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Chaotic variability in a model of coupled ice streams
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Regions of fast-flowing ice in ice sheets, known as ice streams, have been theorized to be able to exhibit
build-up/surge oscillatory variability due to thermomechanical coupling at the base of the ice. A simple model of
three coupled ice streams is constructed to replicate the spatial configuration of a single ice stream being bisected
into two termini. The model is constructed to mimic existing branching ice streams in northern Greenland. This
model is shown to exhibit both steady-flow and build-up/surge oscillations. Further, the variability can be chaotic
due to the nonlinear coupling of three incommensurate frequencies. This provides a mode of chaotic internal
variability for ice sheets that contain these types of ice streams.

DOI: 10.1103/72g9-96y 1

I. INTRODUCTION

Fast variations in ice sheet volumes are most commonly
assumed to be driven by external components of the climate
forcing the ice sheet. This is because the dynamics of ice
sheets are dominated by the slow deformational creep of an
extremely viscous fluid. However, ice sheets possess a mode
of fast flow driven by the thermomechanical coupling of the
ice sheet to its base. The base of the ice sheet is warmed by
a geothermal heat flux and loses heat through conduction into
the colder ice above it. As the thickness of the ice increases,
the conduction decreases, leading to a positive heat balance
and melting the basal ice. Subsequently, the water under the
ice sheet promotes rapid movement of the ice, generally in
topographically confined channels, known as ice streams. Im-
portant to this process are the characteristics of the bedrock
under the ice. The water can either lubricate the ice sheet base
causing it to slide on top of hard bedrock (basal sliding), or by
saturating a weak till (unconsolidated sediment of rocks, mud
and ice or water), causing it to shear close to the bedrock [1].
Ice-sediment interactions in marine-terminating glaciers can
also play a factor [2].

Ice streams have been shown to transport large quantities
of ice over relatively short periods of time in ice sheet model
simulations of the Laurentide ice sheet (LIS) that covered
parts of North America during the Last Glacial Period (LGP)
[3-7]. These ice streams are theorized to be the cause of
Heinrich events (HE), which correspond to large amounts
of ice-rafted debris found in the marine sediment records
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of the LGP [8,9]. These HE are marked for their abrupt
nature and are sometimes synchronous with the Dansgaard-
Oeschger events seen in the ice-core record of Greenland [10].
Whether they are externally forced or occur spontaneously
due to the internal variability of the ice sheet is still under
contention [11].

Some of the aforementioned model studies of the LIS dis-
play oscillations in ice sheet volume corresponding to HEs
under constant external forcing. These oscillations are irregu-
lar in period, also described as quasiperiodic [12], as expected
due to the size and complexity of the ice sheet. To study
these oscillations, Robel et al. [13] (hereafter R13) created
a one-dimensional conceptual model of an ice stream. This
model experiences a subcritical Hopf bifurcation between
steady-streaming and oscillations of the ice stream thickness
and results in bistability and hysteresis for a range of ice
surface temperatures. However, this model is unable to repli-
cate the quasiperiodic or even chaotic variability observed
in the comprehensive models. To address this, the model
has been expanded with a stochastic component [14]. In this
case, the noise represents fast, small-scale processes such as
atmospheric variability in surface temperature and accumu-
lation rates. Realizations of the resulting model randomly
alternate between steady streaming and oscillations due to
noise-induced tipping from one mode to the other. Still, this
does not address the irregularity observed in the comprehen-
sive models subjected to a constant external forcing.

A recent model study of the present-day Greenland ice
sheet has displayed ice-stream oscillations similar in period
to those of R13 under a constant external temperature forcing
[15]. Similar to the LIS simulations, the period and amplitude
of the observed oscillations are highly irregular despite the ex-
ternal forcing containing no stochastic or chaotic component.
The simulations also experienced a tipping from an ice-
covered to an ice-free Greenland, albeit in an unpredictable
manner. The ice-stream oscillations are evidenced to delay the
complete disintegration of the ice sheet and are theorized to be
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FIG. 1. (Top) Schematic of the fluxes for the R13 model of a
single ice stream. Broad arrows represent mass fluxes and wiggly
arrows represent energy fluxes. (Bottom) Schematic of the three
cases of the till.

chaotic transients [16]. The resulting lack of predictability of
both the tipping point and tipping time in that study is due
to the chaotic internal dynamics themselves, rather than an
external stochastic forcing.

In the present study, a conceptual model of ice streams
displaying chaotic variability is constructed. Building upon
the model of R13, it is extended to include nonlinear coupling
of nearby ice streams. This coupling is inspired by the config-
uration of the oscillating ice stream seen in Kypke et al. [15].
What are originally two individual ice streams that behave
independently retreat inland under an external temperature
perturbation such that their spatial proximity allows them to
influence each other, effectively coupling them. Using this
model, it is demonstrated how certain parameters affect the
overall variability, and how chaotic modes and chaotic tran-
sients can arise solely from ice stream dynamics. While the
setup of this conceptual model does not exactly match the
conditions and configuration of the comprehensive ice sheet
model simulations on which it is based, there is a suitable
similarity to be able to explore the situations that can lead the
system to exhibit chaos.

II. THE R13 ICE STREAM MODEL

The R13 model of ice stream temporal variability assumes
an idealized geometry of an ice stream with constant width
and length, thus only varying height. The variables of the
model describe average values and are reduced to a single
spatial dimension of ice thickness. The upper panel of Fig. 1
shows a cross section of the ice stream, displaying the mass
and energy fluxes. The four prognostic variables of the model
are ice stream ice thickness H, ice sheet basal temperature
T, the thickness of the solids in the unfrozen section of till

hiin s, and till void ratio e, defined below. The void ratio is the
fraction e = “/,—, where V,, is the volume of water and Vj is the
volume of solids in the till such that the total till volume is
Vr =V, + V;. It can take on any value greater than zero and
is related to the porosity ¢ € [0, 1) by the relationship

e
1+e

The thickness of the water in the till is given as Ay =
@hiin, max and is related to the void ratio and thickness of the
solids in the unfrozen till by Ay, = ehrin 5. The basal velocity
u is a diagnostic variable determined by the driving stress
74 and the basal frictional stress 7y, which depends on the
till water content. The model has three cases for the state of
the basal till, seen in the lower panel of Fig. 1 and described
below.
The change in ice thickness is

dH Hub
—— =dc— —, 2
dt

that is, a balance between the mass gained via accumulation
due to precipitation a, and the mass lost due to sliding, as-
suming ice thickness vanishes at the end of the ice stream.
The governing equations for e, hgy s, and 7, depend on the
state of the till, being either frozen (A), partially frozen (B), or
thawed (C).

¢ = ey

A. Frozen till

The first state is completely frozen till: the unfrozen till
height Ay ¢ = 0 and either 7, > 0 (for ease of calculation, 7;
is positive for negative temperatures) or it is O and the basal
melt rate is negative. In this case, there is no basal sliding,

u=0. 3)

The void ratio does not change, i.e. no water in the till is
melting or freezing,

de

— =0, 4
7 4
such that the unfrozen till thickness stays at 0,
dhin,
s 5
7 5

All heat fluxes go to increasing or decreasing the temperature
gradient at the base of the ice,

Ty, 1 " Ki(T; — Tp)
— =——| 14u -—).
dt Gl \ /1 T4 H

The term in brackets, the melt rate, depends on the difference
between the geothermal heat flux g, and the energy diffusing
to the surface of the ice as determined by the gradient between
the surface temperature 7; and basal temperature, as well as
any heat generated by friction due to sliding. The prefactor C;
is the heat capacity of ice and A, is the thickness of the basal
ice layer used to calculate the temperature gradient.

(6)

B. Partially frozen till

The second case is partially frozen till. In this case, the
basal temperature is 0 °C, and the void ratio is at a minimum
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value, e = e, known as the till consolidation void ratio [17].
The unfrozen till thickness is greater than zero but must be
either less than its maximum value, or it is at its maximum
value and with a negative melt rate. In this case, there is again
no basal sliding since it is still partially frozen,

u=0, (7
the void ratio does not change,

de

— =0. 8

o ®)

The unfrozen till thickness changes depending on the melt
rate,

dhn 1 Ki(T; — Tb))’ ©)

where Ly is the latent heat of fusion of ice and p; is the density
of ice. As all the energy is being used to melt or refreeze the
till, the basal temperature stays at 0 °C

ah _ (10)
de

C. Thawed till

The final case is where the till is thawed. The unfrozen till
thickness will be maximum, and any energy is used to increase
or decrease the void ratio. The basal velocity in nonzero and
is given as

At
YT Gy DHE

where the driving stress t; depends on the ice thickness and
surface slope and the basal stress 7y depends on the water
content. It is equal to oo for fully or partially frozen till
(resulting in # = 0 in cases A and B) and decreases to zero
with increasing till water content as 7y = 7o exp [—ce]. The
parameter A, is the rate factor and n = 3 is the exponent of
Glen’s flow law [18]. The void ratio changes depending on
the melt rate,

max [ty — 77, 01", (11)

de 1 < n Ki(T; _Th)) (12)
— = —\Trut+qg,— — |,
dt  hgsLypoi / ¢ H
the unfrozen till thickness does not change and stays maximal,
dhg,s
— =0, 13
7 13)
and the basal temperature stays at 0 °C,
a7,
— =0. 14
o (14

A large, increasing void ratio for a fixed total till thickness
represents the solids gradually being replaced until the entire
till is just a layer of water. Physically, a maximum void ratio
that depends on the till properties would be expected, and
any water beyond this is somehow drained from the system.
A large void ratio is not an issue in this simplified model
however, as the only component that depends on the void
ratio is the basal friction 7y which saturates to near zero very
quickly as the void ratio increases.

Wy

FIG. 2. Schematic of the geometry considered in the three-box
split ice stream model. B1 gains volume from accumulation and loses
volume to B2 and B3 due to streaming flow. B2 and B3 gain volume
from accumulation and as volume flux from B1, and lose volume due
to streaming flow.

III. SPLIT ICE STREAM MODEL

The R13 model is modified to represent a configuration
of ice streams applied in Kypke et al. [15]. There a single
large ice stream is split into two termini. These ice stream
sections have differing basal properties and geometries, the
subsequent oscillations will have different amplitudes and
periods. This is modeled as a coupling between three ice
streams, each described by the R13 model. The coupling is
achieved by designating three box models and coupling them
by conserving volume between one upstream box (B1) and
two smaller downstream boxes (B2 and B3) as in Fig. 2. There
is no explicit coupling between the two downstream boxes,
meaning there is no flow from B2 to B3 or vice versa. The
figure is not to scale: the lengths are on the order of hundreds
of kilometers and the widths on the order of tens of kilometers,
while the height is on the order of a kilometer.

For the upstream box, the change in ice thickness due to
basal sliding depends on the difference between the height of
B1 and the heights of B2 and B3. This difference is a linear
combination of the heights of B2 and B3, weighted by their
relative widths.

dH, (Hl - %Hz - %HS)Mb,l
— =a.— (15)
dt Ly

The widths of B2 and B3 sum up to the width of B1 (W} =
W, + W3), but otherwise the rest of the parameters are un-
constrained. Coupling between the boxes also occurs via
modulation of the driving stress. Since the driving stress de-
pends on the surface slope, the driving stress of the upstream
B1 is modified to depend on the difference between its height
and the height of the downstream boxes in the same manner
as described above,

T = pig— (H1 - —H, — —H3)~ (16)
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FIG. 3. Time series of variables for the individual boxes in the chaotic regime. Black curves are B1 values, blue lines are B2, and red lines
are B3. Parameter values are given in Tables I and II in the Appendix, with 7, , = 15.085 °C. The void ratio of B1 is arbitrarily large, so it is

omitted for readability.

B2 and B3 are downstream of B1, so any volume loss due
to basal sliding of the latter enters the former, each getting
a fraction determined by their width. To keep the coupling
unidirectional, the condition is set that the volume flux is
only nonzero if the change in volume of B1 is negative. This
prevents the case where B2 and B3 lose volume while B1 is
gaining volume. Explicitly, this means

L3 _ {LiWiac = WiHuy; — Gt if G <0
dt LW,a. — W;H;uy, ; otherwise
A7)
fori =2,3.

The basal velocity scales most strongly with three param-
eters: the rate factor A,, the box width, and the box length
through the driving stress. The rate factor itself depends on
the temperature of the ice, and can vary by multiple orders of
magnitude, from 6.8 x 107> Pa=3 s~' at 0°C t0 3.6 x 1077’
Pa=—3 s7! at —50°C [18]. The larger the rate factor, the softer
the ice, and the faster it can flow. Since the temperature of
the entire ice column is not specified in the model, a constant
value of 5 x 107! as in R13 is used, which corresponds to a
temperature of around —10 °C. The basal velocity scales with

the width to the fourth power, but otherwise, the only other
appearance of this parameter in the model is in determining
the relative strength of the coupling of the driving stress of B1
to B2 and B3. The primary effect of the length of the box
on the basal velocity is to determine the flow regime. The
equilibrium ice thickness in the steady flow regime, derived
from Eq. (2), depends on the length and the basal velocity
such that it ultimately scales linearly with length. A larger L
means a larger ice thickness, which increases the basal melt
rate and thus tends towards the steady-flow regime.

As in R13, the geothermal heat flux and surface tempera-
ture also determine the flow regime in opposite ways. A large
geothermal heat flux increases the basal melt rate, whereas a
more negative surface temperature increases the conduction of
heat from the base upwards through the ice sheet, decreasing
the basal melt rate. Depending on the size of the ice stream
boxes we may expect a smaller geothermal heat flux in the
upstream box, which is closer to the center of the ice sheet.
However, a constant value across the boxes is assumed. The
surface temperature is also assumed to be more negative in the
upstream box, primarily to represent a lower temperature due
to the higher altitude as a result of a larger ice sheet thickness.
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FIG. 4. Bifurcation diagram for 7;, from O to 27 (top) and a
zoomed view of the chaotic window between 14.6 and 15.6 (bottom).
The blue bands correspond to the approximate periodic windows
and the red bands to the approximate chaotic windows. Remaining
parameters are given in Tables I and II in Appendix A. For more
information on how to interpret this figure, see Appendix B.

Similarly, the accumulation rate in the upstream box is larger
to represent less surface melt at lower temperatures.

IV. CHAOTIC VARIABILITY AND ROUTES TO CHAOS

The split ice stream model displays all the same modes
of variability as in the single ice stream model R13: steady
flow as well as weak and strong build-up/surge oscillations. In
addition, it is able to exhibit chaotic variability, an example of
which is presented in this section. Figure 3 shows a simulation
for a set of parameters where the three boxes are in the three
different modes: B1 is in the steady-flow mode, characterized
by the arbitrarily large void ratio (not pictured) and small
but nonzero basal velocity. Spikes in this basal velocity occur
due to the coupling to B2, where strong surging occurs. This
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FIG. 5. Poincaré maps of the period-doubling route to chaos on
decreasing T; . The arrows show the cycle in the periodic mode. For
more information on how to interpret this figure, see Appendix B.

build-up/surging mode in B2 is due to occasional refreezing of
the till, identified by a basal velocity that becomes zero when
the void ratio becomes minimal and the unfrozen till thickness
becomes less than maximal. B3, on the other hand, is in the
regime of weaker build-up/surge oscillations. The unfrozen
till thickness is maximal, but the void ratio varies along with
the basal velocity.

To investigate routes to chaos, we apply a parameter varia-
tion. Figure 4 shows a bifurcation diagram, given by the peaks
in the total ice volume in all three boxes, as a function of
the surface temperature in B2. It should be noted that the
steady-streaming mode does not appear, as the surface tem-
peratures of B3 is such that it is fixed in the oscillatory mode,
impacting the entire system. If all three surface temperatures
were changed in unison, the steady-stream mode would be
easily recovered. There are three regimes, characterized by
the rate of change of the void ratios in boxes 1 and 2 and
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FIG. 6. Poincaré maps of the intermittency route to chaos on
decreasing T ,. The arrows show the cycle in the periodic mode. For
more information on how to interpret this figure, see Appendix B.
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determined by the value of 7 ». These three regimes represent
different dominant sources of variability. In the first one, for
T;» < 6.65, B2 has a large and increasing void ratio, indi-
cating steady-streaming, and B1 has a minimal void ratio,
indicating oscillatory behavior. As the upstream box feeds
the downstream ones, the oscillations of the total volume are
paced by the variability in B1. For a large enough 7; , > 6.65,
B2 is now in the weak build-up/surge mode, with the result
being multi-mode oscillations. For even larger 75, > 9.05,
the less frequent surging events allows the thickness of Bl
to grow to the point where it has a positive basal melt rate and
e) is constantly increasing. That is, B2 is in the build-up/surge
mode and B1 is in the steady-streaming mode, meaning B2
dictates the variability.

0.7

—— Chaotic attaractor
— Periodic attractor

0.65

0.6

Box 3 void ratio

05

0.45 . . , . )
12 125 13 135 14 14.5

Total ice stream volume (1000 km3)

FIG. 8. Projection of the two attractors in the ice stream volume
and B3 void ratio plane at the same parameter value L, = 231.5 km,
indicating bistability. The remaining parameters as in Tables I and 11
in the Appendix.

These regimes describe the asymptotic state, but as the void
ratio can increase without bound, transitions from one regime
to another can take a very long time to equilibrate depending
on the initial values of these variables which may introduce
long transients in the nonequilibrium setting. In a realistic
case, there might be some upper limit to the void ratio which
prevents such overly long transients.

The bifurcation diagram reveals a few chaotic windows.
In the parameter window T;, € [14.9, 15.4] (second panel
of Fig. 4), the transition from periodic to chaotic as T, is
reduced occurs as a cascade of period-doubling bifurcations.
Figure 5 shows a sequence of Poincaré maps at the onset of
the chaotic window. What begins as a 2-cycle experiences a
period-doubling bifurcation into a 4-cycle. The return map
then begins to appear as a strange attractor for 7y, = 15.085.
At the end of the chaotic window, T, = 14.55, the sud-
den transition from chaotic to periodic occurs due to the
piecewise-continuous nature of the system [19].

In a different chaotic window around 7;, = 11 in Fig. 4,
the transition back to a periodic orbit occurs as the orbits
become increasingly more intermittent, with bursts of chaotic
behavior in between regular periodic motion. This can be seen
in Fig. 6, which shows the same type of Poincaré maps as
in Fig. 5. As T;, continues to decrease, these intermittent
bursts of chaos interrupting period-7 variability become more
rare, as seen by the clustering of points. This continues until
the motion is purely periodic. Hence this route to chaos, or
rather route from chaos, occurs as the Pomeau-Manneville
intermittency type [20].

V. BISTABILITY, CRISES, AND CHAOTIC TRANSIENTS

In this section, the model is applied to replicate the be-
havior seen in Kypke ef al. [15]. In that study, there are two
configurations of the ice sheet in the northwestern drainage
basin with two distinct ice sheet extents. In the ‘unretreated’
case with a larger ice sheet extent, the ice streams oscillate
with small amplitude in a more regular manner. Under moder-
ate warming of about 1 °C, the ice sheet in that region retreats
and the ice streams now oscillate with larger amplitude and in
a more irregular pattern. As has been shown in the previous
section, the model can shift from regularly periodic to chaotic
under very small surface temperature perturbations. We also
demonstrate the transition from oscillatory to chaotic under
variation of the length of one of the downstream boxes in this
section to represent the retreat of the ice sheet under temper-
ature forcing. This comes with the caveat that the conceptual
model parameters have not been altered to match those of the
comprehensive ice sheet model, so the similarities are mostly
qualitative.

Figure 7 shows the bifurcation diagram under variation of
the length of B2 in both increasing and decreasing directions.
The region between 222 and 232 km is bistable, display-
ing both periodic and chaotic variability. At L, = 231.5 km,
the chaotic attractor experiences a boundary crisis [21]. At
L, = 222 km, the periodic attractor disappears and only the
chaotic attractor remains, implying a saddle-node bifurcation
of limit cycles.The periodic motion occurs when the unfrozen
till thickness of B2 (A 2) is constant and maximal. On the
chaotic attractor, the till periodically partially refreezes. There
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FIG. 9. Transient transition from chaotic to periodic for a slow parameter shift of L, from 231.5 km to 232.5 km. The orange line indicates
where the parameter shift begins, and the yellow line is where it ends. The system does not transition to periodic until more than 100 kyr after

the parameter has changed.

are regions of bistability as shown, for example, in Fig. 8. This
explains the direction of the hysteresis: for larger ice stream
lengths the ice thickness will be larger, decreasing the heat
lost to conduction and maintaining a larger basal melt rate
which in turn keeps the till unfrozen. The bistability in this
region also results in a fractal boundary between the basins
of attraction of the chaotic and periodic attractors [22]. This
results in neighboring initial conditions near the basin bound-
ary approaching one attractor or the other, and can explain
the appearance of the ‘anomalous’ simulations in Kypke et al.
[15], where trajectories forced to parameter values expected
to be in the retreated configuration are in the unretreated
configuration, and vice versa. There is also another bistable
region between L, = 198 and 202 km.

The split-stream model also displays a chaotic transient in
the transition between chaotic to periodic after the bound-
ary crisis at L, =232 km. Figure 9 shows a time series
for a trajectory initialized on the chaotic attractor for L, =
231.5 km.After 100 kyr of simulation time (orange line in
Fig. 9), the value of L, is slowly increased to 232.5 km over
50 kyr and kept constant at that value thereafter (yellow line
in Fig. 9). The trajectory remains chaotic for a while although
the system only has a periodic attractor at this parameter
value. The periodic motion then begins around 260 kyrs of
simulation time, more than 100 kyr after the parameter shift
is finished. A similar chaotic transient is proposed to occur in
Kypke et al. [15], albeit with a collapse to a state where the
ice stream no longer exists rather than to a periodic orbit.

VI. CONCLUSIONS

A model of coupled ice streams based on the simple
model of R13 [13] has been constructed and its temporal
dynamics investigated. Our model displays all of the same
modes of variability due to thermomechanical coupling at
the base of the ice sheet: steady flow, oscillations, and build-
up/surge oscillations. Using this ice stream model it has been
demonstrated that interacting ice streams can exhibit purely
temporally chaotic variability over a range of parameter val-
ues. Chaotic windows arise in a variety of ways, including
period doubling, intermittency, and boundary crises. While
the coupling geometry implemented in this paper is inspired
by a scenario seen in model simulations of the Greenland ice
sheet, a simple reversing of the coupling direction could allow
for the model to represent ice streams which converge into
a common terminus. This scenario could also be applicable
to regions such as the Siple coast ice streams in the West
Antarctic ice sheet [1].

Ice streams in realistic topographies are clearly more com-
plicated than the idealized configuration described here. Their
behavior can therefore be expected to be at least as complex
as in the simple model. Since ice streams are ubiquitous to
ice sheets and contribute a large amount to their overall mass
balance despite their relatively small extent [23—33], under-
standing their variability is crucial. That ice streams can vary
chaotically means that they can sensitively depend on their ini-
tial state, complicating prospects of predicting their evolution
and requiring a probabilistic framework to evaluating future
mass loss. Even more surprising is that fact that there may be
bistability between chaotic and nonchaotic temporal behavior.

Various important physical processes in ice streams are not
accounted for in this model. For example, a positive melt-
elevation feedback which would decrease the accumulation
rate at smaller ice thicknesses. This feature is vital if one
wishes to extend the model to be able to include the effects of
tipping of the ice sheet that the ice streams are a part of as seen
in Kypke ez al. [15]. That is, if the ice thickness is brought low
enough to decrease the accumulation rate a suitable amount,
the ice stream could lose all of its mass and not recover. The
first question is whether this feedback would dominate over
the feedback that allows for the oscillations. If the surface
temperature is allowed to decrease as H decreases, the con-
ductive term in the basal melt rate would be less sensitive to
changes in ice thickness. As mentioned in R13 [13], there is
no timescale associated with the vertical temperature gradient
through the ice, which can occur on a timescale of thousands
of years. The inclusion of such a propagation timescale might
alleviate the complications associated with introducing an
altitude-dependent accumulation rate. Another improvement
would be accounting the latent heat of the basal meltwater. In
our model, basal water beyond the maximum thickness drains
instantly, which neglects the storage of latent heat therein.
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APPENDIX A: MODEL PARAMETERS

Tables of shared (Table I) and box-specific (Table II) parameter values used to generate figures.

TABLE I. Shared parameter values.

Constant Description Value Units
0i Density of ice 917 kgm™*
Ly Latent heat of fusion of ice 3.335 x 10° Jkg™!
K; Thermal conductivity of ice 2.1 Js!m~'K-!
hy, Basal ice layer thickness 10 m
G Specific heat capacity of ice 1.94 x 10° JK ' m™?
Ay Glen’s flow law rate factor 5x107% Pa=3 5!
e, Till consolidation void ratio 0.3
T Empirical till coefficient 9.44 x 108 Pa
c Empirical till exponent 21.7
e Geothermal heat flux 0.07 W m™?
TABLE II. Specific parameter values for boxes 1, 2, and 3, respectively.
Constant Description Value Units
Rl max Maximal till thickness 1 m
2
2
ac Accumulation rate 0.05 myr~!
0.0455
0.0417
T; Surface temperature 15 °C
0-30*
15
L Ice stream length 200 km
200-300°
250
w Ice stream width 60 km
35
25
“Parameter range in Sec. I'V. Fixed at 15 in Sec. V.
®Parameter range in Sec. V. Fixed at 200 in Sec. IV.
(
APPENDIX B: UNDERSTANDING BIFURCATION a simple nonlinear system, the Duffing oscillator:
DIAGRAMS AND POINCARE MAPS
¥ 4 8% — ax + Bx° = y cos(wt). (B1)

Poincaré maps are a tool to investigate recurrence and
periodicity in trajectories of a dynamical system. It comprises
the set of discrete intersections of the trajectory in phase space
with a lower dimensional manifold in the phase space. These
are thus also called recurrence plots.

In order to understand the maps in Figs. 5 and 6 and the
bifurcation diagrams in Figs. 4 and 7, consider as illustration

This system transitions via period doubling from periodic to
chaotic solutions as, say, o changes. Figure 10 left panels
show trajectories for three different values of «. The red
circles in the plots are stroboscopic maps (a specific type
of Poincaré maps), simply plotting (x(mT ), x(mT)), m =
1,2,3,..., and T =2 /w, where T = 27 /w is the period
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FIG. 10. Left panels show trajectories of the Duffing oscillator, (B1) with («, 8, y, §, w) = («, 0.25,2.5, 0.1, 2) for three values of «. Red
circles are stroboscopic maps, while crosses are the Poincaré maps defined by intersections from above of the line x = 0 (see text). These 1D
maps are plotted vertically as function of « in the right panel. This is the bifurcation diagram showing period doubling and transition to chaos.

of the forcing y cos(wt). The top left panel shows with one
red circle that the solution is periodic with period 7, the
middle left panel shows with two red circles that the solution
has period 2T, while the bottom left panel with an infinite
fractal set of red circles shows that the solution is chaotic.
This stroboscopic construct can be seen as intersections of a
lower dimensional manifold by simply transforming the 2D
nonautonomous system (B1) into a 3D autonomous system
by substituting the right-hand side with yz, where z solves
the equation 7z = —wz. Then (x, x, 0) is the lower dimen-
sional manifold intersected by the trajectory (x, x, z). An even
simpler construct is to plot the intersection of the trajectory
(x, x) with the line x = 0. These are the colored crosses in
the left-hand panels. The right panel plots this 1D intersection
map as a function of «, crosses have the same colors as in the
left panels. The gray dots are the same maps for all « in the
interval.

For our purpose, the Poincare maps in Figs. 5 and 6 show
how the system changes from periodic to chaotic or vice-versa
as the parameter Ty, changes. These correspond to the red
circles in the left panels in Fig. 10. This is done by plotting

the values of the total ice volume (V) and B3 void ratio (e3)
when hgj 2 becomes maximal, i.e., when B2 starts to surge.
The points in each panel can be understood as a discrete
dynamical system that maps the values of (V, e3) at the onset
of surges of B2. If, on successive surges of B2, the system
jumps between the distinct points on the Poincare map, that is
aregular periodic orbit. At points where the system is chaotic,
(V, e3) covers a larger range of values and thus there is a
fractal set of these values rather than distinct points.

The bifurcation diagrams in Figs. 4 and 7 correspond to the
right panel in Fig. 10. They show how the system exhibits both
periodic and chaotic variability for a range of values for the
parameter T » and L,, respectively. The horizontal axis shows
different values of the parameter, and the vertical axis plots the
asymptotic state of the system at that parameter value, in this
instance indicated by the value of the total ice volume of all
three boxes at the peaks of the oscillations. When the points at
a given parameter value are few and distinct, this demonstrates
that the system oscillates in a periodic manner. As the parame-
ter changes, the amplitude of the oscillation changes, and this
can happen smoothly or abruptly. These orbits can also double
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in period, exemplified by a forking of a branch. Places where
the points are denser are chaotic windows. Figure 7 shows two
such bifurcation diagrams, since the system can have more
than one stable state (i.e., the system is bistable) for a range

of parameters. Most pertinently, the system has both a chaotic
and a periodic orbit for a range of values for L, from 222
and 232 km. Whether a trajectory approaches one or the other
depends on its initial value.
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