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Negative thermodynamic pressure: No-go theorem and yes-go examples
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Theory and experiment have long discussed negative thermodynamic pressure states, but their microscopic
origins are unclear. I address this problem within the framework of quantum thermodynamics. I show that the
pressure exerted on the boundary is positive when there is no interaction with the boundary. This is formalized
by a no-go theorem that holds for any quantum state with finite motion. As a consequence of this analysis, I
deduce a general formula for quantum nonequilibrium pressure. It is believed that stable negative pressure states
cannot exist in gases. I provide solvable examples of quantum and classical gases, where negative pressure is
achieved due to a suitable coupling with the boundary walls.
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Introduction. The existence and physical meaning of ther-
modynamic negative pressure states have long been subjects
of debate. Negative pressure states were discussed theoret-
ically [1,2] with opposing claims on the possibility of the
existence of such states. Laboratory experiments suggest the
existence of metastable states with negative pressures in liq-
uids [3–6]. In plant and animal physiology, negative pressure
states were also proposed as effective mechanisms for fluid
transport [7,8]. Such mechanisms are employed in artificial
trees and similar devices [9]. In field theory, negative pressure
relates to quantum vacuum [10–13]. It is still unclear how
stable negative pressure states can exist in quantum statistical
mechanics. Negative pressure and negative temperature are
both extreme conditions in thermodynamics, but the latter
(compared to the former) has been extensively studied both
theoretically and experimentally [14–22].

Pressure determines the amount of work done during a
slow, thermally isolated (adiabatic) or isothermal process [1].
The volume here is defined via infinite potential walls. These
walls can be the separation layer between the system and its
environment, the walls of a cavitation (bubble), etc.

To solve the pressure sign problem, first I recite the
known thermodynamic argument for positive pressure and
then derive this result from equilibrium classical statistical
mechanics. I point out two main limitations of such deriva-
tions: they do not account for particle-wall interactions and do
not allow for nonequilibrium. Then I continue with quantum
mechanics and deduce a general equation for pressure in any
nonequilibrium state and for any Hamiltonian. I state and
prove a no-go theorem for quantum systems where stable
negative pressures are impossible. An important consequence
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of the theorem is that negative pressure states require specific
interactions between the system and the walls (other than
their confining feature). I discuss two (quantum and classi-
cal) models of an ideal gas with a particle-wall interaction
and show that negative pressure states are possible, despite a
wide belief that gases do not show negative pressure [2,5,23].
Finally, I point out that the theorem contradicts conclusions
drawn about the negative pressure from the van der Waals phe-
nomenological equation of state. I suggest a way of removing
this contradiction that will enlarge our understanding of the
van der Waals model.

Thermodynamic analysis. One of the standard arguments
against the existence of stable negative pressure states is
as follows. Start with the first law dE = T dS − PdV for a
macroscopic equilibrium system [1]. Notations here are stan-
dard: energy, temperature, entropy, thermodynamic pressure,
and volume. We always assume T > 0. The first law implies
for the pressure:

P = −(∂E/∂V )|S = T (∂S/∂V )|E . (1)

For spontaneous processes in the isolated situation (dE = 0)
we use the last formula in (1). Now for such processes, we
have ∂S > 0 due to the second law. Let us now assume that
∂V > 0 in (1). Recall that T > 0. Now ∂S > 0 and ∂V > 0
in (1) imply P > 0 [1]. Such a state can be stable if restricted
by external walls. If ∂V < 0 (and T > 0), the system is un-
stable and spontaneously decreases the volume, reaching a
self-sustained state, where it does not explode or collapse.
This means that it reaches zero pressure. Overall, this shows
P � 0 [1].

Now P � 0 can also be derived for concrete ensem-
bles. The equilibrium state of a closed, ergodic classical
system with Hamiltonian H(�) is described by a micro-
canonical probability density ρM(�) ∝ δ(E − H(�)), where
� is the phase-space point and E is the fixed energy. In
a thermally isolated slow (adiabatic) process, the entropy
S = ln

∫
�(E − H(�))d� stays constant, where �(x) is the

Heaviside step function [21,24–26]. Now apply the second
relation in (1) to two microcanonic states having the same
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energy E , but different volumes V and V + dV with dV > 0.
We assume that H(�) does not depend on the coordinates
of the walls. Hence, all phase-space points that contributed
to S(V ) will also contribute to S(V + dV ). We conclude that
S(V + dV ) � S(V ), and thus P � 0 from (1). The same result
can be achieved using the Boltzmann entropy S = ln

∫
δ(E −

H(�))d� instead of Gibbs entropy. I will refrain from delv-
ing into the discussion of the differences between the two
entropies as it is not relevant to the points of this paper.

For a canonic state at a constant temperature T , ρC(�) =
1
Z e−H(�)/T , we employ the first law and the definition F =
−T ln Z of the free energy for deducing

P = −∂F

∂V

∣∣∣
T

= T
∂ ln Z

∂V
= T

∂

∂V
ln

∫
e−H(�)/T d�, (2)

where Z is the statistical sum. Assuming that H(�) does not
depend on the coordinates of the walls, we get that Z is a
growing function of V . Hence, P � 0 from (2).

In each of the three derivations above, there are two lim-
itations. (i) They assume that the walls do not interact with
the system in any way other than confining it. Such inter-
actions can lead to a state where reducing V (keeping the
wall fixed) will require work, but moving the walls to reduce
V will extract work from the system. This can produce a
stable (i.e., finite motion) absolute negative pressure state, as
shown below. (ii) The derivations apply to equilibrium states
only. Since metastable states are not in equilibrium, limitation
(ii) led to an opinion (widely echoed, but unwarranted, as
shown below) that metastable states can be prone to a negative
pressure [1].

General formula for the quantum nonequilibrium pressure.
Consider a N-particle quantum system inside an infinite po-
tential well confining the system in the convex coordinate set
� (support) with volume V . The Hamiltonian of this system
is

H = − 1
2� + U (x; �), (3)

where m = h̄ = 1, x j is the D-dimensional coordinate of jth
particle, x = (x1, ..., xN ) is an ND-dimensional vector, and ∇,
� = ∑N

j=1(∂/∂x j )2 are the gradient and Laplace operators of
that ND-dimensional space. U includes interparticle interac-
tions Uin, external potentials, and the potential Uex created by
the confining walls:

U (x1...xN ; �) = Uin(x1...xN ) +
n∑

j=1

Uex(x j ; �), (4)

where Uex depends on �, but does not include the infinite po-
tential of the walls. That term is accounted for by the Dirichlet
boundary conditions, which holds for all states including en-
ergy eigenstates (∂� is the boundary of �):

H|n〉 = En|n〉, 〈n|x ∈ ∂�〉 = 0. (5)

The system is described by a density matrix ρ(t ). Equation (5)
and the density matrix ρ(t ) refer to the finite motion, where
ρ(t ) is integrable for large and small distances. Such a system
neither collapses nor spreads into infinity.

The pressure is defined by the amount of work extracted
from the system when increasing the volume V of the system
in a thermally isolated process. Thus, the support set moves

from � at the initial time ti to �′ at the final time tf . As for
any thermally isolated process, the work W is equal to the
difference of the average energy [27]:

W = E (tf ) − E (ti ), E (ti ) = Tr(ρ(ti )H) =
∑

n

pnEn,

〈n|ρ(ti )|n〉 ≡ pn, E (tf ) = Tr(ρ(tf )H(�′)). (6)

For defining the pressure P we additionally assume that the
process is slow (adiabatic). Such processes are work optimal
in quantum thermodynamics [27]. Thus, we get

P = −(∂E/∂V )|ad. (7)

We will calculate (7) under three further assumptions.
(i) � and �′ are convex sets. �′ embeds �.
(ii) �′ is obtained from � via a scaling relation x j → (1 +

α)x j , where α > 0 is small [28].
I believe (i) is essential, while (ii) is technical and shall

be generalized in the future. Once the coordinate origin is
arbitrary, the class of �′’s allowed by (ii) is still large.

(iii) The dynamics of ρ in this adiabatic process holds the
quantum adiabatic theorem [29,30]:

pn = 〈n,�|ρ(ti )|n,�〉 = 〈n,�′|ρ(tf )|n,�′〉, (8)

where |n,�′〉 is the eigenvalue of H(�′) with 〈n,�′|x ∈
∂�′〉 = 0. The standard formulation of the adiabatic theorem
requires that energy levels with widely different populations
do not approach each other (avoided crossing). Otherwise, the
known statement of the theorem is destroyed by Landau-Zener
transitions [29,30]. At this point, one may conclude that the
adiabatic theorem does not apply to macroscopic systems with
densely distributed energy levels. Such a conclusion would be
premature, because the basic statement of the adiabatic theo-
rem is valid as well for ergodic (as well as integrable) classical
systems performing finite motion [24–26,31]. Note that the as-
sumption of finiteness (i.e., stability) is important, since even
the classical adiabatic theorem is violated to various degrees,
if this assumption is not met [32]. With such reservations, I
will continue using the quantum adiabatic theorem (8).

We get from (6)–(8):

P = − 1

DV
lim
α→0

∑
n

pn
1

α
(〈n,�′|H(�′)|n,�′〉

− 〈n,�|H(�)|n,�〉). (9)

Equation (9) is also valid for an open system described by a
Gibbs density in a slow isothermal process; cf. (2). For this
particular case, assumption (iii) is not necessary, and we only
need the first two assumptions. Now ρ is a thermal (Gibbs)
state, and the pressure is defined via the free energy; see (2).
This agreement between isothermal and adiabatic processes
is due to the employed first order of perturbation theory; see
Sec. 1 of the Supplemental Material (SM) [33]. This agree-
ment also implies that the equilibrium pressure is a state
function and does not depend on the process.

Recalling (ii), we change in the left term of (9) the coordi-
nates as x → x

1+α
and arrive back to the original integration

over � with boundary conditions (5) [29]. Thereby, we obtain

L042105-2



NEGATIVE THERMODYNAMIC PRESSURE: NO-GO … PHYSICAL REVIEW E 111, L042105 (2025)

a perturbation for Hamiltonian (3)

δH = α� + α x · ∇U

+
N∑

j=1

[Uex(x j ; �
′) − Uex(x j ; �)] + O(α2). (10)

Equations (3), (4), (9), and (10) imply for the pressure

P = − 1

DV

∑
n

pn
[
(〈n|�|n〉 + 〈n|x∇U |n〉) − P(n)

ex

]
,

P(n)
ex =

N∑
j=1

lim
α→0

〈n|Uex(x j ; �) − Uex(x j ; �′)|n〉
α

, (11)

where the expression inside round brackets is a modified ver-
sion of the virial theorem [34]. To simplify it first we integrate
by parts

−
∫

�

x∇Uψ2
n dx = ND〈n|U |n〉 −

∫
�

xU∇ψ2
n dx

= NDEn + ND

2
〈n|�|n〉

+
∫

�

�ψx∇ψdx + En

∫
�

x∇ψ2
n , (12)

where Enψn + 1
2�ψn = Uψn and ψn(x) = 〈x|n〉 = 〈n|x〉 is

real because the Hamiltonian itself is real. Once again in-
tegrating by parts the last term we see that En

∫
�

x∇ψ2
n =

−NDEn and, therefore, the term in round brackets in Eq. (11)
becomes

− 〈n|�|n〉 − 〈n|x∇U |n〉

= ND − 2

2
〈n|�|n〉 +

∫
�

x∇ψn�ψndx, (13)

and Eq. (13) is also valid for a static external electromagnetic
field now with the term 1

2

∫
�

x(∇ψ∗
n �ψn + ∇ψn�ψ∗

n )dx.
The terms with electromagnetic fields cancel out and we arrive
to the same result with a complex wave function; see Sec. 2
in the SM [33] where (16) is derived for an external static
electromagnetic field. We integrate the second term of (13) by
parts and get three terms:∫

�

x∇ψn�ψndx =
∫

∂�

(x∇ψn)(r̂∇ψn)ds

−
∫

�

∇(x∇ψn)∇ψndx

=
∫

∂�

(xr̂)|∇ψn|2ds

+ 〈n|�|n〉 − 1

2

∫
�

x∇|∇ψn|2dx, (14)

where r̂ is the outwards normal vector of ∂�. Here we
employ that ψn(x ∈ ∂�) = 0 is constant over ∂�, which
means ∇ψn|∂� = r̂(∇ψnr̂)|∂� and (r̂∇ψn)2|∂� = (∇ψn)2|∂�.
The last term in (14) can be further simplified by integrating
by parts again, getting − 1

2

∫
∂�

(xr̂)|∇ψn|2ds − ND
2 〈n|�|n〉. Fi-

nally, grouping similar terms, this chain of integration by parts

x xα

x

FIG. 1. A schematic diagram of the sets � (solid) and �′ (dotted)
as well as the outwards normal r̂ used in (14) and (16).

results in

−〈n|�|n〉 − 〈n|x∇U |n〉 = 1

2

∫
∂�

(xr̂)|∇ψn|2ds (15)

and we get a general equation for pressure:

P = 1

DV

∑
n

pn

[
1

2

∮
∂�

(xr̂)|∇ψn|2itds + P(n)
ex

]
. (16)

Since the origin of our coordinates lies within the convex set
�, for a point x on the boundary ∂� we have L(x) ≡ xr̂ � 0,
as can be verified graphically in Fig. 1. Therefore, the first
term of Eq. (16) is positive. A similar result without P(n)

ex has
been derived in a different way for a single one-dimensional
particle inside square walls without interactions with the walls
[35]. Positive pressure has also been shown for a many-body
system at zero temperature with delta function interactions
[36], showing that the lowest energy eigenvalue is decreasing.

No-go theorem. A quantum system without interaction with
the walls confining it within a volume cannot have stable
negative pressure states. Here stability is understood in the
sense of a finite motion; cf. the discussion after (5).

The interaction with the walls in our derivation was gov-
erned by the potential Uex. Removing it in (16) makes P(n)

ex = 0
and we get P � 0 from (16), as argued above. The theorem
implies that a stable system always fills the volume confined
by the walls never collapsing to a smaller volume. Another
consequence is that the energy eigenvalues are nonincreasing
functions of the coordinates of the boundary ∂�. A similar
result has been proven for a specific Sturm-Liouville problem
[37], showing that in a one-dimensional system with Dirichlet
boundary conditions and no interactions with the wall the en-
ergy eigenvalues are a decreasing function from the coordinate
of the boundary.

A simple generalization to this no-go theorem is as follows.
A system which has interactions with the walls that satisfy
the inequality Uex(x j ; �′) � Uex(x j ; �) cannot have negative
pressure. This is easy to see as it would make the second term
of (16) positive, resulting in an overall positive pressure.

Systems with negative pressure: Quantum ideal gas with
particle-wall interaction and negative pressure. Around (2) we
discussed that equilibrium classical states for interacting par-
ticles without particle-wall coupling cannot possess negative
pressure. The no-go theorem confirmed this conclusion. Let
us now turn to scenarios, where the interparticle interaction is
absent (i.e., the gas is ideal), but an attractive particle-wall
interaction Uex is present; cf. (3). Such cases are prone to
negative pressure, as we show. Consider a single quantum
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particle in a one dimensional potential well � ≡ [−a, a]
where Uex(x,�) = u(a − |x|) for an arbitrary u with the po-
tential ground set at the center of the well u(a) = 0. Using
∂x

x
|x| = 2δ(x), we get from (16)

P =
∑

n

pn

[ |ψ ′
n(0)|2
2

+ En|ψn(0)|2
]
. (17)

For the derivation of this result with a more general wall
potential in a multidimensional case, see Sec. 3 in the SM
[33]. If the particle is in a bound state |m〉 (due to the potential
Uex), we take pm = 1 and Em < 0 in (17). Assuming that
the state is symmetric ψ ′

m(0) = 0, we find from (17), P =
−Em|ψm(0)|2 < 0. As a concrete example of this negative-
pressure effect, take

u(a − |x|) = −u0δ(a − b − |x|), 0 < b < a, (18)

where u0 > 0. There is a single symmetric (ψ ′
m(0) = 0) bound

(Em < 0) state:

ψm(x) =

⎧⎪⎨
⎪⎩

A sinh [k(a + x)] −a � x � b − a,

B cosh [kx] b − a � x � a − b,

A sinh [k(a − x)] a − b � x � a,

(19)

where k = √
2|Em|, B = A sinh [kb]

cosh [k(a−b)] , and the boundary con-
ditions at x = ±a are obeyed. The energy Em is found from

coth
[
kb

] + tanh
[
k(a − b)

] = 2u0/k. (20)

Solving (20) numerically, we confirm that the pressure is
negative (i.e., ∂aEm > 0) and equals to (17).

Classical ideal gas with negative pressure. Here is a model
of classical ideal gas (no-interparticle interactions) which has
negative pressure states. This gas is confined in a disk with ra-
dius a: � ≡ {x2

1 + x2
2 � a2}. Assume the interaction potential

between a dl part of the wall and a gas particle at distance r is
u(r)dl , where u(r) = − σ

a e−r2
and σ is the density of the wall

particles for a unit radius. Here for a disk with radius a the
density will be σ

a to keep the number of particles of the walls

M = ∫ 2π

0
σ
a adϕ constant.

The total potential of interaction between a gas particle and
the entire disk walls reads (Fig. 2)

U (r) =
∫ 2π

0
u(

√
r2 + a2 − 2ar cos ϕ)adϕ. (21)

Once the gas is ideal, I restrict myself to a single gas particle.
Equation (21) produces

U (r) = −2πσe−r2−a2
I0(2ar), (22)

where I0 is the zero-order modified Bessel function of the
first kind. Coupling this system with a thermal bath to form
a canonical ensemble results in [cf. (2)]

P = ∂a ln
∫ a

0
re−βU (r)dr. (23)

The model has two parameters: the system’s size a and
βσ . Numerical integration shows that (23) can turn negative
for several values of parameters, e.g., for a ≈ 0.78 there is
a transition from positive to negative pressure when changing
βσ from 0.56 to 0.57; see Fig. 3. Thus we see that (contrary to

φ
a

r

FIG. 2. A schematic diagram of the gas confined in a disk, show-
ing the variables a (radius), r (distance from center), and ϕ used in
the integration over the disk walls.

the common belief) even a classical ideal gas can demonstrate
negative pressure states. Equations (21)–(23) can be used
in future research as a simple model for negative pressure
states.

In the context of the above two examples, I emphasize that
the found absolute negative pressure states are stable (i.e.,
perform finite motion) because we assume that other factors
keep the walls fixed (or at least slowly moving). Hence, the
stability scenario is similar to what happens in cases where the
external and internal pressures acting on a wall are different,
but the motion of the wall can be neglected (e.g., because it is
heavy).

Results and discussion. Negative pressure is an extreme
thermodynamic effect with actual and potential applications in
natural and artificial technologies. However, misunderstand-
ings about its existence conditions hinder applications. Our
results provide insight into existing ideas about negative pres-
sure, as well as intuition and methodology for future studies.

FIG. 3. The graph of the pressure depending on the radius of the
disk calculated numerically for the values βσ = 0.57 (blue, solid)
and βσ = 0.56 (red, dashed dotted).
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The no-go theorem result prohibits negative pressures in any
nonequilibrium state and for any Hamiltonian assuming no
particle-wall interaction. When the no-go condition is avoided
there are systems that show negative pressures. Two examples,
quantum and classical, provide mechanisms to achieve nega-
tive pressure.

Additionally, the no-go theorem sheds light on systems
that are often seen as demonstrating negative pressures.
One such system is the van der Waals liquid. This known
phenomenological model supposedly demonstrates negative
pressure in the phase diagram region prohibited by the ther-
modynamic stability (i.e., by Maxwell’s construction) [1].
The accepted interpretation of states from this region is that
they are metastable (nonequilibrium) states [38,39]. Since the
van der Waals model does not account for the particle-wall
interaction, I conclude that the metastable-state negative pres-
sure in the model contradicts the no-go theorem. There are
several ways of resolving this contradiction. First of all, this
can be due to the limitations of the no-go theorem itself;
see (ii) and (iii) above. Such scenarios do not seem likely
to me. Limitations related to (iii) are discussed after (8). As
for possible caveats in (ii), recall that the equilibrium defini-
tion of pressure does not depend on the process. Hence, the
way we change the boundary should not affect the pressure.
Note in this context that statistical mechanical descriptions of
metastability involve discrete-state Markov processes [39,40],
and it is known that the theory of open quantum systems
describes such systems [41]. This supports the hypothesis
that the physics behind (11) can also account for classical
metastable systems.

A more likely scenario is that the negative pressure is an
artifact of approximations involved in formulating the van
der Waals model and its metastable states [1,42]. Metastable

states with negative pressures have been observed experi-
mentally [2–4] and are important in nature [7,8]. To our
understanding, such systems involve particle-wall interac-
tions, e.g., such interactions are certainly present for a
self-consistent wall (liquid bubble). Indeed, molecular dy-
namics shows that model liquids can have negative pressure
bubbles [43]. In the light of my results, one scenario for
such bubbles is that the Lennard-Jones potential employed in
molecular dynamics leads to interaction between bubble par-
ticles and their effective boundary. This would be sufficient to
avoid the no-go condition as well as it would provide a mech-
anism for nonequilibrium negative pressure states in liquids.
Finally, it is important to note that there are reports on nega-
tive pressure in equilibrium systems that combine mean-field
methods with particle-wall interactions [44,45]. These refer
to a polyelectrolyte inside a charged confinement, where there
are conformational changes accompanied by changes in the
pressure sign [44,45]. Such results do not contradict the no-
go theorem but still invite further considerations. Additional
considerations are also needed for the statistical mechanics of
self-gravitating point particles, where nonstationary regimes
of negative pressure can be possible. Such systems can be
unstable (i.e., their space-density is not integrable at small
distances) due to the singular, unscreened character of the
Newtonian gravitation at small distances [46].
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