions is so short that, to a good approximation, electrons
and ions cannot accelerate to velocities sufficiently high to
be significantly affected by the magnetic field. Hence in this
limit, the electron and ion fluid velocities are approximately
parallel to E.

Combining Eqs. (16), (A39), and (A40) we obtain the
following:

uex = − mi

Zme
uix. (A41)

Equation (16) guarantees that in the collisional limit, when
magnetic-field effects can be neglected, kinetic momentum is
conserved.

4. Electron and ion resistivity tensors and fluid equations

Multiplying both sides of Eqs. (A24) and (A25) by σ−1
e ,

the inverse of the electron conductivity tensor, which is the
electron resistivity tensor η

e
, we obtain the following:

σ−1
e je = η

e
je = (

σ−1
e σ e

)
E = E, (A42)

η
e
=

⎛
⎜⎜⎜⎜⎜⎝

ηe
Bz

neec
0

−Bz

neec
ηe 0

0 0 ηe

⎞
⎟⎟⎟⎟⎟⎠, (A43)

ηe = me

nee2τei
. (A44)

Equations (A42)–(A44) can be rewritten as a steady-state
electron-fluid equation in the absence of spatial gradients:

nee

(
E + ue × B

c

)
= −meneue

τei
. (A45)

Equations (A24)–(A25); Eqs. (A42)–(A43); and Eq. (A45)
are mathematically equivalent.

The same arguments apply to ions, and lead directly to the
ion electrical-resistivity tensor η

i
:

σ−1
i ji = η

i
ji = (

σ−1
i σ i

)
E = E, (A46)

η
i
=

⎛
⎜⎜⎜⎜⎜⎜⎝

ηi
−Bz

niZec
0

Bz

niZec
ηi 0

0 0 ηi

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A47)

ηi = mi

niZ2e2τie
. (A48)

Equations (A46)–(A48) can be rewritten as a steady-state ion-
fluid equation in the absence of spatial gradients:

−niZe

(
E + ui × B

c

)
= −miniui

τie
. (A49)

Equations (A26), (A30); Eqs. (A46), (A47); and Eq. (A49) are
mathematically equivalent.

APPENDIX B: DERIVATION OF THE ELECTRON
CONDUCTIVITY TENSOR FROM THE ELECTRON

BOLTZMANN EQUATION

This Appendix outlines a derivation of the electron
electrical-conductivity tensor from the electron Boltzmann
equation in the relaxation-time approximation. The equations
below are identical in form to those of the ion Boltzmann
equation; hence the results of this Appendix immediately ap-
ply to the ion electrical-conductivity tensor.

The derivation below follows closely those outlined by
Refs. [52–57]. We begin with Eqs. (17)–(20) of the present
article, which we repeat here for convenience:

∂ fe

∂t
+ v · ∂ fe

∂r
− e

me

(
E + v × B

c

)
· ∂ fe

∂v
= ∂ fe

∂t

∣∣∣∣
collisions

,

(B1)

∂ fe

∂t

∣∣∣∣
collisions

= −
(

fe − fe0

τei

)
, (B2)

fe = fe0 − τei
∂ fe

∂t

∣∣∣∣
collisions

= fe0 + fe1, (B3)

fe0 = ne

(
me

2πkBT

)3/2

exp

(
−me

(
v2

x + v2
y + v2

z

)
2kBT

)
. (B4)

We assume fe is separable into spatial and velocity factors:

fe = ne(r)ge(v), (B5)
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where ge is the electron velocity distribution. We express fe as

fe = nege = ne(ge0 + ge1) = fe0 + nege1 = fe0 + fe1, (B6)

ge0 =
(

me

2πkBT

)3/2

exp

(
−me

(
v2

x + v2
y + v2

z

)
2kBT

)
, (B7)

where ge0 is the equilibrium velocity distribution in the ab-
sence of electric and magnetic fields.

We assume ∂ fe/∂t = 0 and ∂ fe/∂r = 0. We assume also
that the electric field is weak, so that | fe1| 	 fe0. Combining
Eqs. (B1)–(B6), and noting that

∂ge0

∂v
= −mege0

kBT
v, (B8)

(v × B) · v = 0, (B9)

we obtain

fe1 = − fe0eτei

kBT
(E · v) + eτei

me

(
E · ∂ fe1

∂v

)

+ eτei

mec
(v × B) · ∂ fe1

∂v
. (B10)

We have assumed | fe1| 	 fe0. Thus we retain the lower-order
term that includes E and the only term that includes B:

fe1 = − fe0eτei

kBT
(E · v) + eτei

mec
(v × B) · ∂ fe1

∂v
. (B11)

Following Refs. [52,53,56,57], we assume fe1 can be ex-
pressed as

fe1 = (
a‖ · v

) + (a⊥ · v) + [b⊥ · (v × B)], (B12)

where

a‖ = a‖(r, ε), (B13)

a⊥ = a⊥(r, ε), (B14)

b⊥ = b⊥(r, ε), (B15)

ε ≡ mev
2

2
. (B16)

The symbols || and � denote quantities parallel and perpen-
dicular to B, respectively.

Combining Eqs. (B9), (B11), and (B12), defining a by

a = a‖ + a⊥ (B17)

and using the vector identities

∂ (a · v)

∂v
= a +

(
v · ∂a

∂ε

)
mev, (B18)

∂[b⊥ · (v × B)]

∂v
= (B × b⊥) +

[
(v × B) · ∂b⊥

∂ε

]
mev,

(B19)

(v × B) · a‖ = 0, (B20)

(v × B) · (B × b⊥) = −(b⊥ · v)B2
z , (B21)

we obtain

(a · v) + [b⊥ · (v × B)] = − fe0eτei

kBT
(E · v)

+ eτei

mec
[(v × B) · a⊥]

− eτei

mec
(b⊥ · v)B2

z . (B22)

Equation (B22) is satisfied when

(a‖ · v) + fe0eτei

kBT
(E‖ · v) = 0, (B23)

(a⊥ · v) + fe0eτei

kBT
(E⊥ · v) + eτeiB2

z

mec
(b⊥ · v) = 0, (B24)

[b⊥ · (v × B)] − eτei

mec
[a⊥ · (v × B)] = 0. (B25)

Equations (B23)–(B25) are valid for arbitrary values of v
when the sum of the coefficients of v in each of Eqs. (B23)
and (B24) equals 0, and the sum of the coefficients of
v × B in Eq. (B25) equals 0; i.e., when

a‖ = − fe0eτei

kBT
E‖, (B26)

a⊥ = − fe0eτeiξe

kBT
E⊥, (B27)

b⊥ = − fe0e2τ 2
eiξe

meckBT
E⊥, (B28)

where

ξe = 1

1 + ω2
ceτ

2
ei

, (B29)

ωce = eBz

mec
. (B30)

The quantity ωce is the electron-cyclotron frequency.
Combining Eqs. (B6), (B12), and (B26)–(B28) gives

fe = fe0 − fe0eτei

kBT
(E‖ · v) − fe0eτeiξe

kBT
(E⊥ · v)

− fe0e2τ 2
eiξe

meckBT
[E⊥ · (v × B)]. (B31)

We assume B = Bz ez and E = Ex ex + Ey ey + Ez ez; hence
Eqs. (B30)–(B31) can be expressed as follows:

fe = fe0 − fe0eτei

kBT
(Ezvz ) − fe0eτeiξe

kBT
(Exvx + Eyvy)

− fe0eτ 2
eiωceξe

kBT
(Exvy − Eyvx ). (B32)

The electron current density je = jexex + jeyey + jezez. We
first consider the component jex:

jex = −e
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
fevxdvxdvydvz. (B33)

Combining Eqs. (B32)–(B33) gives the following:

jex = σexxEx + σexyEy + σexzEz, (B34)

055202-14



ANALYTIC ELECTRON AND ION … PHYSICAL REVIEW E 114, 055202 (2026)

where

σexx = e2

kBT

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
τeiξe fe0v

2
x dvxdvydvz, (B35)

σexy = −e2ωce

kBT

∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
τ 2

eiξe fe0v
2
x dvxdvydvz, (B36)

σexz = 0. (B37)

In this article, we define τei to be the electron-ion
momentum-transfer collision time; i.e., the characteristic time
over which kinetic momentum is transferred due to collisions
from electrons to ions. It is well known that τei is determined
by electron-electron and electron-ion collisions [29,47,51].
Throughout the article we make the simplifying assumption
that τei can be approximated as a constant. We present below
an estimate of τei in the second Born approximation, when
electron-electron collisions can be neglected [53]:

τei = m2
ev

3
e

4πniZ2e4 ln �
, (B38)

ln � =
(

ln χ − 1

2

)
+

[
2Ze2

λmev2
e

(
ln χ − ln 24/3)], (B39)

χ = 2meveλ

h̄
, (B40)

λ = λD =
[(

4πnee2

kBT

)
+

(
4πniZ2e4

kBT

)]−1/2

when λD � a,

(B41)

λ = a =
(

4πni

3

)−1/3

when λD � a. (B42)

Reference [53] includes expressions for ve that provide esti-
mates of τei, and elements of the electron conductivity tensor
σ e, for two limiting cases. The following velocity gives agree-
ment to within a factor of ∼2 with the total electron current
calculated by [53] for the two cases:

ve =
(

4.8kBT

me

)1/2

. (B43)

Treating τeiξe and τ 2
eiξe as constants, we approximate

Eqs. (B35) and (B36) as follows:

σexx = σe(
1 + ω2

ceτ
2
ei

) , (B44)

σexy = −ωceτeiσe(
1 + ω2

ceτ
2
ei

) , (B45)

σe = nee2τei

me
. (B46)

To calculate jey and jez, we repeat the arguments presented
above:

jey = σeyxEx + σeyyEy + σeyzEz, (B47)

jez = σezxEx + σezyEy + σezzEz, (B48)

where

σeyx = −σexy, (B49)

σeyy = σexx, (B50)

σeyz = σezx = σezy = σexz = 0, (B51)

σezz = σe. (B52)

Hence

je = σ eE, (B53)

σ e =

⎛
⎜⎜⎜⎜⎜⎝

σe(
1 + ω2

ceτ
2
ei

) −ωceτeiσe(
1 + ω2

ceτ
2
ei

) 0

ωceτeiσe(
1 + ω2

ceτ
2
ei

) σe(
1 + ω2

ceτ
2
ei

) 0

0 0 σe

⎞
⎟⎟⎟⎟⎟⎠, (B54)

where σ e is the second-rank electron electrical-conductivity
tensor.
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