
PHYSICAL REVIEW E 112, 024120 (2025)

Response to an external field of a generalized Langevin equation
with stochastic resetting of the memory kernel

Petar Jolakoski ,1,* Lasko Basnarkov ,2,† Ljupco Kocarev ,1,2,‡ Aleksandra Popovska-Mitrovikj ,2,§

Verica Bakeva ,2,¶ and Trifce Sandev 1,3,4,**

1Research Center for Computer Science and Information Technologies,
Macedonian Academy of Sciences and Arts, Bul. Krste Misirkov 2, 1000 Skopje, Macedonia

2Faculty of Computer Science and Engineering, Ss. Cyril and Methodius University in Skopje, P.O. Box 393, 1000 Skopje, Macedonia
3Institute of Physics, Faculty of Natural Sciences and Mathematics,

Ss. Cyril and Methodius University in Skopje, Arhimedova 3, 1000 Skopje, Macedonia
4Department of Physics, Korea University, Seoul 02841, Korea

(Received 30 April 2025; accepted 21 July 2025; published 18 August 2025)

We study a generalized Langevin equation framework that incorporates stochastic resetting of a truncation
power-law memory kernel. The inclusion of stochastic resetting enables the emergence of resonance phenom-
ena even in parameter regimes where conventional settings (without resetting) do not exhibit such behavior.
Specifically, we explore the response of the system to an external field under three scenarios: (i) a free particle,
(ii) a particle in a harmonic potential, and (iii) the effect of truncation in the memory kernel. In each case, the
primary focus is on understanding how the resetting mechanism interacts with standard parameters to induce
stochastic resonance. In addition, we explore the effect of resetting on the dielectric loss.
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I. INTRODUCTION

The random motion of a massive particle of mass m in a
fluid, known as Brownian motion, can be described using the
Langevin equation [1]. It is an equation that combines New-
ton’s second law with the random force ζ (t ), which is a white
Gaussian noise of zero mean, 〈ζ (t )〉 = 0, and the delta cor-
relation, 〈ζ (t )ζ (t ′)〉 = 2kBT γ δ(t − t ′), where kB is the Boltz-
mann constant and T is the absolute temperature of the envi-
ronment. The notation 〈·〉 denotes an ensemble average, which
is a statistical averaging over an ensemble of particles at a
given moment in time t . The standard Langevin equation reads

mẍ(t ) + γ ẋ(t ) = ζ (t ), (1)

where −γ ẋ(t ) is the friction force, which is the result of the in-
teraction between the particle and the surrounding molecules
of the environment, and γ is the friction coefficient. The mean
squared displacement (MSD), 〈x2(t )〉 of the Brownian particle
has a linear dependence on time. This is a simple random
process with normal diffusive behavior. However, in many
complex media, the MSD shows a power-law dependence
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on time, 〈x2(t )〉 ∼ tα , which is a signature of anomalous
diffusion. Here, α is the anomalous diffusion exponent, which
distinguishes the cases of subdiffusion for 0 < α < 1, normal
diffusion for α = 1 and superdiffusion for α > 1 [2]. There
are many different approaches to anomalous diffusion, such
as the continuous time random walk model [2,3], fractional
diffusion and Fokker-Planck equations [2–4], fractional
Brownian motion [5,6], and fractional and generalized
Langevin equations [7,8], to name a few.

Here, we consider the generalized Langevin equation
(GLE) for a particle with mass m in external potential V (x),
which is defined by

mẍ(t ) +
∫ t

0
γ (t − t ′)ẋ(t ′) dt ′ + dV (x)

dx
= ζ (t ), ẋ(t ) = v(t ),

(2)

where x(t ) is the particle displacement, v(t ) is the particle
velocity, F (x) = − dV (x)

dx is the external force acting on the
particle, γ (t ) is the friction memory kernel, and ζ (t ) is a
random force of zero mean (〈ζ (t )〉 = 0) which satisfies the
second fluctuation-dissipation relation [9,10]:

〈ζ (t )ζ (t ′)〉 = C(|t − t ′|) = kBT γ (|t − t ′|). (3)

This fluctuation-dissipation relation means that the dissipation
represented by the friction memory kernel and the fluctu-
ation, represented by the noise ζ (t ), come from the same
source. If the second fluctuation-dissipation relation Eq. (3)
does not hold, then the noise is known as external noise. The
GLE extends the standard Langevin equation by introducing
a memory-dependent friction term, thus accounting for non-
Markovian effects in stochastic processes. The friction kernel
reflects how a complex environment affects the motion of the
particles, resulting in anomalous diffusion. Because of this,
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the GLE provides a useful framework for modeling such dif-
fusion in various complex systems. Essentially, it represents
Newton’s second law for a particle under random force and
generalized friction.

The memory kernel in the GLE may have different forms.
For a Dirac δ memory kernel, the GLE reduces to the standard
Langevin equation for a Brownian motion. This δ correlation
of the noise occurs when the mass of the immersed particle
(for example, pollen grains and dust particles) in a fluid (for
example, water) is much larger than the mass of the surround-
ing molecules. The timescale of the molecular motion is much
shorter than the timescale of the Brownian motion. However,
in many systems the mass of the immersed particle is not
necessarily much larger than the mass of the surrounding
molecules. Thus, the timescale of the molecular motion is not
very much shorter than the timescale of the motion of the
immersed particle, and the noise correlation is no longer δ

correlated. The power-law correlated noise γ (t ) = γ t−α

�(1−α) ,
0 < α < 1, is an example which leads to anomalous diffusive
behavior. In such a case, the free particle shows anomalous
diffusive behavior since the MSD has a power-law depen-
dence on time, i.e., 〈x2(t )〉 ∼ tα [7], see also Refs. [11–14].

The GLE has been used to model anomalous dynam-
ics within a single protein molecule [15–17], in which a
power-law memory kernel was used, and a harmonic potential
V (x) = mω2x2

2 , where ω is the oscillator frequency, since the
movement within proteins is confined to a short range which
can be well approximated by a harmonic potential. It can
also be used to describe the single-file diffusion in which the
MSD behaves as 〈x2(t )〉 ∼ t1/2, the motion in a viscoelastic
environment [18,19], the individual motion of lipid molecules
[20–22], and of messenger RNA molecules [23] in living
cells, etc.

In recent years, a very popular topic in nonequilibrium sta-
tistical physics has been the influence of stochastic resetting
on the corresponding random process, that is, a process where
the moving particle is reset to its initial position or any other
position from time to time. Such a resetting mechanism can
make the mean first passage time (MFPT) of a random walker,
for example, a Brownian walker, to hit the target finite, which
diverges in the reset-free case [24]. Stochastic resetting also
leads the particle to reach a nonequilibrium stationary state
in the long-time limit [24,25], which has also been experi-
mentally demonstrated by using holographic optical tweezers
[26] and laser traps [27]. Relaxation to the nonequilibrium
stationary state appears to be a nontrivial process, showing
a dynamical phase transition [28]. Such phenomena have
also been observed in various inhomogeneous and disordered
systems, such as heterogeneous diffusion processes [29–32],
geometric Brownian motion [33–35], random walks in com-
plex networks [36–39], and in quantum systems [40–42], to
name a few. However, there are a limited number of works
on the GLE with resetting. In a recent paper [43], the GLE
for a particle in a viscoelastic bath under stochastic resetting
was considered, where the memory kernel is a combination
of the Dirac delta and exponential function. In this paper, we
consider a GLE in which we use the renewal equation for
the memory kernel as in Ref. [44] to tune the dielectric
relaxation and complex susceptibility in a system of polar
molecules.

This paper is organized as follows. In Sec. II, we review
the known results for the GLE for a harmonic oscillator
in the presence of an external periodic force. We investigate
the stochastic resonance for a tempered power-law memory
kernel by calculating the response function and the complex
susceptibility. In Sec. III, we provide a detailed description of
how stochastic resetting of the memory kernel is incorporated
into the generalized Langevin equation. We analyze the ef-
fects of resetting on stochastic resonance and the dielectric
loss, focusing on distinct cases: free particle, harmonically
bounded particle, truncation, and their interplay with the reset-
ting rate of the memory kernel. The double-peak phenomena
were observed. The analytical findings are verified through
the Markovian embedding simulation methodology scheme
developed in Sec. IV. Finally, in Sec. V, we summarize our
findings.

II. GLE FOR A HARMONIC OSCILLATOR: RESPONSE
TO AN EXTERNAL PERIODIC FORCE

The GLE for a harmonically bounded particle with mass
m = 1 and an external periodic force is given by [13,14]

ẍ(t ) +
∫ t

0
γ (t − t ′)ẋ(t ′) dt ′ + ω2x(t ) = A0 cos(�t ) + ζ (t ),

(4)

where ẋ(t ) = v(t ). The term ω2x(t ) originates from the har-
monic potential V (x) = mω2x2

2 , which produces a restoring
force proportional to the particle displacement. Setting the
total external force F (x, t ) = −ω2x(t ) + A0 cos(�t ) equal to
zero, we obtain the standard GLE equation (2). Here, we
consider exponentially truncated power-law memory kernel of
the form

γ (t ) = γ e−bt t−α

�(1 − α)
, (5)

which for b = 0 reduces to the power-law memory kernel. The
effect of truncation is captured by the truncation parameter b,
whereas the subdiffusive behavior is controlled by the power-
law exponent α. Its Laplace transform reads

γ̂ (s) = (s + b)α−1, (6)

where we apply the shift rule of the Laplace trans-
form, L[e−at f (t )] = f̂ (s + a), where f̂ (s) = L[ f (t )] =∫ ∞

0 f (t )e−st dt . Memory kernels such as Eq. (5) and more
generalized truncated power-law forms have been used in
the generalized diffusion equation [44–46] and generalized
Langevin equation [47–49] for description of characteristic
crossover dynamics. A graphical representation of the
truncated memory kernel, together with resetting, is given in
Fig. 2, which is discussed in greater detail in Sec. III.

In general, a system subjected to a time-dependent oscil-
lating field tends to exhibit stochastic resonance [50] when
the frequency of the external field coincides with one of the
system’s intrinsic natural frequencies. For a standard power-
law memory kernel, when α = 1, resonance occurs only if
the angular frequency ω of the potential exceeds the critical
value γ /

√
2. However, in the case of fractional dynamics

when 0 < α < 1, there is a nontrivial behavior of the res-
onance phenomenon. Specifically, in Ref. [13], the authors
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FIG. 1. The response of GLE to an oscillating field. (a) shows the
response for a free particle (ω = 0). On the other hand, (b) shows the
effect for a harmonically bounded particle for various parameters.
(c) shows the effect of the truncation parameter for a free particle.
(d) incorporates the effect of the potential (ω = 1) for various trun-
cation parameters. α = 0.1 for both (c) and (d).

identified a critical exponent αR such that resonance occurs
when α < αR. Interestingly, the resonant peak is present even
in the case of a free particle (absence of a potential). On the
other hand, for b > 0 resonance dissapears as the truncation
parameter b becomes larger [47]. Moreover, additional critical
exponents are determined for the onset of the double peak
phenomenon in the imaginary part of the complex suscepti-
bility. This quantity is examined as a signature of magnetic
(or dielectric) loss arising from thermally activated relaxation
processes in magnetic nanoparticles—whether the anisotropy
is uniaxial, cubic, or triaxial—and under various external field
conditions [51–55].

In this paper, we examine how stochastic resetting of the
memory kernel affects the response of the system described
by Eq. (4) to an external oscillating force. Stochastic resetting
is a mechanism in which a given stochastic process evolves
freely during a given random interval of time before being
reset to its initial state [24,25]. It has motivated widespread
research in statistical physics and stochastic processes. One
key application is to enforce stationarity in processes that
are inherently nonstationary [33,56] and another is that in-
troducing resetting causes the MFPT for a single diffusive
searcher to become finite—in contrast with purely diffusive
searches where the MFPT diverges [24,57]. In our case, we
apply resetting directly to the memory kernel instead of to
the particle’s position, as done in Ref. [44] in investigation of
dielectric relaxation dynamics, and explore its consequences
on the stochastic resonance phenomenon and the dielectric
loss. We find that the resetting rate, by influencing the cor-
relation structure of the noise through the memory kernel,
alters the dynamical transitions from a nonresonance to a

FIG. 2. Log-log plot of the memory kernel Eq. (17) for (a) with-
out resetting, (b) with resetting for α = 0.3, and (c) with truncation
and various resetting rates for α = 0.3.

resonance regime. Particularly, we observe the appearance of
resonancelike behavior for regions where it was previously
absent (α > αR). Similarly, the resetting mechanism interacts
with the angular frequency of the potential in an interesting
way, inducing resonance that was previously absent for higher
values of the truncation parameter b. Additionally, we identify
critical regions in the α − r plane for the imaginary part of the
complex susceptibility, in relation to other standard parame-
ters of the GLE.

Here, we briefly review some of the known results of a
response to an external field and complex susceptibility in the
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standard GLE. The starting point for this analysis is to perform
an average of Eq. (4):

〈ẍ(t )〉 +
∫ t

0
γ (t − t ′)〈ẋ(t ′)〉dt ′ + ω2〈x(t )〉 = A0 cos(�t ),

(7)

where we used 〈ζ (t )〉 = 0. Using the Laplace transformation
method on Eq. (7), one finds

〈x̂(s)〉 = sx0 + v0 + γ̂ (s)x0 + A0
s

s2+�2

s2 + sγ̂ (s) + ω2
, (8)

which can be rewritten as

〈x̂(s)〉 =
[

sx0 + v0 + γ̂ (s)x0 + A0
s

s2 + �2

]
ĥ(s). (9)

Finally, by the inverse Laplace transform of Eq. (9) for the
first moment in the time domain, we get

〈x(t )〉 = x0

[
1 − ω2

∫ t

0
h(t ′) dt ′

]
+ v0 h(t )

+ A0

∫ t

0
cos(�(t − t ′))h(t ′) dt ′, (10)

where h(t ) = L−1[ĥ(s)] = L−1[ 1
s2+s γ̂ (s)+ω2 ], x0[1 − ω2

∫ t
0

h(t ′) dt ′] = L−1[x0(s + γ̂ (s))ĥ(s)], v0h(t ) = L−1[v0ĥ(s)],
and A0

∫ t
0 cos(�(t − t ′))h(t ′) dt ′ = L−1[A0

s
s2+�2 ĥ(s)]. From

here, for the long-time limit (s → 0), it follows, see Ref. [13]:

〈x(t )〉 	 A0

∫ t

0
cos

(
�(t − t ′)

)
h(t ′) dt ′

→ 〈x(t )〉 = R(�) cos (�t + θ (�)), t → ∞, (11)

where the response R(�) and the phase shift θ (�) are defined
through the complex susceptibility:

χ (�) = χ ′(�) + iχ ′′(�) = ĥ(−i�), (12)

where χ ′(�) and χ ′′(�) are the complex and imaginary parts
of the susceptibility and ĥ(−i�) = ∫ ∞

0 ei�t h(t ). From the
complex susceptibility, the response is

R(�) = |χ (�)| (13)

and the phase shift is

θ (�) = arctan

(
−χ ′′(�)

χ ′(�)

)
. (14)

The response and the real and imaginary parts of the complex
susceptibility will be studied in detail.

Generally, extensive research has focused on understand-
ing how subdiffusing systems respond to a time-dependent
field [58–60]. For our particular focus, the authors in Refs.
[13,14,47] focused on the response of GLE with and without
harmonic potential and also investigated the behavior of the
imaginary part of the complex susceptibility (the dielectric
loss). To calculate the complex susceptibility for the standard
case of GLE with truncated power-law memory kernel, we
substitute the Laplace transform of the memory kernel Eq. (6)
in ĥ(s), that is, ĥ(s) = 1

s2+s γ̂ (s)+ω2 , and calculate the complex

susceptibility as defined by Eq. (12). The result of this calcu-
lation is

χ (�) = ĥ(s = −i�) = 1

(−i�)(−i� + b)α−1 − �2 + ω2
.

(15)

The case without truncation (b = 0) was analyzed in great
detail in Refs. [13,14]. On the other hand, the effect of trunca-
tion (b > 0) on the susceptibility was considered in Ref. [47].
First, as described in Sec. I, the response is calculated from
the complex susceptibility as R(�) = |χ (�)|. This quantity
is used to detect the presence of stochastic resonance. Particu-
larly, for the normal diffusion case (when α = 1), the response
is a decaying function of the frequency of the external force,
�. However, for 0 < α < 1, the response R(�) can obtain a
maximum for some positive �R > 0, which means that the
system exhibits resonance at that frequency �R. Interestingly,
this happens also for the case of a free particle (ω = 0), i.e.,
in the absence of harmonic potential. The response, calculated
as the magnitude of Eq. (15), is

|χ (�)|
= 1√

[ω2 − �2 + � zα−1 cos(θ )]2 + [� zα−1 sin(θ )]2
,

(16)

where z = √
b2 + �2 and θ = (α − 1) arctan( − �

b ) − π
2 .

Taking the limit of Eq. (16) as b → 0, we recover the response
calculated in Ref. [13]. For free motion and b = 0, it was
found that a resonance exists if α < αR = 0.441021 . . . , as
shown in Fig. 1(a). It was also argued that this finding is
consistent with the interpretation that, for small fractional
exponents α, the friction force can be viewed as an effective
elastic force arising from the cage effect [13]. In addition,
points of maximum of R(�) generally depend on ω and γ

[Fig. 1(b)]. Concretely, the presence of a harmonic potential
creates a favorable environment for resonance to occur, even
in the case α > 0.441. However, as the friction constant γ

increases, resonance may be disrupted and the response is
reduced. Similarly, if the truncation parameter becomes active
b > 0, then the amplitude of the response becomes smaller
and resonance slowly disappears [Fig. 1(c)] for a free particle.
The potential can reverse this effect by generating conditions
that promote resonance [Fig. 1(d)].

After briefly reviewing the results for the standard case,
we continue with the main analysis of this paper: exploring
how resetting of the memory kernel influences stochastic res-
onance and its interplay with other standard parameters.

III. STOCHASTIC RESONANCE UNDER RESETTING
OF THE MEMORY KERNEL

In this paper, we extend the model by incorporating an
exponential resetting of the memory kernel, as in Ref. [44].
Under these resetting dynamics, the particle follows a GLE
Eq. (4), but the memory kernel is intermittently reset to
its initial configuration, therefore erasing any accumulated
history-dependent influences. The resetting of the memory
kernel can be interpreted as removing any modifications
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or evolution that the kernel may have undergone due to
interactions, external perturbations, or changes in the system’s
environment since its initial state. Mathematically, this is done
as follows:

γr (t ) = e−rtγ (t ) +
∫ t

0
re−rt ′

γ (t ′) dt ′, (17)

where r is the resetting rate. This means that the resetting
time is sampled from an exponential (Poissonian) distribution
p(t ′) = re−rt ′

, with resetting rate r > 0. Its Laplace transform
reads

γ̂r (s) = s + r

s
γ̂ (s + r), (18)

where we apply the shift rule of the Laplace transform. From
Eqs. (5) and (6) it follows that

γ̂r (s) = s + r

s
(s + r + b)α−1. (19)

Equation (19) will play a crucial role in the main calculations
presented later in this paper.

Before proceeding to the main analysis of the paper, we
briefly review the graphical representations of the memory
kernel under various parameter settings. In the case with-
out resetting Fig. 2(a), as α increases, the slope of the
kernel becomes steeper, causing γ (t ) to decay more rapidly.
Conversely, smaller α values lead to slower decay in the
intermediate-time regime, indicating stronger long-memory
effects. Once resetting is introduced, Fig. 2(b), the parameter
r damps out the long-time tail of the kernels. The kernel
saturates at a nonzero value, which implies that there is a
constant memory that does not vanish at long times. Finally,
in Fig. 2(c), a truncation is introduced by setting b to 0.1.
Compared to the purely power-law decay (when b = 0), one
observes an exponential cutoff at longer times. As r increases,
the memory kernel retains its larger amplitude for timescales
up to 1/b, before ultimately decaying due to the exponential
factor e−bt . This interplay between power-law and exponential
behavior reflects the competition between fractional memory
effects and exponential relaxation.

We extend our analysis to the problem of stochastic res-
onance with resetting. In particular, we consider exponential
resetting of the memory kernel Eq. (17). Following the ap-
proach used earlier for the standard case in Sec. II, we
continue to calculate the complex susceptibility for GLE with
reset of the memory kernel. The first step is to substitute the
Laplace transform of the memory kernel Eq. (19) in ĥ(s) =

1
s2+s γ̂ (s)+ω2 and calculate the complex susceptibility as defined
by Eq. (12). Then, the general form of the susceptibility with
resetting takes the form

χ (�) = ĥ(s = −i�)

= 1

(−i�)2 + (−i�) γ̂r (−i�) + ω2

= 1

−�2 + (−i�)−i�+r
−i� (−i� + r + b)α−1 + ω2

= 1

−�2 + (−i� + r)(−i� + r + b)α−1 + ω2
. (20)

For the case without truncation (b = 0) and resetting (r = 0),
we recover the susceptibility reported in Ref. [13],

χ (�) = ĥ(−i�) = 1

−�2 + (−i�)α + ω2
, (21)

also calculated in Eq. (15) with b = 0. This was previously
obtained in the context of the fractional Klein-Kramers equa-
tion in the high-damping regime [61–64]. This form is known
as the generalized Rocard equation [65,66] and reduces to the
usual susceptibility of the damped oscillator when α = 1.

The general form of the response, R(�) = |χ (�)|, with
resetting for the case of truncated power-law memory
kernel is

R(�) = 1√
(−�2 + ω2 + C cos (φ))2 + (C sin (φ))2

= 1√
S(�)

, (22)

where

C = (
√

r2 + �2)(
√

(r + b)2 + �2)α−1

and φ = (1 − α) arctan

(
�

r + b

)
− arctan

(
�

r

)
.

The limit of Eq. (22) as r → 0, for the case of a free particle
and without truncation (ω = b = 0), is

lim
r→0

R(�,ω = 0, b = 0) = 1√
�4 − 2�2+α cos

(
πα
2

) + �2α

,

(23)

where we have used limr→0 arctan ( �
r ) = π

2 for � > 0.
Eq. (23) corresponds to the standard case without resetting
(Eq. (74) with γ = 1 in Ref. [13]) and can also be found by
taking the limit of Eq. (16) as b → 0. To show the existence
of resonance, we look for the solutions of dR(�)/d� = 0, for
some � > 0. The response R(�) is given by Eq. (22) and its
derivative with respect to � reads

dR

d�
= −1

2
S− 3

2
dS

d�
. (24)

Solving dR
d�

= 0 is equivalent to solving dS
d�

= 0. For the
standard case (r = ω = b = 0), dS

d�
is the derivative of the

expression inside the square root of Eq. (23).
We next analyze the response function and stochastic res-

onance under resetting by considering several specific cases.
In particular, we first examine the impact of resetting of the
memory kernel on a free GLE particle, then investigate how
the potential influences the response, and finally explore the
consequences of truncation.

A. Free particle

To keep things simpler, we first consider the case of an
unbounded particle (ω = 0) without truncation (b = 0). In
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FIG. 3. The response of GLE to an oscillating field for a free
particle under stochastic resetting of the memory kernel without
truncation. (a) α = 0.5. (b) α = 0.3. The circles represent results
from numerical simulations.

this case, the response with resetting Eq. (22) is

R(�)

= 1√
�4 − 2�2(�2 + r2)

α
2 cos

(
α arctan

(
�
r

)) + (�2 + r2)α

= 1√
S(�)

. (25)

As mentioned earlier, the frequency at which the response
reaches its maximum is used to identify the resonance phe-
nomenon. To begin exploring the effect of resetting on
stochastic resonance, we analyze the behavior of Eq. (25) for
different resetting rates shown in Fig. 3. The function R(�)
decreases monotonically when r = 0, but begins to exhibit a

distinct local maximum as r increases [Fig. 3(a)]. In particular,
for r = 0.3 and r = 0.7, R(�) develops a peak at intermedi-
ate values of �, reflecting the emergence of a resonancelike
behavior in a parameter region in which it was previously ab-
sent. This first-order transition behavior is shown in Fig. 6(a).
We see that for α > 0.441 there is a critical resetting rate
beyond which resonance emerges. Alternatively, we also ex-
amine the parameter regime where resonance is observed even
when there is no resetting (r = 0). Once resetting is intro-
duced [Fig. 3(b)], for instance, at r = 0.3, the resonance peak
grows in magnitude and shifts to slightly higher �. As reset-
ting increases further, for example, to r = 0.7, the maximum
becomes substantially more pronounced, highlighting the in-
fluence of r on both the height of the peak and the frequency
at which it appears. These observations are corroborated by
the blue line in Fig. 6(a).

To further explore the interplay between the resetting rate
and α, we now turn our attention to a broader analysis by
constructing a phase diagram. This allows us to visualize
how the maximum of the response function changes over a
wider range of parameters, providing a more comprehensive
picture of the resonance behavior. To calculate the maximum
of Eq. (25), we analyze dS

d�
[due to Eq. (24), which takes the

form

dS

d�
= 4�3 + 2α�z2α−2 − 4�zα cos (αθ )

− 2α�3zα−2 cos (αθ ) + 2α�2zα sin (αθ )
r

r2 + �2
,

(26)

where z = √
r2 + �2 and θ = arctan ( �

r ). Specifically, we are
interested in the solutions of dS/d� = 0, however, because
0 < α < 1 and r > 0, the appearance of α arctan ( �

r ) inside
trigonometric functions cannot be algebraically written into
an expression for � using only finite combinations of elemen-
tary operations, so there is no way to isolate � in closed form.
On the other hand, in the known limit r → 0 one can write
arctan ( �

r ) as π/2 so cos(απ/2) becomes a constant and for
this case the problem is analytically solvable as shown in Ref.
[13]. However, for any positive resetting rate r, the extremum
condition is transcendental and one must resort to numerical
root-finding. In Fig. 4(a), we present a phase diagram showing
how the maximum value of the response function varies with
respect to the resetting rate r and α. At small values of r and
sufficiently large α, the system remains in the nonresonant
regime (upper-left purple region). As r increases (or α de-
creases), the system transitions to a resonant regime, where
the resonance strength increases significantly for α < 0.2 and
is slightly enhanced as r increases.

B. Harmonically bounded particle and the effect of truncation

In this section, we begin by analyzing the effect of resetting
on the response of the generalized Langevin equation when
driven by a harmonic force with the potential function
V (x) = 1

2ω2x2. For this case of harmonically bounded par-
ticle (ω > 0) and without truncation (b = 0), the response
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FIG. 4. Phase diagrams for free [(a)] and harmonically bounded particle [(b)] without truncation (b = 0). The white region is a no-
resonance phase, whereas the rest is a resonance region. The legend is for the value of the response function evaluated at the resonant
frequency, �R.

with resetting Eq. (22) is

R(�) = 1√
(−�2 + ω2)2 + 2(−�2 + ω2)(r2 + �2)

α
2 cos

(
α arctan

(
�
r

)) + (r2 + �2)α
= 1√

S(�)
. (27)

We again focus on the resonance points in the response to the
applied field, that is, the points at which R(�) is maximized.
Note that R(�) now also varies with the potential frequency,
ω. To understand the interplay between ω and r, we plot
Eq. (27) for different resetting rates and ω in Fig. 5. For
larger α [e.g., α = 0.6 in Fig. 5(a)], we observe a kind of
transition from a mostly monotonic decay (the standard case
without resetting) to a more resonantlike curve (at some posi-
tive resetting rate). This first-order transition behavior can be
observed in Fig. 6(b), where it is captured by the orange curve
representing the corresponding results in Fig. 5(a). On the
other hand, for smaller α [e.g., α = 0.4 in Fig. 5(b)] a resonant
peak is already present even without resetting. Increasing r
then shifts the position of this maximum in frequency and
enhances the response. To obtain a more detailed picture of
the influence of ω, we again construct an r − α phase plane for
the solutions of dS

d�
, shown in Fig. 4(b). The diagram clearly

indicates, as expected, that incorporating a harmonic potential
contracts the nonresonance region.

Finally, we analyze the dependence of the resonant behav-
ior on the truncation parameter b. It is known that the resonant
peak dissapears as the truncation parameter b becomes larger

[47]. This result is shown in Fig. 7(a). In general, the introduc-
tion of the resetting rate induces a sharp transition, as shown in
Fig. 6(c). As the resetting rate increases, resonance emerges,
and the critical point depends on the truncation parameter.
Further, to understand the interrelated effect of b, ω, and
α coupled with the stochastic resetting mechanism on the
resonance phenomenon, we analyze the general form of the
response function Eq. (22). We observe an interesting effect of
resetting: For some values of α and ω > 0, resonance appears
at both low and high values of the truncation parameter b,
while the resonant peak is absent at intermediate values of b
[see Figs. 7(b), 8(b), and 8(c)]. However, this effect disappears
for larger α [Fig. 8(a)].

C. Dielectric loss and double-peak phenomenon

In many systems, both the real and imaginary components
of susceptibility are measurable quantities, which motivates
a detailed investigation of their behavior. The general form
of the complex susceptibility, Eq. (20), can be written in the
following way:

χ (�) = χ ′(�) + i χ ′′(�),

χ ′(�) = ω2 − �2 + R1 R α−1
2 cos[θ1 + (α − 1)θ2]{

ω2 − �2 + R1 R α−1
2 cos[θ1 + (α − 1)θ2]

}2 + {
R1 R α−1

2 sin[θ1 + (α − 1)θ2]
}2 ,

χ ′′(�) = R1 R α−1
2 sin[θ1 + (α − 1)θ2]{

ω2 − �2 + R1 R α−1
2 cos[θ1 + (α − 1)θ2]

}2 + {
R1 R α−1

2 sin[θ1 + (α − 1)θ2]
}2 , (28)
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FIG. 5. The response of GLE to an oscillating field for a har-
monically bounded particle (ω = 0.5) under stochastic resetting of
the memory kernel without truncation. The circles represent results
from numerical simulations.

where

R1 =
√

r2 + �2, R2 =
√

(r + b)2 + �2,

θ1 = arctan
�

r
, θ2 = arctan

�

r + b
.

For the case without truncation and resetting, b = r = 0, we
have R1 = |�| and R2 = |�| (with the angles θ1 = θ2 = π

2
for � > 0). From this, R1 R α−1

2 = |�|α and θ1 + (α − 1) θ2 =
π α
2 , which corresponds to the complex susceptibility in

Ref. [13].
In this subsection, we explore the behavior of the imagi-

nary part χ ′′(�) which is commonly referred to as the loss.
An interesting phenomenon that is observed in the behavior
of χ ′′(�) is the double-peak phase that occurs for some α′s
due to the fractional dynamics. Such phenomena have been
observed in relaxation processes of supercooled liquids [67].
Burov and Barkai [13] calculated critical thresholds for the
parameter α, which indicate whether the loss exhibits a sin-
gle peak or a double peak, depending also on the angular
frequency ω of the harmonic potential. In particular, for a
free particle, the critical threshold for transitioning from a
double-peak to a single-peak phase is α ≈ 0.527. Here, we
recover the same result numerically from the general form
of the imaginary part of the susceptibility. From Fig. 9(a),
we observe that for certain values of α and no truncation, a
small amount of resetting can preserve the double-peak phe-
nomenon; however, increasing the resetting rate further leads
to a transition from a double-peak to a single-peak phase.
Moreover, we observe an interesting interplay between trunca-
tion and resetting [Fig. 9(b)]. Specifically, for some truncation
parameter b, a transition from a one-peak to double-peak
phase emerges even at r = 0.1. However, the loss returns to
a single peak for r greater than 0.17 for b = 0.5, as shown
in the phase diagram in Fig. 10. This diagram indicates that
without truncation, increasing the resetting rate causes the loss
to transition from a double-peak regime to a single-peaked
one [Fig. 10(a)]. However, the effect of truncation recovers the
double-peak structure for some resetting rates [Fig. 10(b)].

FIG. 6. First-order transition behavior for (a) free particle, (b) harmonically bounded particle, and (c) truncation.
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FIG. 7. The effect of truncation on the response in the case of
(a) no resetting, (b) resetting with rate r = 0.25. Parameters: α = 0.5
and ω = 0.5 for both plots.

The observed double-peak phenomenon appears due to
behavior of the friction term like an elastic force for small α,
thereby inducing oscillatory dynamics within the system. This
interpretation is explained by the Cole-Cole diagrams of com-
plex susceptibility (Fig. 11). Specifically, for small α = 0.1
[Fig. 11(a)] two distinct types of normal susceptibility coexist:
a Debye type for a normal damped oscillator (left side of the
plot) [9] and on the right side of the plot a monotonic re-
laxation (Van-Vleck-Weisskopf-Fröhlich type [9]). This leads
to the conclusion that the system exhibits two characteristic
frequencies: the lower frequency governs the monotonic de-
cay, while the higher frequency is associated with oscillatory
behavior [13]. When resetting is introduced [Fig. 11(b)], the
monotonic decay component vanishes, leaving only oscilla-
tory relaxation. On the other hand, the truncation has a similar
effect to higher α such that we have some mixed behavior
as shown in Fig. 11(c). Furthermore, the effect of truncation
is overcome by resetting [Fig. 11(d)], leading again to an
oscillatory relaxation akin to the Van Vleck–Weisskopf–
Fröhlich type.

FIG. 8. r − b phase diagram for a harmonically bounded particle
(ω = 0.5) for different values of α. The gray region is a no-resonance
phase, whereas the rest is a resonance region.

IV. SIMULATION METHODOLOGY

In this section, we outline the procedure for the numerical
solution of the GLE system used to confirm the analytical
results in previous sections. Unlike the simpler, memory-
free Langevin equation, simulating the generalized Langevin
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FIG. 9. Double peak phenomenon of the imaginary part of com-
plex susceptibility under resetting. (a) α = 0.4 without truncation;
(b) α = 0.1 with resetting rate r = 0.1.

equation is not a trivial task. As noted in Ref. [43], Eq. (4)
is difficult to solve numerically due to its non-Markovian
nature because, first, the convolution term requires storing the
entire velocity history and computing convolutions at each
measurement step, which becomes computationally expensive
and second, generating the correlated noise ζ (t ) for long-
time spans also demands large data storage and intensive
computations, especially when many trajectories are needed
for accurate statistical averaging. Consequently, both the
memory and processing requirements grow rapidly, making
straightforward numerical simulations impractical. To over-
come these numerical challenges, we utilize the Markovian
embedding method explained in more detail in the next sub-
section. After successfully developing a simulation scheme
for the GLE under reset of the memory kernel, the second
part of this section presents a numerical method to estimate
the system’s frequency response. An implementation of the
simulation methodology is available at Ref. [68].

FIG. 10. Phase diagram of the imaginary part of complex suscep-
tibility under resetting. The gray region is a one-peak phase, whereas
the white region is a double-peak phase.

A. GLE with resetting: A Markovian embedding

As explained in Ref. [19] in detail, the method of
Markovian embedding represents the complex, non-
Markovian system as a projection of a higher-
dimensional Markov process onto a reduced subspace of
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FIG. 11. Cole-Cole diagrams of complex susceptibility. Param-
eters: α = 0.1, γ = 10, ω = 1. The first row is the case without
truncation, b = 0.

relevant variables. By elastically coupling a central Brownian
particle to a set of auxiliary Brownian particles—each
subjected to purely viscous friction and white thermal
Gaussian noise—the approach effectively simulates a
broad range of viscoelastic environments. Remarkably,
the embedding requires only a small number of auxiliary
particles, enabling accurate modeling of subdiffusive behavior
over many temporal decades while maintaining computational
efficiency. Specifically, the fluctuation-dissipation relation
is obeyed by expanding the kernel into a sum of
exponentials as in Eq. (29) and the noise ζ (t ) into a
sum of Ornstein-Uhlenbeck processes with corresponding
exponentially decaying autocorrelation functions.

We begin with the general truncated power-law memory
kernel under resetting as defined by Eq. (17) and define it as
a target kernel, Ktarget (t ). The Markovian embedding method
exactly recovers the original GLE only when the memory
kernel represents the exponential decay [69,70]. However, in
our case, the power-law memory kernel can be approximated
by a finite sum of exponentials:

Kmodel(t ) =
N∑

i=1

ci e− t/τi . (29)

This approach is similar to the method of determining the
coefficients in a Prony series in viscoelastic materials [71].
Given a set of fitting points {t j}, we form the design matrix
Ai j = exp(− ti

τ j
) and let

c = (c1, c2, . . . , cN )T ,

Ktarget = (Ktarget (t1), . . . , Ktarget (tM ))T .

We evaluate the kernel at M points, {t1, t2, . . . , tM},
logarithmically spaced over the range t ∈ [dt, T ] to ensure

that the kernel is well-sampled across different time scales.
We then solve the constrained least-squares problem:

min ‖ A c − Ktarget‖2, subject to ci � 0, (30)

where A c is Kmodel. Numerically, this is done with the
L-BFGS-B algorithm [72,73].

After finding the coefficients {ci}, we simulate a system
of stochastic differential equations, which corresponds to a
Markovian embedding of the GLE Eq. (4) [18,19,43,69,74]:

dx

dt
= v,

dv

dt
=

N∑
i=1

zi − ω2x + A0 cos(�t ),

dzi

dt
= − zi

τi
− civ +

√
2ci

τi
ξi(t ), i = 1, . . . , N, (31)

FIG. 12. Typical trajectories of the process for α = 0.5. Free
particle without truncation (ω = b = 0) and � ≈ 0.92, which is the
resonant frequency when r = 0.7. (a) without resetting, (b) with
resetting rate r = 0.7.
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where N is the number of exponentials used to approxi-
mate the kernel and each ξi(t ) is an independent Gaussian
white noise process with zero mean and autocorrelation
〈ξi(t ) ξ j (t ′)〉 = 2 δi j δ(t − t ′). The particle’s position is initial-
ized at x(0) = 0. Its initial velocity v(0) is drawn from a
standard normal distribution, and each zi(0) is drawn from a
normal distribution with mean 0 and standard deviation

√
ci.

As an illustration, typical trajectories of the process are shown
graphically in Fig. 12. The parameters are chosen such that
the trajectories in Fig. 12(a) are in a nonresonance regime,
while those in Fig. 12(b) are in a regime where there is a res-
onant peak for some frequency. Interestingly, for a particular
resetting rate (as we enter from a nonresonant to a resonant
regime), the trajectories are in sync, which is a qualitative
indication of resonance.

B. Estimating the frequency response

Previously, we showed how to simulate the GLE trajec-
tories under resetting. We use these N trajectories (this N
should not be confused with the number of exponentials in the
previous subsection), each described by a discrete time series

xk ( j) = xk (t j ), t j = j �t,

j = 0, 1, . . . , M − 1, k = 1, 2, . . . , N,

with sampling interval �t . The total duration of the time in-
terval is T = M �t . For each trajectory k, the discrete Fourier
transform (DFT) [75] of xk ( j) is

X̂k (�m) =
M−1∑
j=0

xk ( j) e− i 2π
m j
M , (32)

where

�m = 2πm

M �t
, m = 0, 1, . . . , M − 1.

The reference signal (external forcing function) is F (t ) =
cos(� t ), which is sampled at the same times t j : F ( j) =
F (t j ) = cos(� j �t ). Its DFT is

R̂(�m) =
M−1∑
j=0

F (t j ) e− i 2π
m j
M . (33)

Then, the following ratio represents the complex susceptibility
Eq. (12) estimated numerically,

χk (�m) = X̂k (�m)

R̂(�m)
, (34)

which can be regarded as normalizing the transform of xk

by the transform of the periodic force. Next, we define the
discrete frequencies (in cycles/second), fm = �m

2π
= m

M �t , and
find the index m∗ such that fm∗ is closest to the driving fre-
quency used to simulate the trajectories, fdrive = �/2π :

m∗ = arg min
m

| fm − fdrive|. (35)

At the index m∗, we compute the amplitude, Ak = |χk

(�m∗ )| and the imaginary part, Ik = Im(χk (�m∗ )). We do this

for each trajectory k = 1, 2, . . . , N and finally define the av-
erage amplitude and the average imaginary response over all
N trajectories

mean amplitude = 1

N

N∑
k=1

Ak,

mean imaginary response (loss) = 1

N

N∑
k=1

Ik. (36)

V. SUMMARY

We examine how the mechanism of stochastic resetting of
the memory kernel influences the response function and the
loss in case of a generalized Langevin equation with truncated
power-law memory kernel and an external time-dependent
field. By systematically varying the system parameters, our
study reveals that stochastic resetting can effectively trigger
resonance in regimes where standard cases of GLE would
predict its absence. Specifically, for a free particle, a reso-
nant behavior occurs when the kernel exponent α is below
a certain threshold αR, however, with resetting, a resonant
peak can emerge even when α exceeds αR. Moreover, as
is known, when the truncation parameter b > 0 increases,
the resonant peak tends to vanish. In this case, the resetting
mechanism interacts with the angular frequency of the po-
tential in such a way that resonance can be induced even
with stronger truncation. These observations stem from the
fact that the resetting mechanism modifies the noise’s cor-
relation structure via the memory kernel to comply with the
fluctuation-dissipation theorem, thereby inducing the phe-
nomenon of stochastic resonance. On the other hand, for a
fixed α and without truncation, only a small enough resetting
rate can maintain the double-peak behavior in the imaginary
part of the complex susceptibility. Additionally, higher reset-
ting rates drive the system from a double-peak to a single-peak
regime, while the introduction of truncation can recover the
double-peak phenomenon at some resetting rates. In terms of
the Cole-Cole plot of the complex susceptibility, resetting of
the memory kernel leads to an oscillatory relaxation similar
to a Van Vleck–Weisskopf–Fröhlich type. Finally, we validate
our analytical findings with numerical simulations of the GLE
under reset of the memory kernel, utilizing a Markovian em-
bedding approach.

The insights gained here not only enhance our theoretical
understanding of nonequilibrium systems with memory but
also pave the way for potential experimental realizations in
complex systems where tuning the resetting rate could lead
to controlled resonance phenomena. To envision a potential
experimental implementation, consider the following: The
memory kernel in the GLE gives the effect of the environment
on the dynamics of the immersed particle. The stochastic reset
of the memory kernel would mean that we reset the effects of
the environment on the particle movement, which means that
one resets the state of the environment to the initial one. This
could be of interest, for example, in relaxation processes in
which the environment is polarized by some external stimuli,
then switched off, and the system starts to relax. However,
after some random time, the external field is switched on again
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and environment is polarized to its initial state, then the field
is switched off again, and this cycle repeats.
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