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Asymmetric cyclic interactions lead to stable mean-field equilibria while demographic
noise induces sustained oscillations
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The dynamics of symmetric cyclically competing subpopulations is well known to lead to oscillatory dy-
namics. However, in some situations the competition is fundamentally asymmetric in that it is better modeled
by binary interactions all of which involve the same subpopulation. Here we analyze a conceptual model of
this second kind, motivated by design principles for communications networks where binary interactions inform
decisions made by individual transmitters according to their competing operating policies, which may be to
reduce overall network energy consumption, to improve coverage, or to limit interference between transmitters.
We show that the mean-field dynamics in the asymmetric case always converges to equilibrium and cannot
generate periodic oscillations. However, for a large but finite population of interacting agents, the intrinsic noise
generated by the stochastic dynamics contains a dominant positive frequency component. We also analyze the
robustness of the system to cyclically competing switching.
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I. INTRODUCTION

The existence of novel macroscopic system-scale dy-
namical phenomena that emerge as a result of microscale
competition between individuals in a population is a key
theme in complexity science and there is a substantial body
of literature in applied mathematics, stretching from quantum
phenomena, to mathematical ecology and epidemiology, to
mathematical models for social science problems; for exam-
ple, the voter model [1–4]. In many cases the dynamics can be
well described by a set of state-dependent probabilistic rules,
which in the simplest case are independent of past history and
therefore are Markovian in character. Further, if individuals
have only a discrete set of possible states, and the system is
well mixed and interactions between any pair of individuals
are equally likely, then the state of the system overall can be
characterized completely in terms of the numbers of individ-
uals in each state, and there is a substantial body of theory
available to analyze the dynamics. Such systems behave in
ways similar to chemical reactions and the (continuous time,
discrete space) Markov process can be written out explicitly,
starting from a “chemical master equation” that frames the
dynamics as a set of hypothetical chemical reactions between
different “chemical species.”

In terms of the states of individuals, these interactions
between pairs of individuals in different states are often
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hierarchical (e.g., in predator-prey networks or food webs)
but there are intriguing examples where no such hierarchy
can be defined. The most well-known example of this is
the rock-paper-scissors (RPS) game and its variants, which,
perhaps surprisingly, also has ecological relevance for partic-
ular species [5–7]. Very similar cyclical (also referred to as
“competitive,” “nontransitive,” or “intransitive”) interactions
have been found to arise in fluid dynamics [8–10] and have
been the subject of substantial mathematical interest [11,12].
Mathematical analysis has revealed how the RPS game, and
extensions of it, lead to a range of oscillatory dynamics, in-
cluding the formation of robust heteroclinic cycles (RHCs)
[13–17]. RHCs have mostly been studied in mean-field mod-
els, i.e., analysis of ordinary differential equations, but the
influence of demographic (or “intrinsic”) noise that is present
in large but finite populations is also of considerable interest,
as is spatial variation and the generation of traveling waves
and spiral patterns that results from spatially extended ver-
sions of mean-field models [18,19].

Here we bring this mathematical approach to bear on an
example of cyclical interactions in another context: inter-
actions between wireless communication transmitters. This
is motivated by modern developments in wireless commu-
nication networks, in particular the broad characteristics of
self-organizing networks (SONs) in which individual base sta-
tions sense their radio environment and adjust their behavior
in response. The decision-making algorithms employed by an
individual base station are referred to as their policies. Policies
may differ between manufacturers and these details may be
kept commercially confidential; as a result a key requirement
in the design of 5G (and now 6G) communication networks
is to allow other network components to be able to respond
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flexibly without requiring detailed knowledge of the operating
characteristics of all other possible devices.

The SON design paradigm [20–22] has the aim of allowing
a communications network to operate in a way that is robust to
failures, and self-adaptive to current traffic conditions. It may
be summarized as having three distinct parts, corresponding
to separate phases of network operation: (1) self-configuration
when a network is switched on, upgraded, or otherwise recon-
figured; (2) self-optimization during the regular operation of
the network, as the network adjusts to its radio environment
and decides how to allocate the available resources; and (3)
self-healing when unexpected external events trigger a re-
quirement for a substantial resource reallocation.

A SON is a broad set of principles, under which heading
many different procedures may be classified. But an essential
common feature is that they are all distributed heuristics;
that is, there is no single central control node, but instead
many separate local decisions are taken by individual agents
operating in different physical parts of the network. This en-
sures scalability to large systems, but comes with the risk of
conflicting decisions by distinct agents, or other types of insta-
bility. This motivates a mathematical analysis of the dynamics
of the interacting agents.

A key quantity in evaluating the quality of a network’s
performance is the signal to interference and noise ratio
(SINR). The SINR at receiver i, receiving signal Si from its
paired transmitter and unwanted signals of strength I j along
with noise of variance σ 2 is defined to be SINR = Si/(σ 2 +∑

j I j ). Low SINR causes the signal that is received to be
undecodable and hence disruption to communication occurs;
hence, in spatially extended settings the problem of matching
transmitters to individual devices becomes important [23]; in
contrast here we consider a dense region where the overall
network load is (potentially) distributed across every base
station.

We consider a wireless communication network consisting
of N transmitters, where we take N to be large. The dynam-
ics are assumed independent from the spatial configuration
or distribution of transmitter locations. For simplicity, each
transmitter has a choice of three available power settings:
high, H; low, L; and off, O. We examine the consequences
of three common competing policy aims:

(i) provide sufficient network capacity (coverage) to the
underlying region,

(ii) reduce total power consumption by the network, and
(iii) increase SINR as far as possible.
A higher power setting increases coverage yet may also re-

duce the SINR for other communication channels operating in
this same dense region. Reducing the power setting from high
to low may improve the SINR but may reduce the network
capacity such that the energy-efficient consequence would be
to switch such a low-power transmitter off completely, since
there will be a fixed energy cost to operating a transmitter even
at low power. Further, transmitters that are switched off do
not contribute at all to the ability of the network to provide
sufficient coverage, and this may lead them to be switched
back on, which here we assume for simplicity takes place at
full power.

These interactions therefore correspond to one of the many
possible challenges of the self-optimization aspect of SON.

An overriding need is to improve energy efficiency, not only
because network traffic is constantly increasing, but also be-
cause new features currently being proposed for 6G threaten
to require yet more energy [24,25].

These various changes of state of an individual transmitter
are driven by information about the local radio environment
that is collected from paired transmitters and receivers, typi-
cally individual mobile phones or Internet of Things devices,
often termed “user equipment” (UE), and then, as described
by our conceptual model, shared between pairs of transmitters
in the network. Here we assume that there is a sufficiently
large amount of UE that its mean-field characteristics are all
that is required, and it can be modeled as driving switches of
base station state at constant rates, as the base stations test out
the competing requirements (i)–(iii) set out above.

Our focus here is on the possible mean-field dynamics for
the set of transmitters (also often referred to as base stations),
and the fluctuations around that in the case of a large but
finite number of transmitters. Our “design characteristics” for
a set of binary interactions between transmitters in different
states is to describe a set of binary interactions with the
following characteristics: (1) the interactions should drive the
mean-field dynamics towards equilibrium, (2) the interactions
should allow for substantial flexibility and controllability of
the numbers of transmitters operating at different power lev-
els, through variation of the system’s policies which set the
effective switching rates between states, in order to be able to
settle into efficient system configurations over a wide range of
required network capacities, and (3) the fluctuations around
the equilibrium state should be relatively small.

While it is possible that all transmitters might settle to
the same power level, this seems unlikely to be an optimal
configuration in practice, and selection of a system state
in which positive proportions of transmitters sit in different
states implies that the system overall is continually probing
the underlying distribution of UE (which will change over
time) and so is able to dynamically adjust to it. System sta-
bility involves individual transmitters continuing to switch
between states and relearning their environment even when
the system as a whole is near equilibrium; we examine condi-
tions under which such a robust configuration is achieved.

The outline of the paper is as follows. In Sec. II we intro-
duce the individual-based stochastic model that describes the
competition between the policy aims (i)–(iii), and argue for a
minimal set of interaction rules that describe nontransitive but
asymmetric interactions. We derive the resulting mean-field
ordinary differential equation (ODE) and relevant stochastic
differential equation for a large but finite collection of base
stations. Section III analyzes the mean-field ODE behavior:
all trajectories starting with a positive number of base sta-
tions on high power tend towards a unique equilibrium in
the interior of the phase space. Section IV presents details
of the stochastic differential equation (SDE) approximation
to the individual-based model and describes the computation
of the power spectral density (PSD), which characterizes the
frequency content of fluctuations around the mean-field equi-
librium. In Sec. IV A we analyze the location of the peaks of
the PSD and show, intriguingly, that the PSD may have peaks
at positive frequencies even when the linearization at the equi-
librium has only real eigenvalues (and so in the mean-field
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approximation there are no damped oscillations). In Sec. IV B
we consider the probability distribution of the system state in
phase space and navigate around the constraint that the total
number of transmitters N is fixed, which introduces unwanted
features into the analysis. In Sec. V we extend the model to
include five additional binary interactions between different
pairs of transmitters and analyze their effect on the dynamics
induced by the minimal set of interactions. These interactions
are competitive rather than all being catalyzed by the high-
power transmitters, and so relax some of the assumptions of
the minimal model. Our analysis here is at the level of the
mean-field ODEs and qualitatively indicates which additional
interactions would reinforce, or destabilize, the equilibrium
reached by the minimal model. This enables us to say more
about the robustness of our results and provide additional
interpretation. Section VI concludes and suggests directions
for future work, including other contexts where models of this
kind could be appropriate.

II. INDIVIDUAL-BASED MODEL

Consider a collection of N identical transmitters, each of
which is in one of three states given by the transmission power
settings, as above: high, H; low, L; and off, O. We assume
for simplicity that the transmitters are concentrated in an area
that is small compared to the area that each could individually
cover, so that every transmitter is influenced by the behavior
of every other one and so spatial effects can be ignored. The
state of the system is then fully described by the numbers n j �
0 of transmitters at each power setting j ∈ {H, L, O}. Hence
the system state is given by n := (nH , nL, nO) and nH + nL +
nO = N is constant.

We introduce stochastic dynamics of the simplest kind: a
continuous-time Markov chain on this discrete state space, as
follows [26]. We select at random a pair of transmitters that
are supposed to have inferred each other’s power settings and
consider how they interact, causing one of the transmitters to
change state. There are six possible pairs of states: {O O},
{O L}, {O H}, {L L}, {L H}, and {H H}. However, if neither
transmitter is in state H , then we consider that no interaction
takes place, noting that (a) if no transmitter is in state H , then
the coverage objective [objective (i) above] is unlikely to be
met, and the network is not operating in a regime in which
there is competition between the three objectives, and (b) that
transmitters in state H are assumed to be able to reach every
other transmitter and therefore initiate the binary interactions
that the model considers. We therefore consider only the three
interaction rules involving H , where one of the policies drives
a specific state transition. An interaction aiming to increase
coverage or network capacity would switch a transmitter from
off to high, following objective (i):

OH
α̂−→ HH, (1)

while an interaction aiming to reduce energy consumption
would switch a transmitter from low to off, following objec-
tive (ii):

LH
β̂−→ OH, (2)

FIG. 1. State transitions driven by interactions due to competing
policy objectives: coverage, power consumption, and SINR (i.e.,
channel quality), driven by interactions with transmitters on high
power. α̂, β̂, and γ denote the respective reaction rates.

and an interaction aiming to increase SINR would switch a
transmitter from high to low, in line with objective (iii):

HH
γ−→ LH, (3)

where α̂, β̂, and γ denote the “reaction rates” for these in-
teractions. The ·̂ marks indicate that we will later rescale α̂

and β̂ for convenience. Figure 1 illustrates the interaction of
these three optimization objectives on pairs of transmitters.
The rate parameters α̂, β̂, γ describe jump rates per unit time
and per pair of transmitters. These rate parameters then are
the variables that the transmitters are able to adjust in order
to implement the different policies described in the previous
section.

For a large class of density-dependent stochastic processes
of this kind, we can describe the evolution of the system state
n(t ) as a Markov jump process in the form

n(t ) = n(0) +
∑

k

skP(k)

(
N

∫ t

0
r̃k (n; N )dt ′

)
, (4)

where {P(k)(ξ ) : ξ � 0} is a collection of independent rate-1
Poisson processes, sk is the kth column of the stoichiometric
matrix S, and r̃k (n; N ) is the corresponding state-dependent
reaction rate parameter for the kth reaction. In thinking about
the large N limit, we assume that the concentrations x(t )N =
n(t )/N and the rates r̃k (n; N ) = rk (xN ), remain well defined in
the limit N → ∞. Well-known theory [27] provides rigorous
support to the intuition that the behavior of the Poisson pro-
cesses at large N will resemble a mean plus a sum of Brownian
motions.

Dividing (4) by N yields the equation

xN (t ) = x(0) + 1

N

∑
k

skP(k)

(
N

∫ t

0
r̃k (xN )dt ′

)
. (5)

Kurtz [27] shows that, firstly, the mean-field deterministic
behavior satisfies

x(t ) = x(0) +
∫ t

0

∑
k

skrk[x(t ′)]dt ′

and that limN→∞ xN (t ) = x(t ) almost surely. Then, secondly,
the process xN (t ) remains within a distance of O[(log N )/N]
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to a solution of the diffusion approximation to (5), i.e., to the
process zN (t ), which solves the equation

zN (t ) = x0 + 1

N

∑
k

skB(k)

(
N

∫ t

0
r̃k (zN )dt ′

)
, (6)

where {B(k)(ξ )} denotes a collection of independent Brownian
motions. Equation (6) is equivalent to writing

zN (t ) = x0 +
∫ t

0

∑
k

skrk[zN (t ′)]dt ′

+ 1√
N

∑
k

sk

∫ t

0

√
rk (zN ) dW (k)

t (t ′), (7)

where W (k)
t denotes a standard Wiener process with zero mean

and unit variance. Written in differential form, this justifies
considering solutions x(t ) of the stochastic differential equa-
tion

dx(t ) =
(∑

k

skrk (x)

)
dt + 1√

N

∑
k

sk
√

rk dW (k)
t , (8)

as providing asymptotically correct approximations to solu-
tions of the Markov jump process (4).

Following [28–30], for the specific set of reactions (1)–(3)
that we consider here, the three transition rates from state n to
state n′ are given by

T1((nH + 1, nL, nO − 1) | n) = α̂
2nOnH

N (N − 1)
,

T2((nH , nL − 1, nO + 1) | n) = β̂
2nLnH

N (N − 1)
,

T3((nH − 1, nL + 1, nO) | n) = γ
nH (nH − 1)

N (N − 1)
. (9)

Here the right-hand side of the first equation of Eq. (9) arises
from there being N (N − 1)/2 pairs of transmitters, of which
nOnH pairs participate in the type of interaction in Eq. (1). The
right-hand side of the second equation of Eq. (9) is obtained
similarly. In the third equation of Eq. (9), there are nH (nH −
1)/2 pairs participating in the interaction in Eq. (3), and hence
the factors of 2 cancel out.

From (9) we deduce the vector of reaction rates r(x),

r(x) =
⎛⎝2α̂xH xO

2β̂xH xL

γ xH xH

⎞⎠ ≡
⎛⎝αxO

βxL

γ xH

⎞⎠xH , (10)

where we omit terms with factors of 1/N (which could for-
mally be absorbed into the parameters), and introduce scaled
parameters α and β to absorb factors of 2. From the transitions
(9) we also deduce the stoichiometric matrix S:

S =
⎛⎝ 1 0 −1

0 −1 1
−1 1 0

⎞⎠. (11)

The kth column of S, denoted sk , corresponds to the kth
element of the vector r(x). We see that x(t ) satisfies the SDE

dx(t ) = u(x)dt + 1√
N

M(x)dW t , (12)

where

u j (x) :=
(∑

k

skrk (x)

)
j

=
∑

k

s jkrk (x), (13)

and the elements of the covariance matrix B(x) = M(x)M(x)T

are defined by

Bi j (x) :=
∑

k

siks jkrk (x). (14)

We deduce that

u(x) =
⎛⎝αxH xO − γ xH xH

γ xH xH − βxH xL

βxH xL − αxH xO

⎞⎠ (15)

and

B(x) = xH

⎛⎝αxO + γ xH −γ xH −αxO

−γ xH γ xH + βxL −βxL

−αxO −βxL αxO + βxL

⎞⎠.

(16)

Clearly u and B vanish if xH = 0 as we might expect from the
way the model is constructed.

Finally, in this section, we check the covariance matrix
B, assuming xH > 0. Since its row sums are zero, B has a
zero eigenvalue with eigenvector (1 1 1)T . The remaining
eigenvalues of B are

λ± = r1 + r2 + r3

±
√

1
2 (r1 − r2)2 + 1

2 (r2 − r3)2 + 1
2 (r3 − r1)2,

which are clearly both real, and can be easily checked to be
positive. So B is non-negative semidefinite for all combina-
tions of parameter values.

Finally in this section, Fig. 2 compares solutions of the
mean-field ODEs ẋ = u(x) with typical solutions of the
individual-based model computed using the Gillespie stochas-
tic simulation algorithm (SSA) [31,32], for two different
system sizes N ; at larger N the fluctuations around the mean
field are much smaller in amplitude.

Figure 2 shows simulations of the SSA for a total simula-
tion time of 10N in order to account for the timescale rescaling
required to match the ODE trajectories for a time t = 10 with
SSA trajectories.

III. ANALYSIS OF THE MEAN-FIELD ODES

The constraint nH + nL + nO = N implies xH + xL + xO =
1 and so we can reduce the ODE dynamics to two variables,
writing xO = 1 − xH − xL, so that

ẋH = xH [α(1 − xH − xL ) − γ xH ],

ẋL = xH (γ xH − βxL ). (17)

For all positive values of α, β, and γ there exists a unique
interior equilibrium point at (x∗

H , x∗
L ) = (c/γ , c/β ) where we

define the parameter combination c via c−1 = α−1 + β−1 +
γ −1; note that 3c is the harmonic mean of the rates α,β,γ .
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FIG. 2. Comparisons between the solution of the individual-
based stochastic model, using the stochastic simulation algorithm
(SSA), and the mean-field ODEs for population sizes (a) N = 500;
(b) N = 5000. Parameter values: α = 2, β = 3, γ = 4.

The Jacobian matrix A at (x∗
H , x∗

L ) is

A =
[−α − γ −α

γ −β

]
c

γ
,

which has a negative trace tr(A) = −(α + β + γ )c/γ and
a positive determinant det(A) = αβc/γ , so (x∗

H , x∗
L ) is an

asymptotically stable equilibrium point, either a stable focus
if

tr(A)2 − 4 det(A) = (α + β + γ )2 c2

γ 2
− 4

αβc

γ
< 0, (18)

or a stable node if the reverse inequality holds. That the
equilibrium point (x∗

H , x∗
L, x∗

O) is a global attractor can be seen
easily by considering the Lyapunov function V (x) = γ x2

H +
βx2

L + αx2
O for which

V̇ = −(γ xH − αxO)2xH − (βxL − γ xH )2xH

−(αxO − βxL )2xH � 0,

FIG. 3. The (μ, ν ) plane showing (solid blue curve) the parabola
(19) inside which the equilibrium point (x∗

H , x∗
L ) is a stable focus

(SF) and outside which it is a stable node (SN). Also shown are the
three regions where the diagonal entries of the power spectral density
matrix P (ω) achieve maximum values at positive frequencies. The
point μ = ν = 1/2 indicated by the asterisk (∗) corresponds to the
parameter values chosen for the numerical simulations shown in
Figs. 7–9.

so that V is decreasing and bounded below by zero, with
V = 0 only if xH = 0 or x = x∗.

The inequality (18) can be visualized more easily by defin-
ing new parameter combinations (μ, ν) = (α/γ , β/γ ) so that
(18) becomes

tr(A)2 − 4 det(A) = c2
[
(μ + ν + 1)2 − 4(μν + μ + ν)

]
,

and then defining u = ν + μ and v = ν − μ. Then the bound-
ary between stable focus and stable node behavior is the
parabola

u = (v2 + 1)/2, (19)

which passes through the points (μ, ν) = (1, 0) and (0,1),
sketched in Fig. 3, and the equilibrium is a stable focus when
u > (v2 + 1)/2.

All points with xH = 0 are also equilibria; these are non-
hyperbolic and unstable since for small xH we see from (17)
that ẋH = α(1 − xL )xH + O(x2

H ) and so xH increases along
trajectories if it starts at a positive value. This is confirmed
by typical phase portraits of the mean-field model; for exam-
ple, those shown in Fig. 4, which illustrate how trajectories
approach the interior equilibrium point (x∗

H , x∗
L ).

The eigenvalues of A are

λ
(A)
± = − c

2
(u + 1) ± c

2

√
v2 + 1 − 2u,

showing that the linear frequency of the damped oscillations
near (x∗

H , x∗
L ) in the stable focus regime increases as we move

further towards the top right of Fig. 3 as μ and ν increase.
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(a)

(b)

FIG. 4. Phase portraits in the (xH , xL ) plane showing the conver-
gence to (x∗

H , x∗
L ) of all trajectories starting in the interior. The equi-

librium point (x∗
H , x∗

L ) is indicated by the blue dot. (a) (α, β, γ ) =
(2, 2, 2) for which (x∗

H , x∗
L ) = (1/3, 1/3). (b) (α, β, γ ) = (2, 2, 10)

for which (x∗
H , x∗

L ) = (1/11, 5/11).

IV. ANALYSIS OF THE STOCHASTIC MODEL

As all trajectories of the mean-field ODE model for which
xH > 0 initially tend to the equilibrium point, it is of interest
to examine the influence of the intrinsic noise (also known as
demographic noise) on the system in the case of a large but
finite number of transmitters [33,34].

The stochastic behavior of trajectories near the equilib-
rium point may generate fluctuations with dominant frequency
components generated by the interplay between the lineariza-
tion at the equilibrium point and the covariance between the
variables. We explore this through computing the PSD.

Near the equilibrium point we approximate the nonlinear
SDE (12)

dx = u(x)dt + 1√
N

M(x)dW t , (20)

by the linear SDE

dx = Ax dt + 1√
N

M(x∗) dW t , (21)

where

A ≡ A(x∗) = c

⎛⎝−1 0 α/γ

1 −β/γ 0
0 β/γ −α/γ

⎞⎠, (22)

and M = M(x∗) with MMT = B from which we deduce

B = B(x∗) = c2

γ

⎛⎝ 2 −1 −1
−1 2 −1
−1 −1 2

⎞⎠. (23)

Equation (21) describes a multivariate Ornstein-Uhlenbeck
process, and its power spectral density P (ω) is given by the
matrix

P (ω) = 1

2πN
(A − iωI )−1B(A − iωI )−†, (24)

where Q† denotes the complex conjugate transpose of a matrix
Q, and so Q−† denotes the inverse of the complex conjugate
transpose of Q. Although A is not invertible, for ω 	= 0 we
can compute P (ω) without difficulty. The diagonal elements
of P (ω) then yield the PSD for each component of x =
(xH , xL, xO) in turn. We obtain

P (ω)11 = 1

2πN

2c4γ (α2 + αβ + β2) + 2c2γ 3ω2

c2(αβγ )2 + c2γ 2(α2 + β2 + γ 2)ω2+γ 4ω4
,

(25)

P (ω)22 = 1

2πN

2c4γ (α2 + αγ + γ 2) + 2c2γ 3ω2

c2(αβγ )2 + c2γ 2(α2 + β2 + γ 2)ω2+γ 4ω4
,

(26)

P (ω)33 = 1

2πN

2c4γ (β2 + βγ + γ 2) + 2c2γ 3ω2

c2(αβγ )2 + c2γ 2(α2 + β2 + γ 2)ω2+γ 4ω4
,

(27)

which describe the PSD for xH , xL, and xO, respectively. De-
spite the noninvertibility of A noted above, it is reassuring that
P (ω) j j remains finite at ω = 0. We note further that the PSDs
for xL and xO are related by interchanging α and β.

A. Frequency peaks in the PSD

Due to their form as rational functions of ω2 with coef-
ficients that are all positive, these power spectral densities
either attain their maximum value at ω = 0, in which case
the PSD is then monotonically decreasing with ω, or have a
single local maximum at some positive value of ω, in which
case the PSD is maximized there. We denote the value of ω

that maximizes P (ω) j j by ω j j for j = 1, 2, 3. It is simplest
to present the following results in terms of the coordinates
(μ, ν) = (α/γ , β/γ ) introduced previously. For P (ω)11, we
find that the PSD is maximized in the interior, at ω11 > 0,
when

μν(2μ + 2ν + 1) > μ4 + μ3ν + μ2ν2 + μν3 + ν4, (28)
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FIG. 5. Enlargement of Fig. 3 showing the intersections near
μ = ν = 1 of the boundaries of the regions in which two of the peak
frequencies ω j j ( j = 1, 2, 3) are positive. Note that there is no region
in which all three are simultaneously positive.

at which the maximizing frequency ω11 is given by

ω2
11 = c2[(μ + ν + 1)

√
μν − μ2 − μν − ν2]. (29)

The region defined by (28) is shown as the black dot-dashed
curve in Fig. 3; its boundary passes through both μ = ν = 1
and μ = ν = 0. For reference the parameter combination c
can be expressed as c = γμν/(μ + ν + μν) showing that ω11

can become arbitrarily large if α, β, and γ all increase in such
a way that α/γ and β/γ remain constant. Similarly, P (ω)22

has a maximum at ω22 > 0 in the region

μν(2μ + ν + 2) > μ4 + μ3 + μ2ν2 + μ + 1, (30)

where the frequency ω22 that maximizes the PSD is given by

ω2
22 = c2[(μ + ν + 1)

√
μ − μ2 − μ − 1]. (31)

Similarly, using the interchange symmetry (μ, ν) → (ν, μ),
which enables us to deduce the corresponding results for
P (ω)33, we have that P (ω)33 has a maximum at ω33 > 0 in
the region

μν(μ + 2ν + 2) > ν4 + ν3 + ν2μ2 + ν + 1, (32)

where the frequency ω33 that maximizes the PSD is given by

ω2
33 = c2[(μ + ν + 1)

√
ν − ν2 − ν − 1]. (33)

The regions corresponding to (30) and (32) are shown in
Figs. 3 and 5 by the red dotted and magenta dashed lines,
respectively. It is interesting to note that all three boundaries
(28), (30), and (32) pass through (1,1). Analytic confirmation
of the organization of these boundary curves is algebraically
complicated in general as they are fourth-order polynomials
in μ and ν. Local to (1,1) we can deduce sufficient informa-
tion from computing the first and second derivatives of the

boundary curves and evaluating them at (μ, ν) = (1, 1). For
P (ω)11, treating (28) as an equality that locally defines the
boundary in the form ν = ν(μ) we have dν/dμ = −1 and
d2ν/dμ2 = −26/3 so the ω11 boundary is negatively sloped
and concave, agreeing with Fig. 5. Similarly, for the ω22

boundary (30) we have dν/dμ = 1/2 and d2ν/dμ2 = 1/4.
Hence, using the interchange symmetry, for ω33 we have
dν/dμ = 2 and d2ν/dμ2 = −1/4. Finally, the second inter-
section point (μ2, ν2) between the ω22 and ω33 boundaries
lies on the diagonal μ = ν and is the only real root of the
polynomial 2μ3 − 2μ − 1 = 0, which turns out to be

μ2 = ν2 =
(

9 + √
33

36

)1/3

+
(

9 − √
33

36

)1/3

= 1.191 487 88 . . . .

Figure 6 illustrates the variation in the shape of the PSDs
for xH and xO by plotting the matrix components P (ω)11 and
P (ω)33. These are normalized by dividing by the value at
ω = 0 for convenience, in order to highlight that the maxima
of each component may occur at ω = 0 or for positive ω, in
line with the boundary curves computed in (28) and (32) for
P (ω)11 and P (ω)33, respectively. For the values of (μ, ν) used
in Fig. 6 we find, as expected, that P (ω)22 always attains its
maximum at ω = 0.

Figures 7–9 compare the theoretical predictions for the di-
agonal elements of P (ω) with numerical results for long-time
(and therefore high resolution in the time domain) simula-
tions. For the parameter values α = β = 2, γ = 4 we see that
P (ω)11 has a peak at a positive value of ω whereas P (ω)22

and P (ω)33 achieve their maximum value at ω = 0. Figure 8
is a log-log plot to confirm the decay of P (ω) ∝ ω−2 at large
ω, which is the theoretical power-law behavior for all diagonal
elements of P (ω).

B. Stationary distribution in phase space

The stationary distribution of sample paths of the multi-
variable Ornstein-Uhlenbeck process (21) can be computed
explicitly [35,36], which sheds additional light on the typical
behavior expected for the dynamics in large but finite pop-
ulations. For an SDE of the form (21) in Rn for which the
constant matrix A has all its eigenvalues λ satisfying Re(λ) <

0 the stationary density is

Pst (x) = (2π )−n/2[det(G)]−1/2exp
(− 1

2 xT G−1x
)
, (34)

where G is the n × n matrix that solves the Lyapunov equation

AG + GAT + 1

N
B = 0, (35)

where, as previously, B = MMT is the covariance matrix. The
solution to (35) can be computed explicitly and is given by

G = 1

N

∫ ∞

0
etAB etAT

dt . (36)

Since etA is the evolution operator of the linear ODE ẋ = Ax,
it is always invertible (and so also is etAT

). However, in the
case at hand we know that the covariance matrix B is only
non-negative semidefinite, and from (23) it clearly has zero
determinant. Hence (34) cannot be used directly.
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FIG. 6. Power spectral densities for ν = 0.8 and increasing val-
ues of μ, fixing γ = 5. (a) P̂ (ω)11 for five values of μ, showing
that the PSD is maximized at ω = 0 when μ = 0.2, 1.4, and 1.8
but has a peak at ω > 0 when μ = 0.6, 1 corresponding to parameter
values inside the enclosed region of the (μ, ν ) plane shown in Fig. 3.
The vertical axis is normalized by dividing by P (0)11: P̂ (ω)11 :=
P (ω)11/P (0)11. (b) P̂ (ω)33 at the same five values of μ, showing
that this PSD is maximized at a positive value of ω in the cases
μ = 1, 1.4, 1.8 which lie inside the magenta dashed region in Fig. 3,
but P̂ (ω)33 is maximized at ω = 0 for μ = 0.2, 0.6. The vertical axis
is normalized by dividing by P (0)33: P̂ (ω)33 := P (ω)33/P (0)33.

We overcome this issue by returning to the two-
dimensional (2D) formulation in (xH , xL ) variables, extending
(17) to include stochastic terms and changing to variables
in which the stochastic terms always preserve the constraint
xH + xL + xO = 1, as we now describe. Let y ≡ (y1, y2) =
(2xH − xL − xO, xL − xO), so that the region where all three x j

coordinates lie in [0,1] corresponds to the region −1 � y1 � 2
and y1 − 2 � 3y2 � 2 − y1. Applying this linear change of
variables to (12), we obtain

dy = v(y)dt + 1√
N

M̃ dW t ,

FIG. 7. Comparison of numerical simulations (blue lines) for
P (ω)11 (averaged over 50 simulations) with the theoretical result
(25) (red dash-dotted curve). The black line is the moving average
over a window of 11 data points, to reduce the variation in the
PSD. Note the maximum of P (ω)11 occurs at a positive value of
ω. Parameter values: α = β = 2, γ = 4 (corresponding to point ∗ in
Fig. 3), N = 1000, T = 50 000N .

FIG. 8. Comparison of numerical simulations (blue lines) for
P (ω)22 (averaged over 50 simulations) with the theoretical result
(26) (red dash-dotted curve). The black line is the moving average
over a window of 11 data points, to reduce the variation in the PSD.
Note the maximum of P (ω)22 occurs at ω = 0. The log-log plot here
illustrates the ω−2 scaling at large ω. Parameter values: α = β = 2,
γ = 4 (corresponding to point ∗ in Fig. 3), N = 1000, T = 50 000N .
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FIG. 9. Comparison of numerical simulations (blue lines) for
P (ω)33 (averaged over 50 simulations) with the theoretical result
(27) (red dash-dotted curve). The black line is the moving average
over a window of 11 data points, to reduce the variation in the PSD.
Note the maximum of P (ω)33 occurs at ω = 0. Parameter values:
α = β = 2, γ = 4 (corresponding to point ∗ in Fig. 3), N = 1000,
T = 50 000N .

where the drift term is

v =
(

α − γ − (
1
2α + γ

)
y1 − 3

2αy2

1
3 (α − 2β + γ ) − 1

6 (α − 2β − 2γ )y1 − (
1
2α + β

)
y2

)
,

and the 2 × 3 diffusion matrix M̃ is given by

M̃ =
(

3
√

αz1/6 0 −3
√

γ z3/3
√

αz1/6 −2
√

βz2/6
√

γ z3/3

)
,

where z1 = 2 − y1 − 3y2, z2 = 2 − y1 + 3y2, and z3 = 1 +
y1. In the y coordinates the (unique) interior equilibrium point
is at y∗ = [3c/γ − 1, c(1/β − 1/α)]. Evaluating the Jacobian
matrix Ã and diffusion matrix M̃ at y∗ we obtain the linear
approximation

dy = Ãy dt + 1√
N

M̃ dW t ,

where

Ã =
( − 1

2α − γ − 3
2α

− 1
6 (α − 2β − 2γ ) − 1

2α − β

)
and

M̃ = √
c

(
3 0 −3
1 −2 1

)
,

so that

M̃M̃T ≡ B̃ = c

(
18 0
0 6

)
, (37)

which is clearly positive definite, and so the solution G̃ to the
Lyapunov equation (35) is invertible:

G̃ = 1

N

∫ ∞

0
et ÃB̃ et ÃT

dt

= c2

Nαβγ

(
9(α + β ) 3(β − α)
3(β − α) α + β + 4γ

)
. (38)

We find that det(G̃) = 36c3/(αβγ N2) and

G̃−1 = N

36c

(
α + β + 4γ 3(α − β )

3(α − β ) 9(α + β )

)
.

Using this G̃−1 we obtain the stationary distribution in y coor-
dinates to be

Pst (y) = (2π )−1

(
36c3

αβγ N2

)−1/2

exp

(
−1

2
yT G̃−1y

)
, (39)

which can now be reexpressed in (xH , xL ) coordinates writing
y1 = 3xH − 1, y2 = xH + 2xL − 1.

In Figs. 10–13 we present a series of comparisons be-
tween the stationary distribution (39) and individual-based
simulations, which show qualitative agreement between the
two, especially in the orientation of the principal axes of the
bivariate Gaussian distribution and its overall extent. The sta-
tionary distribution is estimated from stochastic simulations
by interpolating the output of simulations from the Gillespie
algorithm onto a regularly spaced grid of time points and
computing a histogram in (xH , xL ) coordinates using equally
spaced bins in [0, 1]2. Darker colors indicate a higher value
of the probability density and the same color scale is used in
every figure to enable qualitative comparison between them.
White areas indicate empty bins. Generically there is no rela-
tion between the principal axes of the stationary distribution
(i.e., the eigenvectors of G̃−1) and the eigenvectors of the
linearization A as given in Sec. III, not least because the eigen-
values of A may be a complex conjugate pair whereas those
of G̃−1 are always real since G̃−1 is symmetric. Each part of
Figs. 10–13 shows five concentric ellipses, which are contours
at equally spaced values of the stationary distribution (39),
which are therefore at values of {1/6, 1/3, 1/2, 2/3, 5/6}.
The ellipses are colored using the same color scheme as the
simulation data, darkened slightly so that they are visible in
the plots; there is very good agreement between the colors of
the ellipses and the histogram in every case.

Figures 10 and 11 show the symmetric case where α =
β = γ = 4 and so the equilibrium point is at xH = xL = 1/3.
As the system size N increases, the distribution becomes much
more concentrated near the equilibrium point, but retains its
elliptical, rather than circular, shape, due to the asymmetry
in G̃−1. Figure 11(a) shows the same plot as Fig. 10(b) to
illustrate the increasing concentration of trajectories as N in-
creases further in Fig. 11(b) plotted with the same axis limits.

Figures 12 and 13 show cases in which β or α, respectively,
is much larger than the other two parameters. Here the equilib-
rium point is closer to one of the boundaries of the phase space
and the stationary distributions become more elongated in a
direction parallel to that boundary. The qualitative agreement
between simulations and theory remains very good.

Finally, in this section, we remark that if we compute the
PSD using the 2 × 2 matrices Ã and B̃, then we recover useful
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FIG. 10. Dynamics in the (xH , xL ) plane. Trajectories for the
ODEs (17) are shown as the solid red lines, and contours of the sta-
tionary distribution Pst are indicated by the concentric ellipses. The
shaded squares indicate the numerically computed stationary distri-
bution from a stochastic simulation for t ∈ [0, 5000N]. (a) Smaller
system size N = 50 leads to a broader distribution; (b) larger system
size N = 500 has a more compact stationary distribution. Parameter
values: α = β = γ = 4.

expressions for the PSD for the y variables, similar expres-
sions to those deduced for P (ω) in Sec. IV A. The equivalent
expression to (24) is

P̃ (ω̃) = 1

2πN
(Ã − iω̃I )−1B̃(Ã − iω̃I )−†, (40)

where B̃ = M̃M̃T as in (37). For the diagonal elements we
obtain

P̃ (ω̃)11 = 9c

πN

c4(α2 + αβ + β2) + c4ω̃2

c2(αβγ )2 + c4(α2 + β2 + γ 2)ω̃2 + ω̃4

(41)

and

P̃ (ω̃)22 = c3(α2 − αβ + β2 + 2αγ + 2βγ + 4γ 2) + 3c3ω̃2

πN[(αβγ )2 + c2(α2 + β2 + γ 2)ω̃2 + c2ω̃4]
.

(42)

If we let ω̃ = ωγ /c, then we see that P̃ (ω̃)11 ∝ P (ω)11,
which shows that the region in which P̃ (ω̃) has an inte-

FIG. 11. Enlargements of the dynamics in the (xH , xL ) plane. As
for Fig. 10, trajectories for the ODEs (17) are shown as the solid red
lines, and contours of the stationary distribution Pst are indicated by
the concentric ellipses. The shaded squares indicate the numerically
computed stationary distribution from a stochastic simulation for t ∈
[0, 5000N]. The blue dot indicates the equilibrium point. (a) System
size N = 500 as in Fig. 10(b); (b) even larger system size N = 5000
has an even more compact stationary distribution. Parameter values:
α = β = γ = 4.

rior maximum is also given by (28) although the frequency
corresponding to the maximum differs by a factor of γ /c
from (29).

The expression (42) is symmetric in α and β due to the
linear combination being y2 = xL − xO. P̃ (ω̃)22 attains its
maximum at a positive value of ω̃ when

4μ2ν + 4μν2 + μ2ν2 + μ3ν + μν3 + 7μν

> μ4 + 2μ3 + 2μ2 + 2μ + ν4 + 2ν3 + 2ν2 + 2ν + 4.

Figure 14 indicates the arrangement in the (μ, ν) plane of the
regions in which the components of P̃ (ω̃) attain their maxima
at positive values of ω̃.

V. STRUCTURAL STABILITY

In Sec. III we observed that trajectories of the mean-
field ODEs for the set of reactions (1)-(3) always converge
to the unique interior equilibrium point, when starting from
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FIG. 12. Dynamics in the (xH , xL ) plane. Trajectories for the
ODEs (17) are shown as the solid red lines, and contours of the
stationary distribution Pst are indicated by the concentric ellipses.
The shaded squares indicate the numerically computed stationary
distribution from a stochastic simulation for t ∈ [0, 5000N], N =
500 in both cases. (a) Full phase space; (b) enlargement near the
equilibrium point (x∗

H , x∗
L ) = (5/11, 1/11). The blue dot indicates the

equilibrium point. Parameter values: α = 4, β = 20, γ = 4.

initial conditions with all components positive. This is an
important characteristic since, despite the nonlinearities, it
demonstrates the controllability of the system described by
the model. In this section we examine how this convergence
to equilibrium changes when further possible transitions are
added that describe intransitive sets of interactions. Such
intransitive interactions are often associated with oscilla-
tory behavior and are motivated, for example, by population
models of the rock-paper-scissors game. Of the many pos-
sible additional interactions that could be added, we chose
these sets of intransitive interactions as an “extreme case”
in our attempt to make the dynamics more complex and less
controllable.

For the conceptual model with three states, there are only
two possible sets of intransitive (or “winnerless”) interactions.
In each set the binary interactions describe the recruitment by
one transmitter state of transmitters of one other type; each
state is also itself recruited by the other remaining type. We

FIG. 13. Dynamics in the (xH , xL ) plane. Trajectories for the
ODEs (17) are shown as the solid red lines and contours of the
stationary distribution Pst are indicated by the concentric ellipses.
The shaded squares indicate the numerically computed stationary
distribution from a stochastic simulation for t ∈ [0, 5000N], N =
500 in both cases. (a) Full phase space; (b) enlargement near the
equilibrium point (x∗

H , x∗
L ) = (5/11, 5/11). The blue dot indicates the

equilibrium point. Parameter values: α = 20, β = 4, γ = 4.

refer to the set that contains the OH → HH interaction, which
was part of the initial model definition, as the “forward cycle”
and the other set as the “reverse cycle” since the reaction rate
for the OH → OO interaction acts in the reverse sense by
increasing the number of transmitters in state O and reducing
the number in state H . These are summarized schematically
in Fig. 15, which is an extension of Fig. 1.

For the forward cycle we have

OH
α̂1−→ HH, (43)

LO
β̂1−→ OO, (44)

HL
γ̂1−→ LL, (45)

where we note that the first reaction (43) is exactly the same as
the one with rate α̂ in (1)—we will deal with this duplication
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FIG. 14. The (μ, ν ) plane showing (solid blue curve) the
parabola (19) inside which the equilibrium point (x∗

H , x∗
L ) is a stable

focus (SF) and outside which it is a stable node (SN), as in Fig. 3.
Also shown are the two regions where the diagonal entries of the
power spectral density matrix P̃ achieve maximum values for posi-
tive frequencies; the region where ω̃11 > 0 is the same as the region
where ω11 > 0 in Fig. 3.

presently. For the reverse cycle we have

OH
α̂2−→ OO, (46)

LO
β̂2−→ LL, (47)

HL
γ̂2−→ HH. (48)

The stoichiometric matrix for (43)–(45) is exactly the matrix
S defined in (11) while the stoichiometric matrix for (46)–(48)
is −S. But the reaction rates differ since they contain different
factors of O, L, and H .

FIG. 15. State transitions including forward and reverse intransi-
tive interactions. β̂1 and γ̂1 denote reaction rates in the forward cycle
(together with α̂); α̂2, β̂2, and γ̂2 denote reaction rates in the reverse
cycle.

Extending r(x) from (10) to include all nine reactions we
have

r(x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2α̂xH xO

2β̂xH xL

γ xH xH

2α̂1xH xO

2β̂1xLxO

2γ̂1xH xL

2α̂2xH xO

2β̂2xLxO

2γ̂2xH xL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
≡

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

αxH xO

βxH xL

γ xH xH

α1xH xO

β1xLxO

γ1xH xL

α2xH xO

β2xLxO

γ2xH xL

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (49)

where we work as before from the transition rates and intro-
duce scaled parameters α and β to absorb the factors of 2.
From (13) the mean-field ODEs ẋ = u(x) are given by

ẋH = xH [(α + α1 − α2)xO − γ xH − (γ1 − γ2)xL], (50)

ẋL = xH [γ xH − βxL] + xL[(γ1 − γ2)xH − (β1 − β2)xO],

(51)

ẋO = xH [βxL − αxO] + xO[(β1 − β2)xL − (α1 − α2)xH ].

(52)

So there are effectively only five parameters: β and γ , which
must be non-negative, and the three combinations α̃ := α +
α1 − α2, p := β1 − β2, and q := γ1 − γ2, which can each take
either sign. The diffusion matrix M, however, depends on
different combinations of the rate parameters. Writing xO =
1 − xH − xL we have the 2D ODE system

ẋH = xH [α̃ − (α̃ + γ )xH − (α̃ + q)xL],

ẋL = γ x2
H + px2

L − pxL + (p + q − β )xH xL, (53)

which is a direct extension of (17). We observe that the tri-
angular phase-space region xH � 0, xL � 0, xH + xL � 1 is
forward invariant and so must contain an equilibrium point.
There are two equilibria on the boundary, at (xH , xL ) = (0, 1)
and (0,0). The first of these is stable only when p < 0 and
q > 0, independent of α̃; the second is stable only when p > 0
and α̃ < 0, independent of q.

Although direct analytic calculations are cumbersome,
from the above observations and numerical exploration, we
find that there are only three qualitatively distinct possibil-
ities: either there are no interior equilibria, and trajectories
all tend to a stable boundary equilibrium, or there is a single
interior equilibrium that is stable, or there are two equilibria
in the interior, one of which is stable. These possibilities
are independent of β and γ (which are both non-negative)
and are easiest to summarize in the quadrants of the (p, q)
plane for the two cases α̃ > 0 and α̃ < 0, shown in Fig. 16.
We find numerically that there are no periodic orbits for any
combination of parameter values and we are able to rule out
the existence of periodic orbits in six of the eight quadrants
shown in Fig. 16, the exceptions being the quadrants where
α̃, p, and q all have the same sign. In those cases we are able
to demonstrate that, at least for small β and γ , the trace of
the Jacobian at the interior equilibrium point will be negative,
ensuring that a Hopf bifurcation cannot occur at least for small
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(a)

(b)

FIG. 16. Equilibria and their stability quadrant by quadrant in the
(p, q) plane in the two cases (a) α̃ > 0 and (b) α̃ < 0. In all cases
the existence and stability of equilibria is independent of β and γ .
The blue-shaded areas indicate the existence of unique interior equi-
librium; this equilibrium is stable when it exists. The pink-shaded
region labeled “2” in (a) indicates the region in which two interior
equilibria exist, illustrated in Fig. 17(a). These interior equilibria
collide and disappear in a saddle-node bifurcation on the blue curve
given by the part of (54), leading to no interior equilibria as illustrated
in Fig. 17(b).

β and γ . Details of these calculations are contained in the
Appendix.

Considering first the case α̃ > 0, illustrated in Fig. 16(a),
we find that a single interior equilibrium point exists through-
out three regions, with the exception being the quadrant p <

0, q > 0 in which there are either zero or two equilibria and
the boundary equilibrium at (xH , xL ) = (0, 1) is linearly sta-
ble. That an interior equilibrium exists and is stable in all three
blue-shaded quadrants is due to the forward invariance of the
domain and the unstable nature of all other equilibria. The
phase portraits in these blue-shaded regions are topologically
the same as those shown in Fig. 4, with the only qualitative

difference being the oscillatory approach to the interior equi-
librium in cases in which the eigenvalues there are a complex
conjugate pair. In the upper-left quadrant trajectories may
converge to the (0,1) equilibrium point and so the existence
of a stable interior equilibrium is no longer guaranteed. The
saddle-node bifurcation (blue curve) that bounds the region of
existence of two equilibria can be computed by eliminating
xH between the right-hand sides of (53) and computing the
discriminant of the resulting quadratic for xL:

a0x2
L − a1xL + α̃2γ = 0,

where

a0 = α̃2γ − α̃q2 + (α̃ + γ )(β − p)q + a2,

a1 = 2α̃2γ + a2,

a2 = α̃γ (p + q + β ) + γ 2 p + α̃2(β − q).

After lengthy computation we find that the saddle-node bifur-
cation curve takes the form

(α̃q + γ p)2 − 2α̃β(α̃q − γ p) + (α̃β )2 = 0. (54)

The curve described by (54) is tangent to each axis, at p =
−α̃β/γ and q = β, respectively, as shown in Fig. 16(a). In the
shaded area, initial conditions tend either to the stable interior
equilibrium or to (xH , xL ) = (0, 1), as shown in Fig. 17(a).
Outside the shaded area but within the same quadrant, all in-
terior initial conditions tend to (xH , xL ) = (0, 1), as illustrated
in Fig. 17(b).

In the case α̃ < 0 we find that no interior equilibria exist
except in the quadrant p, q < 0 and in each of the other
quadrants one of the boundary equilibria is stable—all interior
trajectories tend to this equilibrium, albeit perhaps not mono-
tonically, as illustrated by Fig. 18.

Starting from the original asymmetric cyclic formulation
analyzed in Sec. III in which we have α̃, β, γ > 0 and p =
q = 0, we see that the desirable behavior of (monotonic)
convergence to an interior equilibrium is sensitive to perturba-
tions of two kinds: those that either reduce α, shifting into the
cases in which trajectories all tend to a boundary equilibrium
(meaning that all transmitters end up in either the L or O
states), or that shift p to become negative (by increasing β2)
and shift q to become positive (by increasing γ1). Both of
the reactions with rates β2 and γ1 enhance, autocatalytically,
transitions from transmitters in the O and H states into the L
state; if the reaction rates β2 and γ1 are sufficiently large, then
the system is tipped into a state in which all transmitters are
in the L state. Intriguingly, varying other transition rates does
not lead to any additional destabilizing possibilities.

VI. DISCUSSION

In this paper we considered a very simple and highly
stylized model of a dense region in a self-organizing wire-
less network which is determining its behavior through the
interaction between three competing system-level objectives:
increase network coverage, reduce energy use, and increase
the minimum SINR. Our model ignored any spatial struc-
ture or arrangement of transmitters and so the system could
be described by the total number of transmitters in each of
the three states: high power (H), low power (L), and off (O).
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(a)

(b)

FIG. 17. Dynamics of (53) in the (xH , xL ) plane. (a) For q = 0.9
inside the pink-shaded region in Fig. 16(a), trajectories tend to one of
the two stable equilibria shown as blue dots; the red square indicates
an interior saddle point. (b) For q = 1.1 outside the shaded region all
trajectories tend to (xH , xL ) = (0, 1). The black diamond indicates
the unstable node at the origin. Other parameter values: α = β =
γ = 4, p = 1.

Transmitters interacted in pairs in which at least one trans-
mitter was in the high-power state; the transmitters in state
H therefore drive the dynamics and cause others to switch
stochastically, with this switching assumed to be at given rates
α,β,γ .

In the limit of an infinite number of transmitters, the re-
sulting Markov jump process converges to a set of ODEs
describing the mean-field limit; these are discussed in Sec. III
and show that (as long as the initial state contains at least
one transmitter in the high-power state) the system converges
to a unique equilibrium x∗ in which the proportion of high-
power transmitters is x∗

H = c/γ where γ is the rate at which
a pair {H H} of high power transmitters switches into the
state {H, L}, and c = H (α, β, γ )/3 where H (·) denotes the
harmonic mean. Trajectories approach the equilibrium either

FIG. 18. Dynamics of (53) in the (xH , xL ) plane in the case
α = p = q = −1, β = γ = 2, showing the damped oscillatory con-
vergence to equilibrium in the lower-left quadrant of Fig. 16(b). The
red squares indicate saddle points at (0,0) and (0,1).

with damped oscillations or monotonically, as indicated in
Figs. 4(a) and 4(b), respectively.

For a large but finite number of transmitters N the Markov
process can be approximated by a multivariate SDE, analyzed
in Sec. IV. The stochastic fluctuations around the equilibrium
point are often dominated by frequency components of the
same order as the rate parameters and we find that, for a
given set of parameter values, the numbers of transmitters in
at most two of the three power levels can have a dominant
nonzero frequency component, but not all three. Comparisons
between the predicted PSD and numerical simulations using
the Gillespie stochastic simulation algorithm show excellent
agreement (see Figs. 7–9). We derive also the stationary Gaus-
sian probability distribution of the numbers of transmitters
(39), which indicates the likely variation in state space around
the mean-field equilibrium.

In practice, the switching rates are determined by the en-
vironment and the policies of the SON wireless system itself,
in order to ensure there is sufficient capacity to handle the
amount of UE present (reducing γ , for example, increases xH

at equilibrium, increasing the overall network capacity). The
minimal model admits equilibria with all possible proportions
xH , xL, and xO and so, through variation of the switching rates,
the system can stabilize in the neighborhood of any required
combination of proportions, with the caveat that when xH is
very small the likelihood of the stochastic dynamics hitting
the absorbing set xH = 0 increases; this can of course be ad-
dressed by introducing random switching of transmitters into
the H , an additional first-order reaction that complicates the
analysis but is unlikely to influence the dynamics significantly
when the system is further away from the xH = 0 plane.

A. Peaks in the PSD at positive ω

It is of interest to note that the set of parameter values
for which the PSD for any of the variables xH ,xL,xO has a
peak at a positive frequency does not coincide with the set
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of parameter values for which the mean-field equilibrium has
eigenvalues with nonzero imaginary parts; indeed, while all
pairs of these regions intersect, none of these sets is contained
in any of the others as Fig. 3 illustrates. The existence of
nonzero off-diagonal elements of the drift matrix A (22) and
covariance matrix B (23) are clearly crucial since for a one-
dimensional Ornstein-Uhlenbeck process the power spectral
density always has a peak at zero frequency. So in the case that
A and B are diagonal, we have uncoupled one-dimensional
Ornstein-Uhlenbeck processes and the peaks in the PSD are
always at zero frequency. Since in the two-dimensional analy-
sis of Sec. IV B we find that B̃ is diagonal in these coordinates,
clearly having nonzero off-diagonal elements of the drift ma-
trix Ã is sufficient. Intuitively one can hypothesize that, if
trajectories of the linear deterministic approximation are suf-
ficiently curved near the equilibrium, due to nonorthogonal
eigenvectors, for example, then this non-normality of the ma-
trix allows transient amplification of stochastic perturbations
on a specific timescale, which in turn results in a peak of the
PSD at that frequency.

Mathematically we can add some precision to the above
intuitive argument as follows. Consider a general stochastic
ODE in R2 with drift matrix A and covariance matrix B in the
form

A :=
(−1 a

c −b

)
and B :=

(
B11 B12

B21 B22

)
,

where B12 = B21, B11 > 0, B22 > 0, and after a time rescaling
we can set A11 = −1. a, b, and c are real coefficients and
we further assume that b > 0. Then, following the standard
calculations outlined earlier, the condition for the PSD to
attain a peak at a positive value of ω2 is

B11a2c2 − ac(2B22a2 + 2B11b(1 + b))

− 2B12ab(2ac + 1 + b2) > B22a2(1 + b2) + B11b4.

(55)

Here we have not sought to put either A or B into a standard
form. Several conclusions can be drawn immediately that sup-
port the intuition above, generally expressed as the need for
the off-diagonal entries in A and B to be sufficiently negative.
In particular, we see that

(1) if a = c = 0, then (55) cannot be satisfied for any
choice of B12;

(2) if c = 0 but a 	= 0, then (55) can be satisfied if the
product B12a is sufficiently negative; and

(3) if B12 = 0 but ac 	= 0, then (55) can be satisfied if the
product ac is sufficiently negative.

The last of these points is related to, but distinct from, the
condition that the ODE ẋ = Ax has a stable focus at the origin
rather than a stable node: this holds when −4ac > (1 − b)2,
which requires ac < 0.

To summarize, the existence of coupling terms both
through the deterministic dynamics and the covariance of the
noise term lead to the generation of an intrinsic timescale
within the dynamical relaxation near equilibrium. This has
implications for the SON communications scenario that mo-
tivated this analysis since this new low-frequency dynamical
oscillation timescale, usually at a rate much slower than any

of the switching rates themselves, is likely to make it harder
to predict and control the system.

B. Robustness of the minimal model

Our extension of the minimal model and the analysis of
Sec. V allows us to draw conclusions about further state
switches that would increase the unpredictability of the sys-
tem as a whole. First, in the case α̃ > 0, which is closer to the
unperturbed problem, for which α̃ = α > 0, the effect of p =
β1 − β2 < 0 and q = γ1 − γ2 > 0, i.e., allowing additional
(autocatalytic) recruitment of transmitters in states H and O
into state L, is to generate two interior equilibria, as indicated
in the upper-left quadrant of Fig. 16(a). For the stochastic
version of the problem this is destabilizing since over long
timescales a stochastic trajectory will cross the stable mani-
fold of the saddle point and converge on a neighborhood of the
equilibrium at (xH , xL ) = (0, 1), meaning that all transmitters
will, probably inefficiently, sit at an intermediate power level,
and the H states, which were the drivers of the original dy-
namics, are lost.

Second, in the case α̃ < 0, which implies that α2 domi-
nates, unsurprisingly we find that transmitters either switch
from H to O at a sufficiently high rate to remove the interior
equilibrium and stabilize the state in which all transmitters are
switched off, or (if p = β1 − β2 < 0 and q = γ1 − γ2 > 0)
then all transmitters move to the low state and again the dy-
namics fails to stabilize at a controllable, interior equilibrium.
In the case in which α̃, p, and q are all negative, we find
that an interior equilibrium persists but due to the spiraling of
trajectories we expect that the stochastic dynamics are even
further subject to dynamics on longer timescales than the
switching times for individual transmitters, making it likely
to be less controllable than for the original minimal model.

We can conclude, though, that if the additional switching
routes described by the forward cycle (43)–(45) and the re-
verse cycle (46)–(48) are present but at lower rates than the
switches (1)–(3) in the minimal model, then the behavior of
the minimal model will persist. In particular, the additional
switch (44) with rate β1 appears really to reinforce the mini-
mal dynamics, probably because as long as α̃ is sufficiently
positive, the additional transmitters in the O state will be
relatively rapidly switched on into the H state, stabilizing the
system overall.

C. Future directions

The analysis presented here is likely to generalize in a
number of directions. If we consider n power levels rather
than three, with x j denoting the proportion of transmitters
in power level j, with j = 1 corresponding to H and j = n
corresponding to O, then the mean-field ODEs take the form

ẋ1 = x1(γnxn − γ1x1),

ẋ j = x1(γ j−1x j−1 − γ jx j ) for j = 2 . . . n,

which have a unique equilibrium x j = c/γ j , if x1(0) > 0,
where, as before, cn = H (γ1, . . . , γn) is the harmonic mean
of the rates γ j . Global stability (for initial conditions for
which x1 > 0) is again established by consideration of the
Lyapunov function V (x) = ∑n

j=1 γ jx2
j . Although the analysis
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is conducted using fixed switching rates, for slowly varying
rates, and a sufficiently large number of transmitters, the re-
sults presented here are likely to remain applicable because
separation of timescales allowing the system to converge to a
quasistationary equilibrium.

The abstract nature of the mathematical model may well
make it of use in diverse contexts, for example as a model
of social dynamics where an initially homogeneous shared
trait spontaneously becomes differentiated between popula-
tion subgroups, with the emergence of greater heterogeneity
being driven by repeated interactions with the original dom-
inant variant of the trait. One particularly intriguing set of
connections is with chemical catalysis [37,38] where catalytic
loops involving three or more species are able to drive net
fluxes of molecules around the loop through the influence
of external forcing, in the form of oscillations in time of
the energy state of a catalytic surface; these environmental
changes mean that the system is not in equilibrium and so
does not satisfy detailed balance. Loops comprising first-order
reactions have long been discussed in the chemistry literature
[39,40] and so the controllability, or not, of such catalytic
loops is clearly of interest in a variety of fields.
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APPENDIX: NON-EXISTENCE OF PERIODIC ORBITS

Here we give details of the analysis of (50)–(52), subject
to the constraint xH + xL + xO = 1, applying Dulac’s criterion
to rule out the existence of periodic orbits in all cases except
those in which α̃, p, and q all have the same sign. We comment
in Appendix 4 on these two cases separately.

The existence of periodic orbits in planar polynomial vec-
tor fields is a long-studied topic, often referred to as the second
part of Hilbert’s 16th problem, posed in 1900 [41]. In our
context the form (53) demonstrates that there is an invariant
line due to the factor of xH in the first equation. A well-known
consequence of this is that the system can have at most one
limit cycle [42–44].

Our approach here in Appendixes 1–3 is direct: we elim-
inate each of xO, xL, and xH in turn from (50) to (52) and
apply Dulac’s theorem to the resulting 2D vector field. Dulac’s
theorem states that if the divergence of a 2D vector field mul-
tiplied by any continuously differentiable (weight) function,
takes only one sign throughout a simply connected domain,
then there are no periodic orbits in that domain.

1. Case 1

Let xO = 1 − xH − xL in (50) and (51). Then the 2D vector
field f HL is defined by

ẋH = xH [α̃ − (α̃ + γ )xH − (α̃ + q)xL],

ẋL = γ x2
H + px2

L − pxL + xH xL(p + q − β ).

We compute the divergence using the weight function
1/(xH xL ) and obtain

∇ ·
(

1

xH xL
f HL

)
= −(α̃ + γ )

1

xL
− γ

xH

x2
L

+ p
1

xH
, (A1)

which is negative when α̃ > 0 and p < 0, for either sign of q,
since γ � 0 and the variables x j all lie in [0,1].

2. Case 2

Let xL = 1 − xH − xO in (50) and (52). Then the 2D vector
field f HO is defined by

ẋH = xH [−q + (q − γ )xH + (α̃ + q)xO],

ẋO = βxH (1 − xH ) + pxO(1 − xO) − (α̃ + β + p)xH xO.

Computing the divergence using the weight function
1/(xH xO) we obtain

∇ ·
(

1

xH xO
f HO

)
= (q − γ )

1

xO
− β

(1 − xH )

x2
O

− p
1

xH
,

(A2)

which is negative when p > 0 and q < 0, for either sign of α̃,
since β, γ � 0 and 0 � xO, xH � 1.

3. Case 3

Let xH = 1 − xL − xO in (50) and (52). Then the 2D vector
field f LO is defined by

ẋL = γ + (q − β − 2γ )xL + γ xO(xO − 2)

+ (β + γ − q)x2
L + (β + 2γ − p − q)xLxO,

ẋO = βxL(1 − xL ) − α̃xO + (α̃ − β + p)xLxO + α̃x2
O.

We then compute the divergence using the weight function
1/(xLxO) and obtain

∇ ·
(

1

xLxO
f LO

)
= −

[
γ

1 − xO + xL

x2
LxO

+ β

x2
O

]
xH

+ α̃

xL
− q

xO
, (A3)

which is negative when α̃ < 0 and q > 0, for either sign of p.
Putting the calculations in Appendixes 1–3 together we

conclude that as long as the signs of two of α̃, p, and q are
different, we can guarantee that no periodic orbits exist.

4. Case 4

The regions of parameter space in which all of α̃, p, and
q are positive, or all are negative, are not covered by cases
1–3 and contain a unique interior equilibrium point that is
not a saddle point. We were not able to rule out the existence
of periodic orbits completely in these regions, but numerical
investigations did not indicate the existence of any. While the
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caseβ = γ = 0 leads to all points in the interior of the domain
lying on periodic orbits around a center, for small β > 0 and
γ > 0 we are able to verify that the trace of the linearization
at this equilibrium point is always negative in these cases in
which α̃, p, and q all have the same sign, implying that no
Hopf bifurcation occurs at least for small β and γ , and so no
isolated periodic orbits are possible for small β and γ . The
calculation proceeds in a perturbative way treating β and γ as
small, positive parameters. The interior equilibrium point for
(53) is located at

x∗
H = p

α̃ + p + q
+ p(α̃2β + α̃βq − γ pq)

α̃q(α̃ + p + q)2
+ O(|β, γ |2),

x∗
L = α̃

α̃ + p + q
− p(α̃β + γ q)

q(α̃ + p + q)2
+ O(|β, γ |2),

where the notation O(|β, γ |2) indicates terms that are second
order in any combination of β and γ . Hence the trace of the

Jacobian matrix evaluated at (x∗
H , x∗

L ) is computed to be

tr
(
J|(x∗

H ,x∗
L )
) = α̃ − p − x∗

H (2α̃ + β + 2γ − p − q)

− x∗
L(α̃ − 2p + q)

= −βα̃2 p + γ pq(α̃ + p)

α̃q(α̃ + p + q)
+ O(|β, γ |2),

which is always negative when α̃, p, and q all take the same
sign, since the numerator and denominator both involve only
cubic combinations of α̃, p, and q. Note that when β = γ = 0
the trace vanishes, as is well known from the behavior of the
model when only the intransitive interactions are included.
In the case β = γ = 0 both the coordinate axes xL = 0 and
xH = 0 are invariant, and all trajectories in the interior are
periodic and lie in level sets of the function V = ln(xp

H xα̃
L xq

O).
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