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Diversity as an entropic measure derived from entropiclike functionals
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We present two derivations of an entropy-related function known as diversity in terms of entropy functionals.
In the first case, we express diversity as an exponential of the difference between two forms of Shannon entropy.
In the second case, the Jensen-Shannon divergence, an entropic function, only depends on diversity. Then, in the
second part of this work, we apply diversity and Shannon entropy to a system in equilibrium (Ising model) and
also to an out-of-equilibrium system (seismic region in Alaska). It turns out that diversity gives sharper responses
at the critical points and more texture in the general trends.
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I. INTRODUCTION

This paper deals with different entropies and entropic func-
tionals related to them [1]. The main purposes are to provide
theoretical foundations to diversity [2,3] as an entropiclike
measure or entropy-related function derived from entropic
functionals, and to apply diversity to well-known physical
systems both in equilibrium and out of equilibrium, Such as
the cases of the well-known Ising ferromagnetic system [4]
and earthquake sequences in Alaska [5], respectively.

We demonstrate that diversity and Shannon entropy con-
nect via two distinct functionals. They are not qualitatively
different functions, but diversity is easy to calculate and offers
a sharp response at the critical points. This can be advanta-
geous when determining values for parameters characterizing
critical phenomena, as we will show in the applications.

Consider a sequence of successful measurements of an ob-
servable stored in a vector file (file with one record per row).
The measurements were all taken under the same conditions,
so they are equivalent independent of the measured value. So,
the probability of any such measurement is pi = 1/ρ, i =
1, 2, 3, . . . , ρ.

Then, consider the vector file formed by all the different
values of such measurements, forming a vector file with ρ∗
entries. Regardless of their abundance, all different values
have the same probability of belonging to this list, namely,
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p′
j = 1/ρ∗, j = 1, 2, 3, . . . , ρ∗. Since, by construction, ρ∗ �

ρ, we can define p′
j = 0 for ρ∗ < j � ρ, which is equivalent

to expressing these probabilities as

pi = 1/ρ, i = 1, 2, . . . , ρ, (1)

and also

p′
i = 1/ρ∗, i = 1, 2, . . . , ρ∗, p′

i = 0, i > ρ∗. (2)

The next Section presents the derivations of the two
entropic functionals. Section III is for the applications of
diversity compared to Shannon entropy for data generated
from the traditional Ising ferromagnetic model and for the
data obtained from a seismic catalog. Finally, Sec. IV is for
the conclusions.

II. THEORY

Let us consider any set of data with ρ equivalent measure-
ments for which we can obtain the corresponding histogram:
nM measurements yielding the value M. Then,∑

All M

nM = ρ. (3)

The probability pM to measure the value M for the observable
within the scope of this experiment is then

pM = nM/ρ, (4)

with the normalization condition∑
All M

pM = 1. (5)

This allows to invoke the Shannon entropy based on the val-
ues measured for this variable in accordance with the known
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expression [6]

H = −
∑
All M

pM ln pM . (6)

Independent of the Shannon entropy associated with the
values of the observable, we can formally apply Shannon
entropy to the set of original measurements regardless of the
abundances. So the Shannon entropy for the set of indepen-
dent measurements is

hM = −
ρ∑

i=1

pi ln pi = ln ρ. (7)

By the same token, the Shannon entropy for the different
values among the measurements is

hD = −
ρ∑

i=1

p′
i ln p′

i = ln ρ∗. (8)

Please note that we use a lowercase symbol to mean that
these Shannon entropies come from probabilities different
from those used in Eq. (6).

After a straightforward algebra, we can recover the defini-
tion of diversity [3], expressed as a functional of two Shannon
entropies, namely,

δ = ρ∗

ρ
= e(hD−hM ). (9)

As ρ∗ � ρ, δ � 1.0. The more repetitive the values M, the
smaller is δ. On the contrary, when the measurements span a
large manifold (as in the chaotic regime of a phase transition),
ρ∗ grows and so does δ.

Alternatively, we get a different functional relationship
between Shannon entropy and diversity if can recall the def-
inition of the (symmetrized) Jensen-Shannon divergence as
follows (see Ref. [7] and references therein),

DJS({pi}, {p′
i}) ≡ 1

2

[
ρ∑

i=1

pi ln
mi

pi
+

ρ∑
i=1

p′
i ln

mi

p′
i

]
, (10)

where

mi ≡ pi + p′
i

2
. (11)

Let us remark that, if we formally consider mi = 1 and
pi = p′

i (∀i) in definition (10), we precisely obtain the
standard Boltzmann-Gibbs-Shannon (BGS) entropy SBG =
−∑ρ

i=1 pi ln pi, which has the same structure given in (6).
Furthermore, if we now calculateDJS({pi}, {p′

i}) with
(p, p′) given respectively in (1) and (2), we straightforwardly
obtain

DJS(ρ, ρ∗) = ln

√
2 + ρ∗

ρ
+ ρ

ρ∗

2
. (12)

We verify that, interestingly enough, DJS(ρ∗, ρ) only depends
on diversity, namely, on the ratio δ = ρ∗/ρ, ∈ (0, 1], and
monotonically decreases from infinity to zero when ρ∗/ρ
increases from zero to unity.

FIG. 1. Divergence Dq(ρ∗, ρ ) = Dq(ρ∗/ρ ) as a function of
ρ∗/ρ = δ for typical q values.

Definition (10) can be q-generalized (see Refs. [8–10] and
references therein) as follows,

Dq({pi}, {p′
i}) ≡ 1

2

[
ρ∑

i=1

pi lnq
mi

pi
+

ρ∑
i=1

p′
i lnq

mi

p′
i

]
, (13)

where lnq z ≡ z1−q−1
1−q (ln1 z = ln z). We can immediately rec-

ognize that DJS(ρ, ρ∗) ≡ D1(ρ, ρ∗), providing a connection
to the original Jensen-Shannon divergence.

If we formally consider mi = 1 and pi = p′
i (∀i) in

definition (13), we precisely obtain the q-entropy Sq =∑ρ
i=1 pi lnq

1
pi

[11,12]. It is relevant mentioning at this point
other nonadditive entropic functionals that are focused on as
well in the literature, such as Kaniadakis entropy [13,14] and
Hanel-Thurner entropy [15,16] to mention but a few.

Furthermore, it follows that, for generic values of q,

Dq(ρ, ρ∗) = 2

1 − q

{[
1

2

(
1 + ρ∗

ρ

)]1−q

+
[

1

2

(
1 + ρ

ρ∗

)]1−q

− 2

}
, (14)

which recovers Eq. (12) in the limit q → 1. We also verify the
following particular cases:

D0(ρ, ρ∗) = ρ

ρ∗ + ρ∗

ρ
− 2, D2(ρ, ρ∗) = 0. (15)

While ρ∗/ρ increases from zero to unity, Dq(ρ∗/ρ) monoton-
ically decreases for 0 < q < 2, as shown in Fig. 1 for four
values of q.

In summary, we have obtained that the Jensen-Shannon
divergence as well as its q generalization are monotonic func-
tions of the diversity δ = ρ∗/ρ. It follows that, although not
being a formal entropy, diversity can legitimately be inter-
preted as an entropiclike measure. In the rest of this paper we
will explore possible applications of this metric and compare
such results with those associated with the Shannon entropy.
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III. APPLICATIONS

We begin with the classical Ising ferromagnetic system on
a square lattice, used extensively as a benchmark for testing
methods and numerical simulations [17]. Then, We will deal
with seismic data belonging to the United States Geological
Survey (USGS) [18] seismic catalog corresponding to one
Alaska region, where important activity has been detected in
recent years [19]. The former is an equilibrium system with
stochastic processes governed by the Boltzmann-Gibbs statis-
tics. The latter is an out-of-equilibrium system, with a mixture
of natural stochastic and interconnected events. Natural data
may look disordered but entropy can report clusters of data
with definite properties [20].

A. Ising ferromagnetic system

Since the early proposal by Ising [17], this simple possible
model of ferromagnetism has been widely used as a reference
for modeling magnetic systems. In the case of a square lattice
with nearest-neighbor interactions the theoretical derivation
of a critical temperature by Onsager [21] has been followed
by numerous computer simulations (see, for instance, Refs.
[4,22,23] and references therein). Consider a lattice defined
on a square array of L × L sites. Exchange interactions J lead
to internal energy given by

E = −J
∑
〈i j〉

SiS j, J > 0, (16)

where i and j are indices scanning all lattice sites, and 〈i j〉
means pairs of nearest neighbors with i 
= j. Si refers to the
orientation of the ith spin, which can be up or down with
respect to an easy direction. Periodic boundary conditions are
imposed so that the coordination number is 4 through the
lattice. A microstate is defined as the ordered set of L × L
spin orientations.

A Monte Carlo (MC) process is implemented, beginning
at very low temperature T , with a ferromagnetic state (all
spins pointing “up”). Then a random spin is flipped to the
opposite orientation and the energy variation �E is calcu-
lated. If �E � 0, then the spin flip is accepted and the current
microstate is updated. If �E > 0, a fresh random number r
between 0 and 1 is generated; next, if exp[�E/(kBT )] � r,
then the spin flip is accepted and the MC process continues
from the new microstate. This is the well-known Metropolis
algorithm. For simplicity, we take kB = 1, which is equivalent
to measuring energy in units of temperature.

L × L spin-flip attempts define a MC step. The code uses
the first 20ρ MC steps to equilibrate the system at tempera-
ture T , then uses the next 20ρ MC steps to store the energy
E (T ) of the system every 20 MC steps. So, at the end of the
process, we have a vector file with ρ energy entries for each
temperature.

Figure 2 presents results for Shannon entropy H and di-
versity δ for L = 128, and Temperature increments in 0.1
units up to 4.0 and in 0.5 units from there on up to 12. Both
curves show a peak near the critical temperature expected in
the thermodynamic limit [21]. This backs diversity as able
to recognize a critical phenomenon as the Ising ferromag-
netic transition. However, there are differences between these
curves: (i) The second T derivative of H approaching T = 2.0

FIG. 2. Shannon entropy and diversity for an Ising ferromagnetic
lattice for L = 128 and periodic boundary conditions (ρ = 120 000).

is negative (downward concavity) while it is positive for δ

(upward concavity); (ii) H presents an inflection point just
before the maximum while ζ does not; (iii) Both curves were
obtained from the same MC calculation but the decrease from
the maximum to the high-temperature tendency is approxi-
mately 10% in the case of H , while it is 53% for δ. This makes
the maximum easier to appreciate in the case of diversity.

Figure 3 presents the results with �T = 0.02 around the
cusp of both curves, namely in the interval 1.0–3.0. Both
curves maximize near the theoretical critical temperature
2.269 185 . . ., derived by Onsager [21], which is marked
with an downward triangle at the top of this plot. Figure 3
clearly shows that diversity approaches the maximum with
upward concavity presenting a sharp maximum, while Shan-
non entropy changes concavity just before the maximum. This
different response by diversity allows for an accurate determi-
nation of the critical temperature when the temperature steps

FIG. 3. Detailed maxima for Shannon entropy and diversity in
connection with Fig. 2. Temperature variations are now of 0.02J ,
and ρ = 120 000. The theoretical value of the critical temperature by
Onsager [21] is marked by an downward (green) triangle at the top.

044127-3



VOGEL, TSALLIS, AND SARAVIA PHYSICAL REVIEW E 113, 044127 (2026)

FIG. 4. Collapsed diversity for Ising systems. Periodic bound-
aries are used. Please notice that ordinates have been amplified by
a factor 104.

are shorter. Then, the temperature intervals are divided in
smaller steps allowing to find the temperature of the max-
imum with more precision: in the present case, the interval
�T = 0.1 was broken into five steps with �T = 0.02, allow-
ing to get a better reading of the next decimal position and
thus estimating the critical temperature at T = 2.28, which
is close to the already quoted theoretical value valid for the
thermodynamic limit (L → ∞).

Figure 4 presents the diversity results for L = 32, 64,
128, and 256 using ρ = 120 000 records. The temperature
increased as in Fig. 4. Diversity, as defined by Eq. (9), scales
with the “diameter” of the two-dimensional (2D) system. To
compare different lattice sizes, in Fig. 4 we have plotted δ/L.
The collapse is good for ρ = 120 000 records, which can be
improved by considering larger ρ values. To have a more
complete picture of the collapse, Fig. 5 plots δ/L with respect

FIG. 5. Ratios of diversity over the lattice size L for four different
sizes are plotted with respect to the reciprocal number of records at
the theoretical critical temperature (2.27).

FIG. 6. Diversity and Shannon entropy using a mobile time win-
dow with ρ = 256 consecutive seisms for the selected Alaska region.
The Vertical span is nearly the same for both curves to allow for a
comparison of the dynamical variations. The time of the 7.6 earth-
quake is marked by a green star.

to 1/ρ, for four lattice sizes using the critical temperature
T = 2.27. The dispersion in values of δ/L at different values
of ρ is minimal, and larger sampling ρ can diminish it.

B. Seismicity in Alaska

Entropy has been used in the analysis of different seismic
regions worldwide [24–29]. In particular, several recent pa-
pers made use of Shannon entropy to characterize the seismic
dynamics of different data [30–33]. This is encouraging since
we just saw in the previous application that diversity can
provide a means of more accurate determination of critical
instances.

From the United States Geophysical Survey (USGS) cata-
log [18] we extracted all seisms with magnitude �1.8, with
depth up to 60 km, latitudes in the interval [−160.6,−158.6]
and longitudes within [53.6, 55.6]. This means 86 331 seisms,
whose highest magnitude was 7.6, for the earthquake of
2020.10.19 (year.month.day). A vector file collects all the
magnitudes M, including the 7.6 earthquake whose epicenter
is nearly at the center of this geographical region.

We now do a dynamical approach, calculating diversity
and Shannon entropy for windows with ρ consecutive events
[30,34]. Such windows overlap on one seism sliding along the
entire vector file storing the sequential magnitudes. Actually,
we have considered ρ = 128, 256, and 512. The former is
noisier, while the latter needs considerable time (months or
even years) to accumulate the 512 consecutive seismic events
[19]. So we report here the results for W = 256, as presented
in Fig. 6. The time of the 7.6 earthquake is marked with a
green star.

The two curves are similar. The energy accumulation prior
to the 7.6 earthquake led to a decrease in both functions during
the year before the major quake. Immediately after the 7.6
earthquake, sudden increases in both diversity and Shannon
entropy are observed. Then oscillations evidenced the large
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seismic activity during the aftershock regime which extended
for a few years.

Although similar and having almost parallel development,
diversity and Shannon entropy present important differences.
Since magnitudes are discrete, we can clearly appreciate this
in the diversity curve. As ρ is constant (256) throughout this
figure, the only difference comes from ρ∗ the number of
different magnitudes present in each time window, which is
just a few dozen different values in the magnitude expressed
with one integer and one decimal.

Although the scales were adjusted to have a similar vertical
span, diversity holds more dynamical information than Shan-
non entropy. A more quantitative way to see this difference is
by comparing percent variations on these curves. We compare
the high values for both curves at the beginning of 2016 (4.30
for H and 0.113 for δ) to the low values of both curves at
the beginning of 2020 (3.85 for H and 0.080 for δ). We find
decreases of 11% and 29% for H and δ, respectively. This
makes diversity a sensitive parameter that can be useful in the
foreshock analysis in seismology. The appreciations done by
the naked eye in Fig. 6 also confirm that diversity presents
texture variations distinguishing different seismic regimes:
high relative values and long period oscillations in the fore-
shock and lower values and short period oscillations in the
aftershock regime.

In the year before the 7.6 seism, both curves decrease in a
phenomenon that entropy has shown in other seismic regions
[35]. The minimum shown by the diversity curve is notorious.
Days afterwards, both curves present a sharp maximum in
coincidence with the 7.6 earthquake. This is an entropic mani-
festation: a large earthquake generates a response of seisms of
different magnitudes, thus enlarging the configuration space
and increasing the values of entropy and associated functions.

A careful analysis of the seismic activity previous to
the strongest earthquake shows that diversity produces a
sharp maximum for the 5.9 earthquake dated on 2020.10.19,
almost similar to the 7.6 earthquake occurring 13 days
later. The response of Shannon entropy shows two peaks
with different maximum values. This can be an advantage
for diversity when examining the foreshock regimes: earth-
quakes of moderate magnitude can produce an appreciable
response.

Both curves present a fast recovery during the aftershock
activity, with diversity presenting large oscillations for almost
a year. During the aftershock period, large seisms (with mag-
nitude over 5.5, say) and intermediate seisms (with magnitude
over 4.0, say) are progressively less frequent. So, the config-
uration space “shrinks,” leading to a decrease in entropy and
associated functions. This slow process is clearly captured by
the red curve after the maximum in Fig. 6.

After 2022 both functions oscillate in rather low values
evidencing the prolonged subduction process, but again varia-
tions between maxima and minima are a bit more pronounced
in the case of diversity. Then diversity shows an absolute
minimum towards the middle of 2024, followed by a rise not
as sharp as for the main earthquake; Shannon entropy follows
this variation in a less pronounced way. These variations are
a consequence of the 5.6 earthquake occurring in this area on
2024.08.01.

Entropy functions do not render a sequence of magnitudes
but the results of the combination of periods of seismic calm,
large earthquakes with prolonged aftershock regimes, isolated
quakes, and swarms of local seisms. All of these phenomena
have a signature in the entropy-related functions and diversity
has a possibility of contributing to the understanding of the
dynamics of seismicity if applied to different regions on the
globe. For the time being, let us say that Fig. 6 (mostly due
to diversity) indicates that the present activity is still under
the average level of 2016–2018, probably evidencing that the
subduction process continues with no large accumulation of
energy between the colliding plates. From this point of view
no large earthquakes (with a magnitude over 7.0, say) is likely
to occur in this zone for the next few years.

Using Shannon entropy to deal with seismic data has been
previously available in the literature [30,36]. The introduction
of diversity can not only confirm this behavior but, with more
and better data available, precursor signs could be established.
Eventually, this could have been the case of the large contrast
of diversity between the years 2018 and 2020 in the Alaska
data treated in Fig. 6. However, more work is necessary in
different seismic zones before a firm hypothesis on precursors
can be proposed.

IV. CONCLUDING REMARKS

Diversity can be related to current entropic functionals,
which opens the possibility of describing phenomena in a sta-
tistical physics framework complementary to those existing.

In one scheme, an exponential functional, which depends
on the difference of two Shannon entropies, directly gives
diversity. In the other scheme, we can express the Jensen-
Shannon divergence using a functional that depends only on
the diversity. Moreover, this expression can be q generalized,
which can offer several other possibilities of analysis.

Using Shannon entropy and diversity with the classical
2D Ising ferromagnetic model gives the expected behavior,
including the critical temperature near 2.27 in units of the ex-
change interaction. However, diversity produces the sharpest
response at the critical temperature. So, diversity appears to a
suitable candidate for detecting critical phenomena.

The application of diversity and Shannon entropy to the
seismic data of a region in Alaska gives similar results char-
acterized by higher values of the entropic function before
the large earthquake, a clear descent in their values prior to
the earthquake, a sharp rise coinciding with the main quakes
followed by oscillating lower values afterwards in the after-
shock regime. It is clear that the level of these functions is
still under their respective averages reached a couple of years
before the large earthquake, evidencing the present instability
of the region that continues to report seisms with magnitudes
near or over 6.0. The details of the response to diversity
make it a suitable candidate to compare seismic regions and
eventually establish common patterns characterizing seismic
risk.

We find less difference between Shannon entropy and di-
versity in the seismic case, as compared with the Ising model,
since the density of seismic data limits ρ. In the magnetic sim-
ulations, the number of measurements is a matter of computer
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time only, but in the seismic data, nature and instruments limit
this.

Shannon entropy (or any other form of entropy) measures
the number of states available in the configuration space; di-
versity is a complementary function related to entropy which
can determine critical behavior directly and with accuracy.

The calculation of diversity requires just counting the total
number of measurements ρ and the number of different mea-
surements ρ∗ among them. Not even a histogram is necessary,
which makes the diversity calculations easier and their inter-
pretation more direct.
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