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Using the electrostatic analogy, we derive an exact formula for the limiting Yang-Lee zero distribution in the
random allocation model of general weights. This exhibits a real-space condensation phase transition, which is
induced by a pressure change. The exact solution allows one to read off the scaling of the density of zeros at
the critical point and the angle at which the locus of zeros hits the critical point. Since the order of the phase
transition and critical exponents can be tuned with a single parameter for several families of weights, the model
provides a useful testing ground for verifying various relations between the distribution of zeros and the critical
behavior, as well as for exploring the behavior of physical quantities in the mesoscopic regime, i.e., systems
of large but finite size. The main result is that asymptotically the Yang-Lee zeros are images of a conformal
mapping, given by the generating function for the weights, of uniformly distributed complex phases.
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Introduction. Lee and Yang [ 1] were the first to observe that
the nonanalyticity in the thermodynamic potential signaling a
phase transition could be understood from the behavior of the
corresponding partition function zeros for finite-sized systems
by using a suitably complexified fugacity. The appearance of
a critical point was due to the accumulation of the zeros on
the positive real axis of the complex fugacity plane, which
approached this point from the upper and lower complex half-
planes for increasing system size, “pinching” the real axis.
This picture is quite general and applies to a whole range
of statistical models in which a phase transition occurs in the
thermodynamic limit [1-5].

Typically, the partition function zeros are extracted from
series expansions and transfer matrix calculations or from
numerical simulations of finite-sized systems [6,7]. Only in
a very limited number of cases is it possible to analytically
determine the thermodynamic limit of the locus of zeros.
These include some one-dimensional [8-10] and mean-field
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type models [11], hierarchical models [12], recursive models
[13,14], the random energy model [15], a random matrix
model in QCD [16], the Ising model on planar random
graphs [17,18], and the classical two-dimensional Ising
model [1,4]. Beyond those areas the literature becomes
very scarce, which is understandable, as the mathematical
problem about the mother body (as the support of the zeros
is known in mathematics, also known as potential theoretic
skeleton or S curve) is highly nontrivial [19,20]. Therefore,
it is always of interest to find another family of physical
and/or statistical models where such an explicit analysis is
possible, as they can serve as blueprints for more involved
systems.

In the present work, we have identified and investigated
another analytically accessible example which is rather versa-
tile and simple. It is the random allocation model [21-23],
whose origin lies in Ehrenfest’s urn model [24] and which
exhibits a condensation transition. This model has been ap-
plied in the past (under the moniker of the “balls in boxes
model” or “backgammon model”) to such diverse phenomena
as collapse transitions in branched polymers (random trees)
[25], studies of glassy and nonequilibrium systems of con-
densate formation [21,26-29], diversity in population models
[30,31], mass transport [32,33], phases in discrete models
of quantum gravity [34-36] and even wealth condensation
in econophysics [37] as well as network models [38-40],
biology [41], and combinatorial problems in representation
theory [42] and number theory [43,44]. We concentrate on the
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equilibrium systems but many of the results can be applied to
nonequilibrium context.

In principle, the phase transition that occurs in this model
can be used to describe the process of nucleation of fireball
formation [45] or more generally the appearance of the giant
component which is observed in many phenomena ranging
from percolation [46], networks [47], to renewal processes
[48]. The partition function of the model can also be thought
of as arising from the nonequilibrium steady state of a zero
range process with suitably chosen jump rates [49]. Although
the model is well known, the corresponding Yang-Lee zeros
have not been analytically computed previously. We show that
this is indeed possible in a very general setting.

The random allocation model has several attractive features
for studying the properties of partition function zeros. Once
suitable weight functions are chosen, the phase transition can
be tuned to first or any higher order by varying a single
parameter. Usually logarithmic corrections to scaling appear
for integer values of such parameters. Thus, one can employ
those results as benchmarks. The zeros may also be calcu-
lated efficiently for finite-sized systems [50] which facilitates
comparison with the thermodynamic limit in investigations
of the scaling properties. Finally, as we derive here, there is
a particularly simple formula for the locus of zeros in the
thermodynamic limit.

The method we use has deep physical roots, as it is
based on two-dimensional electrostatic equations that relate
the charge distribution (in this case the Yang-Lee zeros) and
the electric field (in this case the complex derivative of the
thermodynamic potential). This method has been proven to
work in many different contexts, for example in random ma-
trix theory where it is used to derive eigenvalue statistics of
various ensembles, e.g., see [16]. As we shall see, this method
also turns out to be indispensable in finding the distribution of
the zeros of the random allocation model partition functions
and in explaining the mechanism of the phase transition that
takes place in the model.

The model. We consider a statistical system of S particles
distributed in N boxes, described by the partition function
[22,23,51,52]

Zsy = Z W(S1) .« .. WSN)ES—(5,4-+sn)- (1

The weights w(s) are non-negative and defined on the set of
positive integers, s = 1, 2, .. .. If we view a box as an elemen-
tary volume element, then such a system can be understood as
a gas of particles with zero-range interactions that occur only
within the elementary volume elements. The zero-range inter-
actions are entirely defined by the weight function s — w(s),
corresponding to the statistical weight of packing s particles
into a single volume element. To simplify the notation, we as-
sume that each volume element contains at least one particle,
but the results can easily be translated via a shift to the case
where there are also empty volume elements.
The weights can be encoded in the generating function

f@Q=>"wEF =2 w +1)". 2)
s=1 s'=0

Then, the partition function is given as the contour integral

d N
Zsy = f ¢ @) 3)
|z|=€

2mi 75+1 ?

with a suitably small radius € > 0 such that the function f(z)
is holomorphic on |z| < €.

The most interesting family of weights comprises those for
which the corresponding generating function series (2) has
a finite radius of convergence z., because in this case the
system may undergo a real-space condensation phase tran-
sition [22,53-62]. Due to a trivial rescaling f(z) — f(zc2),
we can restrict ourselves to weights for which the radius of
convergence of the series (2) is zo = 1.

An example is the family of power-law weights

w(g)=q? forg=1,2,... 4)

for B € (1, oo) for which the generating function (2) is given
by the polylogarithm f(z) = Lig(z). In the thermodynamic
limit N — oo and S/N — p where p is the limiting density
averaged over all boxes, the system undergoes a phase tran-
sition at the critical value p. = f/(1)/f(1) (if its limit z 7 1
is finite). For p > p. a finite fraction of particles condenses
in a single volume element (box). For the power-law weights
the critical density is p. = ¢(8 — 1)/¢(B) for B > 2, where
¢ is the Riemann zeta function. This is the reason why this
model with these specific weights is called the zeta-urn model
[63]. The order of the transition changes monotonously from
infinite to third order when B increases in the range (2, 3). The
transition is second order for 8 € [3, 00).

Yang-Lee zeros. We focus on the partition function for the
isobaric (elsewhere denoted as “grand-canonical”) ensemble
[23,34,64,65]

N

s
Zsy = Zsye "N =Y Zsyu" = Zsw), (%)
N=1 N=1

with pressure p and fugacity u=e *. Note that
isobaric/grand-canonical ensemble in the context of the
random allocation model is used to refer to an ensemble
where the number of boxes is allowed to fluctuate, with its
expectation being fixed by u, rather than the more standard
usage denoting an ensemble where the number of particles
fluctuates. Our interest is the (Yang-Lee) zeros &5(j) of these
polynomials [50], which also admit the form

S
Zs(u) = w()* | ] [u — &())] (6)

j=1

with w(l) = Zg y=;. The polynomial has no constant term,
so it has one trivial zero at u = 0. Since all coefficients of the
polynomial Zg(u) (5) are non-negative (as is normally the case
in statistical mechanical models), there are no zeros on the
positive real axis (0, 0o). Zeros occur in complex conjugate
pairs, or lie on (—oo, 0]. Hence, the function

In Zg(u) _

1 N
Ys(u) = nw(D)+ <> In@—&G) (D

j=1

is analytic about any positive u = e * > 0 for any finite
S. Following the Lee-Yang methodology, the mechanism of
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creating a critical point u. = e "¢ on the positive real axis
where the thermodynamic potential

Py = Jim yse™) ®)

has a singularity in the thermodynamic limit, is related to the

accumulation of zeros at u, which approach this point from

the upper and lower complex half-planes as S increases.
Defining the density of zeros on the complex plane

1 N
0s() =< D _8(6 —&()) ©)

j=1

we can write (7) as

Ys(u) = v¥o + / d*& 05(€)In(u — &) (10)

where ¥y =Inw(l). Using an electrostatic analogy
[50,66,67], this equation can be interpreted as a relationship
between the charge density ops(z) and the -electrostatic
potential Re[vs()] in two dimensions. Taking the derivative
with respect to u gives us the equation for the electric field
produced by the electric charges (located at zeros of the
partition function)

os(®)
u—§&
In the thermodynamic limit, S — oo, the finite-S functions
are replaced with the limiting functions s(u) — ¥ (u) and
os(u) — o(u). In other words, from the locus of zeros we
can predict the critical behavior of the statistical system in
the thermodynamic limit, and the way it is generated from
mesoscopic systems of large but finite size S.

The thermodynamic limit. Substituting (3) into (5), the sum
over N can be carried out to yield

Zs(w) —?§ dz f(@u—[f(u]*"!
YT 2z A —uf@)

The series f(z) does not have a constant term, so f(z)/z
is also holomorphic inside the disk and the integral over
the second term with [f(z)u]’t' evaluates to zero if € >
0 is small enough for f(z)u =1 to have no solution in-
side the contour. Expressing the remaining numerator as
f(@u=f(z)u— 1+ 1, we arrive at the simplification

d 1
Zs(w) =7§ : (13)
|

z|l=€ 2mizS+ 1 — Mf(Z)

Vaw) = / per (11)

(12)

This expression opens the path to the limiting density o(¢) via
Ys(u) [see ((7).

The standard approach is to calculate y¢(u) for a given
density ps(§) via (11). Here, we are considering the inverse
problem of calculating os(&) (and thereafter the critical be-
havior) for a given v¢(«), which in general is more difficult
than the standard approach. This inverse problem simplifies
significantly, however, when the locus of zeros forms a one-
dimensional curve (the accumulation curve) y in the limit
S — 0. In this case, (11) takes the form

s , L] o)
¥ () = lim [I/fsuo—g} —/ydé—u_g, (14)

where the pole 1/u coming from the trivial zero of f(z)
at z=0 is subtracted. This simplification occurs in many
statistical mechanical systems. The idea is to exploit the
nonanalyticity of ¥'(u) along y in (14) and employ the
Sokhotskii-Plemelj formula

1
o(y(®)) = i lim {y'(y (1) + n(t)8) — ¥'(y () — n(1)38)},
Tl §—0t
(15)

where y is parametrized by ¢ — y(¢) and the unit normal
vector to the curve at the point y(¢) is n(z).

To derive the accumulation curve y from (13), we need
two ingredients. One is the radius of convergence z. = 1, and
another is Alexander’s condition [68]

> lqw(g) — (g + Dw(g+ DI < 1 (16)
q=1

for the weights, which we assume here. It is easy to check that
power-law weights fulfill this. Equation (16) implies that f(z)
is injective within the unitdisk D = {z : |z| < 1}, meaning itis
a conformal map, so that 1 — uf(z) = 0 has a unique solution

z=z0) = f'(1/u) (17)

when u~! € f(D). The accumulation curve is then simply
y = 1/f(9D) as we will show.

For large S the high-order pole at the origin pushes all
saddle points of the integrand away from z = 0. When u~! €
f(D) is in the exterior of y, the only saddle point zgp inside
the disk of convergence D is very close to the pole (17) which
is derived from the saddle-point equation

S+1 !
+1_ uf’(zsp) _ (18)
Zsp 1 —uf(zsp)
Indeed, zsp expanded in 1/S is
zsp = 201 =™ + OS], (19)

where f(zsp) =/ (20(u))—f" (z0(u))z0(u)/S + O(S~2). Since
zsp € D, too, we can choose the radius € = |zsp| by Cauchy’s
theorem. For large S the integral, then, acquires its main
contribution from the neigborhood of zsp so that we expand
z=zo(u)(1 — [1 —i§z]/S) yielding an integral over exp[l —
i6z]/(1 — i8z) along the real line for S — oo. Integrating over
8z results in

1
Z ~ , 20
e [RI <0
so we eventually obtain
Slim éans(u) = ¥ (u) = —Inzp(u). 21

The situation changes drastically for u ¢ 1/f(D) in the
interior of y. Then, the term 1/[1 — uf(z)] has no pole in-
side the unit disk and the maximal possible deformation of
the integration contour which does not change the integral
is its enlargement to the circle with the radius of conver-
gence z. = 1. We assume a finite number of branch points
of f(z) at zy,...,z, € D, where z; =1 is always one of
them due to |f(z)| < f(|z]) and the radius of convergence
zc = 1. The reality of the coefficients of f(z) also implies
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that branch points come in complex conjugate pairs. As the
number L of branch points is finite we can enlarge the cir-
cle even further beyond the radius z. = 1 but need to walk
around the branch cuts via the paths z = z;(1 + [x £ i8]/S)
with § — 0. The integral over the circle is exponentially
suppressed due to the term 1/z° and a radius » > 1 that we
choose r — 1 <« 1/+/S while the branch cuts give the main
contribution,

L oo is

1 e
Z ~ li dxe ™ -
W) i, e ey
e—itS i|
- . (22)
Ry (e=iyy

This expression shows that Zg(u#) can vanish at most alge-
braically in § — oo while it is bounded from above so that
InZs(u)/S — Y(u) =0forS — ocoand u ¢ 1/f(D). We be-
lieve that this result will be true even for cases where the
number of branch points of f on the unit circle is infinitely
large though the argumentation above must be modified.

In summary, the solution consists of two parts:

—Inzo(u), u in the exterior of y

V(u) = { (23)

0, u in the interior of y.

In the thermodynamic limit, ¥ («#) thus depends only on the
generating function (2) via zo(u) = f~'(1/u) [see (17)], so
that y is the image 1/f(9D) of the unit circle.

The density of zeros along y can be found using (15):

2 (1) 1 d(1/u)

owydu = ———du = .
27 izo(u) S A (N A u)) 2
(24)

Choosing the parametrization u = 1/f (€'%), for which the
Jacobian is d(1/u) = ie' f'(€'?)d ¢, we obtain

o(wydu =do/2m. (25)

Thence, o(u) is just the image of the uniform density on the
unit circle under the conformal map u = 1/f(z).

The critical value of the pressure © = — In(u) is given by
e = In f(1) which shows that for a finite critical value we
need a finite f(1) < co. In comparison, the canonical en-
semble with a finite critical density S/N — p. = f'(1)/f(1)
requires a finite first derivative f’(1) which also implies a
finite f(1). Thus, a phase transition in the canonical ensemble
implies one in the isobaric, but the converse is not true. This
was already pointed out in [23].

Examples. For illustration, consider the power-law weights
(4) where f(z) = Lig(z). In the isobaric ensemble, the phase
transition is of order 1 + [1/(8 — 1)]. Itis therefore first order
for B € (2, 00) and changes from second to infinite order as
is reduced from two to one in the range 8 € (1, 2]. The critical
pressure is ;. = log ¢ (B). In Fig. 1 we show the locus of zeros
for finite S that tend to y as S increases. The angle at which y
crosses U, = e *< depends on $ and can be determined from
the expansion [69, 25.12.12] (for noninteger §; for integer

210 -05 0.0
Re(u)

FIG. 1. Zeros &(j) (6) for S = 100 and S = 300 for the power-
law weights with 8 = 5/4 compared to the theoretically calculated
accumulation curve y = 1/f(dD) = 1/Lig(e).

there are additional logarithmic singularities [23]),

. s —k
Lig(e¥) = T(1 = )(—ip)’~" + %(w)". (26)
k=0
For g € (1,2),itis
Au=u—u, = Ce—i(ﬁ—l)w/2l<ol|(p|ﬂ—l + 0(¢ﬁ—1)’ 27

where ¢ = —I'(1 — ,3)/4“2(,3) > (0 so that y crosses u, with
the angle (8 — 1)r/2. The density of zeros near u. as a
function of the distance |Au| ~ ¢#~! behaves as o(|Au|)
[Au|YB=D=1 when |Au| — 0 due to (24).

For B > 2 (the first-order phase transitions) the leading
behavior for ¢ — 0 originates from the term for k = 1 in the
sum (26) and not from the term (—ig)?~!, which becomes
subleading in this case. As a consequence, the accumulation
curve y crosses i perpendicularly and the density approaches
a positive constant for |Au| — 0.

100

05 .7/

~0.5/

-1.0/
-1.0  -05

00 05 1.0
Re(z)

W

FIG. 2. Sets of preimages z; = F'(1/&5(j)) of zeros (6) for
binomial weights with 6 = 1/2, for S = 100, 200 (dots). The points
z; are approximately uniformly distributed on the circles which tend
to the unit circle (solid line) for S — oo.
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As a second example, we consider the family of binomial
weights w(g) = (—1)q+1(§) for0 € (0,1)and g =1,2,....
The generating function (2) as well as its inverse take the
explicit forms

f@=1-(1-2)

The phase transition is at e * =u, = f(1) =1 and is of
order 1 4 [1/6]. In the thermodynamic limit, ¥ () is given by
(23) with zo(u) = f~'(u). Since f~'(u) is explicitly known,
we can numerically compute the zeros &£s(j) for large but
finite S, and then use this inverse map to find their preimage
25(8) = f7'(1/&5(j) = 1 — (1 — 1/£5(j)"/*. The results for
6 = 1/2 are shown in Fig. 2. Interestingly, the zeros still
exhibit a very regular separation. This suggests that even at
finite S a conformal map exists so that the zeros become the
roots of unity (times a possible shift in the complex phase).
Conclusion. Our main conclusion is that for § — oo
the locus of zeros of the isobaric partition function Zg(u)
in (6) is simply the image u = 1/f(€*) with ¢ € [0, 27)
uniformly distributed, where f(z) is the generating function
for the statistical weights (2). Critical properties of the
system, such as the phase transition or the angle at which
the accumulation curve hits the positive real axis, are
straightforward consequences of this observation. Since both
the thermodynamic limit and finite-size results are accessible

and fluw)=1-1—-uw’. (28)

in the random allocation model, one obvious avenue for
further exploration is to consider the integer powers which
give rise to logarithmic scaling and compare in detail the
scaling behavior with general expectations [70]. An open
issue is how to modify the conclusion when the series (2) is
no longer injective in the disk of convergence, in particular
when Alexander’s condition (16) is not satisfied.

Last but not least, the electrostatic analogy used in this
Letter to find the distribution of zeros works so well because
the zeros coalesce to form a one-dimensional curve in the
limit. The question is whether one can apply this method if
the limiting distribution is two dimensional. The answer is
affirmative: there is a variation of this method that works also
for two-dimensional regions. The method was developed to
determine the eigenvalue spectra of non-Hermitian random
matrices and it is based on an extension of the Sokhotskii-
Plemelj formula to quaternion space [71,72].
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