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We provide an extended account of the recent statistical mechanical theory of gauge invariance against
operator shifting in quantum many-body systems [J. Miiller and M. Schmidt, Phys. Rev. E 114, L.022104 (2026)].
The gauge transformation is enacted by a shifting superoperator that displaces the fundamental position and
momentum degrees of freedom. The shifting superoperator constitutes a map between Hilbert space operators,
and it features Lie algebra commutator structure. Averages of general observables remain invariant under the
shifting both in and out of thermal equilibrium, as well as in ground states. The gauge invariance induces exact
sum rules that interconnect global observables and associated locally resolved correlation functions. In particular
we describe the resulting one-body force, hyperforce, product, and two-body sum rules. We relate the shifting
superoperator to a previously formulated quantum canonical transformation and present the generalization of
quantum shifting to multicomponent systems. The gauge theory respects fundamental fermionic and bosonic
particle properties, as we demonstrate by proving the compatibility of operator shifting and exchange symmetry.
We formulate the quantum version of hyperdensity functional theory to provide formal access to hyperforces as
well as to general averaged quantum observables via universal density functionals. For time-dependent situations,
we describe quantum dynamical gauge invariance and prove exact dynamical sum rules for nonequilibrium
situations, as generated by Hamiltonian time dependence. We argue for the fundamental status of statistical
mechanical gauge invariance based on the compliance of the underlying geometry with canonical quantization
according to Dirac’s correspondence principle. Analogies and differences of the quantum mechanical sum rules

with their classical counterparts remain indicative of the respective levels of description.
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I. INTRODUCTION

Gauge invariance constitutes a versatile construction prin-
ciple for the development of fundamental physical theories.
The recent application of gauge invariance to the quantum
statistical mechanics of many-body systems [1-4] provides
a topical example for much wider efforts [5,6]. The birth
of the gauge concept is often attributed to Emmy Noether’s
1918 landmark publication on invariant variational prob-
lems [7], but the history of the development of her ideas
is complex [8,9] and the origins of electrodynamics, as ar-
guably the most iconic physical gauge theory [5,6], are much
older than Noether’s mathematical insights into the general
problem.

The gauge invariance of classical statistical mechanics
against a specific shifting transformation was explored in
a range of recent contributions, including spatially homo-
geneous [10-12] and inhomogeneous [13—17] shifting. The
framework leads to novel force and “hyperforce” sum rules
that are exact and that have been demonstrated to be acces-
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sible in numerical simulation work [15—17]. Performing such
simulations is arguably more straightforward for classical sys-
tems than it is for quantum particles. The classical hyperforce
concept is intimately related to a corresponding hyperdensity
functional formulation for the equilibrium behavior of gen-
eral observables [18-20]. These target observables of interest
are referred to as “hyperobservables” in the present context
[18-24], where the terminology draws on Hirschfelder’s use
of the prefix in a different context to express general applica-
bility [25].

That phase space shifting [2,10-17] constitutes a nontriv-
ial gauge transformation of statistical mechanics is a recent
insight [21-24]. Popular accounts have been given [26,27]
and significant extensions of the concept include the rota-
tional theory for anisotropic bodies by Nguyen-Tran-Thanh
et al. [28], the functional analysis formulation based on the
Schwartz space and its dual by Maruyama ez al. [29], and
Pham-Van’s investigation of the interrelationships with stan-
dard symmetries [30]. The hyperforce sum rules connect to
the body of exact statistical mechanical sum rules for the
liquid state that were developed in classical work, such as
that by Baus [31], Henderson [32], Evans [33], Mikheev and
Weeks [34], and Di Caprio et al. [35]. The latter authors [35]
have pointed out analogies to the important Takahashi-Ward
identities of quantum field theory [36,37], as recognized in
Ref. [15] and much expanded on in Ref. [28].

The shifting invariance of quantum statistical mechanics
was demonstrated for a specific operator shifting map [2] via
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the application of the general concept of quantum canoni-
cal transformations [38]. This method constitutes a proof of
the exact spatially localized force density balance, which is
relevant in several recent force-related quantum theoretical
approaches [39—44]; see the brief overview given in Ref. [2].
We commment on Pham-Van’s very recent work [3,4] in the
concluding section.

Interacting quantum particles generate rich and diverse
physics with a broad range of interesting emergent phenom-
ena and effects. In particular machine-learning methods offer
great potential for making much headway; see Ref. [45] for
early pioneering work and Ref. [46] for a density functional
perspective. The specific realm of quantum many-body dy-
namics of ultracold atomic systems constitutes a highly active
research area [47] with seminal studies addressing many-body
localization in two-dimensional systems both experimentally
[48,49] and theoretically [50,51]. We comment on the po-
tential applicability of our framework to these and further
relevant quantum systems below.

Here we give an extended account of the quantum gauge
invariance theory of Ref. [1]. Our presentation constitutes
a standalone formulation of the quantum physics, which
demonstrates that the theory does nof rely on the correspond-
ing classical framework, but rather that the shifting gauge
invariance constitutes an intrinsic property of quantum statis-
tical mechanics. We lay out the connections with the quantum
canonical transformation of Ref. [2] and describe similarities
and important differences with the classical theory based on
Dirac’s correspondence principle.

The quantum operator shifting constitutes a continuous
(Lie) group, where each group element is parameterized by
an associated shifting vector field [1]. The generators of the
shifting group follow as the infinitesimal versions of these
in general finite transformations. The generators are essential
in epitomizing the fundamental mathematical structure by
forming a Lie algebra. This implies that the commutator of
two consecutive infinitesimal shifts is again an element of the
Lie algebra. An important consequence is an implied “closed”
algebraic structure, such that no uncontrolled proliferation of
potentially ever more complex transformations occurs.

As an essential concept, the quantum shifting is enacted by
shifting superoperators, i.e., mappings between Hilbert space
operators, and these induce exact sum rules that apply to quan-
tum statistical mechanics. The sum rules form a controlled and
again closed set of constraints for measurable correlation and
response functions. Specifically, the algebraic Lie structure is
expressed via the Lie bracket of the two shifting vector fields,
which is a fundamental geometrical structure that maps two
given “input” vector fields to a specific “output” vector field.
An illustration of the geometric nature of the Lie bracket is
given in Fig. 1, and we refer the reader to Ref. [22] for a
detailed presentation of the classical case, of which the salient
features remain applicable in the present quantum treatment,
as we demonstrate.

For numerical applications of our framework to concrete
systems, we refer the reader to the simplistic quantum har-
monic oscillator toy model [1], as well as to the much more
substantial investigations by Pham-Van based on numerically
exact diagonalization techniques [3,4]. We also note the body
of classical statistical gauge geometry simulation studies,

N €A

FIG. 1. Illustration of the geometry that underlies the Lie algebra
of quantum operator shifting. One considers two consecutive shifts
by vector fields €,(r) and €,(r), where r is the spatial coordinate.
The finite difference in displacement that follows from exchanging
the order of the two shifts is €;(r) + €,(r + €;(r)) — €,(r) — € (r +
€,(r)). Expanding to lowest order in the field gradients gives the
Lie bracket of the two vector fields, €5(r) = €;(r) - Ve, (r) — €,(T) -
Ve (r), where V indicates the derivative with respect to r. In the
statistical mechanical description the vector fields are evaluated at
position r; of particle i. Noncommutativity occurs already classi-
cally, and it persists under quantization. The momentum operators
are transformed consistently, and the joint transformation leaves all
statistical mechanical averages invariant, both classically [21-24,26—
30] and quantum mechanically [1-4]. The quantum shifting superop-
erator algebra is described in Sec. III A [see the Lie bracket (21)] and
proven in the Appendixes C and D. An in-depth description of the
geometrical group structure, including inversion and associativity, is
provided in Ref. [22] and the (classical) relationship with standard
symmetries is developed in Ref. [30].

which range from investigations of the fluid pair force corre-
lation structure [15], to the fluid adsorption behavior at planar
walls [17,24], and the dynamical force structure in complex
many-body systems [23].

This paper is organized as follows. We describe the con-
sidered quantum statistical mechanics in Sec. II, beginning
with the microscopic quantum many-body Hamiltonian and
its equilibrium statistical mechanics in Sec. IT A. The standard
one-body observables, including density, current, and force
density operators, are introduced in Sec. II B. One-body hy-
perforce and hyperfluctuation profiles are defined in Sec. II C.
We start the description of the equilibrium gauge invariance
in Sec. III by giving an abridged account of the results pre-
sented in Ref. [1], which includes the equilibrium operator
shifting in Sec. IIT A, the derivation of force and hyperforce
sum rules in Sec. IIIB, as well as product and two-body
hyperforce sum rules in Sec. III C. We describe key aspects
of the operator shifting in Sec. IV. The relationship with the
quantum canonical shifting transformation [2] is laid out in
Sec. IV A. The compatibility of particle exchange symmetry
with the gauge shifting is demonstrated in Sec. IV B. The
generalization of operator shifting to multicomponent systems
is given in Sec. IV C.

We develop the quantum hyperdensity functional theory in
Sec. V, where we describe a suitably extended ensemble in
Sec. VA, its corresponding density functional minimization
principle in Sec. V B, the hyper-Ornstein-Zernike relation in
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Sec. V C, and the unique way to express general observables
as density functionals in Sec. V D. Dynamical gauge invari-
ance is described in Sec. VI, starting with a definition of the
nonequilibrium many-body setup in Sec. VI A, which is fol-
lowed by the demonstration of the consequences of dynamical
shifting in Sec. VI B. We use Dirac’s correspondence principle
to lay out the relationship of the quantum theory with the
corresponding classical version in Sec. VII, starting from a
description of the classical many-body statistical mechanics
in Sec. VII A and then relating the respective mathematical
formulations of the shifting transformation to each other in
Sec. VIIB. We give our conclusions in Sec. VIII, where we
also lay out the structure of the appendixes that contain impor-
tant detailed derivations of all key results that are presented in
the main text.

The Letter [1] presented the equilibrium operator shifting
(Sec. IIT A), the force and hyperforce sum rules (Sec. III B),
and the connection of the superoperator formalism with the
quantum canonical shifting transformation (Sec. IV A). All
further quantum results that we present here have not appeared
elsewhere, including the product and two-body equilibrium
hyperforce sum rules (Sec. IIIC), the considerations of
particle exchange symmetry (Sec. IV B), the treatment of mul-
ticomponent systems (Sec. IV C), the quantum hyperdensity
functional theory (Sec. V), the quantum hyper-Ornstein-
Zernike relation (Sec. V C), the quantum dynamical gauge
invariance (Sec. VI), which generalizes the recent classical
dynamical treatment [23], and the relationship of the present
quantum theory with the corresponding classical statistical
mechanical gauge theory (Sec. VII).

II. QUANTUM STATISTICAL MECHANICS

We first describe the required standard ingredients for
the development of the quantum shifting gauge theory. Our
purpose is to clarify notation and to spell out explicitly the
involved quantum statistical mechanical concepts, including
the many-body Hamiltonian (Sec. IT A), the relevant one-body
observables (Sec. II B), and the hyperforce and hyperfluctua-
tion profiles that describe the correlation behaviour of general
observables (Sec. IIC). Our presentation is consistent with
and more detailed than what we provide in the Letter [1].

A. Microscopic many-body model

We consider systems that are described by Hamiltonians
that possess the following standard form:

~2
A= Z ;’—;n Fu) + va(ri), (1)

where the sums run over all particles i = 1, ..., N, with total
number of particles N, the variable m indicates the particle
mass, p; = —iAV; is the momentum operator of particle i, the
roman letter i denotes the imaginary unit, 7 is the reduced
Planck constant, V; indicates the derivative with respect to
position r;, the interparticle interaction potential u(r") de-
pends on all particle position coordinates N =r, ..., 1y,
and Vi (r) is the external potential, here expressed as a func-
tion of the generic position variable r.

The microscopic position and momentum degrees of free-
dom satisfy the standard canonical commutator relationships
between positions, [r;, r;] = 0, between momenta, [p;, p;] =
0, and between mixed pairs, [r;, p;] = i46;;1, where §;; is the
Kronecker symbol, 1 denotes the d x d unit matrix, and d
indicates the spatial dimensionality. The commutator of two
general Hilbert space operators A and B is defined in the
standard way as [A, B] = AB — BA.

We consider thermal equilibrium and hence let the Hamil-
tonian carry no explicit dependence on time, as indicated
by the subscript zero in Hj. The corresponding canoni-
cal partition sum is Z = Tre #", where g = 1/(kzT) with
Boltzmann constant kz and absolute temperature 7. The
canonical trace is defined as Tr - =), (n| - |n), where |n)
denotes a general basis of the N-body Hilbert space in Dirac’s
bracket notation [52,53]. Whether the quantum particles are
fermions or bosons is set by the exchange symmetry that the
Hilbert space basis |n) satisfies; we return to this point in
the context of operator shifting below in Sec. IV B. From the
partition function Z the canonical free energy follows in the
standard way as F = —kgT In Z and equilibrium averages in
the canonical ensemble are given by (-) = Tr - e~Ph /Z.

The statistical mechanical treatment below continues to
hold in the grand ensemble, where the particle number N is
a fluctuating quantity and the chemical potential p is used
instead as the prescribed control parameter. We defer the
detailed specification of the grand ensemble to Sec. V, where
we will use it as the basis of the hyperdensity functional
formulation.

The Mori product (or “Mori-Kubo-Bogoliubov” product)
is a common means to express correlation and response func-
tions and it constitutes formally an inner product between
two operators [54]. The Mori product of the Hilbert space
operators A and B is defined by

A B i a o e PHo
(A|B):ﬁ“/ dﬁ’TrA'e—f’HOBeﬂHOT, (2)
0

where the operator A is the adjoint operator of A. An alter-
native definition that is equivalent to Eq. (2) is based on the
Heisenberg picture and given by [55]

B
A1B)=p~! fo dp'(ATBGnp"), 3)

where B(r) denotes the Heisenberg operator that corresponds
to the Schrédinger operator B, and the Heisenberg operator
is evaluated at the imaginary time ¢ = ii8’. We give further
background on the Mori product in Appendix A and also refer
the reader to Ref. [54] for a pedagogical account. The Mori
product is linear in its second argument and it is complex
conjugate linear in its first argument. In general its value is
complex and the Mori product is conjugate symmetric with
respect to an exchange of its two arguments, (A|1B) = (BIA),
where the asterisk denotes complex conjugation. In the case of
physical quantum observables, i.e., self-adjoint operators A =
A" and B = BY, the Mori product is real, (A|B) € R. Proofs
of these standard properties [54] are given in Appendix A for
completeness.
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It is furthermore useful to also define the corresponding
Mori covariance of two general operators A and B as [54]

cov(A| B) = (A|1B) — (A")(B), )

where as before (A|B) indicates the Mori product (2) and the
angular brackets denote the thermal equilibrium average as
defined above.

B. Standard one-body observables

When aiming at a reduced statistical mechanical descrip-
tion of the many-body physics, it is standard methodology
to work with position-resolved quantities. Such relevant one-
body observables are the position-resolved density operator
ii(r) and the (scaled) current density operator mJ(r), which
are, respectively, given by

ar) = 8(r—r), )
A 1 l
mi(r) = 2 3 Ipid(r — 1) + 50 —x)pil.  (6)

The one-body density and current density operators are con-
nected dynamically by the continuity equation; see, e.g.,
Ref. [56]. Of further interest is the (total) force density op-
erator F(r), which consists of the following sum of three
contributions:

F(r) = V- #(r) + Fip(r) — A(r)VVex (1), (7)

where the product —7i(r)VVe(r) constitutes the exter-
nal force density that arises from the external force field
—VVex(r) with V indicating the derivative with respect to
position r.

The position-resolved kinetic stress density operator Z(r)
is given by [56]

)

®)

where VVii(r) is the spatial Hessian of the density operator,
the pairs of momentum operators form dyadic products, and
the superscript T indicates the transposition of the correspond-
ing d x d matrix.

The localized interparticle force density operator Fiy (r) is
given by

i Pis(r — r)p; + pid(r — r)p;
N - V V A _ 1
#(r) " A(r) Z o

Fin(r) = =) 8 — r)[Vau(r™)], ©)

where the square brackets on the right-hand side limit the
scope of the derivative V;, such that the vector field [V;u(r")]
operates merely by multiplication on the N-body Hilbert
space. The force density operator (9) is connected to the time
derivative of the current density operator (6) by the one-body
Heisenberg equation of motion; see again, e.g., Ref. [56] for a
detailed description.

C. Hyperforce and hyperfluctuation profiles

To generalize beyond the above “mechanical” one-body
observables (5)—(9), we also consider a general observable

AN, p") that shall be of interest for a given system; here
f)N = P1, ..., Py denotes the collection of all momentum op-
erators. It is useful to refer to the role that A plays in the
present context as a “hyperobservable” to express the special
status that this operator assumes in the framework. Thereby A
can constitute a global object that does not carry dependence
on a generic position variable r or, alternatively, A can be an
operator that depends on r and thus generates a correlation
function upon averaging. Hence the one-body operators (5)
and (6) are examples thereof, but A can feature more general
dependence on both r" and pV.

For any thus given form of A an associated hyperforce
density observable SA(r) is defined in generalization [1] of the
corresponding classical phase space function [17,21,22]. For
the special case of position-only dependent hyperobservables
A(rM), this is given explicitly by [1]

Sa(r) =) 8(r —r)[VAEY)L. (10)

The form (10) is in formal analogy to the interparticle force
density observable Fi, (r) defined in Eq. (9) upon identifying
A = —u(rM); the sign convention is chosen to simplify subse-
quent manipulations.

Given a general observable A that may carry dependence
on both positions r¥ and momenta p", the corresponding
hyperforce density operator is defined [1] as the following
commutator:

Su(r) = —%[A,mj(r)], (11)

where we recall the scaled current density operator mJ(r)
having the standard definition (6). If A is self-adjoint, then
SA(I‘) is also self-adjoint, and hence it constitutes a physical
observable [1]. It is straightforward to show that the general
form (11) reduces to the gradient form (10) when A is inde-
pendent of the momenta. The associated hyperforce density
distribution is the thermal average

Sa(r) = (Sa(r)). (12)

Given a specific form of the hyperobservable A an asso-
ciated “hyperfluctuation” profile y4(r) provides a measure of
the spatially localized behavior of fluctuations. The hyperfluc-
tuation profile is defined as

Xa(r) = cov(Aa(r)), 13)

where cov( - | - ) denotes the Mori covariance (4) and we recall
the density operator 7(r) in its standard form (5). We show
in the following that the hyperforce density (12) and hyper-
fluctuation profile (13) arise naturally when considering the
statistical mechanical gauge invariance.

II1. EQUILIBRIUM GAUGE INVARIANCE

We first give an abridged account of the results presented in
Ref. [1], beginning with a description of the operator shifting
for quantum systems in thermal equilibrium (Sec. I A) and
turning to the derivation of the resulting thermal force and
hyperforce sum rules (Sec. III B). We then present product
and two-body hyperforce sum rules (Sec. III C) that go beyond
those of Ref. [1].

024130-4



QUANTUM STATISTICAL MECHANICS: GAUGE ...

PHYSICAL REVIEW E 114, 024130 (2026)

A. Shifting superoperator algebra

The gauge theory works on the level of maps between
Hilbert space operators, which in general are referred to as
“superoperators” [54]. The “shifting” of Hilbert space op-
erators [1] is represented by two closely related types of
superoperators. One is the spatially localized vectorial shifting
superoperator o (r). This version is useful for the construc-
tion of concrete sum rules that interconnect different types
of correlation functions. An alternative and closely related
version is the integrated scalar shifting superoperator X[e],
which depends functionally on the given shifting field e(r).
The integrated shifting superoperator enables one to very
clearly formulate the geometric relationship of the superop-
erator algebra with the standard geometric Lie bracket of two
vector fields. The spatially localized and the integrated version
are trivially related to each other by multiplication with the
shifting field, akin to multiplication by a test function, and
spatial integration. This operation is reversed by functional
differentiation with respect to the shifting field. We give a
compact account in the following and refer the reader to
Ref. [1] for a complete description.

Specifically, the spatially localized shifting superoperator
is defined via the (scaled) commutator with the one-body
current density operator (6) as

an=—#wﬂ®1 (14)

Clearly, when applying Eq. (14) to a Hilbert space operator the
result is again a Hilbert space operator [1] and thus o(r) con-
stitutes a quantum superoperator [54]. We defer a discussion
of the relationship with classical Poisson brackets and Dirac’s
correspondence principle to Sec. VIL

We list three key properties of a(r). First, when applied to
the identity operator, trivially one obtains

o(r)l =0, (15)

as follows from the definition (14) and will be important for
the derivation of the force density balance below.
The localized shifting superoperator is anti-self-adjoint:

o'(r) = —a(r). (16)

The concept of adjoining a given superoperator generalizes
the standard operation of adjoining a Hilbert space opera-
tor. Briefly, given a superoperator O, its adjoint O has the
property TrATOB = Tr (OTA)'B for general Hilbert space
operators A and B. The standard adjoining of Hilbert space
operators, based on the Hilbert-Schmidt inner product as de-
scribed in Appendix A, serves as background for introducing
the concept of adjoining of superoperators; see Appendix B.
The commutator of two localized shifting superoperators is

[o(r), o(r)] = [VS(r —1r)]o(r) + o(x)[VS(r —1')],
(17)

where r, 1’ are two position variables, as before §( - ) indicates
the Dirac distribution in d dimensions, and the square brackets
around the gradient of the Dirac distributions limit the scope
of the spatial derivative operator such that these (bracketed)
terms act on Hilbert space elements by mere multiplication.

We give in Appendix D the proof of the commutator rela-
tionship (17), which carries significance due to the fact that
the quantum degrees of the N particles are entirely contained
within the localized shifting operators o (r) and o (r’) on the
right-hand side. The mere linear occurrence of the localized
shifting operator (on the right-hand side) is remarkable and
could arguably not have been expected solely on the basis of
the definition (14). To reveal the connection with Lie theory it
is useful to first consider the following modification.

The integrated shifting superoperator is given by multiply-
ing the localized version (14) with a given shifting field e(r)
and integrating over position,

Yle] = /dre(r)-a(r). (18)

The square brackets indicate functional dependence on the
shifting field e(r), which is a d-dimensional smooth vector
field. The position integral (18) can be carried out explicitly
via the commutator definition (14) and the definition of the
one-body current density operator (6). The result is

Blel = —52 Y e Bi+pi-er)l (19)
which depends clearly on the explicit form of e(r).

Several properties of X[€] are directly inherited from those
of the localized superoperator (14). This includes the applica-
tion to the (Hilbert space) identity operator, X[e]l = 0, and
the (superoperator) anti-self-adjointness >le] = —Z[e], as
follows, respectively, from the properties (15) and (16) of the
localized form.

The localized superoperator commutator relationship (17)
is derived from the following integrated version:

[X[e1], X[e2]] = X[eal, (20)

where €;(r) and €,(r) are two, in general distinct (smooth)
shifting fields; see Appendix C. The “difference” shifting field
€ (1) that is the functional argument on the right-hand side of
the integrated commutator relationship (20) is given by the
following (also smooth) difference:

€a(r) = €,(r) - Ve (r) — e(r) - Ve (r), 2

and we recall the illustration shown in Fig. 1. Remarkably
the right-hand side of Eq. (21) constitutes the Lie bracket
of the two vector fields €;(r) and €,(r). Note the presence
of the minus sign on the above right-hand side and that the
expression does not follow from any (naive) form of product
rule. Rather the Lie bracket of two vector fields is a staple of
Lie theory and a detailed account of the (elementary) geomet-
rical interpretation has been presented recently [22]. While
the presentation in Ref. [22] is framed in a classical statis-
tical mechanical context, we emphasize that the Lie bracket
transcends the classical and quantum many-body physics (see
Appendix C), as it is merely geometric in nature.

The role of the shifting field €(r) is that of a mere gauge
function. As demonstrated [1] and summarized below, the
shifting leaves quantum statistical mechanical averages invari-
ant, such that the specific form of the (smooth) vector field
€(r) is irrelevant.
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B. Equilibrium force and hyperforce sum rules

We have so far described properties of the gauge transfor-
mation, based on the localized shifting superoperator (14).
It is now interesting to apply this concept to the standard
framework of quantum statistical mechanics for the descrip-
tion of many-body Hamiltonians (1), following Ref. [1]. We
start with operator identities. Applying the localized shifting
superoperator (14) to the Hamiltonian (1) yields

F(r)=—o(r)A, (22)

where the force density operator F(r) is given by the decom-
position (7) into kinetic, interparticle potential and external
potential contributions. Equation (22) follows from explicit
commutator manipulations and it is compatible with the gen-
eral physical concept that forces arise from (negative) energy
displacements.

In case of parametrically time-dependent Hamiltonians the
identity (22) continues to hold in the Schrodinger picture,
which will be important for the dynamical gauge invariance
described below in Sec. VI. For the special case of stationary
Hamiltonians H, we have

Fo(r) = —a(r)Hy, (23)

where Fy(r) is the corresponding stationary force density op-
erator. When building the ensemble average and defining the
thermal mean Fy = (Fo(r)) it is straightforward to obtain [1]
from the identities (15) and (16) the equilibrium force density
balance. This sum rule is exact and given by

Fo(r) =0, (24)

where the total force density on the left-hand side consists of
the kinetic stress and the interparticle and external potential
force density contributions, as is inherited from the force
density operator sum (7).

We next apply the localized shifting superoperator (14) to
a given “hyperobservable” A and obtain

Si(r) = a(r)A, (25)

which implies from the definition (14) that Sa(r) =
—(@1/ nIA, mJ (r)], which is identical to the previous definition
(10) of the hyperforce density observable. Building the ther-
mal mean of the identity (25) and using the anti-self-adjoint
superoperator property (16) yields the following quantum hy-
perforce sum rule [1]:

Sa(r) + (A|BF(r)) = 0, (26)

where the second term on the left-hand side is the Mori prod-
uct (2) of the hyperobservable A and the thermally scaled force
density operator (7).

Due to the equilibrium force density balance (24) the
occurring Mori product is identical to the corresponding co-
variance, (A|8F,(r)) = cov(A|BF,(r)). Hence the hyperforce
density balance (26) can be cast in the following alternative
covariance form:

Sa(r) + cov(A|SFy(r)) = 0. 27)

For the present case of anti-self-adjoint operators A one can
reverse the order of arguments according to (A|BFy(r)) =

(ﬂFo(r)lAA) € R and similarly for the Mori covariance. In this
reversed form the sum rules (26) and (27) continue to hold for
general hyperobservables A; see Appendix E.

Having summarized the main results of the equilibrium
statistical mechanical gauge invariance, we turn to results
beyond those presented in Ref. [1].

C. Product and two-body hyperforce sum rules

The shifting superoperator (14) can be used in flexible
ways to derive exact sum rules. When applied to the product
AB of two Hilbert space operators, one finds

Sas(r) = o(r)AB (28)
= 8S.4(r)B + ASp(r), (29)

which follows from the commutator form (14) of the localized
shifting operator o(r), the Leibniz (product) rule for com-
mutators [AB, C] = [A, C1B + A[B, C] with the choice € =
—(i/m)mJ (r), and expressing the hyperforce density operators
S4(r) and Sg(r) via the commutator definition (11).

From averaging over the statistical ensemble one obtains
the following “product rule” for hyperforce densities:

Sas(r) = (Sa(r)B) + (ASp(r)), (30)

where S p = (SAB(r)) is the product hyperforce density dis-
tribution. When applied to a product of two operators the
hyperforce sum rule (26) becomes upon the trivial replace-
ment of A by AB the following hyperforce product sum rule:

Sas(r) + (AB|BFo(r)) = 0. (31)
The combination of the two above results (30) and (31) yields
(Sa(r)B) + (AS(r)) + (ABIBF,(r) =0,  (32)

and we recall the one-body force density operator (7) being
that of the equilibrium system, as is indicated by the subscript
0. The Mori product can again be replaced equivalently by the
Mori covariance (4) due to general validity of the equilibrium
force density balance (24).

Higher-body correlation functions follow via averaging
superoperator products, such as o(r')a(r)l = 0, as follows
trivially from the application (15) to the identity operator.
The result is the following quantum analog of the classical
“3g”-sum rule [15]:

(BFo ()| BFo(r)) + (Ko(r, 1)) = 0, (33)
where the Hamiltonian “curvature” operator is
Ko(r, ') = —a(r)a(r')pHy, (34)

which is equivalent to the force density gradient operator
a(r),BFo(r’) via Eq. (23). Alternatively, Eq. (33) is obtained
from the hyperforce sum rule (26) upon simply setting A =
BF,(r') therein. Further multibody sum rules follow from the
superoperator commutator structure (17). An example is

(Sam)IBFH(r)) — (BFo(r)[Sa(r))
= [V8(r — r)]Sa(r) + Sa(r)[VS(r —r)].  (35)

We next turn to the description of several interconnections and
generalizations of the operator shifting.
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IV. ASPECTS OF OPERATOR SHIFTING

We first explore the connection of operator shifting with
quantum canonical transformations (Sec. IV A) and then
demonstrate that operator shifting is compatible with quantum
particle exchange (Sec. IV B). We then formulate species-
resolved shifting that is applicable to multicomponent systems
(Sec. IV O).

A. Quantum canonical transformation

Quantum canonical transformations, as put forward by An-
derson [38], generalize their classical counterparts [57], and
they correspond to unitary transformations of Hilbert space
[38]. Hermann and Schmidt [2] formulated the following
quantum canonical transformation of the fundamental posi-
tion and momentum operators:

r; — r; + €(1;), (36)
P — L+ Vi)™ b+ i - [L+ Vi) (37)
= pi — H[Vie@)] - pi + i - (Vi) )+ ..., (38)

where we recall that the superscript T denotes transposing a
d x d matrix and —T indicates the combination of transpo-
sition and matrix inversion. The form (38) arises from the
Neumann series in the gradient of the shifting field, applied
to the general momentum transform (37), and writing out up
to the linear order.

The interpretation of the position transform (36) is clearly
that of finite displacement. The momentum transform, both
in the general form (37) and its linearized version (38), is
perhaps less intuitive at first glance, but it serves the role of
leaving the canonical commutator relationships invariant un-
der the joint transform; see Ref. [2]. From the invariance, the
validity of the equilibrium force density balance (24) follows
rigorously [2].

The present superoperator formalism performs an analo-
gous role as the quantum canonical transformation. We return
to the integrated shifting superoperator (18) and apply 1 +
%[€] to the position and momentum degrees of freedom of
one particle i. By explicit calculation one finds

(1 + Z[eDr; =r; + (1)), (39)
(1+ X[eDp; = pi — H{[Vie()] - pi + i - [Vie(r)]™}, (40)

where each of the two right-hand sides is respectively identical
to the right-hand side of Egs. (36) and (38). Hence the (lin-
earized) quantum canonical shifting transformation of Ref. [2]
has an effect that is identical to the present superoperator
application; see Appendix F for the demonstration of the
equivalence for a broad class of operators.

The significant advantage that lies in the formalization of
shifting via superoperators is that these allow one to identify
clearly their algebraic properties, as encapsulated in the com-
mutator structure (17) and (20), and to furthermore reveal the
geometric interpretation in terms of the Lie bracket (21). The
concrete connections with elementary geometry are described
in the context of the classical setting in Ref. [22]; see in
particular Sec. 3 and the illustrative Fig. 5 therein.

B. Exchange symmetry and shifting

Within our present formulation the exchange symmetry of
the quantum system is reflected in the properties of the Hilbert
space basis |n), which in position representation are wave
functions W,(ry, ..., ry). The exchange of two particles i
and j is then induced by the application of the transposition
operator P;;, which is defined by the effect P;;W(ry, ...,
ry) = W(ry, ..., L X, Tigq, ..., B, T, Tigg, ... Ty).
The exchange symmetry is then encapsulated in the
induced change in sign in response to the interchange
of the two particles considered. In particular the wave
functions W(ry, ..., ry) satisfy antisymmetry for fermions,
Pij¥(ry,...,ry) = —¥(ry,...,ry), and symmetry for
bosons, P;;W(ry,...,ry) = W(ry,...,ry), for all indices
i and j. Such basis functions can be constructed from
single-particle wave functions in the standard way, as
described for completeness in Appendix G.

The transposition operator P;; can also be interpreted as
the superoperator which maps A to P; jA, so that P;; denotes
both the Hilbert space operator and the superoperator. The ap-
plication of the permutation superoperator has the effect that
r; <> rjand p; < P, so that particle indices of the fundamen-
tal degrees of freedom are swapped, i <> j; see Appendix H
for more details.

Given that the shifting superoperator contains the summa-
tion of all particles in its definition (14), it is straightforward
to show that P;;o(r) = o(r)P;; and also P;;X[e] = Z[e]P;;,
as the position integral (18) has no effect on the exchange.
Hence the superoperator commutes with the localized shifting
superoperator,

[Pij, o(r)] = 0. (41)

Similarly, for the integrated version, [P;;, X[€]] = 0. Hence
operator shifting respects the exchange symmetry of the
quantum many-body system that is under considerations; see
Appendix H for the demonstration of compatibility with gen-
eral particle index permutations.

C. Multicomponent shifting

We provide an overview of the generalization of shifting
to multicomponent systems with several species, indexed by
o =1,...,M, where M denotes the number of components.
It is then convenient to introduce index sets N, that contain
those particle indices i that constitute species «. The corre-
sponding generalization of the one-component Hamiltonian
(1) is standard,

~2
A=Y Y Etu)+ 3 ) Vewalrd. @2)

a ieNy a ieNy

where the sums over o contain all M species, m, denotes
the particle mass of species o, and Vi o (T) is the external
potential acting on particles of species «. The interparticle po-
tential #(r") is invariant under the exchange of two particles
of the same species, P;ju(ry, ..., ry) = u(ry, ..., ry) for all
indices i, j € N,.
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The species-resolved one-body density and current density
operators are given, in generalization of the definitions (5) and
(6), respectively by

() =Y 8(r =), (43)
ieNy
X 1
ma(r) = = 3 [pid(r — 1) + 8 —rpil.  (44)
ieN,

Similarly, the species-resolved force density operator is
Fo(r) = V- 2(0) + Fin o (1) = (1) VVerta (1), (45)

where the species-resolved kinetic stress density operator
7,(r) and the interparticle force density operator lAT,-m,a(r) are
respectively given by Eqgs. (8) and (9) upon replacing 7(r) by
7, (r) and restricting the further summations to particle indices
ieN,.

The species-resolved localized shifting superoperator
follows as the straightforward generalization of the one-
component version (14) as

0a(r) = —%[ - mia (). (46)

In generalization of the commutator relationship (17) for
one-component systems one obtains

[00(r), 00 (r)]
= S [VI(r — l'/)](Ta(I') + Saa’aa(r/)[va(r - I‘/)],

(47)
where we recall §,, as the Kronecker symbol.
The species-resolved hyperforce density operator is
Saa(®) = ga (DA, (48)

and the corresponding one-body hyperforce density is
Saa(r) = (SA,a(r)>, which generalize Eqgs. (25) and (12), re-
spectively. The one-body force density distribution is defined
as the thermal average F,(r) = (F,(r)). Then the species-
resolved force density balance is

F,(r) =0, (49)
and the species-resolved hyperforce sum rule reads as
Sa.o(r) + (A|BF,(r) =0, (50)

which constitute the respective generalization of the one-
component force density balance (24) and hyperforce density
sum rule (26).

V. HYPERDENSITY FUNCTIONAL THEORY

We first demonstrate consistency of the above gauge theory
by showing that the equilibrium hyperforce sum rule (26) can
alternatively be derived from the force density balance in a
suitably extended ensemble [54,58] (Sec. V A). The extended
ensemble then serves as the basis for construction of the
quantum hyperdensity functional theory, where we follow the
lines of argumentation of the classical counterpart [18,19]
and lay out the one-body minimization principle (Sec. V B),
the hyper-Ornstein-Zernike relation (Sec. V C), and general
hyperobservables as density functionals (Sec. V D).

A. Extended ensemble and force balance

We consider the quantum statistical mechanics for the
modified Hamiltonian

Hy = Hy — 1A/B, (51)

where XA is a coupling parameter. We restrict ourselves to
(self-adjoint) forms of A that render H, well behaved. The
correspondingly extended quantum force density operator is
generated via the generic mechanism (22) as

Fa(r) = —a(r)H, (52)
= —a(r)Hy+o(r)rA/B (53)
= Fo(r) + 28,(r)/B. (54)

where we have first made the extended Hamiltonian (51)
explicit and then identified both Fy(r) and S4(r) via Eqgs. (23)
and (25), respectively. As the extended system is in equilib-
rium, its mean force density vanishes,

(Fa(r))a = 0. (55)

Here (-)4 =Tr - e~PHa /Z4 denotes the thermal average in
the extended ensemble with extended partition sum Z, =
Tre#Ha. The Taylor expansion of Eq. (55) to linear order in
A yields

A
-l

(Fa(r))a = (Fo(r)) + 3 (Sa(r)) + cov(BFy(r)|A)] = 0,

(56)

where all averages that occur in the Taylor expansion are now
built in the unmodified ensemble as is recovered for A = 0;
see Appendix I. Clearly the coefficients of the zeroth and first
orders in A necessarily vanish separately,

(Fo(r)) =0, (57)

(Sa(r)) + cov(BFy(r)|A) = 0. (58)

The zeroth order (57) constitutes the original force density
balance (24) and the linear order (58) is the hyperforce sum
rule (27).

The present treatment continues to apply when going from
the canonical to the grand ensemble. One merely needs to
replace the canonical trace Tr - with the grand canonical
analog, Tr'- = Yo > (n| - |n)eP*N /N, where u denotes
the chemical potential. We will use the grand ensemble for the
quantum hyperdensity functional theory to which we turn to
next.

B. Density functional minimization principle

We formulate the quantum analog of the classical hyper-
density functional theory by Sammiiller et al. [18,19]. We
work in the grand ensemble with the primed trace Tr’-
and chemical potential u; see the definition of Tr’- at the
end of the previous subsection. We consider the extended
Hamiltonian Hy = Hy — AA/B, cf. Eq. (51). We first make
the hyperforce density sum rule in its covariance form (27)
more explicit by inserting the decomposition of the force
density operator Fy(r) into kinetic, interparticle, and external
contributions; see Eqgs. (7)—(9). This yields, upon using the
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Mori covariance,
Sa(r) + V - cov(A|BTo(r)) + cov(A|BFin o(r))
— %AV BVexe 0(r) = 0, (59)

where xa(r) is the hyperfluctuation profile (13), which we
reproduce for convenience,

Xa(r) = cov(A|a(r)), (60)

and this will provide the link to density functional theory.
In the rewriting (59) we have used that V - cov(A|BE(r)) =
cov(A|V - B1(r)). For completeness the Mori force covari-
ance splitting is given explicitly by

cov(A, BFo(r)) = V - cov(A|BTo(r)) + cov(A| i o(T))
— XA(®)V BViexr o(T). (61)

For the extended system, the grand potential density func-
tional is

Qlnl = Flnl + / den(®) Voo™ — ul,  (62)

where F[n] is the intrinsic free energy functional, which
contains kinetic, Hartree, exchange, correlation, and entropic
contributions [59,60], as are generated by the extended inter-
particle potential

ua(rV) = ug(r™) — 1A/B. (63)

Mermin’s minimization principle [59] ascertains that 2[#]
is minimized by the equilibrium density profile ny(r) and that
the value of the density functional at the minimum is the
true grand potential, Q[ng] = Qy = —B 'InTr re=BHA—LN)
At the minimum the functional derivative vanishes,

§Q2[n]
5”(1‘) n=ng

=0 (min). (64)

Calculating the functional derivative (64) on the basis of the
decomposition (62) of the grand potential density functional
yields the Euler-Lagrange equation

Ci(r;[n]) — BVexio(r) + B = 0. (65)

We have dropped the subscript O of the equilibrium density
profile in Eq. (65) and have defined the full one-body direct
correlation functional

5BF[n]
sn(r) ’

which in particular includes the kinetic contributions.

Ci(r;[n]) = - (66)

C. Hyper-Ornstein-Zernike relation

Differentiating the Euler-Lagrange equation (65) with re-
spect to A yields, upon using the functional chain rule, the
following hyper-Ornstein-Zernike equation:

Cy(r; [n])+/dr’Cz(r, v [nDxa() =0, (67

where the hyperdirect correlation functional is given by

dC (r;
Catestp = “TD (68)

and the full two-body direct correlation functional is defined
as
8Cy(r)

Co(r, I'/; [n]) = sn(r’) :

(69)

The hyperfluctuation profile (60) emerges in Eq. (67) due
to the parametric derivative relationship with the equilibrium
density profile

an(r)
A

xa(r) = ) (70)
as can be verified on the basis of the explicit average n(r) =
(n1(r))4, taken in the extended grand ensemble; we recall its
setup described in Sec. V A and refer to Appendix I for the
explicit derivations.

D. Hyperobservables as density functionals

Furthermore, parametric differentiation of the scaled grand
potential yields the mean of the considered observable A,
9B

A= , 71
3 (71

as is described in Appendix I.
The relevant functional relationships are as follows:

L sA
Cutrilnh) = 30, 72)
Aln] = f DIn|Ca(r: [n]), (73)

where the functional line integral [61] in Eq. (73) is the inverse
of Eq. (72); the derivation of the latter identity is shown
below. Taking the limit A — O restores the original ensemble
with Hamiltonian Hy. The present argumentation is in formal
analogy to the classical case [18-20].

It remains to derive the functional differentiation relation-
ship (72). We start by recognizing that

B dBF
Aln] = — pQln] _  9pFIn] (74)
oA oA In
The latter identity follows from the chain rule,
0BQ[n] 0BF|[n] f 3B82[n]
= d , 75
an o |, ) doa@=gest 09

together with noting that the second term vanishes due to the
density functional minimization condition, §Q2[n]/én(r)|;, =
0, as given by Eq. (64). We next differentiate both sides of
Eq. (74) with respect to the density profile. This yields

SA[n] _ _ 0| 8BF[n] (76)
sn(r) Ol dn(r)
el
= | awim =Gamy. 1)

where we have exchanged the order of differentiation, identi-
fied the total one-body direct correlation functional C(r; [n])
by Eq. (66), and used the definition of the hyperdirect corre-
lation functional Cy(r; [n]) via Eq. (68).
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VI. DYNAMICAL GAUGE INVARIANCE

We introduce temporal dependence in the quantum gauge
theory along the lines of argumentation of the classical
dynamical gauge formulation [23]. The quantum theory is
applicable to general dynamics with parametrically time-
dependent Hamiltonians. We start by describing the details of
this quantum dynamical setup (Sec. VI A) and then lay out the
dynamical operator shifting and the resulting nonequilibrium
sum rules (Sec. VIB).

A. Microscopic many-body dynamics

We take the thermal equilibrium physics, generated by
Hy, as the initial state at time = 0 and consider the dy-
namics for ¢ > 0 as induced by an, in general, explicitly
time-dependent Hamiltonian (1). The mass m, the interpar-
ticle potential u(r"), and the external potential Ve (r) can
all depend on time and we suppress such mere parametric
time dependence in the notation. The quantum propagator
U(t, 0) performs the time evolution, which is unitary such
that U™ (¢, 0)U(t,0) = U(t, 0)UT(¢,0) = 1 and U(0,0) = 1.
Heisenberg operators are then given in the standard way as
A(t) =UT(t,0)AU(t, 0). The nonequilibrium statistical me-
chanics is described by time-dependent averages that are built
over the ensemble of initial states, A(r) = (A(7)).

B. Dynamical operator shifting

Generalizing Eq. (14) allows one to define the following
dynamical shifting superoperator:

o(r.1) = —%[-, mi(x, )], (78)

where the (scaled) Heisenberg one-body current density op-
erator is mj(r, 1 =Ut(, O)mj(r)U(t, 0); see the definition
(6) of the corresponding Schridinger operator mJ(r). Several
basic properties of a(r, t) follow analogously to those of the
static counterpart o(r) described in Ref. [1]. Specifically one
obtains in generalization of Egs. (15) and (22): the trivial
identity o(r,t)l = 0 and the force density operator shifting
relationship F(r, 1) = —a(r, 1)H (7). Furthermore the dynam-
ical hyperforce density operator is given by

Su(r, 1) = a(r, HA®), (79)

where spelling out the right-hand side yields the standard
Heisenberg form Su(r, 1) = U (t, 0)SA(r)U(t, 0) with S4(r)
given by Eq. (25). The dynamical shifting superoperator (78)
retains much of the favorable properties of its static counter-
part: the anti-self-adjointness (16) continues to hold,

af(r,t) = —a(r, 1), (80)

and the dynamical trace identity is TrAlo(r,1)B] =
—Tr[o(r, t)A]B, as follows from the general derivation given
in Appendix B.

The implications of the dynamical gauge invariance reach
beyond the above generic Heisenberg time dependence. To
reveal this structure, in generalization of the initial state force
density operator (23), one applies o(r,t) to the initial state
Hamiltonian Hy. Hence we define the quantum “shift current

operator” as
C(r.1) = —o(r,1)pHo, 81

which is identical to the commutator form
o i . A
Cr,1) = ﬁ[ﬁHo, mJ(r,1)], (82)

as is obtained from application of the explicit form of the
dynamical shifting superoperator (78) to —BH,, which we
recall is the (scaled) Hamiltonian of the initial state. The
shift current operator (81) is a quantum observable, Ca,r)=
Cf(r, 1), as is inherited from the self-adjointness of the scaled
current density operator, mJ (r,t) = mJ T(r, t), and preserved
by the definition (78); see Appendix B. The definition (81) is
the quantum analog of the classical hypercurrent observable,
which is accessible in trajectory-based simulations as an ini-
tial state time derivative [21].

The mean shift current, C(r, 1) = (C(r, 1)), satisfies the
following exact shift current sum rule:

C(r,1)=0, (83)

where the left-hand side can be decomposed into a sum of
kinetic, interparticle, and external contributions, as follows
from the corresponding splitting of Hy in Eq. (81). Briefly,
Eq. (83) follows from averaging a(r, 7)1 = 0, such that 0 =
(o(r,1)) = Tro(r,)e PH/Z = (1|C(r, 1)) and recognizing
the resulting Mori product as (C(r,1)); see Appendix J for the
commutator of an exponentiated operator. At the initial time,
the shift current operator (81) reduces to the (scaled) equilib-
rium force density operator (23), such that C(r, 0) = ,Bf‘o(r),
and hence the shift current identity (81) becomes the force
density balance (24).

The behavior of general dynamical observables A(r)
follows from generalizations of the derivations for the
thermal equilibrium case [1]. The dynamical shifting op-
erator being anti-self-adjoint leads to ([o(r, DA =
—(AT()a(r, 1)) = —(A@1)|C(r, 1)). Identifying the left-hand
side as the dynamical hyperforce density Sa(r,t)=
(Sar, 1)) = (S;(r, t)) and rearranging yields the following
hypercurrent sum rule:

Sa(r,t) + (A@)|C(r, 1)) =0, (84)

where C(r,7) is given via Eq. (81). The second term in
Eq. (84) measures via the Mori product the correlation be-
tween the dynamical observable A(¢) and the shift current
density C(r, ). In general this average will be nonzero, de-
spite the mean hypercurrent C(r, ¢) vanishing at all times; cf.
the sum rule (83). For this reason, we can equivalently express
the Mori product in Eq. (84) in Mori covariance form, which
yields the following alternative (Mori covariance) form of the
hypercurrent sum rule:

Sa(r, 1) + cov(A(r)|C(r, 1)) = 0, (85)

and we refer to Appendix E for the corresponding hypercur-
rent sum rule for general (non-Hermitian) forms of A.

As a specific illustrative example, upon choosing A =
> ;T the general hyperforce density operator (79) becomes
SA(r, t) = f(r, t)1. Thus the general hypercurrent sum rule
(85) reduces to the following exact sum rule for the dynamical
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density profile:
n(r, )1 = —cov( 3 r,-(t)‘é(r, z)). (86)

In Appendix K we give a brief discussion of the relation-
ship of the hypercurrent sum rule with a standard Kubo
identity [54].

VII. DIRAC CORRESPONDENCE

It is useful to lay out the canonical quantization according
to Dirac’s correspondence principle [52]. While the generality
of its validity is discussed and limitations have been formu-
lated systematically [62], we here use it to relate the quantum
and classical gauge invariances to each other. We first describe
the classical version of the many-body problem (Sec. VII A)
and then relate and contrast the quantum and classical shifting
transformations to each other (Sec. VII B).

A. Classical many-body model

We start from a classical N-body system. The role of the
commutator is then played by the (scaled) Poisson brackets
and general classical observables Acl(rN , pN ) are functions on
the N-body phase space. We use shorthand notations for po-
sitions, r¥ =ry, ..., ry, and for momenta, pV =p1, ..., pn,
with p; denoting the momentum of the classical particle i =
1,..., N, which is no longer an operator. As a fundamental
structure [63] given two classical observables A, and B their
Poisson bracket is defined by

o dAq 9By dAy OB
(AaBay =) (T2 50 =52 22) @D

The Liouville equation for the time evolution of a classical
observable is dAq(t)/dt = {Aq(t), H(t)}, where the Hamil-
tonian is now a phase space function. The time argument
t indicates dynamical dependence according to the Heisen-
berg picture, which here is classical [63]. As the phase space
variables are canonical, they satisfy {r;, r;} = {p;,p;} =0
and {r;, p;} = §;;1, where we recall §;; is the Kronecker
symbol and 1 denotes the d x d unit matrix. Choosing the
observable of interest as the classical one-body current, A =
Ja(r), and applying the Liouville equation of motion yields
the classical force density phase space function Fy(r, 1) =
{mjcl(r, 0, B ()} [56]. The prior quantum description given
in Sec. IT A then follows identically by replacing Poisson
brackets with (scaled) commutators, i.e.,

i
o= =200, (88)

and identifying classical phase space variables with their cor-
responding quantum operators, Aq — A.

We summarize briefly the classical statistical mechan-
ics. Classical thermal averages in the grand ensemble
are given by (:)g=Tr/ - e PH=1N) /B where Hy is
the classical version of the quantum Hamiltonian (1) and
the classical grand partition sum is E¢ = Tr /e #Ha=#N) The
classical “trace” is the following series of phase space in-
tegrals Trl, = Y N o(N'h®™)™! [dr,...dry [dp;...dpy
with Planck constant . and spatial dimensionality d. The

shifting gauge theory sketched in the following remains valid
in the canonical ensemble [17,21,22].

B. Classical and quantum shifting

The recent classical statistical mechanical gauge the-
ory [23] is based on viewing the above Poisson brackets
{mjcl(r, t), Hy(t)} as an operator {mjcl(r, t), -} that acts on
the classical version of the Hamiltonian H. (7). We consider
the static case in the following. Upon exchanging the order
of arguments and multiplying by —1, one obtains the follow-
ing classical “shifting” operators [21-23], which are given in
classical Schrodinger form [63] as

oa(r) = { -, mJa(r)}, (89)

and we refer to Ref. [23] for the explicit phase space form.
The classical shifting operators (89) represent a canonical
transformation [57] and they generate a specific gauge trans-
formation on phase space [21,22]. The shifting operators
possess remarkable (algebraic) properties, such as being anti-
self-adjoint on phase space and having nontrivial (Lie algebra)
commutator structure. This differential operator structure has
profound consequences when applied to classical statistical
mechanical averages both in thermal equilibrium [21,22] and
in general nonequilibrium situations [23]. A range of exact
sum rules follows and these have been shown to be computa-
tionally accessible using classical particle-based simulations
[17,23].

Examples of the use of the classical shifting operators are
their application to the classical Hamiltonian H; and a given
classical hyperobservable A, which we recall to be a phase
space function in the present classical context. The result
is the classical force density observable [21,56], Fcl(r) =
—o(r)H,, and the classical hyperforce density phase space
function [17,21], SA,C] (r) = acl(r)A. These relationships are
in formal analogy to the application of the quantum super-
operator (14) to the (negative) Hamiltonian, which gives the
force density operator (22), and to a general hyperobservable,
which yields the hyperforce density operator (25). We recall
that in more elementary form the quantum hyperforce density
operator S, (r) is given for position-only dependent hyperob-
servables A(r") by Eq. (10) and for more general observables
by Eq. (11).

We can now observe that the Dirac correspondence prin-
ciple relates the classical phase space shifting operator (89)
to the quantum shifting superoperator (14). Remarkably, the
Dirac correspondence is passed down to the form of the result-
ing sum rules, where a representative example is the classical
hyperforce density balance,

Sa(r) + cov(Ay, BFy(r)) = 0, (90)

where the covariance of two classical phase space functions is
defined as cov(ACl, BC]) = <Acléc1>c] — A B, with the clas-
sical averages of the two observables being given by Aq =
(Ac)al and By = (Bat)et-

The correspondence on the level of the gauge invariance
sum rules remains nontrivial though, as is manifest by the oc-
currence of the Mori product (and covariance) in the quantum
version, which any “naive” replacement rule would not pick
up. Moreover, we find it highly remarkable that the intricacies
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of the correct implementation of the superoperator calculus
are compatible with the general gauge shifting concept.

VIII. CONCLUSIONS

In conclusion, we have complemented the presentation of
the quantum statistical mechanical gauge theory of Ref. [1]
by (i) providing further background on the particle-based
quantum mechanical underpinnings, (ii) exploring further
consequences of the shifting both in and out of equilib-
rium, and (iii) laying out theoretical interconnections with an
extended quantum density functional approach, which is anal-
ogous to the classical hyperdensity functional theory [18,19],
that applies to general observables. The shifting gauge trans-
formation possesses geometric character and it is represented
by a quantum “‘superoperator,” i.e., a map between standard
Hilbert space operators. We have given background for sev-
eral mathematical concepts that are required to manipulate
superoperators, such as building the adjoint and forming the
commutator of two superoperators.

The specific form of the shifting superoperator (see its defi-
nition via the commutator (14) with the scaled current density
operator) induces nontrivial Lie algebra structure that char-
acterizes the shifting. In particular the relationship between
two shifting superoperators via the commutator relationship
(20) is noteworthy due to the occurrence of the Lie bracket
(21) of the two shifting vector fields that are involved. The
corresponding spatially localized distributional commutator
(17) forms a similarly efficient point for the sum rule con-
struction. Besides the equilibrium hyperforce sum rule (26)
and the further results that are presented in Ref. [1], we
have here obtained product and two-body hyperforce sum
rules (see Sec. IIIC) as well as the species-resolved hyper-
force balance (50) that applies to multicomponent systems.
We have generalized the shifting gauge invariance framework
to nonequilibrium situations that are induced by paramet-
ric time dependence of the Hamiltonian. One key result of
these considerations of the many-body dynamics is the exact
nonequilibrium hypercurrent sum rule (84).

The equilibrium hyperforce framework connects naturally
to hyperdensity functional theory, which we have formulated
to generalize standard density functional dependence. Instead
of targeting the grand potential, or equivalently the ground-
state energy in the low-temperature limit, here the thermal
mean (A) of any given hyperobservable A is expressed as an
explicit density functional A[n]; see Sec. V. An explicit bridge
between the quantum gauge theory and the hyperdensity
formulation is provided by the spatially resolved hyperfluc-
tuation profile x4(r). Notably x4(r) features in both the split
form of the hyperforce balance sum rule (59) as well as in the
hyper-Ornstein-Zernike equation (67). Relevant background
and detailed derivations of all our key results are given in the
appendixes, which we summarize below.

As an outlook on the potential for future work, it could
be highly interesting to carry out numerical investigations of
the gauge correlation structure for specific systems of interest.
Clearly, this task requires careful choices of suitable systems
and also to have a handle on a numerically exact or ap-
proximate representation of the quantum many-body physics.
Such a method must allow one both to perform the involved

Hilbert space operator calculus and to carry out the thermal
average, either to put the equilibrium gauge structure to work,
as described in Sec. III, or to average over the initial state
ensemble that is implied by the dynamical setup; see Sec. V1.
Some inspiration for specific choices of systems could come
from corresponding work carried out for classical systems,
where a range of concrete choices of hyperobservables was
investigated on the basis of particle-based simulation work
[17-19,24] in spatially confined systems [17,24] and for clus-
ter formation [18-20].

Whether the present framework can serve to develop ma-
chine learning schemes that address the many-body problem
[45,46] is an interesting question. Quantum density func-
tional theory is a competitive contender for providing a
sound platform [46] and our present framework supplies both
the existence of the required functional relationships, which
constitute unique maps from the density profile to the av-
eraged hyperobservables, as well as exact sum rules that
could form the basis for consistency checks and to regularize
learning; we refer to Refs. [64,65] for regularized classi-
cal density functional learning and to Refs. [66] for using
classical sum rules as consistency checks for neural density
functionals. Finding connections to modern electronic density
functional approaches [39-44,67] is worthwhile, including
time-dependent density functional theory [67,68] and ma-
chine learning methodology [69,70].

The present gauge theory constitutes arguably a flexi-
ble toolbox for both defining and investigating correlation
functions that follow from first principles, such as the hy-
perforce density distribution S, (1), the Mori force covariance
cov(A| ,BIAT(r)) with its three individual constituents (61), the
hyperfluctuation profile x4 (r), and the hyperdirect correlation
function c4(r).

Whether the gauge shifting can shed light on the topi-
cal problem of many-body localization in bosonic systems
[48-51] is an interesting question. We recall that our present
setup is based on the assumption of an initally thermalized
system, which can undergo a sudden change via explicit time
dependence of a tuning parameter in the Hamiltonian, such
that the system is pushed away from equilibrium. Whether
then thermalization occurs is a relevant question; see, e.g.,
Refs. [71,72] for recent work and Ref. [73] for an intro-
duction. Also addressing orientational degrees of freedom,
as was performed classically [10,28], and investigating the
interplay with standard symmetries [30], as well as relating
to a mathematically rigorous distributional formulation [29]
can be relevant tasks.

The very recent work by Pham-Van [3,4] on quantum sta-
tistical gauge invariance is noteworthy as it points strongly
towards the relevance of the framework. The study [3]
presents a geometric organization of the quantum shift sym-
metry, together with investigations of an entire spectrum of
deep relationships with a broad range of topics in condensed
matter. Furthermore several key identities are verified using
exact numerical diagonalization techniques.

The seven Appendixes A-K are organized as follows.
Details and background for the Hilbert-Schmidt and Mori
inner products are given in Appendix A. The proof of the
invariance of the trace under cyclic permutations and the as-
sociated commutator superoperators is shown in Appendix B.
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We give the explicit derivation of the Lie algebra commutator
relationships in Appendix C. The commutator of two shift-
ing superoperators is described in Appendix D. We lay out
the hyperforce and hypercurrent balance for non-Hermitian
operators in Appendix E. The relationship of the quantum
canonical transformation with the shifting superoperator is
described in Appendix F. The description on the basis of occu-
pation numbers is described in Appendix G. The compatibility
of operator shifting with particle index permutations is proven
in Appendix H. Background for the description of thermal
averages in the extended thermal average is provided in Ap-
pendix 1. The commutator with an exponentiated operator is
described in Appendix J. The relationship of the hypercur-
rent sum rule with a standard Kubo identity is discussed in
Appendix K.
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APPENDIX A: THE HILBERT-SCHMIDT INNER
PRODUCT AND THE MORI PRODUCT

We start by laying out some background. The N-body
Hilbert space is equipped with the standard inner product
(nln'y = [ dr"[n(x™)]*n’(r"). Important physical restrictions
of the general Hilbert space concept include using only
functions which are either symmetric or antisymmetric un-
der particle exchanges to describe the respective statistics
of (indistinguishable) bosons and fermions, as discussed in
Sec. IVB.

The space of linear Hilbert space operators, sometimes
referred to as Liouville space [54], forms a complex vector
space which can be equipped with some inner product. A
standard example is the Hilbert-Schmidt inner product [54]
given by

TrA'B. (A1)
Note that the quantum trace Tr- = ), (n| - |n) of the Hilbert
space is independent of the chosen orthonormal basis |n) [54].

The mapping (Al) is linear in the second argument. Fur-
thermore, it is positive-definite and conjugate symmetric,
since TrATA = Do (An|An) > 0 for A # 0 and (TrA"B)* =
> (An|Bny* =Y (Bn|An) = Tr B'A, where we have used
that the Hilbert space inner product (-|-) is positive defi-
nite and conjugate symmetric. Thus the Hilbert-Schmidt inner
product (A1) is indeed an inner product [54], which hence
serves as a valid starting point in Sec. IIl A to define the
adjointness of superoperators.

The inner product (Al) of two linear operators is not
unique and the Mori product (- |-) defined in Eq. (2) forms
a further alternative version. Due to the invariance of the
quantum trace under cyclic permutations (see Appendix B
below), the inner product (Al) and the Mori product (2)
are linked via (A|B) = =" [} dp'Tr A}, By /Z where Cy =

e FH/2¢eB~PH/2 for ¢ = A, B. Despite their connection,
both inner products differ in general, i.e., each one yields a
different complex number.

The properties of the inner product (Al) imply that the
Mori product is also linear in the second argument and
positive-definite, since TrA;,Aﬁ/ > 0 with A,gr # 0 and thus

(AJA) > 0 for A # 0. The conjugate symmetry of the Mori
product follows from the conjugate symmetry of the inner
product (A1), since (TrAI;,B,_«;/)* =Tr B};,Algr and thus [54]
AIB) = (BIA). (A2)

This proves that the Mori product indeed constitutes an inner
product [54].

The Mori product has further useful properties which we
summarize briefly. Considering adjoint operators yields [54]

(A1B) = (B"|A"), (A3)

which follows by standard adjoint argumentation and the in-
variance of the quantum trace under cyclic permutation (see
Appendix B), since (B;,)T = Eﬁ/ and Tr Bﬁ/AA:;, = TrAA;/B,gr.
Combining Egs. (A2) and (A3) yields the relation [54]
(A|1B) = (AT|B")*, which as a sideeffect proves that the Mori
product of self-adjoint operators is indeed real, as discussed
in Sec. IT A.

APPENDIX B: THE INVARIANCE OF THE TRACE UNDER
CYCLIC PERMUTATIONS AND COMMUTATOR
SUPEROPERATORS

A particularly useful property of the quantum trace is its
invariance under cyclic permutations [54,63]: Using twice the
identity 1 = ), |m)(m| yields

TrABC = Z(m/iéém) (B1)
= Z(nVim) (m|Bk) (k|Cn). (B2)
n,m,k

Since the sum (B2) is trivially invariant under cyclic permuta-
tions of the three factors, we conclude

TrABC = Tr BCA = Tr CAB. (B3)
The invariance (B3) of the quantum trace under cyclic

permutations has certain implications. For example setting
C =1 leads to Tr AB = Tr BA and thus [54]

Tr[A, B] = 0. (B4)

The commutator product rule implies that A[B,C]=
[AB, C] — [A, C1B, where the first term on the right-hand side
vanishes when building the quantum trace, Tr [AB, C’] =0,
due to Eq. (B4). The antisymmetry of the commutator then
yields the following commutator trace identity [54]:

TrA[B,C]1 = Tr [C, A]B. (B5)
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As a consequence of Eq. (BS), superoperators O¢ of the
form O¢ = [ -, (1] satisfy

TrA(OcB) = —Tr (OcA)B. (B6)

~

Furthermore, the property of adjoint commutators [AT, C] =
—[A, CT]" implies

OcA = —(OLA), (B7)

where Of. is defined as O = [ -, C']. Replacing A with A" in
Eq. (B6) and using Eq. (B7) leads to

TrA"(OcB) = Tr (O}A)'B, (B8)

S0 OZ = [-, C"]is indeed the adjoint superoperator of Oc.
Note that the shifting superoperator (14) can be written
as o(r) = O¢ with € = —(i/B)mJ(r) and €t = —C, so the
shifting superoperator satisfies Eqs. (B6)—(B8) as discussed
in Ref. [1]. Since the dynamical shifting superoperator (78)
has the form o' (r, 1) = O¢ with C = —(i/h)mJ(r, 1), the argu-
mentation can be transferred directly to the dynamical setting.

APPENDIX C: DERIVATION OF THE LIE ALGEBRA
COMMUTATOR RELATION

In order to derive the exact form of the difference shifting
field eA(r) [see Eq. (21)], we define for the sake of brevity
the integrated (scaled) current density Jlel = > b - e(r) +
€(r;) - P;]/2. Hence the integrated shifting superoperator (18)
has the form X[e] = —(G/A)[ -, j[e]].

The commutator [-, -] statisfies the Jacobi identity,
ie. [[A B],C1+I[(B,Cl,A1+[[C,A],B]=0 for given
Hilbfirt space operators A, B anq ¢ , SO thatA[[ . ,AA], [-, B]]A:
[[-. B A= -, A1 B = [[-, Bl A1+[[A, 1. B1 = —[IB,
Al, -1=—[-,[A,B]]l, where we have exploited the
antisymmetry and the Jacobi identity of the commutator.
When using the superoperator notation of Appendix B,
the above relation can be expressed equivalently as
[O4, O] = Oc with € = —[A, B], so we conclude that

i 4 ia
(Slel. slell = [ (= z71e1) ][ (- 2 Tte) ]]
= i[ i[i[ 1 Jle]] (Cl)
- A ) K €], € .
It thus remains to analyze (i/ h)[j [er], J [€2]] in more detail
which we do in the following.
Since the fundamental degrees of freedom of different par-
ticles commute, the double sum that occurs in the commutator
simplifies to

(/mIJT e, Tlell

i p D B A
= E Z[pl . el(ri) + 61(1’[) - Pi» pj . 62(1'j) + 62(1'j) . pj]
ij

— i A A ~ R
= E Zi:[pi ce1(r) + e1(x;) - P, Pi - () + (1) - Pil,
(C2)

where the rewritten form only involves a single sum.
Thus we consider the argument of the sum with generic
position r and generic momentum p = —iiZV. By using the

“generalized” canonical commutation relations [P, p] =0,
[P, €(r)] = —iA[Ve(r)], and [€(r), €(r)] = 0, we simplify and
conclude:

i L N

E[p -€1(r) + € (r) - p, P - (r) + ex(r) - p]

= [P (e(r) - [P, e2(0)]) + (€1(r) - [p, (1)) -

T 2h
— P (e2(r) - [P, €1(1)]) — (e2(x) - [P, €1 (1)]) - P]
1
= E[f) -€a(r) +ea(r) - Pl, (C3)

with
i
ea(r) = E(ﬂ(r) [P, 2(r)] — e2(r) - [P, € (r)])
=€1(r) - Ve (r) — ex(r) - Ve (r). (C4)
Note that for smooth vector fields €;(r) and €,(r), the “dif-
ference” vector field €A (r) is again smooth. We recall the

illustration of €(r) in Fig. 1.
In summary, we conclude that

el Slall = [ [1Jie1, Jiel]]

— _%[ , j[eA]] = XY[enl, (C5)

which proves the commutator relation (20). The sketched
proof of Eq. (20) is based on the Jacobi identity, the lin-
earity and the (Leibniz) product rule of the commutator and
the “generalized” canonical commutation relations. Note that
the Poisson bracket (87) satisfies similar properties, so the
derivation of the classical version of Eq. (20) (see Ref. [21])
is similar.

APPENDIX D: COMMUTATOR OF SHIFTING
SUPEROPERATORS

The commutator of two shifting superoperators (17) can be
derived from the commutator (20) of the integrated shifting
superoperators. Using Eq. (18), the commutators are linked
via

[Zle1], Ble]l = /dr/dr/el(r)-[o(r), o(r)] - e (r').

(DD

The left-hand side of Eq. (D1) equals the integrated shifting
superoperator X[ex] with shifting field €A (r) [see Egs. (20)
and (21)], so exploiting the explicit form of € (r) leads to

Yleal = /dra(r)~eA(r)
= / dre;(r) - (Ve (r)) - a(r)
- [ar'ow) - texe) - (Ve
= /dr/dr’el(r) [V8(r —1)]o(r) - ex(r))

— /dr/dr/el(r) co(M)[V'8(r —1r)]- e(r)
(D2)
with V' = 9/ar’.
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Building the second derivative of Egs. (D1) and (D2) with
respect to €;(r) and €,(r) together with Eq. (20) finally yields
the commutator of shifting superoperators,

[o(r), o(r)] = [V(r — r)]o(r) + o)V — )],
(D3)

where we use that V'§(r — r') = —V§(r — r’), so this proves
Eq. (17).

APPENDIX E: THE HYPERFORCE AND HYPERCURRENT
SUM RULE FOR NON-HERMITIAN OPERATORS

The hyperforce density balance (26) can be generalized for
non-Hermitian operators. Such Hilbert space operators A that
are not necessarily self-adjoint satisfy

Si) = Gam)1) = (1184(0)* = Sa(r))*,  (E1)

where we have first rewritten the thermal average by using
the Mori product (2), used its conjugate symmetry (A2) and
reidentified the thermal average. The same argumentation
steps as in Ref. [1] lead to the identity S} (r) = —(Aa(r)) =
—(A|BFo(r)). The conjugate symmetry (A2) of the Mori prod-
uct yields the general hyperforce sum rule for non-Hermitian
operators:

Sa(r) + (BFy(r)|A) = 0. (E2)

Since the Mori product of Hermitian operators is real, as
discussed in Appendix A, the conjugate symmetry (A2) of the
Mori product implies for Hermitian operators A the identity
A ﬂF()(r)) = (ﬂFo(r)|A). Thus the general hyperforce sum
rule (E2) for non-Hermitian operators is indeed a generaliza-
tion of Eq. (26).

The same steps (combined with the argumentation in
Sec. VI) show that the hypercurrent sum rule for non-
Hermitian operators has the form

Sa(r, 1) + (C(r, n)|A@)) = 0, (E3)

which is a generalization of the hypercurrent sum rule (84).

APPENDIX F: THE QUANTUM CANONICAL
TRANSFORMATION AND THE SHIFTING
SUPEROPERATOR

The quantum canonical transformation, described in
Ref. [2] and reproduced in Eqs. (36) and (37), displaces the
fundamental degrees of freedom r; and p; while the trans-
formed degrees of freedom, denoted by ¥; and p;, still satisfy
the canonical commutation relations. Here we analyze the
connection of the quantum canonical transformation with the
shifting superoperator.

According to Egs. (39) and (40), the integrated shifting
superoperator and the linearized quantum transformation are
related since (1 + X[e])r; equals ¥; and on the other hand
(1 + Z[e])p; equals f)i up to linear order in e(r). Since
6X[e]/de(r) = o(r), functional differentiation with respect

to €(r) yields
)
F; = i) F1
Se(r) ezor o(or (F1)
) -
pi = pi, F2
5e(r) P o(r)p (F2)

where the dyadic structure is indicated by the order of the
respective vectors.

Alternatively, both sides of Eqgs. (F1) and (F2) can be
calculated separately to prove the respective equality; see
Ref. [2] for more details about the functional derivatives of
the transformed degrees of freedom.

Using Eq. (F1) we observe for a general (smooth) function
@(r") that

Sp(E)
Se(r)

=0

=Y (V0™ a(0)r;
J

= o (r)p(Y), (F3)

where we have used the functional chain rule and replaced the
functional derivative of F; according to Eq. (F1) in the first
step and then used the chain rule in the second step. Note that
the shifting superoperator a(r) applied to the multiplicative
operator ¢(r") yields the multiplicative operator Sw(r) [see
Eq. (10) with A(r") replaced by ¢(r")], so the effect of the
shifting superoperator on multiplicative operators is analo-
gous to the effect of a differential operator.
Furthermore, we observe for y =1, ..., d that

8(pi, )"
Se(r)

n
_ ~Ak—1 A 1an—k+1

e:O_E D, [G(I‘)P,V]P,-y
k=1

=o(r)p; (F4)

where we have used the product rule of functional differen-
tiation and replaced the functional derivative of p; according
to Eq. (F2) in the first step and used the product rule of the
shifting superoperator a(r) in the second step; see Sec. III C.

In order to connect the quantum canonical transformation
and the shifting superoperator with each other, we consider
observables A(r", pV) of polynomial structure in pV and gen-
eral dependence on r". Such operators can be rewritten in the
following ordered form:

AN PV = D7 fua, P DY, (FS)
Ki,....k,
with f):-"' = 13,:]’" e f?gd, where we sum over all d-dimensional

vectors k; = (k;,, ..., k;,;) with (non-negative) integer entries.
Then due to Eqs. (F3) and (F4), the action of the quantum
canonical transformation and that of the shifting superopera-
tor o'(r), when applied to observables A(r", pV), are linked
via

SAEN, pV)

_ RN aN
5e(r) =o(@AT”, p"), (Fe)

€(r)=0

with A(FV, p") denoting the observable where r" and p" in
Eq. (F5) are replaced with #¥ and p".
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APPENDIX G: SINGLE-PARTICLE AVERAGES FROM
MANY-PARTICLE AVERAGES

As is pertinent for Sec. IV B, choosing either symmetry
or antisymmetry of the Hilbert space basis with respect to
particle exchange encodes whether we consider bosons or
fermions [75-77]. For additive Hamiltonians, we can con-
struct suitable bases from single-particle eigenfunctions and
reduce the many-particle averages to single-particle averages.

More precisely, we consider a Hamiltonian of the ad-
ditive form H =Y, 7l; where the single-particle Hamil-
tonians 7:li act on the variable r; via 7:Li\11(r1, L, Ty) =
7:[\11(1‘], co s T, T, Tigq, ..., IN)|r=r, With Hamiltonian A
acting on single-particle functions ¢(r). Furthermore, the
single-particle Hamiltonian 7{ induces an orthonormal basis
of eigenfuctions ¢,(r), i.e., ’}:[<p,,(r) = e,p,(r) with eigen-
value e,.

The orthonormal basis ¢, (r) induces an antisymmetric and
a symmetric many-particle orthonormal basis. The antisym-
metric basis is given by

Y () = —— " sen()gn, (tet)) -+ Puy (T (G1)
(ND? (&

= (N1)"2 det (¢, (r)), (G2)

for n =ny,...,ny with n; < --- < ny, which is the Slater

determinant, and the symmetric basis is given by

N 1
Un) = ——————— 3" 0, (01 Oy ey

1
(Otl! . ~Otk!N!)2 k€SN

(G3)

for n=ny,...,ny with ny <--- < ny, where the index
ni, ..., ny consists of k different indices and «; denotes the
number of appearance in ny, ..., ny, so that oy + - - - + o =
N. Here Sy denotes the set of all permutation on {1, ..., N}
which has cardinality N! and sgn(k) is the sign of the per-
mutation k € Sy. We have used the same symbol ¥, (r") to

denote the different bases (G1) and (G3).
Note that antisymmetric or symmetric many-particle func-
tions W(r") satisfy
\IJ(I'l .

. I'N) = S(K)\IJ(I'K(l), ey rK(N)) (G4)

for all permutations k € Sy with s(x) = sgn(x) for antisym-
metry and s(k) = 1 for symmetry. This is inline with the
definition given in Sec. IV B, since the exchange of two in-
dices is a permutation with sign —1 and every permutation
can be constructed by elementary transpositions.

Since both bases consist of single-particle eigenfunctions
of 7:[, the additive structure of the Hamiltonian H = Zi ’ﬂ[
implies that both the antisymmetric (G1) and the symmetric
(G3) basis functions ¥, (r") are eigenfunctions of the Hamil-
tonian H with eigenvalues E, = ) e, forn; < --- < ny in
the symmetric case and for n; < --- < ny in the antisymmet-
ric case.

Using the antisymmetric basis (G1) or the symmetric basis
(G3), the many-particle thermal average of an observable A
of the same additive structure A = )", A; as the Hamiltonian
with associated single-particle observable A simplifies to the

weighted sum over single-particle thermal averages

@) =Y (v ZA#‘%)

n

o—PEn
=2 7 > (g, (0) Al (X)), (G5)

where ), denotes the sum over all indices with n; < - -+ <
ny or ny < --- < ny, depending on whether the chosen basis
is symmetric or antisymmetric.

APPENDIX H: COMPATIBILITY WITH PARTICLE
INDEX PERMUTATIONS

Similar to the classical shifting operator [21] [see Eq. (89)],
the quantum shifting superoperator o(r) is also invariant un-
der particle index permutation, as discussed in Sec. IV B. In
particular, the shifting superoperator respects symmetries of
functions under particle index exchange. Such symmetries
are for example encoded already within the chosen basis
functions; see Appendix G for (anti-)symmetric orthonormal
basis functions constructed from a single-particle orthonormal
basis.

We consider a general permutation « :{l,...,N} —
{1, ..., N} with permutation operator P, given by P, f(r") =
f@eay, - .., Tevy). Note that the exchange of two particle

indices, described in Sec. IV B, is one special class of per-
mutation.
Straightforward calculations show that

PcVi=VPe, (H1)
so p; = —ihV,; implies Pp; = Pi(j)Pc. Furthermore using
that P.g(r;) = g(rc(j)), we conclude P.é(r —r;) =8(r —

Tie(j)) P
Exploiting these relations, we obtain

Pe Y _[Pid(r —r;) + 8(r — r;)pi]

=Y B3 — L) + 80 = Tep)Pe]Pe. (H2)

Since the order of summation over all particles is irrelevant
and the permutation « is bijective, the sum on the left-hand
side and on the right-hand side of Eq. (H2) are equal, so we
conclude

P.mI(x) = mJx)P,. (H3)

In particular, Eq. (H3) implies P, [A, mJ(r)] = [P.A, mJ(r)].
This shows the compatibility of the shifting superoperator
o (r) and particle index permutation,

P.o(m)A =o(r)PA, (H4)

s0 [P,, o(r)] = 0, where P, is interpreted as a superoperator.

APPENDIX I: THERMAL AVERAGES
IN THE EXTENDED AVERAGE

We consider the thermal average of the extended ensemble,
introduced in Sec. V A. For convenience, we recall that the
modified Hamiltonian (51) has the form Hy = Hy — XA/f
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and thermal averages are built via (Ja=Tr - e~PHa /Z
with extended partition sum Z4 = Tre #H4. Thus the partial
derivative of the thermal average in the extended ensemble
with respect to A has the form

3 . aB A
—(B)a= <—> + cova(A|B), 1)
ar/,

where (C|B), and covy(C|B) = (C|B)s — (B)A(CT)4 are the
Mori product (2) and the Mori covariance (4) with Hamilto-
nian ﬁA.

To prove Eq. (I1) we calculate the partial derivative on the
left-hand side of Eq. (I1) explicitly. Using the product rule
leads to the following three terms:

0

. P
o (By4 = ﬁTr Be Pz, (I2)

9 . A NI A
=Tr| —B|e PP /7, + Tr B| —e P+ | /7
r[al\ ]e /Za +Tr [axe /Za

” s~ 0 1
v Be P [ﬁ Z—}, (13)
A

where the first term in Eq. (I3) equals the first term in Eq. (I1)
due to the definition of the thermal average (-)4 in the ex-
tended ensemble.

The crucial step to make progress with the second and
third terms in Eq. (I3) is to calculate dePH /0A which can
be written as de P4 /9% = [3/dA, e PHr]. We use the com-
mutator relation (J1) for exponentiated operators, discussed
in Appendix J below, and obtain that

Y g A A N2 T
—,e P = — dpe” " —, Hy |ef "1e P
oA 0 dA

B . N A
:IB‘I/ dp'eP M AeP Hre=PHa 14)
0

where we exploit that [3/9A, Hy] = dH, /9, = —A/B, as fol-
lows from the form (51) of the extended Hamiltonian.

Relation (I4) shows that the second term of Eq. (I3) is
linked to the Mori product via

A 0 g
TrB<—e’3HA)/ZA
oA

B o
=p" / dp Be PFrfeP =Pt 7,
0
= (B'1A)a = AIB), (15)
where we use that the self-adjointness of A together with
Eq. (A3) implies (BT|A), = (BT|A")4 = (A|B),.

Furthermore, relation (I4) simplifies the partial derivative
of the partition sum via

% — TI' ieiﬁﬂA
oA ar

8 o
:ﬁ”/ dp'Tref Hs fef Hag=PHa
0

= TrAe P = 7,(A),, 16)

where we exploit additionally the invariance of the quantum
trace under cyclic permutations (see Appendix B) and the
definition of the extended thermal average (- )4.

Since 9Z;'/0r = —Z;20Zs/d\ = —(A)s/Z4, the third
term of Eq. (I3) simplifies to

N 0 1 A 5 N
Tr Be P (B_A Z_> = —TrBe P /7, (A)4
A

= —(B)atA)a, a7
where we have identified again the extended thermal average
in the last step.
In summary, we conclude that

I oB N A
—(B)a = <a> + (A|B)s — (B)a{A)a, (I8)
A

which is identical to Eq. (I1) due to the definition (4) of the
Mori covariance with Hamiltonian H,.

Note that the argumentation remains valid when replacing
the canonical trace Tr - with the grand-canonical trace Tr’ - =
S o > (n| - [n)ePHN /N1, and the partition sum Z, with the
grand partition sum E4 = Tr’e#H+. Hence the above results
hold analogously in the grand canonical ensemble.

APPENDIX J: COMMUTATOR
OF AN EXPONENTIATED OPERATOR

An important expression (see, e.g., Appendix I) is the com-

mutator of a Hilbert space operator B and an exponentiated
operator e~PC. This can be written as [78]

[B,e P = — / dp'e PC[B, ClefCePC. (1)
0

The identity (J1) is used in Ref. [1] to derive the hyperforce
sum rule (26) and it can be proven by applying the operator
[B, e FC1efC to an arbitrary function f(r"). Differentiation
with respect to 8 yields

9 . ~ an s
5 (B¢ NS = —e B ClfCpa). 2)
Integrating this identity with respect to 8 leads to

N N B N .
(B, e 1P (e = — / BB, 1P ey, (I3)
0

where we use that [B, e‘ﬁé]eﬂéf(r’v)lﬁzo = 0. By replacing
F@N) with e #¢ f(r") and leaving away f(r") on both sides,
we obtain the exponential commutator rule (J1).

APPENDIX K: KUBO IDENTITY
AND HYPERCURRENT SUM RULE

The hypercurrent balance (84) can be written in an alterna-
tive form. Replacing in Eq. (B5) A with (i/%)mJ(r, 1), B with
e P and € with A(z), the antilinearity of the commutator
yields the identity

Tr [%mj(r, 0, A(z)]eﬂ’% = Tr %mj(r, DIA®), e P,
(K1)
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Similar argumentation steps as in Sec. VI leads to the follow-
ing alternative form of the hypercurrent balance (84):

Sa(r, 1) =Tr %[mj(r, 1), A(t)le P 17
=Tr mj(r, t)%[AA([)’ e*ﬁHO/Z]

= (mj(r, )

%[A(n, —ﬁﬂo]). (K2)

Equation (K2) is a special case of the Kubo identity pre-
sented in Ref. [54]. Specifically, the Kubo identity [54] has

the form

(BILC) = —([B", C1) (K3)

1
Bh
with Hilbert space operators B and C and Liouville super-
operator L = (1/m)[Hy, 1. Replacing B and € with mJ(r, 1)
and (i/h)A(t), the definition of the shifting superoperator (14)
shows that Eq. (K2) is indeed a special case of the generic
Kubo identity (K3). The present gauge correlation framework
goes beyond the more generic Green-Kubo formalism by
revealing the specific Lie algebra structure (20) that charac-
terizes the shifting superoperator. This leads to exact identities
such as the commutator sum rule (35).
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