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We investigate the amplitude modulation of ion-acoustic wave packets in an unmagnetized electronegative
plasma composed of cold positive ions, Boltzmann electrons, and negative ions following a Schamel trapped-
particle distribution. The trapped-particle description is relevant to weakly collisional electronegative plasmas
supporting Bernstein–Greene–Kruskal (BGK)-type potential structures and ion-hole equilibria, where a fraction
of the negative-ion population can become trapped in the self-consistent wave potential. Unlike conventional
analytic closures (Boltzmann, Tsallis, κ-distributed, nonthermal), which we show can only produce a cubic
envelope nonlinearity regardless of their parametrization, this nonanalytic trapped-particle response naturally
yields a generalized Schamel nonlinear Schrödinger equation combining the familiar cubic term with a genuinely
noninteger |�|1/2� contribution. Derived through both a long-wavelength (Gardner-Schamel) limit and the
full modulated-wave-packet limit, the resulting dispersion, cubic, and fractional coefficients are obtained in
closed form. Two results stand out. First, the maximum modulational growth rate depends nonmonotonically
on the negative-ion concentration, exhibiting an interior optimum that maximizes the instability above a critical
temperature ratio, and, near the long-wavelength threshold, a finite concentration window outside of which the in-
stability vanishes entirely. Second, a split-step Fourier analysis shows that the trapped-ion population breaks the
time-symmetry of the Peregrine and Akhmediev rogue-wave solutions, causing them to build up faster than they
decay, a signature invisible in the peak amplitude alone. These results extend previous electronegative plasma
models and provide testable predictions for nonlinear wave localization in plasmas containing trapped particles.

DOI: 10.1103/9x1y-tnll

I. INTRODUCTION

Modulational instability (MI) is the generic mechanism
by which a weakly nonlinear, slowly modulated wave train
in a dispersive medium amplifies small perturbations of its
envelope into large, localized excursions, rogue waves [1].
Its nonlinear outcome is conventionally described, for a
wide class of dispersive systems, by the cubic nonlinear
Schrödinger equation (NLSE) and its rational and periodic
breather solutions (Peregrine [2], Akhmediev [3], Kuznetsov-
Ma [4,5]). A comprehensive account of modulational interac-
tions in plasmas, including coherent and broadband descrip-
tions, can be found in the monograph of Vladimirov et al. [6].
In plasma physics, the amplitude modulation of ion-acoustic
wave packets in electronegative plasmas (plasmas contain-
ing, in addition to electrons and positive ions, a population
of negative ions) has been studied extensively through the
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reductive perturbation method, which reduces the govern-
ing fluid-Poisson system to an NLSE for the slowly varying
wave envelope [7,8]. For the purely Boltzmann (analytic)
closure, this includes an explicit MI and rogue-wave analysis
[8–10]. In essentially all such treatments, the electron and
negative-ion populations are described by an analytic equilib-
rium closure (Boltzmann, nonextensive Tsallis, κ-distributed,
or nonthermal Cairns), and the resulting envelope equation is
invariably cubic, i∂σ� + P∂2

ζ � + Q|�|2� = 0. The specific
closure only reshapes the dispersion and nonlinearity coef-
ficients P, Q; it never changes the order of the nonlinearity.
This is not a coincidence specific to any one closure, but a
structural consequence of the reductive perturbation method
itself, as we show in Sec. II.

A genuinely fractional-order envelope nonlinearity,
|�|2σ� with noninteger σ , therefore requires a mechanism
that breaks the analyticity of the underlying equilibrium
closure at the unperturbed state. A well-established such
mechanism is the trapping of a fraction of a plasma species in
the self-consistent potential of the wave itself [11]: the result-
ing equilibrium density acquires a nonanalytic |φ|3/2 sgn(φ)
correction in addition to the usual Boltzmann terms, giving
rise to the Schamel equation [a modified Korteweg–de
Vries (KdV) equation with a

√|φ| nonlinearity] in the long-
wavelength limit, and to a fractional-order “Schamel-NLSE”
for modulated wave packets [12]. Such trapped-particle
structures, including electron and ion holes, Bernstein–
Greene–Kruskal (BGK) modes [13], and the electrostatic
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solitary waves recorded in situ by spacecraft such as
GEOTAIL and FAST in the auroral zone, the magnetosphere,
and the solar wind [14,15], are a well-documented feature of
real, weakly collisional plasmas. The trapped-particle route
to a fractional envelope nonlinearity is therefore not merely a
mathematical curiosity but a physically motivated alternative
to the conventional analytic closures. Directly relevant to the
system studied here, Peregrine solitons have already been
observed experimentally in a laboratory multicomponent
plasma containing negative ions [16], providing direct experi-
mental precedent for rogue-wave dynamics in electronegative
plasmas, albeit for the standard cubic-NLS mechanism
rather than the trapped-particle route considered in this
paper.

Existing studies combining electron and ion trapping with
electronegative plasmas have so far trapped the electron pop-
ulation, retaining a Boltzmann response for the negative ions,
and have been restricted to the long-wavelength (KdV and
Burgers-type) limit rather than the modulated wave-packet
limit [17]. Conversely, existing Schamel-NLSE derivations
for modulated wave packets [12,18] are formulated for dif-
ferent physical systems (electron-acoustic waves, degenerate
quantum complex plasmas) and present the fractional term
as the sole nonlinearity, suggesting that the standard analytic
cubic contribution is not retained alongside it. The broader
study of MI and rogue-wave dynamics in non-Maxwellian and
trapped-particle plasmas remains an active area, with recent
work extending these techniques to combined suprathermal-
trapped electron distributions [19], to quantum dusty plasmas
[20], and to magnetosonic wave packets supporting Akhme-
diev, Kuznetsov-Ma, and rogue-wave structures [21].

In this paper we extend the electronegative plasma model
of [7], consisting of cold mobile positive ions, Boltzmann
electrons, and Boltzmann negative ions, by replacing the
negative-ion closure with a Schamel-type trapped or free dis-
tribution: trapping is applied to the negative-ion population
itself, rather than to the electrons. Both the long-wavelength
(Gardner-Schamel) limit and the full modulated-wave-packet
limit are derived, and the latter is shown to be governed
by a mixed cubic-and-fractional Schamel-NLS equation in
which the standard analytic cascade (cubic term) and the
trapped-particle contribution (fractional term) coexist self-
consistently and reduce correctly to the known pure-cubic [7]
and pure-fractional [12] limits. We further show that the long-
wavelength and modulated-wave-packet limits of the same
physical system require different distinguished orderings of
the trapping deficiency parameter. Beyond the derivation it-
self, we characterize the resulting MI in closed form and
identify a nonmonotonic dependence of the maximum growth
rate on the negative-ion concentration, including regimes
where trapping switches the instability on or off entirely. A
split-step Fourier analysis further shows that the trapped-ion
population breaks the time-symmetry of the Peregrine and
Akhmediev rogue-wave solutions of the background cubic
equation, causing them to build up faster than they decay.

The present analysis is restricted to the long-wavelength
ion-acoustic regime kλD � 1; the short-wavelength limit
kλD ∼ 1, where ion oscillations acquire Langmuir-wave char-
acter and quasineutrality breaks down [22], falls outside the
scope of the multiple-scales expansion employed here.

The remainder of this paper is organized as follows.
Section II introduces the electronegative plasma model and
discusses why a nonanalytic closure is required to obtain a
fractional envelope equation. Section III presents the linear
dispersion relation. Sections IV and V derive the Gardner-
Schamel and Schamel-NLS equations, respectively. The MI
analysis is reported in Sec. VI, followed by numerical sim-
ulations of rogue-wave dynamics in Sec. VII. The physical
implications of the results are discussed in Sec. VIII before
concluding remarks are given in Sec. IX.

II. GOVERNING EQUATIONS

We consider a one-dimensional, unmagnetized, collision-
less electronegative plasma made of (i) cold, mobile, inertial
positive ions; (ii) Boltzmann electrons; and (iii) negative ions
following a Schamel-type trapped or free distribution. Lengths
are normalized to the electron Debye length, time to the
inverse ion plasma frequency, velocities to the ion-acoustic
speed, and the electrostatic potential to Te/e. The normalized
continuity and momentum equations for the positive-ion fluid,
closed by Poisson’s equation, read

∂t np + ∂x(npup) = 0, (1)

∂t up + up ∂xup = −∂xφ, (2)

∂2
x φ = ne + nn − np, (3)

with the Boltzmann electron closure

ne = (1 − α) eφ, (4)

and the Schamel trapped or free closure for the negative ions

nn = α
[

1 + κφ + 1
2 (κφ)2 + 1

6 (κφ)3

− c (1 − β ) (κφ)3/2 + · · · ], (5)

with c = 4/(3
√

π ) = 0.7523 . . .. Here α ≡ nn0 is the equi-
librium negative-ion concentration (ne0 = 1 − α, np0 = 1 by
quasineutrality), κ ≡ Te/Tn is the electron-to-negative-ion
temperature ratio, and β � 1 is the Schamel trapping param-
eter: β = 1 recovers the pure Boltzmann response of [7] (the
fractional term vanishes identically), while β < 1 corresponds
to a flat-topped (vortex-depleted) trapped population. More
precisely, β ∈ (−1, 1): for 0 < β < 1 the trapped popula-
tion is partially depleted relative to Boltzmann, while β < 0
describes a vortex-like distribution with a local maximum
at zero velocity, characteristic of particles reflected at the
wave potential barrier [11]. Throughout this work we con-
sider 0 < 1 − β � 1, i.e., a small but nonzero departure from
the Boltzmann response. Physically, a population of trapped
negative ions with this distribution is expected whenever the
negative-ion bounce frequency ωbounce = (eφ0k2/mn)1/2 ex-
ceeds the negative-ion collision frequency, a condition met
in low-pressure electronegative discharges (SF6, O2, Cl2), the
D-region ionosphere, and cometary plasma environments, all
of which are established contexts for Schamel-type trapped-
particle models [11,13]. We define, for later use,

D ≡ (1 − α) + ακ, E ≡ (1 − α) + ακ2,

G ≡ (1 − α) + ακ3. (6)
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Suppose, for the moment, that the fractional term in Eq. (5)
is absent, so that nn(φ) is analytic. The reductive perturba-
tion method expands all fields in powers of a formal small
parameter ε and a fast-phase harmonic series, and extracts the
envelope equation from the solvability (Fredholm) condition
of the singular linear operator that recurs, order by order, at
the fundamental harmonic. Because this operator, and hence
its left null vector, is the same at every order, while the
nonlinear feedback entering the relevant solvability condi-
tion is generated by a finite cascade of harmonic products
(the second and zeroth harmonics, themselves quadratic in
the fundamental), any analytic closure necessarily produces
a feedback term of cubic order in the envelope amplitude at
leading order, regardless of the closure’s specific functional
form. The closure only enters through the numerical values
of the coefficients D, E , G (and the analogous coefficients of
higher Taylor terms, which do not contribute at leading order);
it cannot alter the order σ = 1 of the nonlinearity. The present
derivation indicates that, within the reductive perturbation
framework considered here and for closures that are analytic
at φ = 0, this conclusion applies equally to Boltzmann, Tsal-
lis, κ , and Cairns closures, and is consistent with published
nonextensive electron-acoustic NLSE derivations of this type
[23]. It does not exclude fractional envelope nonlinearities
arising through other mechanisms (e.g., nonanalytic closures,
fully kinetic treatments, or higher-order perturbation theory),
and should be understood as a statement about the structure of
the multiple-scales hierarchy rather than a general theorem of
plasma kinetic theory.

A genuinely fractional power therefore requires a closure
that is non-analytic at φ = 0, which is precisely the effect of
the trapped-particle term in Eq. (5).

III. LINEAR WAVE PROPERTIES

Linearizing Eqs. (1) to (3) about the equilibrium with
np1, up1, φ1 ∝ exp[i(kx − ωt )] gives np1 = k2φ1/ω

2, up1 =
(k/ω)φ1, and the dispersion relation

ω2 = k2

D + k2
. (7)

The long-wavelength (k → 0) ion-acoustic speed of the com-
posite system is V0 = 1/

√
D, and the group velocity is

Vg(k) = dω/dk = D/(D + k2)3/2.

IV. LONG-WAVELENGTH LIMIT: THE
GARDNER-SCHAMEL EQUATION

A single, slowly varying solitary disturbance is considered
first (no fast carrier), using the Gardner-Morikawa stretch-
ing [24] ξ = √

ε (x − V0t ), τ = ε3/2t , with φ = εφ1 + ε2φ2 +
· · · (similarly for np, up). For the trapped-particle term to
balance the standard analytic nonlinearity at the same order,
the trapping deficiency must scale as

1 − β = √
ε b1, b1 = O(1), (8)

since φ3/2 ∼ ε3/2 and (1 − β )φ3/2 ∼ ε2 matches the order
of the quadratic Taylor nonlinearity. Carrying out the stan-
dard elimination of the second-order fields np2, up2, φ2 (which
cancel identically once the dispersion relation D = 1/V 2

0 is

imposed) yields the closed evolution equation

∂τφ1 + Ã φ1∂ξφ1 + C̃
√

φ1 ∂ξφ1 + B̃ ∂3
ξ φ1 = 0, (9)

with

Ã = EV 3
0

2
− 3

2V0
, C̃ = −3

4
FV 3

0 ,

B̃ = −V 3
0

2
, F ≡ α c b1 κ3/2. (10)

As α → 0 (no negative ions), D = E = V0 = 1 and F = 0,
so that Ã = −1, B̃ = −1/2: Eq. (9) reduces exactly to the
standard ion-acoustic KdV equation, providing a check on the
derivation. Equation (9) is itself a new Gardner-Schamel equa-
tion for an electronegative plasma with trapped negative ions,
reducing to the known electronegative Gardner equation as
β → 1.

An interesting feature of this asymptotic ordering is that
the trapped-particle contribution, Eq. (8), enters at exactly the
same order as the conventional quadratic nonlinearity. This
balance is a direct consequence of the distinguished scaling
adopted for the trapping parameter and, as we show next,
does not carry over to the envelope problem, which requires a
different ordering altogether.

V. MODULATED WAVE PACKETS: THE SCHAMEL-NLS
EQUATION

A. Distinguished ordering for the envelope problem

For a modulated wave packet with finite carrier wave num-
ber k, the relevant balance is between the trapped-particle
nonlinearity and the analytic cubic feedback term (rather than
the dispersive term, as in Sec. IV), and this requires a different
ordering of the trapping deficiency

1 − β = ε3/2 b1 (envelope problem), (11)

one power of
√

ε smaller than in Eq. (8). With this ordering,
(1 − β )(κφ)3/2 ∼ ε3, matching the order of the standard cu-
bic feedback term in the fundamental-harmonic compatibility
condition derived below.

The consistency of this distinguished limit may be verified
explicitly. In the multiple-scales hierarchy, the fundamental-
harmonic solvability condition arises at order ε3. The cubic
nonlinearity Qc|�|2� appears because the second-harmonic
and mean-flow corrections, generated at O(ε2), feed back into
the O(ε3) equation through products of the form |�|2� ∼ ε3.
The Schamel trapped-particle correction to the negative-ion
density contains a term proportional to (1 − β )(κφ)3/2; with
the ordering (11), this scales as ε3/2 · ε3/2 = ε3, the same
order as the cubic feedback. This coincidence is unique: a
weaker ordering such as (1 − β ) ∼ ε would place the frac-
tional term at O(ε5/2), making it dominant and suppressing
the cubic contribution, while a stronger ordering (1 − β ) ∼
ε2 would render it subleading at O(ε7/2). The choice (11)
is therefore the unique distinguished limit that produces the
mixed cubic-and-fractional equation obtained below, with
both contributions entering the solvability condition at the
same order.
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B. Multiple-scales expansion

Using the stretched coordinates ζ = ε(x − Vgt ), σ = ε2t ,
each field is expanded in harmonics of the fast phase θ = kx −
ωt ,

np = 1 +
∑
n�1

εn
∑

l

n(n)
l (ζ , σ ) eilθ (12)

(similarly for up, φ), with the reality condition A(n)
−l = (A(n)

l )∗.
Substituting into Eqs. (1)–(3) and collecting terms order by
order in ε and harmonic by harmonic yields, at O(ε), l = 1,
the linear relations of Sec. III.

At O(ε2), l = 2, the three field equations close alge-
braically:

φ2 = (3k4 − Eω4) φ2
1

2ω2(Dω2 + 4k2ω2 − k2)
, (13)

with n2, u2 given by analogous rational expressions in
k, ω, D, E .

At O(ε2), l = 0, the continuity and momentum equa-
tions are satisfied trivially since their advective nonlinear
terms cancel exactly between the counterpropagating ±k
contributions of the fundamental harmonic; only Poisson’s
equation is nontrivial, giving n0 = Dφ0 + Eφ1φ

∗
1 . The values

of φ0, u0 themselves follow from the well-known long-wave
or short-wave resonance mechanism, obtained by integrating
the O(ε3), l = 0 continuity and momentum equations once
(for bounded, localized solutions)

n0 = Dφ0 + Eφ1φ
∗
1 ,

u0 = Vgn0 − (n1u∗
1 + n∗

1u1),

φ0 = Vgu0 − u1u∗
1, (14)

whose solution is proportional to φ1φ
∗
1 with a common

resonance denominator DV 2
g − 1, vanishing precisely at the

expected long-wave resonance Vg = V0 [25].
At O(ε2), l = 1, the homogeneous linear operator recurs,

and the solvability condition for the second-order corrections
(n′

1, u′
1, φ

′
1) to the fundamental harmonic gives the group ve-

locity, Vg = dω/dk, while the particular solution is

φ′
1 = i(2k2 − D)

k(D + k2)
∂ζ φ1,

n′
1 = − iD

k
∂ζ φ1,

u′
1 = i(k2 − D)

k
√

D + k2
∂ζ φ1. (15)

At O(ε3), l = 1, the continuity, momentum and Poisson
equations admit a solution for the next-order corrections
(n′′

1, u′′
1, φ

′′
1 ) if and only if the forcing [built from Eqs. (13)

to (15) and the trapped-particle term] is orthogonal to the left
null vector v = (−i/ω,−ik/ω2, 1) of the recurring singular
operator. This solvability condition is the sought Schamel-
NLS equation

i ∂σ� + P ∂2
ζ � + Qc |�|2� + Q f |�|1/2� = 0, (16)

where � ≡ φ
(1)
1 . Equation (16) preserves the standard disper-

sive structure of the classical cubic NLS while introducing

an additional nonlinear mechanism associated with trapped
particles; the coexistence of both contributions, rather than
the fractional term replacing the cubic one, distinguishes the
present result from previously reported Schamel-NLS equa-
tions [12,18]. Physically, the cubic term reflects the collective
fluid response of the plasma, whereas the fractional con-
tribution originates from particles trapped inside the wave
potential; the resulting dynamics therefore combines macro-
scopic fluid effects with kinetic trapping within a single
envelope equation.

The dispersion coefficient is found to be

P = − 3Dk

2(D + k2)5/2
, (17)

which coincides identically with the structural identity P =
1
2 d2ω/dk2, for all D, as it must since P is fixed by the
linear dispersion relation alone, independently of the nonlin-
ear closure. At D = 1 (α = 0), Eq. (17) also reproduces the
parallel-modulation (θ = 0) ion-acoustic result of [25].

The cubic coefficient, obtained from the analytic part of the
cascade above, is

Qc =

⎡
⎢⎢⎢⎢⎢⎣

27D6 + 90D5k2 − 18D4E + 105D4k4

− 66D3Ek2 + 45D3k6 + 3D2E2 − 84D2Ek4

+ 9D2Gk2 − 3DE2k2 − 42DEk6 + 9DGk4

− 3Dk10 − E2k4 − 6Ek8 + 3Gk6

⎤
⎥⎥⎥⎥⎥⎦

12k(D + k2)3/2(3D2 + 3Dk2 + k4)
.

(18)

In the long-wavelength limit, at α = 0 (D = E = G = 1),
this gives Qc → 1/(3k), in agreement with the corresponding
limit quoted by the authors of [25].

The fractional coefficient Q f arises from the direct
contribution of the trapped-particle term to the O(ε3) Pois-
son equation, through the fundamental Fourier content
of the (even, density-type) regularized function φ|φ|1/2.
Writing φ = 2ε|�| cos(θ + χ ), one finds cos u | cos u|1/2 =
g∗ cos u + (odd harmonics � 3), with

g∗ = 4

π

∫ π/2

0
cos5/2 θ dθ = 2

π
B

(
1

2
,

7

4

)
= 0.915312 . . . ,

(19)
giving

Q f = −
√

2 g∗ α b1 c κ3/2 ω3

2k2
, c = 4

3
√

π
= 0.752253 . . . ,

(20)
which vanishes, as required, in the limits α → 0 (no negative
ions) and b1 → 0 (pure Boltzmann response, β → 1).

The exponent of the fractional term is not a free fitting pa-
rameter: it is fixed at σ = 1/4 in the convention |�|2σ� by the
trapped-particle mechanism itself (Sec. V B), and this value
has two direct structural consequences. First, single-soliton
envelope solutions of the pure-σ equation scale as sech1/σ ; the
Schamel value σ = 1/4 therefore predicts a markedly wider,
flatter envelope profile than the familiar sech2 shape of the
cubic (σ = 1) limit, at the same background amplitude; in
principle a directly observable signature of trapping. Second,
σ = 1/4 is far below the one-dimensional L2-critical value
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σ = 2 at which finite-time collapse becomes possible: the
trapped-particle contribution can never destabilize the enve-
lope solitons of this system in the way a sufficiently strong
higher-order nonlinearity could.

VI. MODULATIONAL STABILITY

Throughout this section we use the shorthand D ≡ (1 −
α) + ακ , E ≡ (1 − α) + ακ2, G ≡ (1 − α) + ακ3 [Eq. (6)],
where α is the negative-ion concentration, κ = Te/Tn the tem-
perature ratio, and b1 the trapping-deficiency amplitude; P,
Qc, and Q f are as given in Eqs. (17), (18), and (20). As is
standard in the NLS framework, the modulational instabil-
ity threshold Kc is derived here for a quasimonochromatic
(narrow-band) wave packet. The broad-spectrum regime, in
which spectral-width effects modify the threshold condition
[26], constitutes a distinct problem not considered here.

For a uniform background � = �0 exp [i(Qc|�0|2 +
Q f |�0|1/2)σ ], the standard linear stability analysis of Eq. (16)
against long-wavelength perturbations ∝ exp[i(Kζ − �σ )]
gives the generalized dispersion relation

�2 = P2K2
[
K2 − K2

c

]
,

K2
c = 2

P

(
Qc|�0|2 + 1

4 Q f |�0|1/2
)
, (21)

which reduces to the familiar cubic-NLS criterion when
Q f = 0 (Kc =

√
2Qc|�0|2/P) and to the pure fractional-NLS

result Kc = √
Q f |�0|1/2/(2P) when Qc = 0. The stability cri-

terion thus retains the familiar structure of the cubic NLS
while being modified by the additional fractional contribu-
tion: trapped particles influence not only the value of the
instability threshold but also the full range of unstable per-
turbation wavenumbers. The wave is modulationally unstable
for K < Kc whenever P(Qc|�0|2 + 1

4 Q f |�0|1/2) > 0, leading
to bright envelope solitons in that regime, and is stable (dark
or gray solitons) otherwise. Because Q f ∝ α b1, the trapped
negative-ion population shifts the instability threshold Kc and
can, for sufficiently large trapping deficiency b1, change the
sign of the bracket in Eq. (21) at fixed P, Qc, i.e., trapping
can qualitatively change the stability profile obtained from the
purely analytic (Boltzmann) closure of [7].

Figure 1 illustrates the wave-number dependence of P, Qc,
Q f and the modulational threshold Kc for κ = 2 and several
values of the negative-ion concentration α [Figs. 1(c) and
1(d) additionally fix the trapping-deficiency amplitude b1 = 1
and, for Fig. 1(d), |�0| = 0.3]. The dispersion coefficient P(k)
[Fig. 1(a)] is negative throughout and attains a minimum near
k � 0.5; increasing α deepens this minimum but leaves the
small- and large-k behavior essentially unchanged since P
depends on the closure only through the linear coefficient D.
The cubic coefficient Qc(k) [Fig. 1(b)] changes sign near k �
1.5 − 2, the usual zerononlinearity point of ion-acoustic NLS
theory, shifted by α; modulational stability is therefore already
nonmonotonic in k before any trapping is introduced. The
fractional coefficient Q f (k) [Fig. 1(c)] is negative throughout
the displayed range and grows markedly in magnitude with
α, reflecting the direct proportionality Q f ∝ α. Figure 1(d)
shows the resulting threshold Kc(k): for the chosen back-
ground amplitude, the bracket in Eq. (21) is negative (no MI)

FIG. 1. Wave-number dependence of (a) the dispersion coeffi-
cient P, (b) the cubic coefficient Qc, (c) the fractional (Schamel)
coefficient Qf , and (d) the modulational instability threshold Kc, for
κ = 2 and several values of the negative-ion concentration α. Panels
(c) and (d) use b1 = 1; panel (d) additionally uses |�0| = 0.3 and is
only plotted where K2

c > 0.

for k below approximately 1.4, where Qc > 0 but P < 0, and
instability only sets in beyond that point once the sign of
Qc has reversed; larger α shifts this threshold slightly toward
smaller k. The qualitative trend is robust to the precise value
of b1, which mainly rescales the magnitude of the Q f contri-
bution without altering the sign structure shown here.

A. Growth rate

Beyond the threshold Kc, the full instability growth rate fol-
lows directly from the same linearization. Writing � = [�0 +
ψ (ζ , σ )] ei�σ , with � = Qc|�0|2 + Q f |�0|1/2 and seeking
sideband perturbations ψ ∝ ei(Kζ−�σ ), the same generalized
dispersion relation �2 = P2K2(K2 − K2

c ) of Eq. (21) applies.
For 0 � K < Kc, � is purely imaginary, � = i�, and the
perturbation grows as e�σ with

�(K ) = |P| K
√

K2
c − K2, 0 � K < Kc, (22)

maximized at Kopt = Kc/
√

2, where

�max = |P| K2
c

2
= ∣∣Qc|�0|2 + 1

4 Q f |�0|1/2
∣∣. (23)

Equation (22) reduces to the familiar bell-shaped cubic-NLS
growth-rate curve when Q f = 0, and is plotted in Fig. 2 for
κ = 2, b1 = 1, and a carrier wave number k = 2.5 chosen
beyond the zero-nonlinearity point of Fig. 1(b), where PQc >

0. Figure 2(a) shows the expected increase of both Kc and
�max with the background amplitude |�0|. Figure 2(b) iso-
lates the effect of the trapped negative-ion population at fixed
|�0|: increasing α systematically raises �max above the purely
Boltzmann (α → 0) value and shifts the optimal wave number
Kopt slightly upward, showing that trapping does not merely
shift the instability threshold but quantitatively enhances the
growth of unstable sidebands once instability sets in.
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FIG. 2. Modulational instability growth rate �(K ), Eq. (22), for
κ = 2, b1 = 1, k = 2.5. (a) Effect of the background amplitude |�0|
at fixed α = 0.3. (b) Effect of the negative-ion concentration α at
fixed |�0| = 0.35, compared to the purely Boltzmann limit α → 0
(dashed).

B. Optimal negative-ion concentration

Because α enters both D, E , G (through the analytic cas-
cade) and Q f (linearly, through the trapped-particle term), its
effect on the maximum growth rate �max(α), Eq. (23), is not
monotonic over the full physical range α ∈ (0, 1) (the limit
α → 1 corresponds to a pure positive- or negative-ion plasma
with no electrons), as shown in Fig. 3. For κ = 2, k = 2.5,
b1 = 1, |�0| = 0.35, �max peaks at an interior value αopt �
0.555 (�max � 0.161), some 34% above the electron-ion limit
(α → 0, �max � 0.120) and 21% above the electron-free limit
(α → 1, �max � 0.133).

This optimum results from the competition between the
linear increase of the trapped-particle contribution Q f ∝ α

and the nonmonotonic dependence of the cubic coefficient
Qc on α through D, E , G: neither effect dominates uniformly,
so their balance peaks at an intermediate concentration rather
than at either compositional extreme.

1. Dependence on the temperature ratio: Critical κ

Figure 4 summarizes the modulational-instability land-
scape in the (α, κ ) plane for k = 2.5, b1 = 1, and |�0| =
0.35. Figure 4(a) shows the maximum growth rate �max. The
dominant feature is a ridge of optimal growth (red curve),
corresponding to the concentration αopt that maximizes �max

at each κ . For κ < κc � 1.4, the optimum remains at the

FIG. 3. Dependence of the maximum growth rate �max on
negative-ion concentration α for several trapping strengths b1. For
κ = 1.2 < κc (a), �max increases monotonically and reaches its max-
imum at α = 1. For κ = 3.5 > κc (b), an interior optimum appears
near α � 0.4, with instability suppression at sufficiently large α.
Stronger trapping amplifies the instability but only weakly shifts the
optimum concentration.

FIG. 4. Contour maps of (a) the maximum modulational-
instability growth rate �max and (b) the critical instability wave
number Kc in the (α, κ ) plane for k = 2.5, b1 = 1, and |�0| = 0.35.
The red curve in panel (a) identifies the locus of optimal negative-ion
concentration αopt. A critical temperature ratio κc � 1.4 separates
two regimes: for κ < κc, the instability increases monotonically with
α and is maximized at α = 1; for κ > κc, an interior optimum
emerges and shifts toward lower α as κ increases.

boundary α = 1, indicating a monotonic increase in instabil-
ity with negative-ion concentration. Above κc, the optimum
moves into the interior of the physical interval 0 < α < 1,
reflecting the competition between the trapped-particle contri-
bution (Q f ∝ α) and the α-dependent cubic response through
D, E , and G. As κ increases, the ridge shifts toward smaller
α while the corresponding maximum growth rate increases.
The results show that the strongest instability generally occurs
at an intermediate negative-ion concentration rather than at
either compositional extreme. Figure 4(b) displays the corre-
sponding critical wave number Kc. Together, the two panels
demonstrate that the strongest modulational instability is gov-
erned not simply by the width of the unstable band (Kc), but by
the interplay between the cubic and trapped-particle nonlin-
earities, which produces a well-defined optimal concentration
once κ > κc.

2. Near-threshold behavior

The carrier wave number also interacts nontrivially with α

close to the long-wavelength instability threshold of Fig. 1(b)
(k � 1.43 at κ = 2). Figure 5 compares �max(α) at k = 1.5
and k = 1.75 (just above threshold) to the reference case

FIG. 5. Maximum growth rate �max(α) for carrier wave numbers
close to the long-wavelength instability threshold (k = 1.5, 1.75)
compared to the reference value k = 2.5, at κ = 2, b1 = 1, |�0| =
0.35. Near threshold, sufficiently large α suppresses the instability
entirely.
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k = 2.5. Sufficiently close to threshold, increasing α does
not merely change the magnitude of the instability: it can
suppress it entirely. At k = 1.5, �max(α) rises from a small
value at α = 0, peaks near α � 0.22, and falls to zero by
α � 0.46: beyond this point the system is modulationally
stable at every K , regardless of background amplitude. The
same qualitative behavior persists, with a wider window, at
k = 1.75 (extinction near α � 0.77), and disappears once k
is far enough from threshold [the k = 2.5 curve spans the
full range α ∈ (0, 1)]. Near threshold, the negative-ion con-
centration is therefore not just an instability-strength control
parameter but can act as an on-off switch for the instabil-
ity itself, through its effect on the sign of Qc(k, α) in Eq.
(21).

The existence of an interior optimum away from thresh-
old is therefore qualitatively robust above κc, but its
location is sensitive to the remaining parameters, most
strongly to the carrier wave number, as just described,
and mildly to the trapping amplitude b1 (which shifts αopt

upward slightly as it increases). The overall conclusion
(that an intermediate negative-ion concentration generally
maximizes the modulational growth rate, rather than ei-
ther the electron-dominated or electron-free limit, except
sufficiently close to κ = 1 or to the long-wavelength thresh-
old in k) holds throughout the parameter ranges explored
here.

Taken together, Figs. 1–5 cover the full parameter space
systematically: the carrier wave number k (Figs. 1 and 5),
the negative-ion concentration α (Figs. 2 and 3), the electron-
to-negative-ion temperature ratio κ (Fig. 4), and the trapping
amplitude b1 (at the reference value b1 = 1 throughout Figs. 1
to 5, and compared with b1 = 5 in the rogue-wave simula-
tions of Sec. VII). The qualitative conclusions (nonmonotonic
�max(α) with an interior optimum above κc � 1.4, and a fi-
nite instability window that closes near the long-wavelength
threshold) are robust across the parameter ranges explored
here and are not specific to the representative values used for
illustration.

VII. ROGUE WAVE DYNAMICS

The growth rate of Sec. VI A describes the linear onset of
MI; its nonlinear outcome is conventionally captured, for the
pure cubic NLS, by the Peregrine breather, the simplest ratio-
nal rogue-wave solution, rising to three times the background
amplitude before symmetrically decaying back to it. For the
purely Boltzmann (analytic) electronegative plasma, the Pere-
grine, Akhmediev, and Kuznetsov-Ma solutions, together with
their dependence on the negative-ion concentration and tem-
perature ratio, have already been characterized in detail [8,10];
this is the b1 → 0 limit against which the present results
should be compared. No closed-form analog of these solutions
is known for the mixed equation (16). However, in the param-
eter regimes explored above the fractional term is generically
a small fraction of the cubic one (e.g., |Q f /Qc| � 0.07 at
the reference point κ = 2, k = 2.5, α = 0.555, b1 = 1), so its
effect on an otherwise-Peregrine rogue wave can be assessed
directly by numerical integration.

A. Rescaling to standard form

The cubic-only truncation of Eq. (16) (Q f = 0) admits the
standard rogue-wave family once written in normalized form.
For PQc > 0 (the instability condition of Sec. VI), the substi-
tution �(ζ , σ ) = �0φ(X, T ), ζ = LX , σ = TcT , Tc = 1

Qc�
2
0
,

L =
√

2PTc

�0
(with PTc > 0 guaranteed by PQc > 0, so that L is

real) reduces the cubic-only equation exactly to

i ∂T φ + 1
2∂2

X φ + |φ|2φ = 0, (24)

whose rational (Peregrine [2]) and periodic (Akhmediev [3])
breather solutions are well known in closed form

φP(X, T ) = 1 − 4(1 + 2iT )

1 + 4X 2 + 4T 2
, (25)

φAB(X, T ; a) = 1 + 2(1 − 2a) cosh(bT ) + ib sinh(bT )√
2a cos(pX ) − cosh(bT )

,

(26)

with p = 2
√

1 − 2a, b = √
8a(1 − 2a), for 0 < a < 1/2;

φAB → φP as a → 1/2. Both rise from the unit background to
a peak at X = T = 0 [3 for the Peregrine soliton; 1 + 2(1 −
2a)/(

√
2a − 1) for the Akhmediev breather (AB)] and decay

symmetrically in T . Neither closed form involves Q f : both are
solutions of the cubic truncation only, and the rescaling (Sec.
VII A) itself is built from P and Qc alone.

We use �rogue(ζ , σ ) = �0 φ(ζ/L, σ/Tc), with φ = φP or
φAB, as the initial condition for the full equation (16) (i.e.,
including Q f ), which is then integrated directly in the origi-
nal physical variables (ζ , σ ) by split-step Fourier; Q f enters
only here, through the nonlinear propagator exp [i(Qc|�|2 +
Q f |�|1/2) dσ ] applied at each time step, never in a closed-
form expression for the field itself. Setting Q f = 0 in the same
integrator and comparing against φ evaluated through Sec.
VII A provides the exact reference curves quoted below. At the
reference point κ = 2, k = 2.5, α = 0.555 used throughout
this section, Tc = −0.827, L = 0.238.

B. Peregrine soliton: Method and validation

Equation (16) is solved by a symmetric split-step Fourier
scheme, initializing the field with the exact Peregrine solution
of the background cubic equation (Q f = 0) well before its
peak, and propagating forward in physical time σ through
the rogue event. The scheme uses Nζ = 4096 grid points on
a periodic spatial domain of length 80L, with Nσ = 8000 time
steps over a total propagation range of 6.4 |Tc|; for the AB
the domain length equals exactly one spatial period 2πL/p.
Boundary conditions are periodic in ζ throughout. Two inde-
pendent convergence tests are performed. First, with Q f = 0,
the scheme reproduces the exact Peregrine (Akhmediev) peak
amplitude to five significant digits. Second, doubling both Nζ

and Nσ leaves all reported amplitudes and deviation ratios
unchanged to within 0.1%, confirming that the observed time-
asymmetry is a physical effect rather than a numerical artefact.

C. Peregrine soliton: Results

At the reference trapping amplitude b1 = 1, the peak am-
plitude is essentially unaffected (2.998 �0 versus the exact
3 �0), but the trapped-ion term breaks the time-symmetry
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FIG. 6. Top: peak amplitude maxζ |�| versus physical time σ for the full Schamel-NLS equation at b1 = 1 and b1 = 5, compared to the
exact Peregrine soliton of the background cubic equation (Qf = 0), at κ = 2, k = 2.5, α = 0.555. Bottom: spatial profiles |�(ζ )| at five values
of σ/|Tc| for b1 = 5 (solid), compared to the exact Peregrine profile at the same time (dashed).

that is exact for the pure Peregrine soliton: Fig. 6(a) shows
an amplification of up to +2.4% relative to the exact so-
lution before the peak (σ < 0) and a suppression of up to
−3.2% after it (σ > 0). At a stronger trapping amplitude
b1 = 5 (|Q f /Qc| � 0.36), the same asymmetry is far more
pronounced (+12% before, −14% at its deepest after), and,
importantly, the field no longer relaxes back to the background
level once the rogue event has passed: Fig. 6(a) shows it
settling onto an elevated plateau (� 1.25 �0 rather than the
background 1.09 �0), and the corresponding spatial profiles
[Fig. 6(b)] confirm that this is a genuine, well-resolved re-
distribution of the field rather than a numerical artefact: the
prepeak profile (σ/|Tc| = −0.5) is taller and narrower than
the exact Peregrine at the same time, while the postpeak
profile (σ/|Tc| = +0.5) is broader and flatter, with residual
energy left in the surrounding pedestal.

D. Akhmediev breather

The Peregrine soliton is the infinite-period limit of the AB;
the exact solution describing the nonlinear saturation of a
single unstable Fourier mode of the MI spectrum, periodic in ζ

and localized in σ . Since Sec. VI A characterizes exactly this
linear growth, the AB provides a direct nonlinear continuation
of the growth-rate analysis, and we repeat the procedure of
Sec. VII A using φAB, Eq. (26), with a = 0.25 (giving p = √

2
and peak amplitude � 2.414 �0) as the initial condition, on a
spatial domain equal to exactly one breather period 2πL/p.

The Q f = 0 check again reproduces the exact peak to five
significant digits.

Figure 7 shows that the AB displays the same qualitative
time-asymmetry as the Peregrine soliton, somewhat more pro-
nounced at equal trapping strength (+15%/ − 17% at b1 = 5,
versus +12%/ − 14% for Peregrine). In addition, and unlike
the Peregrine case, the saturation amplitude itself increases
systematically with trapping: 2.414 �0 → 2.421 �0 (b1 = 1)
→ 2.445 �0 (b1 = 5). This is expected: the AB is precisely
the nonlinear outcome of the same mode whose linear growth
rate �(K ) was already shown in Sec. VI A to increase with the
trapped-ion population: a larger growth rate plausibly drives
the mode to a higher nonlinear saturation level.

FIG. 7. Peak amplitude maxζ |�| versus physical time σ for the
Akhmediev breather (a = 0.25) of the full Schamel-NLS equation at
b1 = 1 and b1 = 5, compared to the exact breather of the background
cubic equation (Qf = 0), at the same parameters as Fig. 6.
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E. Interpretation

The trapped-ion population thus introduces a qualitative,
testable signature beyond the modulational threshold and
growth rate of Secs. VI to VI B: the resulting rogue wave
builds up faster than it decays, rather than evolving sym-
metrically as the classic Peregrine and Akhmediev solutions
do, and, at sufficiently strong trapping, leaves the background
persistently perturbed (in the Peregrine case) or saturates at
a measurably higher amplitude (in the periodic Akhmediev
case) rather than reproducing the purely cubic result. Neither
feature would be visible from the peak amplitude of the Pere-
grine soliton alone, which remains close to 3�0 throughout.
Unlike the peak amplitude, which remains almost unchanged,
the temporal asymmetry thus provides a far more sensitive
indicator of trapped-particle effects; experiments aiming to
detect such effects should accordingly focus on the temporal
evolution of the wave around the rogue event rather than on
its maximum amplitude alone.

We emphasize that these are perturbative and numerical
results rather than closed-form solutions; constructing exact
rogue-wave analogues for the mixed cubic-fractional equa-
tion (16),for instance via a variational (Lagrangian) ansatz,
remains an open problem. The third member of the standard
rogue-wave family, the Kuznetsov-Ma soliton [4,5] (localized
in ζ , periodic in σ ), is not analyzed here; given the consistent
pattern found for both the Peregrine and Akhmediev cases, we
expect a qualitatively similar time asymmetry, but confirming
this is left for future work.

VIII. DISCUSSION

The present derivation highlights an important distinction
between analytic equilibrium closures and trapped-particle
descriptions. Within the framework considered here, only the
latter generate the fractional nonlinear contribution appearing
in Eq. (16), so a nonzero Q f can be read as a signature of
a genuinely kinetic, out-of-equilibrium population, namely,
particles trapped in the wave’s own potential, that no fluid clo-
sure based on a thermalized, analytic distribution (Boltzmann,
Tsallis, κ , Cairns) captures. Observationally, this connects
the present model to the broader, well-documented fam-
ily of trapped-particle structures, including electron and ion
holes, BGK modes [13], and the electrostatic solitary waves
recorded in situ by spacecraft such as Cluster, FAST, Geo-
tail, and MMS in the auroral zone, the magnetosphere, and
the solar wind [14,15], which are conventionally modeled by
single-pulse Schamel-type equations. The present derivation
provides the corresponding framework for their amplitude
modulation, relevant whenever such structures are organized
in modulated wave trains rather than isolated pulses.

For the specific system considered here, the regimes in
which trapped negative ions (rather than the more commonly
studied trapped electrons) are expected to matter include the
lower ionosphere, cometary and dusty plasmas, and elec-
tronegative processing plasmas. The most actionable outcome
of Secs. VI to VI B is that the effect of trapping on modula-
tional stability is not monotonic in the negative-ion fraction
α: depending on the temperature ratio κ and the carrier wave
number k, there exists either an intermediate α that maximizes

the instability growth rate (Sec. VI B), or, sufficiently close to
the long-wavelength threshold, a finite window of α outside
of which the instability is suppressed entirely (Fig. 5). Neither
behavior would be anticipated from the sign of Q f alone, and
both constitute falsifiable, parameter-specific predictions that
distinguish this model from the purely Boltzmann case of [7].

Although the fractional contribution remains smaller than
the cubic term over a large part of the parameter space ex-
plored here (typically |Q f /Qc| ∼ 0.05–0.1 at the reference
points used throughout this paper), its qualitative influence is
significant because it alters the symmetry of the rogue-wave
evolution rather than simply rescaling its amplitude (Sec. VII).
This suggests that even a comparatively weak trapped-particle
population may leave experimentally observable signatures,
through the timing asymmetry of an individual rogue event
rather than through its peak amplitude alone.

IX. CONCLUSION

Starting from the electronegative plasma model of [7],
our analysis indicates that, within the reductive perturbation
framework considered here, analytic equilibrium closures sys-
tematically lead to cubic envelope equations, with the closure
only reshaping P and Q. Introducing a fractional-order en-
velope nonlinearity therefore requires a nonanalytic closure,
such as the Schamel trapped-particle distribution adopted in
the present work, applied here to the negative-ion popula-
tion rather than to the electrons as in prior electronegative
treatments [17]. Both the long-wavelength (Gardner-Schamel)
and modulated-wave-packet (Schamel-NLS) limits of the re-
sulting model were derived, the distinguished orderings of
the trapping parameter required for a self-consistent balance
in each case were identified (these differ between the two
limits of the same physical system), and the dispersion, cubic,
and fractional coefficients of the Schamel-NLS equation were
obtained in closed form. Unlike existing Schamel-NLSE
derivations for other physical systems [12,18], the resulting
equation retains both the standard cubic and the frac-
tional contributions self-consistently, reducing correctly to the
purely cubic result of [7] as α → 0 and to a purely frac-
tional Schamel-NLSE as the analytic cascade is suppressed.
The modulational stability criterion, Eq. (21), generalizes the
standard cubic-NLS and pure Schamel-NLSE criteria and
shows explicitly how the trapped-ion population can shift,
and potentially reverse, the stability profile relative to the
purely Boltzmann case. Numerically, we further find that the
maximum growth rate is nonmonotonic in the negative-ion
concentration α: an intermediate value αopt ∈ (0, 1), sensitive
mainly to the carrier wave number and the temperature ratio
κ , maximizes the instability relative to both the electron-
dominated and electron-free limits. Beyond this modulational
analysis, the rogue-wave simulations of Sec. VII reveal a
second, qualitatively distinct signature of trapping: a break-
ing of the time-symmetry of the Peregrine and Akhmediev
solutions, such that the resulting rogue wave builds up faster
than it decays even when its peak amplitude is essentially
unchanged. Of the results reported here, this nonmono-
tonic optimal concentration and the temporal asymmetry of
the rogue-wave dynamics constitute the clearest and most
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directly testable signatures of trapped negative ions in this
system.

The methodology developed here is not restricted to elec-
tronegative plasmas: because the derivation relies mainly
on the trapped-particle closure rather than on any detail of
the electronegative composition, similar fractional envelope
equations may arise in other plasma configurations, such
as magnetized, dusty, or multidimensional plasmas, where

kinetic trapping plays a significant role. Exploring such ex-
tensions constitutes a promising direction for future work.
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