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We study the aspects of quantum chaos in mushroom billiards introduced by Bunimovich. This family of
billiards classically has the property of mixed phase space with precisely one entirely regular and one fully
chaotic (ergodic) component, whose size depends on the width w of the stem, and has two limiting geometries,
namely the circle (as the integrable system) and stadium (as the fully chaotic system). Therefore, this one-
parameter system is ideal to study the semiclassical behavior of the quantum counterpart. Here, in paper I, we
study the spectral statistics as a function of the geometry defined by w and as a function of the semiclassical
parameter k, which in this case is just the wave number k. We show that at sufficiently large k the level spacing
distribution is excellently described by the Berry-Robnik distribution (without fitting). At lower k the small
deviations from it can be well described by the Berry-Robnik-Brody distribution, which captures the effects of
weak dynamical localization of Poincaré-Husimi functions. We also employ the analytical theory of the level
spacing ratios distribution P(r) for mixed-type systems, recently obtained by Yan [Phys. Rev. E 111, 054213
(2025)], which does not require a spectral unfolding procedure, and show excellent agreement with numerics in
the semiclassical limit of large k. In paper II [M. Orel and M. Robnik, Phys. Rev. E 113, 044218 (2026)] we
shall analyze the eigenstates by means of Poincaré-Husimi functions.
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I. INTRODUCTION

Quantum chaos (or more generally, wave chaos, regarding
general wave systems) is a study of features of quantum sys-
tems corresponding to the structures of classical phase space
of the classical counterpart, especially in the semiclassical
limit, or short wavelength regime [1–4]. The structure of wave
functions as well as of the corresponding Wigner and Husimi
functions, defining the quantum phase space, is of interest.
In addition, the statistical properties of energy spectra and
of other observables reflect the semiclassical behavior of the
systems. The classically integrable systems exhibit Poissonian
statistics [5,6], while fully chaotic (ergodic) systems obey
the statistics of the random matrix theories (RMT) [7,8] of
Gaussian orthogonal ensemble (GOE) or Gaussian unitary
ensemble (GUE), depending on the existence or nonexistence
of the antiunitary symetries in the system, respectively [9,10].
The latter statement is known as the Bohigas-Giannoni-
Schmit conjecture [8]), which has been initiated by Casati,
Guarnieri, and Valz-Gris [7]. In between, in cases of mixed
type classical phase space, the Berry-Robnik picture applies
[4,11,12], based on the principle of uniform semiclassical
condensation of Wigner functions (PUSC) [13].
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Billiard systems are very interesting and attractive sys-
tems to study, as their classical dynamics is easy to follow
and the corresponding Schrödinger equation (in this case the
Helmholtz equation) is easier to solve than in the smooth
Hamiltonian systems, although—as we shall see—it also
presents serious technical problems, which we have success-
fully overcome in this work. In particular, billiard systems
exhibit all the general and generic properties of other physical
and model systems and thus are convenient to study for the
purpose of general empirical analysis and testing the theoreti-
cal approaches and results.

In these two papers I and II we study the mushroom
billiards introduced by Bunimovich [14], which have been
topics of several extensive studies [15–18]. These billards
have sharply divided classical phase space, consisting of pre-
cisely one regular and one fully chaotic (ergodic) component.
Moreover, the invariant measure of the chaotic (and/or reg-
ular) component can be analytically calculated. Therefore,
this family of billiards is ideal to study semiclassical the-
ories, meaning the behavior in the semiclassical limit of
sufficiently small effective Planck constant, or equivalently of
small wavelength, or sufficiently high wave number k, in order
to demonstrate the above-mentioned Berry-Robnik picture, in
the asymptotic limit k → ∞, and the deviations at smaller k
due to the quantum (or dynamical) localization, effects due to
the bouncing ball modes, scars, and tunneling effects.

In this paper I we concentrate on the statistical properties
of the energy spectra and confirm that in the semiclassical
limit of sufficiently large k the Berry-Robnik statistics (for our
case of one regular and one chaotic region) applies, as shown
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(a) (b)

FIG. 1. Geometry of the mushroom billiard. For the classical
dynamics we use the full billiard (a), while for the quantum cal-
culations we use the desymmetrized billiard (b) to obtain the odd
parity solutions of (a) with respect to the symmetry line (dashed).
The Poincaré-Birkhoff coordinates are (s, p), where s is counted
counterclockwise from the origin s = 0, while p is the sine of the
reflection angle. The origin O of the Fourier-Bessel basis for the
Vergini-Saraceno method is placed at the corner in such a way that
the boundary condition on the dashed segment of (b) is satisfied by
the construction.

for the level spacings distribution. Moreover, we also demon-
strate that the very recently developed theory by Yan [19]
of the level spacings ratio distribution applies in the asymp-
totic limit, for mixed-type systems. Furthermore, we notice
at smaller k small deviations from the behavior in this deep
semiclassical limit, which are attributed mainly to the weak
dynamical, or quantum, localization of the Husimi functions
(in this case Poincaré-Husimi functions). These effects are
well captured by the Berry-Robnik-Brody distribution. The
structure of the eigenstates and the corresponding Poincaré-
Husimi functions will be the topic of paper II.

This paper is organized as follows. In Sec. II we define the
geometry of the mushroom billiards, describe the classical dy-
namics, present the relative Liouville measure of the chaotic
component and discuss the classical transport time. In Sec. III
we define the Schrödinger equation (which is the Helmholtz
equation) and present an extensive analysis of various numer-
ical techniques, their advantages, and shortcomings (detailed
in Appendix A). In Sec. IV we present the statistical analysis
of the level spacings distribution for the entire spectrum, while
in Sec. V we analyze the level spacings ratio distribution,
employing the recent theory from Ref. [19]. In Sec. VI we
discuss the effects of localization as reflected in the statistics
of the separated chaotic part of the spectrum. In Sec. VII we
discuss the results and conclude.

II. MUSHROOM BILLIARDS

A. Geometry and classical dynamics

In Fig. 1 we show the geometry of the mushroom billiard
as we use it in this paper. The boundary consists of a unit
semicircle R = 1, connected to the stem of unit length h = 1,
and width 2w. For the classical dynamics we study the full
billiard (a), while for the quantum mechanics we use half bil-
liard (b), thereby restricting the solutions to the odd symmetry
class with respect to the reflection symmetry. Thus the width

of the stem of the half billiard is w. We use the Poincaré-
Birkhoff coordinates in the phase space (of the bounce map),
namely s, the arclength around the billiard boundary starting
at the point s = 0, and counted in the counterclockwise di-
rection. The conjugate momentum is p = sin α, where α is
the reflection angle [20]. As explained in the next section III,
we mainly use the Vergini-Saraceno method to solve the
Schrödinger equation (Helmholtz equation), specifically the
Fourier-Bessel basis [16,21], designed in such a way that the
Dirichlet boundary condition is satisfied, by construction, on
the dashed segment of the boundary in Fig. 1(b).

As it is well known, the mushroom billiard has exactly
one regular and exactly one chaotic component in its phase
space (s, p), with a smooth boundary between them, in con-
tradistinction to the KAM systems, which possess infinite
hiererchical regular and chaotic structures. This property is
the key aspect convenient to study quantum chaos in mixed-
type systems [4,11,13], which is the main objective of this
paper. All orbits that live only in the cap (bounded by the
semicircle) are regular, while those orbits that enter the stem
are chaotic—except for a set of marginally unstable periodic
orbits (MUPOs), which lie on the boundary between the
regular and chaotic regions. They give rise to the stickiness
effects and play a role in the structures of quantum eigenstates.
The family parameter w takes us from the entirely integrable
case (semicircle, w = 0) to the entirely chaotic and ergodic
case (half stadium, w = 1), leaving the mixed-type regime in
between 0 < w < 1. It is important to note that in the stem we
also have a continuum of MUPOs, the so-called bouncing ball
modes, exactly as in the stadium, which give rise to stickiness
in the chaotic region. The plentiful unstable periodic orbits
embedded in the ergodic chaotic region would give rise to the
quantum scars in the sense of Heller [22], as observed in the
Poincaré-Husimi functions of the chaotic eigenstates, to be
discussed in paper II. In Fig. 2 we show examples of a typical
regular and typical chaotic orbit, both in the configuration
space and in the phase space, after 4000 collisions.

B. Relative Liouville volume measure of the chaotic
part of the phase space

A mixed-type system, ranging from sharply divided to
hierarchical phase space, exhibits both regular and chaotic
orbits depending on the initial conditions. An initial condition
in the phase space belongs to the chaotic sea if it generates a
chaotic orbit whose largest Lyapunov exponent λ is positive
[23] or the smaller alignment index (SALI) exhibits expo-
nential decay over time. In billiard systems, SALI typically
decreases exponentially with the number of collisions n, as ∝
exp(−λn). One of the key parameters characterizing a mixed-
type Hamiltonian system is the relative invariant measure μc

of the chaotic part of the phase space. This is simply the
relative Liouville volume of the chaotic sea (more precisely,
of the dominant chaotic region) on the energy hypersurface.
(It should be emphasized that μc is different from the relative
area of the chaotic region in the surface of section. See, e.g.,
Refs. [24,25].) In the general mixed-type systems having a
KAM hierarchical structure of infinitely many regular islands
surrounded by a chaotic sea, an analytic calculation of μc is
usually impossible. In the mushroom billiards this difficulty
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FIG. 2. Typical regular orbit in configuration space (a) and in the
phase space (b) and a typical chaotic orbit correspondingly in (c),
(d). (e), (f) Examples of chaotic trajectories that originate near the
regular region and remain confined to the cap for long times. The
vertical dashed lines signify the end points of individual segments
forming the full boundary with arclength s following Fig. 1.

is removed and μc can be calculated exactly analytically,
resulting in the closed form (see, e.g., Ref. [16]):

μc = 1 −
R2

2

([
arccos( w

R ) − w
R

]√
1 − ( w

R )2
)

wh + πR2

4

. (1)

In our case R = h = 1. In Fig. 3 we plot the graph μc(w).
In the analysis of the energy spectra of mixed-type systems

μc is the crucial parameter, also called the Berry-Robnik
parameter introduced in Ref. [11], which shall be used in
Sec. IV.

C. Classical transport time

In every quantum Hamiltonian system with a purely dis-
crete energy spectrum, the Heisenberg time, defined by tH =
2π h̄/〈�E〉, with 〈�E〉 being the mean energy level spac-
ing, is an important timescale. As has been explained in
Ref. [26] the time evolution of quantum states, starting, e.g.,
with a wave packet (coherent state), in the quantum phase
space (Wigner function or Husimi function) follows the clas-
sical diffusion up to the Heisenberg time tH (also called

FIG. 3. Relative fraction of the Liouville volume of the chaotic
component (Berry-Robnik parameter) μc(w) according to the gen-
eral equation (1), with R = h = 1.

break time by Chirikov and Casati), because the discreteness
of the Hamilton operator is resolved only at times longer
than Heisenberg time. Therefore, the quantum diffusion stops
when reaching (approximately) the Heisenberg time and, if
the classical diffusion is slow, such that the classical transport
or diffusion time tT is longer than the Heisenberg time, we
observe localization of the asymptotic final state, just due to
the destructive interference effects. In addition to this time
dependent picture, we typically observe localized stationary
eigenstates, localized in the quantum phase space, represented
by the Wigner or Husimi functions, which do not occupy
the entire available classical chaotic region. The localization
criterion is expressed in terms of the parameter α = tH/tT : if
α < 1 we find localization, while if α > 1 the extendedness
of the eigenstates in the phase space appears. However, as
demonstrated in previous works [26,27], this transition is not
an abrupt (discontinuous) one, but rather smooth, taking place
generally over an interval α of one decadic order of magni-
tude around α = 1. Moreover, in the strict semiclassical limit
α → ∞, because tH ∝ h̄(1− f ) → ∞, as h̄ → 0, where f is the
number of degrees of freedom. In two-dimensional billiards
f = 2.

In billiards [26], the parameter α is estimated as α = Lk
πNT

,
where k is the wave number (using the units defined in
Sec. III), L is the length of the billiard boundary, in our case
L = 4 + π/2 ≈ 5.57, while NT is the classical transport time
in terms of the number of collisions. Thus α ≈ 1.77 k/NT . To
calculate NT , usually, one defines an ensemble of initial con-
ditions, e.g., taking a uniform distribution on the line p = 0.
Then the ensemble evolves, the mean value 〈p2〉 is calculated
at each collision N , following a diffusion law 〈p2〉 ∝ N , be-
fore the boundary effects become apparent and important. NT

is then a typical time to reach its saturation value. For details,
see Refs. [26,28]. If the dynamical billiard is slowly ergodic
(like for example the small stadia) the diffusive process in
momentum space may be described by an inhomogeneous
normal diffusion model [28]. The saturation is exponential
and thus a natural timescale may be defined. The diffusive
regime is only established after the initial scrambling time,
where the correlations between the initial conditions are lost.
The scrambling time may indeed be longer than NT and con-
sequently the distribution is spread over the available phase
space before the diffusive process may start in earnest. This
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FIG. 4. In (a) and (b) we show 〈p2〉 as a function of N for w = 0.1 and 0.9, respectively. In (c) we show the result for the stadium
billiard with radius 1 and ε = 0.08 (the length of the straight line connecting the two semicircles). The difference in behavior is evident. The
accompanying plots show the structure of the phase space of the ensemble p = 0 after 1, 2, 20, and 40 bounces, together with the belonging
distribution of p. Thus a different measure of the ensemble spreading must be used. It should be noted that we have removed the BB modes
from the calculation since they only provide a constant offset to 〈p2〉 since 〈p2〉BB = 1.

is very common in strongly chaotic and mixed-type billiards,
especially when the boundary contains some discontinuities.
This can clearly be seen in Fig. 4 where in cases (a) and (b)
two different mushroom geometries produce a nondiffusive
momentum spreading while in the stadium with small ε (c) its
spreading follows normal diffusion after the initial scrambling
of the initial conditions (the distribution assumes a Gaussian
shape and continues to spread). Therefore, Eq. (19) as derived

in [28] does not hold in our case and we require a different
criterion for the determination of NT .

We chose the filling ratio of the occupied chaotic region μT

relative to its asymptotic value as the criterion for determining
NT . This is shown in Fig. 5, where 95% and 99% are used as
the threshold. We see that 99% is hardly reached for w = 0.1
and w = 0.2, while 95% gives a reasonable estimate, showing
that NT is in the range 10 and 180, when w goes from 0.9 to
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FIG. 5. Relative area of the occupied chaotic component, with
respect to the asymptotic value, μT (N )/μ(∞), starting with a uni-
form ensemble of 106 initial conditions located at p = 0, with R =
h = 1 and nine different w (top). For the calculation of the relative
chaotic area μT a grid of 450 × 450 cells is used. The classical
transport time NT is estimated as time at which this quantity reaches
95% of its asymptotic value. Thus NT is in the range between 10
and 180 (bottom), for w = 0.9 to w = 0.1 in equal steps of 0.1. For
unfilled fractions below 10−2.4, the remaining unvisited cells of the
chaotic region form a tiny and fragmented set. Consequently, μc(N )
exhibits small fluctuations that originate from numerical resolution
limits rather than from genuine dynamical effects.

0.1 in equal steps 0.1. Further details regarding the aspects
of the transport time and its relevance for the localization of
eigenstates in the phase space will be discussed in Sec. VI.

III. HELMHOLTZ EQUATION
AND THE NUMERICAL TECHNIQUES

The quantum billiard B, in our case the half-mushroom
billiard, depicted in Fig. 1(b), is described by the stationary
Schrödinger equation; in the chosen units (h̄2/2m = 1) it is
the simple Helmholtz equation

�ψ + k2ψ = 0, (2)

where the Dirichlet boundary conditions ψ |∂B = 0 must be
satisfied. The energy is E = k2.

The mean number of energy levelsN (E ) up to E = k2

is determined asymptotically exactly by the celebrated Weyl
formula (with perimeter corrections), taking into account the
Dirichlet boundary conditions, namely

N (E ) = A E

4π
− L

√
E

4π
+ c, (3)

where c are small constants due to the corners and the curva-
ture of the billiard boundary. For the density of levels d (E ) =
dN /dE they are irrelevant,

d (E ) = A

4π
− L

8π
√

E
. (4)

In a previous paper [29] we have demonstrated, in agreement
with the theoretical predictions by Steiner [30,31], that the
fluctuations of the number of energy levels (mode fluctua-
tions) around the mean value of Eq. (3) grow with k. Their
variance increases linearly with k in integrable systems, while
it grows as log k in ergodic chaotic systems. For the systems
with divided phase space, it is something in between, namely

the variance is the sum of the variances of the regular and
of the chaotic part, provided that they are statistically inde-
pendent of each other. In the semiclassical regime this is a
valid assumption in the spirit of the Berry-Robnik picture
[11]. Therefore, the fluctuations at large k in all cases can be
very large, as the standard deviation even diverges as k → ∞.
In ergodic chaotic systems the distribution of fluctuations is
Gaussian [30,31]. On the other hand, in Ref. [29] we have
shown that it is nearly Gaussian, even in the integrable, as
well as in mixed-type systems.

Our numerical method to compute the eigenfunctions is
based on the Vergini-Saraceno scaling method [21,32], ex-
plained in detail in Appendix A 2 c and available as part of
a numerical package [33]. This method finds all pairs of
eigenvalue and base expansion coefficients (k, x) in a small
interval k ∈ [k0 − δk, k0 + δk]. Since the error of the method
has an upper bound determined by the interval width δk,
which scales as |k − k0|3, its width must be chosen as small as
possible without sacrificing redundant computational effort.
Our choice was δk = 0.01, which was kept fixed through-
out the calculation. However, the amount of overlap between
adjacent intervals was increased at larger values of k, since
more eigenvalues lie close to the interval boundaries and their
numerical accuracy becomes a significantly more delicate
consideration. The number of collocation points on the bound-
ary was determined as Nboundary = 7kL/2π and the number of
basis functions scaling as Nbasis = 4kL/2π . Calculation of the
semiclassical basis size using the turning point rule [34]

J 2i
3

(kr) ∼ 0 for kr <
2i

3
, (5)

and using the fact that the largest distance inside the billiard
R = max(x,y)∈∂�

√
x2 + y2 = √

1 + w2 gives the semiclassi-
cal basis size Nsc = 3k

√
1 + w2/2 showing that for all widths

w our choice for basis size is more than adequate. We com-
puted up to 1.3 × 105 eigenstates in the PH representation
for each billiard with given w. However, as noted above the
precision of the computed energy levels decreases with the
distance from the center of the energy interval. Thus, even
after careful comparison of the levels in overlapping energy
intervals, errors in the accumulation of levels still occur and
some levels are lost. This can be detected by the drift of the
locally averaged value of numerical N (E ) as compared with
the Weyl N (E ) of Eq. (3). The number of missing levels was
never larger than a few per 10 000 levels and due to the overall
large number of eigenstates this should have very little effect
on the statistical results. The latter aspect has been verified by
artificial defects of spectra, by simply deleting or removing
exactly 0.1% randomly chosen levels, and making sure that
the spectral statistics does not change by doing this.

We must mention that our numerical computations have
been based on several competing methods, whose results and
their accuracy as well as their computational efficiency (al-
gorithmic efforts) have been thoroughly cross-checked. Apart
from the Vergini-Saraceno method using the corner-adapted
Fourier-Bessel basis as the ultimately primary (superior)
method, we have used the following alternative methods sum-
marized in Table I: elementary boundary integral method
[35], expanded boundary integral method [36], decomposi-
tion method [34], particular solutions method [16], conformal
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TABLE I. Comparison of sweep-based and accelerated methods for eigenvalue computation. Sweep based methods require checking every
trial eigenvalue if it is correct while accelerated methods give many true eigenvalues in a small interval.

Method Pros Cons

Boundary integral (sweep) in
Appendix A 1 a

Robust and can target
individual symmetries

One eigenvalue per SVD
(singular value

decomposition); slow for full
spectrum

Expanded BIM (accelerated)
in Appendix A 1 b

Multiple eigenvalues per
solve via GEP (generalized
eigenvalue problem), can

target individual symmetries

Non-Hermitian GEP; poor
conditioning at high k

Decomposition (sweep) in
Appendix A 2 a

Enforces boundary vanishing
directly in GEP by

construction; avoids area
integrals

One root per GEP solve;
requires two boundary

matrices to be constructed

Particular solutions (sweep)
in Appendix A 2 b

Replaces area integrals with
interior sampling

Needs many points; sampling
error possible especially with

localized states
Vergini-Saraceno
(accelerated) in
Appendix A 2 c

Multiple eigenvalues per
diagonalization, offering high

efficiency and stability

Breaks down quickly for
nonconvex domains without

tailored basis

mapping diagonalization technique [37], and the finite el-
ement method. We describe the details of the methods in
Appendix A. After many careful checks it turned out that, for
our specific case of the mushroom billiard, the corner-adapted
Fourier-Bessel version of the Vergini-Saraceno method is su-
perior.

IV. STATISTICAL ANALYSIS OF THE ENERGY SPECTRA:
LEVEL SPACINGS DISTRIBUTION

The main purpose of this paper, studying the energy spectra
of the mushroom billiards in the semiclassical limit, is three-
fold: (i) to demonstrate the applicability of the Berry-Robnik
level spacings distribution in a mixed-type system [11], (ii) to
demonstrate the applicability of the recent theory by Yan [19]
of the level spacing ratio distribution in the mixed-type case,
and (iii) to demonstrate the effects of weak phase space local-
ization in the Poincaré-Husimi functions, at lower energies,
below the strict semiclassical limit, due to the effects of finite
NT , characterized by α � 1.

First we show in Fig. 6 the level spacings distribution
for the spectrum within the range k ∈ [970, 1000], obtained
after the unfolding using the Weyl formula, Eqs. (3) and
(4). The level spacings distribution P(s) is generally equal to
the second derivative of the gap probability E (s) of having
no level on an interval of length s, P(s) = d2E (s)/ds2. In
the absence of correlations between the regular and chaotic
levels of relative fraction μr and μc = 1 − μr , correspond-
ingly, the gap probability E (s) is obviously just the product of
the corresponding gap probabilities Er (s) and Ec(s) with the
corresponding weights in their arguments, so that

E (s) = Er (μrs)Ec(μcs). (6)

For a regular spectrum the level statistics is Poissonian,
EP(s) = exp(−s), P(s) = exp(−s), while for the fully chaotic
case the GOE of random matrix theory applies, well approx-
imated by the Wigner distribution, if there is no phase space

localization,

PW (s) = πs

2
exp

(
−πs2

4

)
, (7)

so that

EW (s) = 1 − erf

(√
πs

2

)
= erfc

(√
πs

2

)
, (8)

where erf(x) = 2√
π

∫ x
0 e−u2

du is the error integral and erfc(x)
its complement, i.e., erfc(x) = 1 − erf(x). Consequently, in
the absence of phase space localization of the chaotic eigen-
states, we immediately derive the Berry-Robnik (BR) level
spacing distribution [11],

PBR(s) = e−μr se− πμ2
c s2

4

(
2μrμc + πμ3

cs

2

)
+μ2

r e−μr serfc

(√
πμcs

2

)
. (9)

A generalization of the above formula is necessary for low-
lying eigenstates where some localization phenomena occur,
due to various mechanisms, such as dynamical or quantum
localization, scars, bouncing ball modes, tunneling effects,
and stickiness effects. It has been widely demonstrated that the
level spacing distribution of quantum localized fully chaotic
eigenstates [25–27,38–42] is well captured by the Brody dis-
tribution [43,44],

PB(s) = C1sβ exp(−C2sβ+1),

C1 = (β + 1)C2, C2 =
[



(
β + 2

β + 1

)]β+1

, (10)

from which the corresponding Brody gap probability follows,

EB(s) = 1



(

1
β+1

)Q

(
1

β + 1
,

[



(
β + 2

β + 1

)
s

]β+1
)

, (11)
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Numerical level spacing distribution of the spectrum stretch k ∈ [970, 1000] compared with the BR theory [11] Eq. (9) using
the exact analytical value of μc, ρ(reg) = 1 − μc, for six geometries w = 0.3–0.8 in equal steps of 0.1, from (a)–(f). The green solid line
represents the BR distribution and the red solid one the BRB distribution. We also show best fitting BRB distribution with the analytical μc

and best fitting value of β. In the inset we plot the differences between the numerical CDF and BRB CDF (red) and between the numerical
CDF and BR (green). It is clearly seen that theoretical BR and best fitting BRB distributions are very close to each other, as the localization
effects are minor.

where Q(a, x) is the incomplete Gamma function:

Q(a, x) =
∫ ∞

x
t a−1e−t dt . (12)

Upon replacing EW (s) by the Brody gap probability EB(s) in
the formula (6), we obtain the Berry-Robnik-Brody (BRB)
distribution, which now captures both effects—the divided
phase space through μc and the localization of the chaotic part
through β.
As is well known, the limiting cases are β = 0 (Poisson dis-
tribution) and β = 1 (Wigner distribution). It is our aim to
show the applicability of the BR distribution (9) in the deep
semiclassical limit. This is demonstrated for high-lying states
in Fig. 6. We compare the numerical data for the states in
the interval 970 � k � 1000 for six geometries w = 0.3–0.8
in equal steps 0.1. The data histogram is compared to the
theoretical BR distribution using the exact analytical value for
the μc parameter given in Eq. (1), meaning that so far there
is no fitting of data, but comparison of the numerics with the
BR theory. We see statistically significant perfect agreement.
However, we also show the best fitting BRB distribution, by
determining β by fitting while keeping μc exact. It is evident
that the two distributions, BR and BRB, are very close to
each other, clearly demonstrating that the effects of quantum
localization are very weak, which is in line with the large
value of the parameter α = 1.77 k/NT , as k ≈ 1000, while NT

is in the range between 10 and 40, for w = 0.8 to w = 0.3, in
equal steps of 0.1 (see Fig. 5).
This picture will be further corroborated below by the analysis
of spectra in different perspectives. In order to demonstrate
that the localization effects are minor also at low-lying states,
we show the similar plot in Fig. 7, as already seen in [45]. It
must be emphasized that we have deliberately excluded the
cases of w = 0.1 and w = 0.2, as in these two geometries
the classical dynamics is more complex, exhibiting several

timescales related to the bouncing ball modes (in the stem)
and stickiness around the marginally unstable orbits (MUPO).
Therefore, the analysis of the classical dynamics and quantum
eigenstates of these two cases will be presented in a separate
paper.

V. STATISTICAL ANALYSIS OF THE ENERGY SPECTRA:
LEVEL SPACING RATIO DISTRIBUTION

The level spacing ratio distribution P(r) has been intro-
duced by Oganesyan and Huse [46]. It has the advantage,
when compared to the level spacing distribution, that it does
not require a spectral unfolding procedure, thereby being more
robust. The level spacing ratio is defined as

rn = min (δn, 1/δn), (13)

where δn = dn+1/dn with dn = En+1 − En being the spacing
between two nearest eigenenergies. The spacing ratios dis-
tributions for the Wigner distribution are derived from the
joint distribution of two consecutive spacings [47,48], derived
by using 3 × 3 Gaussian random matrices and employing the
Wigner surmise,

p(s, t ) = A(s + t )st e−B(s2+st+t2 ), (14)

where A and B are normalization constant. A further integra-
tion gives

p(r) =
∫ ∞

0
ds dt p(s, t )δ

(
r − min

( s

t
,

t

s

))
= 2

∫ ∞

0
p(s, rs)s ds = 27

4

r + r2

(1 + r + r2)5/2
. (15)

It is an excellent approximation to the exact GOE result
obtained for infinitely dimensional real symmetric Gaussian
random matrices (GOE), as tested numerically [47,48]. For
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(a) (b) (c)

(d) (e) (f)

FIG. 7. Same as in Fig. 6, but for k ∈ [5, 150], showing that even at low energies k2 the effects of localization are minor, as BR and BRB
curves almost overlap.

integrable systems, given the Poisson process of energy levels,
the joint distributions of consecutive spacings and spacing
ratios distribution are

p(s, t ) = e−(s+t ), p(r) = 2

(1 + r)2
. (16)

Similarly to the gap probability approach used for the level
spacing distribution, the spacing ratios distribution requires
the introduction of two families of gap probability functions.
These are defined based on the joint distribution of consecu-
tive spacings p(s, t ), as detailed in Ref. [49]. First, there are
the one-variable functions:

f (s) =
∫ ∞

0
da

∫ ∞

0
db p(s + a, b),

g(s) =
∫ ∞

0
da

∫ ∞

0
db

∫ ∞

0
dc p(s + a + b, c), (17)

and then the two-variable functions

e1(s, t ) =
∫ ∞

0
da p(s + a, t ),

e2(s, t ) =
∫ ∞

0
da

∫ ∞

0
db p(s, t + b),

h(s, t ) =
∫ ∞

0
da

∫ ∞

0
db p(s + a, t + b). (18)

These functions are related by the identities

∂s∂t h = p, ∂sh = −e1, ∂t h = −e2, ∂sg = − f , (19)

with

∂s f = −p̂(s), p̂(s) =
∫ ∞

0
db p(s, b). (20)

Figure 8 illustrates four different configurations for the
distribution of two consecutive spacings, with the gap proba-
bility functions, where s = ρ ŝ, denoting the level spacing after
unfolding, provided ρ is the density of states. The probability
of each configuration can be expressed as a composition of

various gap probability functions:

(a) pa(s, t ) = μ3
i p(ρi ŝ, ρit̂ )g(ρ j (ŝ + t̂ ))

= μi[∂s∂t h(μis, μit )]g(μ j (s + t )),

(b) pb(s, t ) = μ2
i μ je2(ρi ŝ, ρit̂ ) f (ρ j (ŝ + t̂ ))

= μi[∂sh(μis, μit )][∂t g(μ j (s + t ))],

(c) pc(s, t ) = μ2
i μ je1(ρi ŝ, ρit̂ ) f (ρ j (ŝ + t̂ ))

= μi[∂t h(μis, μit )][∂sg(μ j (s + t ))],

(d) pd (s, t ) = μ2
i μ jh(ρ j ŝ, ρ j t̂ ) p̂(ρi(ŝ + t̂ ))

= μ jh(μ j s, μ jt )[∂s∂t g(μi(s + t ))].

Summing over i �= j for all configurations, we have

P(s, t ) =
∑

C∈{a,b,c,d}

2∑
i, j=1

pC (s, t ) = ∂s∂t E (s, t ), (21)

where

E (s, t ) =
2∑

i=1

μih(μis, μit )
∏
j �=i

g(μ j (s + t )). (22)

(a) Eŝ t̂

g
p

(b) Eŝ t̂

f e2

(c) Eŝ t̂

fe1

(d) Eŝ t̂

h

p̂

FIG. 8. Scheme of the distribution of two consecutive spacings,
where four configurations exist. Different colors denote spectra from
different blocks.
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(a) (b) (c)

(d) (e) (f)

FIG. 9. Numerical level spacings ratio distribution compared with the analytical theory by Yan [19] using the exact analytical value of μc,
ρ(reg) = 1 − μc, for six geometries w = 0.3–0.8 in equal steps of 0.1, for k ∈ [970, 1000] from (a)–(f). The black solid line represents the
binned numerical data and the red solid line Yan’s theory. In the background the GOE curve is shown for comparison. It is clearly seen that the
theoretical curve follows the numerics very well, showing that the localization effects are minor.

The resulting distribution of spacing ratios can be derived
from P(s, t ), as shown in Eq. (15) as

P(r) = 2
∫ ∞

0
P(s, rs)s ds. (23)

It cannot be given in a closed formula, as it rests upon quite
complicated integrals of special functions, but nevertheless
gives an analytical, theoretical, result for any value of the
Berry-Robnik parameter μc, on the level of Wigner-type ap-
proximation, (7) and (15), for 2 × 2 and 3 × 3 GOE matrices,
respectively. It is thus tempting to explore the P(r) for the
energy spectra of our six geometries of the mushroom bil-
liards. In Fig. 9 we show P(r) for the high-lying states. The
agreement is perfect. In Fig. 10 we plot P(r) for low-lying
states, showing that also here the localization effects are quite
weak.

It is practical to characterize the P(r) by its mean value,
〈r〉 = ∫ 1

0 rP(r)dr. For the Poisson case we have 〈r〉P =
2 ln 2 − 1 ≈ 0.3863 and for the Wigner case 〈r〉W = 4 −
2
√

3 ≈ 0.5359 [47]. For the mixed case with μc between 0
and 1 the theoretical result by Yan accurately predicts the nu-
merical value as shown in Fig. 11. It corresponds to the GOE
result for asymptotics where the dimension of the matrices
→ ∞, after a rescaling as explained in Ref. [19].

The conclusion of Secs. IV and V is that we have almost
perfect agreement between the Berry-Robnik theory [11] for
the level spacings distribution P(s) for the geometries w =
0.3–0.9, as well the agreement between Yan’s theory [19]
for spacings ratio distribution P(r) in the mixed-type regime,
showing that the localization effects are indeed very weak.
They will be studied in detail in paper II [50], by the analysis
of Poincaré-Husimi functions of the eigenstates, especially in

the geometries w = 0.1 and 0.2, where the classical dynamics
is quite complex and needs an extended analysis.

VI. EFFECTS OF LOCALIZATION AS REFLECTED
IN THE ENERGY SPECTRA

So far it has been demonstrated that the localization effects
as reflected in the spectral statistics are quite weak, except
possibly for w = 0.1 and w = 0.2. It must be emphasized that
the determination of the Brody level repulsion parameter β by
the best fitting BRB distribution is very badly defined, as the
minimum of the underlying distance between the numerical
data and the best fitting BRB is quite shallow, implying that
the estimated error in the value of β can be of the order
±0.2.

Nevertheless, in order to see more clearly the effects of
localization, we now employ the method of separating the reg-
ular and the chaotic eigenstates, as introduced by Batistić and
Robnik [26,27], based on the structure of Poincaré-Husimi
functions as compared with the classical phase space portrait
(see details in Appendix B). This approach will be extensively
applied in paper II [50]. Here we just note that we have
separated the regular and chaotic states based on the classical
criterion of dividing the states between regular and chaotic in
the proportion of classical μr = 1 − μc and μc.

Then, the spectral statistics P(s) has been calculated for the
chaotic part. By the best fitting procedure using Eq. (10) the
Brody exponent β has been determined. In Fig. 12 we show
P(s) for the high-lying states, where the weak localization
effects are detected. In order to demonstrate that the local-
ization effects are minor also at low-lying states, we show the
similar plot in Fig. 13. The observation of this trend is finally
corroborated by the tendency of P(r) distribution towards
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(a) (b) (c)

(d) (e) (f)

FIG. 10. Same as in Fig. 9, but for the spectrum k ∈ [5, 150], showing that the effects of localization are minor, as the numerics and the
theoretical curves agree very well.

GOE at high energies as shown in Fig. 17. The effects of
localization definitely become larger at smaller k, as shown
in Fig. 18, but are nevertheless small.

In conclusion of this section we can maintain that the
localization effects are present, but are weak, and they are
stronger at lower energies k2, as expected theoretically, or in
other words we see that the localization effects gradually dis-
appear in the semiclassical limit k → ∞, in accordance with
the principle of uniform semiclassical condensation (PUSC)
of Wigner or Husimi functions [4,13].

VII. DISCUSSION, CONCLUSIONS, AND OUTLOOK

In this paper I we have extensively studied the spectral
statistics of a large family of mushroom billiards introduced
by Bunimovich, which are mixed-type systems, but not of the
KAM type. Instead, each billiard of this family has exactly one

FIG. 11. Mean level spacing ratio compared with the analytical
theory by Yan [19] GOE N × N , using the exact analytical value of
μc, ρ(reg) = 1 − μc, for nine geometries w = 0.1–0.9 in equal steps
of 0.1, for k ∈ [900, 1000]. It is clearly seen that the theoretical curve
follows the numerics very well, showing that the localization effects
are minor, except for w = 0.1 and 0.2.

regular and one chaotic (ergodic) component with a smooth
boundary between them, which can be analytically treated, so
that we have an exact theoretical closed formula for the Berry-
Robnik parameter μc [11]. We have analyzed geometries with
the stem width w = 0.3–0.9, where the system behaves very
well in agreement with the theory, while w = 0.1 and w = 0.2
will be treated separately due to the more complex structure
of the classical phase space and consequently some intricate
and intriguing quantum effects.

Therefore, we can compare the theoretical level spacings
distribution with the numerical histogram, showing excellent
agreement at high-lying eigenstates, while at lower energies
we see effects of weak localization, which are well captured
by the Berry-Robnik-Brody distribution. After separation of
regular and chaotic eigenstates using the method of Batistić
and Robnik, presented in detail in paper II, we find that
the chaotic eigenstates indeed obey the Brody distribution,
although the level spacings distribution is close to GOE.

We also have studied the level spacings ratio distribution
and compared it with the recent theory by Yan [19]. At high
energies the agreement is perfect, as the localization effects
are weak, but at lower energies one can see small deviations
of the histogram from the theoretical curve, just due to the
weak localization effects.

It is well understood that the localization effects are weak
at large k, expected on the basis of Heisenberg timescale in
comparison with the classical transport time, giving values of
the parameter α = 1.77 k/NT � 1. At smaller k, the localiza-
tion is stronger, although still weak. We may conclude that the
statistical properties of the energy spectra in this mixed-type
regime are theoreticaly well understood in terms of the Berry-
Robnik picture for the level spacings distribution and in terms
of Yan’s theory for the level spacings ratio distribution. The
picture is quite different for geometries w = 0.1 and w = 0.2,
as the classical dynamics is more complex, which will be
treated separately in another work.
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FIG. 12. Numerical level spacings distribution for the chaotic states in the interval k ∈ [970, 1000] compared with the Brody distribution
(10) after the separation using the classical criterion, for six geometries w = 0.3–0.8 in equal steps of 0.1, from (a)–(f). The green solid line
represents the BR distribution and the red solid one the BRB distribution. The difference demonstrates weak localization effects, so that β is
almost equal to 1, considering the statistical error of the order ≈ ± 0.1.

In paper II we shall perform a complete calculation of the
Poincaré-Husimi functions for a large range of eigenstates at
various energies, for all geometries w = 0.1–0.9, and con-
sider the localization properties, the criterion, and the method
of separation of regular, mixed, and chaotic eigenstates. We
also shall show that the relative fraction of mixed-type eigen-
states decays as a power law in the semiclassical limit, as
a function of a semiclassical parameter (effective Planck
constant).
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FIG. 13. Same as in Fig. 12, but for k ∈ [5, 150], showing that even at low energies k2 the effects of localization also are minor, but
definitely larger than at high-lying states k ∈ [970, 1000] of Fig. 12.
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FIG. 14. Comparison of minimization parameter plots on the in-
terval 15 � k � 25 for different methods: boundary integral method
(blue), Heller’s plane wave decomposition method (red), particu-
lar solutions method–extended Heller’s method (green), Vergini-
Saraceno method–Fourier-Besel version (black dot, representing the
minimum of tension), and expanded boundary integral method (Ve-
ble et al. [36], light blue dot).

technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms of
this research project. The data are available from the authors
upon reasonable request.

APPENDIX A: NUMERICAL TECHNIQUES

We briefly describe different boundary-integral and basis-
expansion methods that were used for the comparison of
quantum eigenvalues in the (nonanalytic) mushroom billiard.
Because the boundary is not analytic, all methods not using
the corner-adapted Fourier-Bessel basis exhibit nonexponen-
tial convergence regardless of quadrature choice [51,52]. Our
primary goal is to test the corner-adapted Fourier-Bessel basis
(which avoids the convergence issues of plain plane-wave
or Bessel bases in nonconvex billiards [34,53]). We orga-
nize the methods into two families—those that discretize the
boundary integral with Hankel-kernel quadrature and those
that use Bessel-kernel expansions—always sampling the col-
location points on the boundary. The quadrature used was the
trapezoidal rule for methods that used Hankel functions and
Gauss-Legendre otherwise. A minimization parameter plot for
comparing each of these methods is given in Fig. 14 show-
ing convergence of different methods to the same eigenvalue
(given by the blue vertical line).

1. Using Hankel functions

a. Boundary integral method (BIM)

We solve for the smallest singular value of the discretized
double-layer potential boundary operator which is the Fred-
holm matrix A. We first start with constructing the integration
kernel

Qk (s, s′) = − ik

2
cos φ(s, s′)H (1)

1 (kτ (s, s′)), (A1)

where s, s′ are arclength coordinates on the boundary with
s �= s′, q = (x, y), q′ = (x′, y′) are the coordinates on the
boundary, τ is the Euclidian distance between points on the

boundary τ =
√

(x − x′)2 + (y − y′)2, and k is the wave num-
ber parameter. The normal vector n(s) is found in the term

cos φ(s, s′) = n(s) · (q(s) − q(s′))
τ (s, s′)

. (A2)

Qk (s, s′) needs to be symmetrized in such a way that we get its
value to be zero on the mushroom billiard symmetry line for
the odd-odd symmetry class. We also use the limit Q(s, s′ →
s) = 1

2π
κ (s), where κ (s) is the curvature at arclength s to han-

dle divergences. From this we construct the Fredholm matrix
(where we assume a constant difference between neighboring
arclengths �s)

Ak (s(i), s′( j)) = δi j − �sQk (s(i), s′( j)). (A3)

The true eigenvalues are obtained as the smallest singular
values of the Fredholm matrix A(k). However, assembling
A(k) and computing its SVD at each trial k is prohibitively
expensive when many eigenvalues are needed. In the next
subsection we therefore introduce an accelerated scheme that
reuses the same boundary operator to compute potentially
many eigenvalues per solve, yielding a substantial speedup.
Finally, in nonconvex geometries one must also include the
single-layer boundary operator to eliminate exterior solutions
[51].

b. Expanded boundary integral method (EBIM)

This method is an improvement of BIM because we are
able to potentially get many eigenvalues in a small interval
[k0 − δk, k0 + δk] around a trial eigenvalue k0. Taylor expan-
sion of the BIM condition A(k)u = 0 gives

A(k0 + δk)u =
[

A(k0) + δk
∂A(k0)

∂k
+ O(δk2)

]
u = 0. (A4)

Following the original paper [36] we obtain the following
generalized eigenvalue problem (GEP):

A(k0)u = λ
∂A(k0)

∂k
u, v†A(k0) = λv† ∂A(k0)

∂k
, (A5)

where the matrices A(k) and ∂A(k)
∂k are evaluated at the trial

eigenvalue k0. We solve it for the smallest λ’s, specifically
those that satisfy |λ| < δk. It must be noted that both A and
∂A
∂k are non-Hermitian matrices and therefore their GEP gives
complex generalized eigenvalues. We therefore impose an
additional criterion that Im(λ) < 10−2Re(λ). Similary to BIM
we construct the Fredholm matrix as described in the BIM
section and formulate the first and second k derivative of the
integration kernel Qk (s, s′)

∂Ak (s, s′)
∂k

= −�s
∂Qk (s, s′)

∂k

= �s
ik

2
cos φ(s, s′) τ (s, s′) H (1)

0 (k τ (s, s′)) (A6)

and

∂2Ak (s, s′)
∂k2

= −�s
∂2Qk (s, s′)

∂k2

= −�s
i

2k
cosφ(s, s′)

[
[−2 + (

k τ (s, s′)
)2

]

× H (1)
1 (k τ (s, s′)) + k τ (s, s′) H (1)

2 (k τ (s, s′))
]
,

(A7)

044217-12



QUANTUM CHAOS AND SEMICLASSICAL BEHAVIOR IN … PHYSICAL REVIEW E 113, 044217 (2026)

FIG. 15. Example of a Fourier-Bessel basis function with a
rotated discontinuity showing automatically satisfied boundary con-
ditions on the segments forming the reentrant corner.

with the symbols defined in the BIM section. The diagonal
limits are ∂Qk (s,s′→s)

∂k = ∂2Qk (s,s′→s)
∂2k = 0. Similarly to BIM we

symmetrize the k derivatives of Qk (s, s′) such that their val-
ues are zero on the symmetry line of the mushroom billiard
geometry (odd symmetry class). This allows us to write the
potential eigenvalue solution in the given interval as

k = k0 − λ − λ2

2

(
v† ∂2A(k0)

∂2k
u
)(

v† ∂A(k0)

∂k
u
)−1

. (A8)

It is important to note that while this method becomes more
efficient at higher trial eigenvalues k0 its condition number
also rises [among others due to Weyl’s law as the eigenval-
ues become more densely spaced and we pick our k0 closer
to the true eigenvalue for which the det A(k0) = 0]. Equa-
tion (A5) is typically badly conditioned with the condition
number of the relevant matrices being cond(A(k0)) ≈ 103 and
cond( ∂A(k0 )

∂k ) > 1012 in the neighborhood of a true eigenvalue.
How to properly regularize and reformulate this GEP is an
open problem.

2. Using corner-adapted Fourier-Bessel functions

In our approach we expand each eigenfunction as a finite
linear combination of corner-adapted Fourier-Bessel modes:

�k (r, φ) ≈
N∑

i=1

xi fi(k, r, φ). (A9)

In this study, we choose the basis functions

fi(k, r, φ) = J 2i
3

(k r) sin

(
2i

3
φ

)
, (A10)

which incorporate the correct reentrant-corner behavior.
The basis function is constructed from Bessel functions of

the first kind Ji of order i which hold the r dependence and
an angular part for the φ dependence [where (r, φ) are the
polar representations of the point (x, y) with respect to the
reentrant corner as the origin]. In Fig. 15 we plot this basis
with the reentrant corner 3π

2 superimposed with the mushroom

billiard boundary. One also requires the ∂ f
∂x and ∂ f

∂y of the
basis functions from which the normal derivative of the basis
functions is constructed:

∂ fi(k, r, φ)

∂x
= kx

r
J ′

2
3 i(kr) sin

2i

3
φ − 2iy

3r2
J 2

3 i(kr) cos
2i

3
φ,

∂ fi(k, r, φ)

∂y
= ky

r
J ′

2
3 i(kr) sin

2i

3
φ + 2ix

3r2
J 2

3 i(kr) cos
2i

3
φ,

∂ fi(k, r, φ)

∂n
= nx

∂ fi(k, r, φ)

∂x
+ ny

∂ fi(k, r, φ)

∂y
. (A11)

a. Decomposition method (DM)

The idea behind this method is to minimize the boundary
tension F (k) with a general boundary weight function w(s)
[we choose w(s) = 1] defined as

F (k) =
∮

ds w(s) |�(r(s), φ(s))|2 =
N∑

i, j=1

xi Fi j (k) x j,

(A12)

with Fi j (k) = ∮
ds w(s) fi(k, r(s), φ(s)) f j (k, r(s), φ(s)) be-

ing the basis boundary tension matrix. We also define the
usual normalization condition as follows:

1 =
∫∫

D
dS

∣∣�k (r, φ)|2 =
N∑

i, j=1

xi Gi j (k) x j, (A13)

with Gi j (k) = ∫∫
D dS fi(k, r, φ) f j (k, r, φ) and

∫∫
D being the

area integral in the interior of the boundary. This calculation
would be very expensive as it would require the evaluation
of an area integral and is never done in practice. Rather an
equivalent version of this integral is performed that is valid
only when the wave function vanishes on the boundary [34]
(nonapplicable to Neumann BCs on the symmetry lines)

Gi j (k) =
∮

ds

(
rn(s)

2k2

)(
∂ fi(k, r(s), φ(s))

∂n

)
×

(
∂ f j (k, r(s), φ(s))

∂n

)
. (A14)

With these Fi j (k) and Gi j (k) we formulate the problem of
finding eigenvalues and eigenvectors of the original problem
(� + k2)� = 0 with �|∂� as a minimization condition with
an additional constraint coming from the normalization con-
dition

min(xT Fx) with xT Gx = 1. (A15)

This can be rewritten as an equivalent GEP that is easier to
numerically handle,

F (k)u = λG(k)u, (A16)

where the true eigenvalues are found at values of k where λ is
a local maximum.

b. Particular solutions method (PSM)

This method is an extension of the original Heller’s method
where we approximate the 2D integral of Gi j (k) described
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FIG. 16. Example of a well spread chaotic Poincaré-Husimi
function with the overlap grid of the regular region as gray. It was
taken deep in the semiclassical limit so its M index value is 1 due to
having no overlap with the classical regular region.

above with a sum over a large number of interior points M

Gi j (k) = A

|M|
∑

(r,φ)∈M

fi(k, r, φ) f j (k, r, φ), (A17)

where A is the area of the billiard and the basis functions fi

as defined above. Everything else stays the same and we solve
the same GEP as in the decomposition method.

c. Vergini-Saraceno (VS) “scaling” method

The fundamental idea behind this method is to use an
expansion of the boundary tension F at a trial eigenvalue k0 up
to first order and forming a GEP that can give us potentially
many eigenvalues in a very small interval (δk ≈ 0.01k−1/3).
We use a special weight function w(s) = 1

rn(s) , where rn(s) =
n(s) · r is the dot product of the normal vector at the boundary
evaluated at r. The choice of this weight is crucial since the
basis tension matrices are quasiorthogonal with this weight

[34]. Expansion of F at a trial eigenvalue k0 gives

F (k0) + δk
∂F (k0)

∂k
+ O(δk2) = 0. (A18)

For the tension matrix F we use the “special” weight func-
tion

F (k) =
∮

ds

rn(s)
|�k (r(s), φ(s))|2. (A19)

This matrix can be rewritten as a basis tension matrix F̂ (k)

F (k) = xT F̂ (k)x,
∂F

∂k
= xT ∂F̂

∂k
x, (A20)

with the basis tension matrix element given by

F̂i j (k) =
∮

ds

rn(s)
fi(k, r(s), φ(s)) f j (k, r(s), φ(s)). (A21)

With these matrices we construct the GEP in the interval [k0 −
δk, k0 + δk],

F̂ (k0)x = −λ
∂F̂ (k0)

∂k
x, (A22)

and look for those generalized eigenvalues that satisfy | 2
λ

+
O(λ2)| < δk since for those we are guaranteed to have true
eigenvalues at k = k0 − 2

λ
+ O(λ2). The eigenvectors x are

exactly the basis expansion coefficients of the wave function
in the chosen basis. In practice solving Eq. (A22) is unstable
since both F (k) and ∂F (k)

∂k become numerically singular at the
necessary (semiclassical) number of basis functions and col-
location points [34]. Therefore, we diagonalize F and remove
the eigenvalues whose absolute value is close to machine
precision (we used ε = 10−15). These eigenvalues would give
basis coefficients x whose wave function inside the billiard
gives near-zero contribution and are classified as spurious.

FIG. 17. Numerical level spacings ratio distribution for the chaotic states in the interval k ∈ [970, 1000] compared with the GOE
distribution, after the separation using the classical criterion, for six geometries w = 0.3–0.8 in equal steps of 0.1, from (a)–(f). The small
difference demonstrates weak localization effects.
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This procedure removes the numerical null space of F and
makes inverting � below numerically stable. Therefore, we
can transform the GEP to a regular eigenvalue problem by
diagonalizing F (k0) (real symmetric) as

F (k0) = S�S�

and retain only the eigenvalues λi such that λi > ε max(�).
Let C be the matrix of retained eigenvectors and define the
scaled basis as

C̃ = C�−1/2.

We project the generalized eigenproblem into the reduced
basis

C̃� ∂F (k0)

∂k
C̃ z = μ z

and, after solving for the eigenpairs (μ, z), we recover the
physical solutions of the original problem as

x = C̃z, λnonspurious = μ.

APPENDIX B: CLASSICAL SEPARATION CRITERION

The central idea of this algorithm is to use an overlap
grid Cq(i),p( j) defined in the classical phase space as having
values +1 on the chaotic component and −1 on the regular
component. An example of such a grid is given in Fig. 16
below. We then project this grid onto the normalized Poincaré-
Husimi function H (q(i), p( j)) and calculate its overlap as
M = ∑

i, j Ci, jHi, j , where (i, j) ∈ N × N are the grid indexes
common to both M and C. This procedure is repeated for
every eigenstate in the chosen interval of study. If we were
deep enough into the semiclassical limit we would only be
left with states that have the value of M = +1 for chaotic
states and M = −1 for regular ones, but before reaching that
limit we will usually have a mixture of values M ∈ (−1, 1). So
to determine which states are chaotic we choose a threshold
value Mth < 1 and calculate the fraction of states that have

FIG. 18. Same as in Fig. 17, but for k ∈ [5, 150], showing that
even at low energies k2 the effects of localization also are minor, but
definitely larger than at high-lying states k ∈ [970, 1000] of Fig. 17.

their M index larger than it. We compare this fraction to the
chaotic (3D) phase-space volume for that geometry (Fig. 3). If
the value is higher than the theoretical value we raise the value
of Mth and vice versa. We repeat this process until we are close
enough to the theoretical classical value (usually <2% relative
closeness).

APPENDIX C: DISTRIBUTION OF SPACING
RATIOS FOR THE CHAOTIC EIGENSTATES

IN THE LOW AND HIGH REGIONS

In Figs. 17 and 18, we show the distribution of spac-
ing ratios for chaotic eigenstates, selected according to the
classical separation criterion. Compared to the localization
evident in the level spacing distributions shown in Figs. 12
and 13—where the Brody parameter β serves as an indicator
of nonergodic extended states or localization among chaotic
eigenstates—the spacing ratio distributions exhibit no clear
deviation from the Wigner surmise result given in Eq. (15),
for large Brody parameters. An analytical expression for the
spacing ratio distribution corresponding to the Brody distri-
bution in level spacings is essential for extracting localization
phenomena from spacing ratios; however, this remains an
open problem.
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