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Determination of particle-size distributions from light-scattering measurement
using constrained Gaussian process regression
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In this work, we propose a methodology for robustly estimating particle-size distributions from optical
scattering measurements using constrained Gaussian process regression. The estimation of particle-size dis-
tributions is commonly formulated as a Fredholm integral equation of the first kind, an ill-posed inverse problem
characterized by instability due to measurement noise and limited data. To address this, we use a Gaussian
process prior to regularize the solution and integrate a normalization constraint into the Gaussian process via
two approaches: By constraining the Gaussian process using a pseudomeasurement and by using Lagrange
multipliers in the equivalent optimization problem. To improve computational efficiency, we employ a spectral
expansion of the covariance kernel using eigenfunctions of the Laplace operator, resulting in a computationally
tractable low-rank representation without sacrificing accuracy. Additionally, we investigate two complementary
strategies for hyperparameter estimation: a data-driven approach based on maximizing the unconstrained log-
marginal likelihood, and an alternative approach where the physical constraints are taken into account. Numerical
experiments demonstrate that the proposed constrained Gaussian process regression framework accurately re-
constructs particle-size distributions, producing numerically stable, smooth, and physically interpretable results.
This methodology provides a principled and efficient solution for addressing inverse scattering problems and

related ill-posed integral equations.
DOI: 10.1103/91rp-syk9

I. INTRODUCTION

The characterization of particle-size distributions (PSDs)
plays a crucial role in understanding and controlling the phys-
ical properties of particulate systems across a wide range of
scientific and engineering applications [1]. Accurate knowl-
edge of PSDs is essential in fields such as atmospheric science
[2], pharmaceuticals [3], and materials processing [4], where
particle size and distribution directly influence optical, me-
chanical, and chemical properties [5,6].

The light-scattering response of particles is strongly in-
fluenced by their size distribution [7]. Optical spectroscopy
is widely used to determine PSDs due to its nondestructive
nature and its ability to provide rapid and reliable measure-
ments across a broad size range [5]. Accurate estimation of
size distributions is essential for both modeling the scattering
behavior of particle ensembles [6] and interpreting optical
measurements with precision [8].

In the study of scattering processes, two principal for-
mulations are commonly considered: the direct problem and
the inverse problem [9]. The direct problem involves com-
puting the scattered field from a known physical system,
such as the particle composition and size [7]. In con-
trast, the inverse problem aims to infer unknown physical
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characteristics, such as PSD, from measured scattering data,
whether obtained through laboratory experiments or remote
sensing [8].

The relationship between the measured scattering data and
the PSD is commonly expressed as a Fredholm integral equa-
tion of the first kind [8]. This formulation relates the observed
scattering data to the unknown size distribution through an
integral operator. The Fredholm integral equation technique
was originally introduced in the context of light scattering by
Holt et al. [10]. Early applications within this framework in-
cluded the retrieval of heterogeneous aerosol size distributions
[11,12].

However, the inverse scattering problem is inherently ill-
posed, meaning that small perturbations in the data can lead
to large variations in the solution. According to Hadamard’s
definition [13], a well-posed problem must satisfy three key
conditions: (1) existence of a solution, (2) uniqueness of the
solution, and (3) stability of the solution with respect to small
changes in the input. Many inverse problems, including those
involving light scattering, violate one or more of these condi-
tions [14].

The estimation of particle size from light scattering repre-
sents a classic inverse problem in optical dispersion systems
[5,8]. This method constitutes a mathematical framework for
structuring light scattering in the form of an integral equation,

wr) = / AA, n)pr)dr+eX), \e 2, (D)
Q)

where (X)) represents the measured scattering data at
wavelength A, € (1) is zero-mean white noise that models mea-
surement uncertainty, A(X, r) is the known kernel describing
how particles of size r scatter light at wavelength A, and p(r)
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is the unknown PSD to be estimated. The domains ©; € R®%
and €, € R% correspond to the range of particle sizes and
wavelengths, respectively, where d; and d, in our case are
both 1.

In this work, we formulate an inverse problem aimed at
reconstructing the distribution of a continuous parameter p(r)
from measured scattering data @(A). The underlying integral
relationship is modeled by a Fredholm integral equation of the
first kind, which is inherently ill-posed [15-17]. To address
the ill-posed nature of the inverse problem, we employ regu-
larization techniques that stabilize the solution and suppress
noise amplification.

To solve this inverse problem, we employ Gaussian pro-
cess regression (GPR), a nonparametric Bayesian method that
provides a principled framework for regularization [18,19].
We demonstrate a connection between classical regularization
and GPR, leveraging it as a statistically grounded machine-
learning framework for solving the integral equation. GPR
defines a distribution over functions by placing a Gaussian
prior over p(r) and a Gaussian likelihood based on the
measurement model. This formulation leads to a regularized
least-squares problem, where the trade-off between data fit
and prior smoothness is defined by the covariance structure
of the GP.

Constrained GPR integrates domain knowledge into re-
gression models via hard constraints to improve predictive
performance when data are limited. Several classes of con-
straints can be imposed on GP models [20], including
boundary conditions and value constraints [21-23], mono-
tonicity and convexity constraints [24—26], bound or positivity
constraints [27-30], and linear differential equation con-
straints [23,31,32]. These constraints can be incorporated into
various components of GP models, such as the posterior
prediction of the latent function [28,30], the likelihood of
observations [28], the covariance kernels [31-33], or the input
data used in the regression model [34].

In addition to the aforementioned approach of using con-
strained GPR, we also study an alternative formulation of the
problem as a constrained optimization problem [20], where a
Lagrange multiplier explicitly enforces the integral constraint
within the regularized least-squares objective. Furthermore, to
enable practical computation, we perform a spectral expan-
sion of the covariance kernel [22,35], providing a rigorous
foundation for discretizing the problem. This transformation
allows the infinite-dimensional formulation to be approxi-
mated in a finite-dimensional subspace while preserving the
essential smoothness properties of the prior and the constraint.

We use the eigenfunctions of the Laplace operator for
the spectral expansion because they provide an orthogonal
and complete basis. An important advantage of this choice
is that the basis functions remain independent of the ker-
nel hyperparameters, allowing them to be computed once at
the start and reused during optimization. This property sub-
stantially reduces computational cost while maintaining high
approximation accuracy and improving numerical stability.
Fourier-based spectral expansions can be used as an alterna-
tive for stationary kernels on unbounded or periodic domains.
For further details on these spectral approximation techniques,
and especially the Laplace operator eigenfunctions, see Solin
and Sarkka [22].

The GPR formulation of the problem also enables us
to estimate the model’s hyperparameters using a maximum
(marginal) likelihood approach. In addition to the standard
marginal likelihood approach based solely on the observed
scattering data, we also consider a joint marginal likeli-
hood formulation for hyperparameter estimation. This joint
approach integrates both the measurement model and the
normalization constraint, enabling physically consistent hy-
perparameter inference that captures the balance between the
fit to the data and prior knowledge.

This work presents a structured and physically consistent
framework for estimating PSDs from optical scattering data
by solving an ill-posed inverse problem. Section II outlines
the overall methodological approach. We begin in Sec. Il A by
applying Lorenz-Mie theory to define the scattering behavior
of polydisperse systems. The inverse problem is formulated
as a Fredholm integral equation of the first kind, as described
in Sec. II B. To address its inherent ill-posedness, we employ
GPR, a nonparametric Bayesian method that enables flexi-
ble regularization and uncertainty quantification. Section 11 C
discusses the role of covariance functions in encoding prior
smoothness assumptions, while Sec. IID establishes a con-
nection between GPR and classical regularization theory. To
improve computational efficiency, Sec. I E introduces a ker-
nel eigenfunction expansion that reduces the complexity of
the problem. The inclusion of a normalization constraint via
Lagrange multipliers, detailed in Secs. II F and II G, ensures
physical consistency of the estimated distribution. The pos-
terior solution under both measurement data and constraints
is efficiently derived within the eigenfunction framework, as
described in Sec. IIG2. Section IIH then presents strate-
gies for hyperparameter estimation, including both a standard
log-marginal likelihood approach (Sec. IIH 1) and a joint
formulation that incorporates the constraint (Sec. IIH2). In
Sec. III, we demonstrate the accuracy and robustness of the
proposed framework through numerical experiments. Sec-
tion IV concludes with a summary of our key findings and
emphasizes the stability, flexibility, and physical consistency
of the method.

II. METHODS

In this section, we present a comprehensive framework for
estimating PSDs from light-scattering measurements by solv-
ing an ill-posed inverse problem. The estimation is formulated
as a Fredholm integral equation of the first kind, in which the
scattering behavior of particles is described using Lorenz-Mie
theory [7,36]. To address the inherent instability of the inverse
problem, we employ GPR, which introduces regularization
through prior covariance functions and ensures smooth and
stable solutions. Additionally, we incorporate a normalization
constraint using Lagrange multipliers to maintain the physical
validity of the estimated distributions. To enhance computa-
tional efficiency, we apply a kernel eigenfunction expansion
that reduces the complexity of the problem.

A. Lorenz-Mie theory

In analyzing dispersive media composed of uniformly
shaped materials with different sizes, it is essential to define
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ensemble averages for particle size in relation to the scattering
coefficient. The scattering coefficient attributed to Mie scat-
tering, denoted as (g4, can be determined from scattering
measurements acquired across a range of wavelengths [36]
and is given by

3 sca )\'7
mwﬂ)=/1zig—LJ2M0dn @)
Q r

where Qs (A, 1) is the scattering efficiency of a particle of
radius r at wavelength A. In this context, f and p(r) are the
volume fraction and the distribution of particle size, respec-
tively. All of the distributions are normalized to unity, such
that

/ p(rydr =1. (3)
Q)

The Lorenz-Mie theory provides a foundational approach
for analyzing the interaction between spherical particles and
plane electromagnetic waves [36,37]. This theory yields
exact analytical solutions to Maxwell’s equations for the
interaction of electromagnetic radiation with homogeneous
spherical particles, thereby providing a precise determination
of their optical properties, including scattering, absorption,
and extinction efficiencies. When light strikes an isotropic,
homogeneous spherical particle, scattering efficiency, denoted
as QOsca, 1S computed using Lorenz-Mie theory [7] as follows:

o) N
%F7Zh+m%+w% )

where y = 2R j5 4 size parameter, R is the particle radius,

and n,, is the refractive index of the surrounding medium.
Above, a, and b, are the Mie coefficients. The order of the
dielectric resonance is denoted by n, with n = 1 correspond-
ing to the dipole mode, n = 2 to the quadrupole, n = 3 to the
octupole, and so forth [5]. The summation index N defines
the number of multipole terms retained in the Mie series
expansion, typically selected based on the size parameter y to
ensure numerical convergence. A commonly used empirical
approximation is N ~ y + 4y!/3 4+ 2 [5].

In practical scenarios, the scattering coefficient, (iy,, often
describes media that consist of mixtures of particles with vary-
ing sizes, shapes, and refractive indices. This study addresses
the inverse problem of determining the particle-size distri-
bution in polydisperse media, where the constituent spheres
exhibit varying sizes.

Under the assumption that scattering events occur in-
dependently within the medium, the transformation matrix
representing the optical properties for a unit volume can be
described using Eq. (2). By defining

A@)_smwum )

r

the relationship between the scattering coefficient and its cor-
responding scattering efficiency spectrum is expressed as a
Fredholm integral equation of the first kind in Eq. (1). A
Fredholm integral equation of the first kind is nonsingular
if the integration range is finite and the kernel, A(A, r), is
bounded; otherwise, it is singular [15].

A common method for solving integral equations is to
represent them as operator equations within a Hilbert-space
framework. In this context, the bounded linear operator A :
L*(Q)) — L%(,) is defined as

Mmmzwanmwnxem, (6)
Q)

where A is a linear integral operator that maps the unknown
function p(r) (PSD) to the observed function w(X), and this
can be written concisely as

uw=Ap+e, (7

where € represents measurement noise. The integral operator
A represents a continuous transformation that is sometimes
called a Hilbert-Schmidt integral operator [38].

B. Gaussian process regression

A Gaussian process (GP) can be viewed as a gen-
eralization of the multivariate Gaussian distribution to
infinite-dimensional function spaces. It provides a principled,
probabilistic framework for modeling functions and is fully
specified by a mean function m(r) and a covariance function
k(r, ") [18]. A GP defines a distribution over functions such
that, for any finite collection of input points ry, r», ..., ry, the
corresponding random vector p = [p(r}), p(r2), ..., p(ry)]T
follows a multivariate normal distribution. This is denoted in
compact form as

o(r) ~ GP(m(r), k(r, r')). (8)

In practical applications, the mean function is often as-
sumed to be zero, m(r) = 0, unless prior knowledge suggests
otherwise. This assumption does not limit the expressiveness
of the model, as the posterior mean can vary flexibly after
observing data [18,39].

To connect the latent function po(r) with observable data,
we introduce a linear measurement model that maps p(r) to
a set of observations y; through a known operator A and
additive Gaussian noise:

p(r) ~ GPO.k(r.r')),
= (Ap)0) + €,

where A is a linear operator acting on the function p. The
noise term ¢ follows a normal distribution, and o3I represents
the noise covariance matrix.

Given the joint Gaussianity of the latent function values
and the measurements, the posterior distribution can be de-
rived using the standard conditioning rule for multivariate
Gaussian distributions. If a and b are jointly Gaussian,

HE (A B

then the conditional distribution of b given a is expressed as

bla ~ N (M, + T, 2 (a — M,), Zpp — Tpe T, Zab)-
(11)
We aim to estimate the value of the latent function p(r) at

a test location r*, denoted by p(r*), given the observed data
. Under the GP prior and the linear measurement model, the

e ~ N, o), 9)
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joint distribution of the observed data p and the test output
p(r*) is itself Gaussian. Specifically, the joint distribution is
given by a zero-mean Gaussian with the covariance structure
determined by the kernel function k(r, ') and the linear oper-
ator A. The resulting joint distribution is

Ak (-, r*)

|: m :|~./\/'<[0:| [AkA*+021
p(r) O k(r+,-)A*
where k(-, r*) denotes the covariance between the function
values at the training points and the test point r*, while
k(r*, r*) represents the prior variance of p(r) at the test
point. The expression Ak(-, r*) is the covariance between the
observed data and the function value at the test point. The
expression Ak.A* denotes applying the operator A to k from
the left and A* from the right, and it gives the covariance of
the measurement data under the GP prior (cf. Ref. [32]).

Thus, applying the conditional distribution formula for
jointly Gaussian random variables, the posterior mean and
covariance of the function value at an unseen test location r*,
denoted by p(r*), are given by

Elp(r*)] = k(r*, JA* (AKA* +021) ', (13)

cov[p(r)] = k(r*, r*) — k(r*, )A*(AkA* 4+ o)™
x Ak(-, r), (14)

where k., = k(-, r*) is the cross-covariance vector between the
training points and the test point.

C. Covariance function

The covariance function k(r, ") plays a crucial role in
encoding structural properties of the function p, such as
smoothness, periodicity, and correlation length. For stationary
covariance functions, the covariance can be analyzed using
its spectral density—the Fourier transform of the covariance
function [18],

S(w) = / k(r)e @ Fdr. (15)

Common choices for k(r, r’) include the squared exponential
(SE) kernel, the Matérn kernel, and periodic kernels, each of
which imposes different assumptions on the behavior of p.
The SE kernel is defined as [18]

o lIr)3
ksg(r) = o exp 22 ) (16)

where af is the signal variance, and ¢ is the length-scale
hyperparameter. The Fourier transform of the SE kernel yields
the following spectral density:

S o) — 02T 2ol3
SE(a))_af 2l exp - ) (17

In this work, we also consider the Matérn covariance func-
tion as a prior in our GP model [18]. In 1 dimension, the
Matérn covariance function is defined as

1—v v
katn (1) = G?%(@) K, <@), (18)

where v controls the smoothness, and K, is the modified
Bessel function of the second kind. The Matérn covariance
is particularly flexible, as it allows control over the smooth-
ness of the reconstructed function through the parameter v.
The spectral density corresponding to the Matérn covariance
function is given by

27T+ 1/2)2v)" [ 2v —+1/2)
SMatém (@) = O—fz \/_ T 72 (ﬁ_z + ||(0||§> .

19)

In the experiments, we compare the performance of the
Matérn covariance with the SE covariance function in terms
of reconstruction accuracy and flexibility. The Matérn class
provides a more general framework, including less smooth
and more realistic prior assumptions by adjusting v. This com-
parison allows us to evaluate the impact of prior smoothness
assumptions on the quality of the reconstruction.

D. Classical regularization

The inverse problem of estimating p(r) from noisy mea-
surements (A) is classically formulated as a least-squares
problem [14]. To address the ill-posed nature of this problem
and suppress instability due to measurement noise, a classi-
cal regularization method, known as Tikhonov regularization
[16], can be applied. This leads to the following regularized
least-squares formulation:

1 <& 1
Il = 5 ; (i — (Ap)())* + 207 o IRp(r)|dr,
(20)

where R is a linear regularization operator. The term o>

denotes the noise variance associated with the measurements,
while aj% is a regularization coefficient. However, it turns out
that, with a suitable choice of R, minimizing this functional is
equivalent to computing the posterior mean of the GPR model
in Eq. (13) (see, e.g., Ref. [35]).

E. Kernel eigenfunction expansion

For practical implementation, we approximate the inte-
gral in Eq. (2) using numerical discretization, converting the
continuous problem into a computationally tractable form.
Here, we adopt a GP prior over the particle-size distribution
p(r), defined by a covariance function k(r, r’) that encodes
assumptions about smoothness and structure through its spec-
tral density. To reduce computational complexity and enable
efficient GP inference, we employ a low-rank approximation
based on eigenfunction expansions, as introduced by Solin
and Sarkka [22]. Specifically, the covariance kernel is repre-
sented by a truncated sum of basis functions:

q
k(r, 7)Y S(/%))8(r)¢, (), 1)

j=1

where S(-) denotes the spectral density and ¢;(r) are eigen-
functions of the Laplace operator:

U fjr(r+L) (T 2
¢j(r)—\/;sm (T), )\.j— (Z) s (22)
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with domain size L = rpax — rmin. Here, g denotes the number
of basis functions used in the truncated expansion.

Rather than solving directly for p(r), we approximate it
using this truncated basis expansion:

q
p( = a;i(r). a;~N©O.SG/A)).  (23)
j=1

Letting ® be the n x g matrix of eigenfunctions evaluated at
n discrete points, the prior distribution of o = [y, ..., og]T
becomes

a~N(©O,A), A=diagSG/r),...,SG/ry)). (24)

Substituting the eigenbasis expansion into the forward-
scattering model, each measurement ;¢(;) is approximated by

q
w0~ Y [ AGingndr 29
j=t I

To facilitate numerical computations, we define the projection
matrix:

[(Walij = D AG, r)¢j(r) A, (26)
k

yielding the compact linear system:
nw=VY 0+ €. 27

We first represent the particle-size distribution p(r) us-
ing a truncated expansion in terms of a set of orthonormal
eigenfunctions of the Laplace operator, as defined in Eq. (23).
Substituting this expansion into the forward-scattering model
yields a linear relationship between the measurements and the
coefficient vector «, as expressed in Eq. (27).

We can also convert this into a classical type of optimiza-
tion problem, which we discussed in Sec. II D. The likelihood
term gets converted into 2(17—2||,u — Wy« resulting from the
assumed Gaussian noise model, while the prior term becomes
%aTA’la from the GP prior on p(r) with the diagonal covari-
ance matrix A. The combination of these terms leads directly
to the regularized least-squares objective function,

1 1
J(@) = =—llu —¥Yaal* + za"A e, (28)
202 2

which is a basis function expansion-based approximation to
the cost functional in Eq. (20).

To enable Bayesian inference of the particle-size distribu-
tion, we constructed a joint probabilistic model within the
GP framework. Specifically, the measured scattering data u
and the unknown distribution p were modeled jointly as a
multivariate Gaussian distribution. Employing eigenfunction
expansions characterized by the matrices W 4 and &, and in-
corporating the covariance structure described by the spectral
matrix A, the joint Gaussian distribution is explicitly repre-

sented as follows:
Y AADT
<I>AA oT i|> (29)

wl WAV + a’l
o]l [3

Applying GPR, the posterior mean and covariance of p,
given the measurements p, are approximated as

Elp | u] ~ @AV (WAAVT +0°) ', (30)

covlp | pl~ PADT — DAV (WAAWT+02]) " W4ADT.
3D

To efficiently address the computational challenges associated
with large matrix inversions—common in high-dimensional
inverse problems—we apply the Woodbury matrix identity.
This reformulation yields computationally efficient expres-
sions for the posterior mean and covariance:

_1\—!
Elp | ul~ @(WWa+0>A7") Wip, (32)

1 —1
cov[plu]%cb<;\llj4\ll,4+Al> oT.  (33)

This revised formulation significantly reduces computational
complexity while maintaining accuracy, making it practical
for large-scale inverse scattering problems. Truncating the
spectral expansion to g basis functions and using the Wood-
bury identity allows us to replace the inversion of an n X n
matrix with a ¢ X ¢ system (g < n), reducing computational
complexity from O(n?) to O(g> + ng?).

F. Constrained optimization using Lagrange multipliers

Estimating the unknown distribution p from noisy ob-
servational data w is a challenging inverse problem, often
formulated as a regularized optimization problem. The aim
is to recover a plausible distribution that aligns with the
measured data while incorporating prior knowledge about the
underlying physical system. In the classical (Tikhonov-based)
approach, the regularized solution is obtained by minimizing
the cost functional:

p = arg mpin Jlpl, (34)

where J[p] is a functional that captures the trade-off between
fitting the observed data and incorporating prior knowledge,
such as smoothness or regularity. This objective function rep-
resents a balance between two components: The first term
enforces consistency with the observed data, while the second
term acts as a regularization term, encoding prior assumptions
about the distribution for more stable and physically plausible
predictions. Thus, the overall objective can be expressed as

Tl = Jaaa(p) + x7reg(p)-

In addition to fitting the observed data and incorporating
prior information, it is often advantageous to enforce physical
or domain-specific constraints to ensure that the estimated
distribution remains physically meaningful [20]. In our case,
a critical constraint is the normalization of the distribution p,
representing the requirement that the total probability sums
to unity. This can be formally imposed through a Lagrange
multiplier approach, leading to a constrained optimization for-
mulation. Specifically, by introducing a Lagrange multiplier ¢
to enforce this constraint, the objective functional becomes

[ 1
O | mot ar
i=1 !

+ C(/ o(r)ydr — l>. 35)
Q)
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The third term in this formulation explicitly enforces the nor-
malization constraint, ensuring that the total size distribution
0 sums to unity, as defined in Eq. (3). This constraint is essen-
tial for maintaining the physical consistency of the estimated
distribution, preventing unphysical solutions that might arise
from the regularized least-squares formulation in Eq. (20).

To express this functional in the previously defined matrix
form Eq. (28), we substitute the finite basis expansion for
p(r), resulting in

1 1
L(a,c)= F”M —Wa|®+ EocTA_la +chTa — 1),
(36)

where the first two terms correspond to the regularized
least-squares objective previously defined, and the third term
enforces the normalization condition on p through the vec-
tor h, which represents the discrete form of the integral
constraint. This cost function represents the maximum a pos-
teriori (MAP) estimation for the coefficients o, combining the
data likelihood (first term) and the prior regularization (second
term) while enforcing the physical constraint that the total
distribution integrates to one (third term).

With the matrix form of the constrained objective function
now defined, the next step is to derive the optimal coefficients
o that minimize this functional. This involves differentiating
the Lagrangian with respect to « and setting the resulting
derivative to zero, which leads to the following expression:

- . -

To simplify the expression and highlight the influence of the
regularization and data terms, we define the matrix M as

1
M= ;\DL\IJA—i—A‘]. (38)

We can now explicitly solve for the Lagrange multiplier ¢ by
enforcing the normalization constraint AT = 1, ensuring that
the estimated distribution remains physically consistent:
1 _
_ —=h™ 1\11;‘ pn—1
hT™M~'h
Once c is determined, the optimal solution for the coefficient
vector « can be expressed as

(39)

1
o :M_I(E\I/LM—ch). (40)

To improve numerical efficiency and stability, the matrix
inverse M~' can be computed using the Woodbury matrix
identity,

M~ = A=AV (0°T + W AVT) W YA, 41)

Finally, the estimate of the distribution p(r) is reconstructed
from the basis function expansion as

p(r) = ®(r)a. (42)

This formulation ensures that measurement noise, prior infor-
mation, and physical constraints are accurately incorporated
into the estimation process, resulting in a solution that is not
only stable and computationally efficient but also physically
meaningful.

G. Posterior mean and covariance

In this section, the aim is to derive the posterior mean
and covariance of the Gaussian process-based solution to the
inverse problem with the constraint.

1. Posterior estimation with direct operator representation

To ensure that the function p(r) represents a physically
meaningful size distribution, it must satisfy the integral con-
straint defined in Eq. (3), expressing the requirement that the
total distribution sums to unity. This constraint can be ex-
pressed using an integral operator 3 that maps the distribution
function to a scalar:

(Bp) =fQ p(rydr = 1. (43)

In this formulation, the operator B is a linear map that projects
the function p(r) onto a single scalar value, enforcing the
normalization constraint within the optimization process.

In the preceding sections, we introduced the measurement
model in Eq. (9) along with the normalization constraint. To
form a well-posed estimation of the latent function p(r), both
the measurement model and the constraint must be incorpo-
rated into a unified probabilistic model. This approach enables
the analytical derivation of the posterior distribution using the
properties of multivariate Gaussian distributions.

Given the linear nature of both the measurement operator
A and the constraint operator 13, and assuming a Gaussian
prior over p, the joint distribution of the observed data and the
latent function can be expressed compactly as

HEE e

where the normalization constraint is imposed exactly, with-
out noise. This formulation integrates the measurement model
and the constraint within a unified probabilistic framework,
allowing inference to be performed through conditioning on
the observed data. Accordingly, we express the joint Gaussian
distribution over the observations y and the latent function

0 as
I~ Of |2y 2y
[/’} N<[0]’ [Eﬂy EMD’ )

where the covariance blocks are defined as follows:

s [AkA* +021 AkB*}

Bl A* BkB* (46)

and the cross covariance, X, and X,,, along with the covari-
ance of p, are given by

k
5, = [kA" KB7]. zw=[“§k], S, =k @47)

Applying the standard conditioning formula for multivariate
Gaussian distributions, the posterior mean of the latent func-
tion p given the observations y can be expressed as

Ak A* + 0%
Bk A*

AkB*

-1
Elply] = [kA" kB*][ Bkg*} v (48)
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and the posterior covariance is given by

covip |yl =k — [k.A* kB*]
AkA* + 021 AB*] [ Ak 49)
X1 BrAr BB | Bl ¢

The inverse of the joint covariance matrix X, can be obtained
using the block matrix inversion formula:

o _ [P+ POST RPN —PTIQS!
1 c c
Zyy =[ —S7IRP™! s G0

where the submatrices are defined as
P = AkA* 4+ 0%, Q= AkB*, R=BkA*, S=BkB*,
and the Schur complement is given by

S.=S—RP'0Q.

The posterior mean, E[p|y], is then obtained by conditioning
on the observed data y using the block matrix inversion results.
This leads to the following expression:

Elp | y] = k(A" (AkA" +0*D)7 e
+ B*(BkB* — BkA*(AkA* + o21)~ ' AkB*)™!
x (1 — BRA*(AkA* + 02D~ ). (51)
Similarly, the posterior covariance, cov[p|y], is given by
cov[p | y] = k — k(A*(AkA* + o2 1)1 Ak
+ B*(BkB* — BkA*(AkA* + 1)~ AkB*) ™!
x Bk). (52)

These expanded expressions clearly show the role of the mea-
surement operator 4, the constraint operator 3, and the prior
covariance k. This structured formulation provides a clear
interpretation of how the prior information and the physical
constraints are integrated into the posterior distribution, en-
suring that both the measurement model and normalization
constraint are accurately incorporated into the final estimates.

2. Posterior estimation with basis function approximation

In this section, we extend the kernel eigenfunction ex-
pansion approach to incorporate constraints. By employing a
low-rank approximation of the covariance kernel, this method
maintains computational efficiency while explicitly incor-
porating the normalization constraint into the GP model.
Similarly, the integral constraint can be enforced as

1 = Bda = Vpa, (53)

where Wp represents the projection of the basis functions
under the constraint operator, effectively mapping the eigen-
function expansion to the constraint domain. The elements of
the joint covariance matrix X,, in the basis function approxi-
mation in Eq. (45) are given by

T 2
Eyyw[\IlAA\IIA—i-G I (54)

_ W4AP]
WAWT :

W AW]

where the cross covariances and the prior covariance of p are
given by
W ADT

PAVL], =, ~ [

%, X PADT.

The general conditional Gaussian formula gives the posterior
mean and covariance of p given y:

Elp | y] = [PAV] PAV]]

[\pAA\p;Jrazl \PAA\D;}_I[M} (56)
1’

WAV WAV
covp | y] = PADT
—[@AV] PAV]]
WAAWT + 02 WAL (57
W AW WpAVL
W4 ADT
WEADT |

By defining a combined projection matrix W that captures
both measurement and constraint operators in a unified rep-

resentation
| Wa
U = [‘I’B]’ (58)

the posterior mean of the estimated distribution is given by

ol 0
0 0}

(59)

Elp |y] = GPAWT(WAWT +N)1[’1’“],N — [

where N is a diagonal noise matrix that accounts for the
measurement uncertainty in u and enforces the normalization
constraint as noise-free. The posterior covariance is given by

cov[p | y] = PADT — DAVT(WAWT + N) ' WAST.
(60)

H. Parameter estimation

To fully specify the GPR model, we must determine suit-
able values for the hyperparameters that define the covariance
function and the noise model. In this section, we present two
complementary strategies for hyperparameter estimation. Sec-
tion ITH 1 outlines a standard data-driven approach based on
maximizing the unconstrained log-marginal likelihood using
the observed scattering data. In contrast, Sec. Il H2 presents
an approach in which physical constraints are incorporated
to estimate the kernel hyperparameters independently of the
observed data.

1. Log-marginal likelihood for hyperparameter optimization

To optimize the hyperparameters of a GP model, we
can use Bayesian methods based on marginal likelihood
[18]. Hyperparameters—such as the length scale, £, kernel
variance, oy, in the SE covariance function, and the noise
parameter, o—are learned from the data while balancing
model complexity, & = (o, £, o). Using Bayes’ theorem, the
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marginal likelihood of the data given hyperparameters 6 is
computed by integrating out the unknown function p:

plu|0)= /p(u [ 0,0)p(p | 0)dp. (61)

The standard form of the marginal likelihood for a GP observ-
ing data p and hyperparameters 6 is expressed as

p(n10)=N(u|0,D), (62)

where D = WAV + o?I. The posterior distribution over
hyperparameters can now be written as follows:

p(@ | ) o< p(u | 8) ploy) p(6) p(o). (63)

The integration yields the logarithmic marginal likelihood:
1 1
log p(i +6) = —3 log|D| = Su™D™'u— S log 2. (64)

This function is used to optimize the hyperparameters of the
GP model. To determine the optimal hyperparameters 8%, we
maximize the log-marginal likelihood:

0* = arg max log p(1]6). (65)

2. Joint log-marginal likelihood incorporating
physical constraints

In the standard GPR framework, hyperparameters 6 =
(o7, £, o) are typically estimated by maximizing the marginal
likelihood based solely on the observed scattering measure-
ments u. However, when the data are noisy, sparse, or
incomplete, relying exclusively on the measurement model
may result in unreliable or overfitted hyperparameter esti-
mates. To enhance robustness and fully incorporate prior
physical knowledge, we adopt a joint probabilistic model
that integrates the observational data together with a known
constraint on the solution: the normalization of the size distri-
bution p(r), expressed as Z = 1.

The joint distribution of the measurement data  and the
constraint Z is modeled as a multivariate Gaussian:

R

where the combined covariance matrix X, is defined as

5 _[WAA\I:;+021 \IIAAQ/;]‘

WT O wEAY] WpAW) (66)

The joint log-marginal likelihood of the measurements and
constraint is expressed as

1 1 _ n+1
log p(y | 0) = =5 log [Ty | = 2y 2y —

log(27),

(67)
where n is the number of measurement points in px, and the
total dimension of y is n+ 1 due to the inclusion of the
constraint.

To facilitate interpretation and efficient computation, we
define the following matrix blocks:

D =W AV + 071, (68)

V =W AV, (69)

Y = WAV, — WAV ;DU AW, (70)

Using the Schur complement and completing the square, the
joint log-marginal likelihood can be equivalently written as

log p(y | 6)
1 1
= —EMTD”M -5 - VID )Ty (1 —=vTD )
1 1 n+1
—3 log |D| — 5 log|Y| — log(2m). (71)

This formulation unifies observational data and phys-
ical constraints within a principled Bayesian framework.
Maximizing the joint log-marginal likelihood leads to hyper-
parameter estimates 6 that are simultaneously informed by the
measurements and the normalization condition.

III. RESULTS AND DISCUSSION

In this section, we present the results of the constrained
GPR framework applied to the estimation of the particle-
size distribution, p(r), from scattering coefficients, ftsca(A).
The analysis systematically evaluates the impact of enforcing
physical constraints, the role of hyperparameter selection, the
effect of different covariance kernels, and the correspondence
between measured and predicted scattering coefficients.

First, we assess the importance of imposing the normal-
ization constraint on the estimated p(r) to ensure physically
meaningful solutions. Then, we examine the performance
of the model in hyperparameter estimation using the joint
log-marginal likelihood approach. The analysis includes the
application of two covariance kernels within the GPR method-
ology. Finally, we compare the measured and computed
scattering coefficients, (i), to verify the accuracy and con-
sistency of the estimated particle-size distributions.

This study utilizes a hybrid data approach to evaluate
the proposed constrained GPR approach. The true particle-
size distribution, p(r), is derived from experimental static
light-scattering measurements [40], while the scattering data,
Isca(A), are synthetically generated using Lorenz-Mie theory
due to the unavailability of direct measurements. Conse-
quently, the dataset is semiexperimental, combining real and
simulated components to enable evaluation of the inverse
method.

A. Impact of constraint on the estimated p(r)

In our inverse problem, it is crucial to enforce the nor-
malization constraint that p(r) integrates to unity, to obtain
physically meaningful solutions. The practical limits for re-
solving particle sizes are fundamentally determined by the
spectral properties of the Mie scattering kernel A(A, r) defined
in Eq. (5), which exhibits wavelength-dependent sensitiv-
ity across the size domain. At small radii 2nr/A < 1,
Rayleigh regime), the scattering efficiency Q., scales approx-
imately as /A% [see Eq. (4)], producing weak signals that
become indistinguishable from measurement noise, thereby
establishing the lower detection limit. Conversely, for larger
radii (2wr/A > 1, geometric optics regime), the kernel ex-
hibits rapid oscillations due to interference effects, reducing
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0.07 -e- MAP Prediction Constrained
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Radius (pm)

FIG. 1. Comparison of the estimated particle-size distribution
p(r) based on the MAP solution with and without enforcing the
constraint. The true distribution (black solid line) provides the refer-
ence, while the constrained (blue dashed line) and unconstrained (red
dashed line) predictions illustrate the impact of enforcing physical
constraints in the inversion process.

sensitivity at the upper size limit. These regimes correspond to
singular values of operator A(A, r) decaying below the noise
level, causing certain components of p(r) to be effectively
unrecoverable. The GP covariance function k(r, r") regularizes
this ill-posed inversion by encoding smoothness assumptions
through its spectral density, where the length-scale hyperpa-
rameter £ controls the characteristic scale of variation.

Figure 1 illustrates the significant impact of this constraint
on size distribution estimation using GPR. The true distribu-
tion (black line) is compared to two estimated distributions:
one from the constrained GPR model (blue dashed line),
which incorporates the normalization directly via a Lagrange
multiplier, and another from an unconstrained model (red
dashed line). The constrained solution closely matches the
true distribution, accurately capturing both amplitude and
shape throughout the domain (3 p = 1.00, MSE = 6.41 x
1079, where MSE denotes the mean-squared error).

Conversely, the unconstrained solution exhibits noticeable
deviations, particularly in amplitude, where it systematically
underestimates the expected behavior. Furthermore, without
applying the constraint, the integral of p(r) deviates from
unity (3~ p = 0.87, MSE = 4.80 x 1079).

These results confirm that incorporating the normalization
constraint effectively stabilizes the inversion process, ensuring
physical consistency of the solution and significantly improv-
ing the accuracy and interpretability of the estimated size
distribution.

B. Comparison with classical Tikhonov—-Generalized
cross-validation regularization

For comparison, we apply Tikhonov regularization com-
bined with generalized cross validation (GCV) for hyper-
parameter selection [41]. Tikhonov-GCYV is a deterministic
method that stabilizes ill-posed inversions through spec-
tral regularization, penalizing either the solution norm (zero
order) or its gradient (first order). Figure 2 presents re-
constructed size distributions using both Tikhonov-GCV
formulations. The zero-order approach (top panel) achieves

0.08
—e— True p(r)
—-e- Tikhonov
0.06
0.04
)
Q
0.02
0.00 N
A
\
AY
AY
Ay
—0.02
0 10 20 30 40
Radius (um)
0.08 ———————
—e— True p(r)
-~ Tikhonov
0.06
. 0.04
=
Q
0.02
0.00 \
N
\I
0 10 20 30 40
Radius (um)

FIG. 2. Reconstructed size distribution using the Tikhonov-GCV
method. (Top) Zero-order formulation and (bottom) first-derivative
formulation. The true distribution p(r) is shown in black, and the
Tikhonov reconstruction in blue.

MSE = 7.25 x 10°° and > p =0.97, but exhibits slight
negative values at large radii—a physically inconsistent ar-
tifact. The first-order formulation (bottom panel), which
enforces smoothness by penalizing the gradient of p(r), yields
MSE = 1.97 x 10~ and > p = 0.94, with similar negative
deviations.

Classical Tikhonov regularization stabilizes ill-posed in-
verse problems by penalizing the solution norm or its
derivative, producing a single point estimate for a given regu-
larization parameter (typically selected via GCV). In contrast,
the constrained GP framework encodes smoothness through
a covariance function and marginalizes over the solution
space, yielding a full posterior distribution rather than a single
estimate. This probabilistic formulation produces smoother,
more stable reconstructions—reducing oscillatory or non-
physical deviations — while naturally providing uncertainty
quantification.

C. Robustness to measurement noise

To evaluate robustness under noisy conditions, we added
Gaussian perturbations with varying amplitudes to the mea-
surement vector w(A). For each noise level, we conducted 50
independent trials and computed the MSE between estimated
and true distributions to measure accuracy.

Figure 3 shows that accuracy gradually decreases with
higher noise levels, where MSE increases roughly in propor-
tion to noise amplitude. The error bars represent variability
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FIG. 3. Mean-squared error (MSE) of the reconstructed distri-
bution p as a function of synthetic noise level, averaged over 50
independent realizations.

across 50 trials and indicate stable performance at each noise
level. Despite this trend, the method remains remarkably
robust: the GP prior’s smoothness regularization preserves
reasonable reconstruction quality throughout the noise range
without needing hyperparameter retuning.

D. Hyperparameter estimation

We estimate the particle-size distribution p(r) using a
constrained GPR model that incorporates both scattering
measurements and a normalization constraint. This approach
yields a smooth posterior mean estimate of p(r) along with
quantified uncertainty from the posterior covariance. The
GP hyperparameters are determined by maximizing the joint
log-marginal likelihood. Figure 4 illustrates the estimated dis-

0.08 —— True p(r)
GP Posterior Mean
0.07 EEm GP 95% Confidence Interval
—— MAP Prediction
0.06
0.05
< 0.04
Q

0.03
0.02
0.01

0.00

0 1 2 3 4
Radius (um)

FIG. 4. Posterior inference of the particle-size distribution esti-
mated using the GP inverse formulation (yellow line). The shaded
light-blue region illustrates the 95% confidence interval associated
with the GP estimation. The red line indicates the maximum a
posteriori (MAP) estimator. The true distribution (black solid line)
provides the reference.

0.08
—e— True p(r)

== SEp(n)
= = Matern p(r)

0.07
0.06
0.05
S 0.04
0.03
0.02
0.01

0.00

0 1 2 3 4
Radius (um)

FIG. 5. Comparison of estimated solutions obtained using SE
(red dashed line) and Matérn (blue dashed line) kernel functions. The
true distribution (black solid line) provides the reference.

tribution, where the yellow line denotes the posterior mean
and the shaded region indicates the 95% confidence interval.

A maximum a posteriori (MAP) solution is also computed
by explicitly enforcing the normalization constraint using La-
grange multipliers in the optimization. The resulting MAP
estimate (red line) aligns closely with the GP posterior mean,
suggesting that the learned GP prior inherently encodes the
correct physical structure of the problem. This consistency
highlights the effectiveness of the joint log-marginal likeli-
hood framework in hyperparameter selection and posterior
inference.

E. Comparison of covariance kernels in size
distribution estimation

To assess the influence of the covariance kernel on the
reconstruction of particle-size distributions, we compare the
performance of two GP priors based on the SE and Matérn
kernels. Figure 5 shows the estimated particle-size distribu-
tions, p(r), obtained using each kernel. In both cases, the
estimated distributions closely match the true distribution,
effectively capturing its overall shape, peak location, and
spread. The similarity between the SE and Matérn estimates
and the true distribution demonstrates the robustness of the
GP-based inverse formulation in recovering p(r).To quantita-
tively evaluate the estimation accuracy, we compute the MSE
between the estimated and true distributions. The MSE for the
SE-based reconstruction is 6.29 x 107°, while for the Matérn
kernel it is 6.41 x 1079, indicating comparable performance.
This comparison highlights the flexibility of the GP approach
in incorporating different prior assumptions through the ker-
nel function and confirms that both kernels produce accurate
and physically consistent solutions.

F. Comparison of observed and computed scattering coefficients

As part of this study, we validate the estimated particle-
size distribution, p(r), by evaluating its ability to reproduce
the experimentally measured scattering coefficients, w(A).
This is achieved by substituting the estimated distribution
into the forward model defined by the integral equation and
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FIG. 6. Comparison of measured (black line) and estimated (red
line) scattering coefficients, p(A).

comparing the predicted values of p(X) with the measured
data. Figure 6 illustrates this comparison and confirms that
it successfully reproduces the experimental observations.The
results remain consistent across the entire wavelength range,
showing that the inverse method produces reliable predictions.
This consistency suggests that the estimated distribution and
the modeling framework work well together to describe the
scattering behavior observed in the measurements.

IV. CONCLUSION

This study demonstrates the effectiveness of the con-
strained GPR framework for estimating particle-size distri-
butions (PSDs) from optical scattering data. By modeling
the inverse problem as a Fredholm integral equation of the
first kind, we successfully reconstructed smooth and physi-
cally meaningful PSDs. The incorporation of constraints via
Lagrange multipliers ensures that essential physical require-
ments, such as normalization, are strictly enforced, resulting
in improved solution stability and interpretability.

The combination of the GPR framework with regular-
ized least squares allows for flexible and robust estimation
of PSDs, even in the presence of noisy or sparse data. The
framework demonstrates advantages over classical regulariza-
tion methods in both reconstruction quality and robustness to
measurement noise.

By leveraging the covariance structure of the GP prior, the
method naturally incorporates smoothness assumptions and
provides uncertainty quantification through posterior confi-
dence intervals. Additionally, the application of the Woodbury
matrix identity enhances computational efficiency, enabling
efficient inversion of large covariance matrices that arise in
high-dimensional problems.

A key strength of the proposed approach is its ability to
meet the Hadamard conditions of well-posedness: existence,
uniqueness, and stability of the solution. By enforcing phys-
ically consistent constraints and incorporating measurement
uncertainties, the method produces reliable and interpretable
estimates that are robust against small perturbations in the in-
put data. This capability is particularly important for practical
applications in particle characterization, where experimental
data may often be limited or noisy.

Future work could extend this methodology by explor-
ing alternative GP kernel functions or hierarchical Bayesian
frameworks, which may further enhance the model’s adapt-
ability to a broader range of particle systems and scattering
regimes. Additionally, applying the method to purely ex-
perimental datasets—beyond the semisynthetic data used in
this study—would demonstrate its robustness and applica-
bility under real measurement conditions. Such integration
would strengthen its role in practical particle characterization
workflows, facilitating seamless adoption in experimental lab-
oratories and industrial environments.
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