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Phase separation and coexistence in spatial coordination games between microbes
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Dense, microbial communities are shaped by local interactions between cells. Both the nature of interactions,
spanning antagonistic to cooperative, and the strength of interactions vary between and across microbial species
and strains. These local interactions can influence the emergence and maintenance of microbial diversity. How-
ever, it remains challenging to link features of local interactions with spatially mediated coexistence dynamics
given the significant variation in the microscopic mechanisms involved in cell-to-cell feedback. Here, we explore
how microbial interactions over a broad range of ecological contexts spanning antagonism to cooperation
can enable coexistence as spatially explicit domains emerge. To do so, we introduce and analyze a family of
stochastic coordination games, where individuals do better when playing (i.e., interacting) with individuals of the
same type than when playing with individuals of a different type. Using this game-theoretic framework, we show
that the population dynamics for coordination games is governed by a double-well shaped interaction potential.
We find that in a spatial setting this double-well potential induces phase separation, facilitating coexistence.
Moreover, we show that for microbes engaged in symmetric coordination games, phase separation takes on a
universal scaling that follows “Model A” coarsening, consistent with prior experimental observations for Vibrio
cholerae mutual killers. Finally, we derive a partial differential equation equivalent of the spatial stochastic game,
confirming both the double-well nature of spatial coordination games and the universality of phase separation.
Altogether, this work extends prior findings on the link between microbial interactions and population structure

and suggests generic mechanisms embedded in local interactions that can enable coexistence.
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I. INTRODUCTION

Bacterial communities are often composed of dense assem-
blages of cells that include a variety of strains and species.
The composition and dynamics of such communities are
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shaped, in part, by local, cell-to-cell interactions. Microbes
have evolved a multitude of mechanisms to interact within and
across species—or more generically, among distinct types of
microbial cells. Many known mechanisms cause competitive
interaction, e.g., some microbes utilize a secretion system
that can locally lyse adjacent cells [1,2]. In contrast, other
mechanisms give rise to mutualistic interactions, e.g., by
facilitating protection against environmental threats through
the production of extracellular barriers or by exchanging re-
sources, including scarce public goods [3-5]. The nature of
microbial interactions can also be contingent on context, e.g.,
turning from competitive to mutualistic as species and strains
compete for resources and space [6].

In the context of dense, spatial environments as ex-
perienced by aggregates or surface-attached communities,
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interactions are limited to microbes in close physical
proximity. Both the structure and collective dynamics of dense
microbial communities arise from locally mediated cell-cell
interactions. The community scale structure is an emergent
phenomena given the complex feedback dynamics that occur
between individual to population scales [7—11]. One common,
emergent outcome is local assortment in which distinct mi-
crobial types separate into distinct spatial domains comprised
of either, but not both, types. This global pattern formation
can emerge from initially randomly mixed distributions of
cells, stabilize communities, and sustain more diversity than
expected in equivalent well-mixed systems [3,5,12,13].

A recent study of strain-mediated killing in Vibrio cholerae
revealed how spatial ordering and coexistence can emerge
in systems dominated by antagonistic interactions [14,15].
Mechanistically, competing strains mutually kill each other by
injecting toxic effectors on contact. Cells express an antitoxin
which renders the toxin ineffectual to cells of the same strain.
As a result, initially randomly mixed populations of cells un-
dergo phase separation (“‘coarsening”) upon killing and clonal
reproduction. Domain formation emerges as cells become lo-
cally surrounded by the same type of cell within genetically
uniform groups. Numerical simulations of contact-mediated
killing demonstrated that phase separation of (nearly) equal
competitors exhibits hallmarks of a universal order-disorder
transition that is part of the “Model A” (Allen Cahn) class
[14] that describes nonconservative systems and was origi-
nally developed to describe the interaction of atomic “spin”
systems [16].

More generally, the emergent structure and population dy-
namics of dense microbial communities is a direct result of the
local interactions between cells of the same type and between
cells of different types. The survival of each strain depends
on the “strategy” they utilize, the interaction intensity (the
probability of deploying an interaction), and the payoff from
the interaction with cells of the same type and of a different
type. The problem of how coexistence is linked to individual
payoffs is broadly studied in game theory [17] and in the
context of spatially explicit systems [18-20]. Evolutionary
game theory suggests that symmetries in payoff matrices are
sufficient to give rise to similar population dynamic outcomes.
Similarly, we hypothesize that mutual killing is one of a subset
of microbial interaction mechanisms that can lead to phase
separation following the universal Model A transition.

Here, we propose and analyze a game-theoretic framework
to model spatial population dynamics that can appear in a
broad range of ecological contexts. We do so by investi-
gating a two-player coordination game in which interaction
mechanisms can span antagonistic (e.g., mutual killing) to
cooperative (e.g., exchange of metabolites or public goods).
First, we define transition rules in the (nonspatial) mean-field
limit and heuristically derive the replicator dynamics asso-
ciated with these two-player games—notably we find that
these two-player games exhibit alternative stable states, con-
sistent with experimental findings of phase separation. Next,
we adapt these transition rules to study phase separation in
coordination games in a spatial system. As we show, numer-
ical simulations of spatially explicit two-player coordination
games exhibit “Model A” coarsening broadly. These simula-
tions are consistent with experimental findings in the mutual
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FIG. 1. Stochastic Games. (a) To characterize a two-species sys-
tem, we define intraspecific interactions when a focal player with
strategy 1 (blue species) or strategy 2 (orange species) plays against
their own type, quantified by payoffs a;; and a,,, respectively, and
interspecific interactions when a player with strategy 1 plays against
a player with strategy 2 (payoff ai,), and vice versa (payoff ay;).
(b) The stochastic game is a deterministic system with an interaction
potential V (n) that is derived from the mean field dynamics of the
frequency n of player 1 as n = —dV/dn Eq. (3). For coordina-
tion games, V(n) is a double well potential, as depicted here for
three representative coordination games: equally competitive players
(competitiveness C = (a;; — az1)/(an — az) = 1), and for games
where player 1 is dominant (C > 1) or inferior (C < 1). (c) Spatial
coordination game on a two-dimensional lattice with focal player
f with strategy 1 and next neighbor interactions defined by payoff
values a;;.

killing case of V. cholerae [14,15] but are not limited to
assumptions associated with this particular interaction mech-
anism. Finally, we derive a reaction-diffusion equation from
the hydrodynamic limit of spatial coordination games in con-
tinuous space, and show that it resembles the Allen Cahn
equation, which describes two-component phase-ordering ki-
netics in nonconserved systems (Model A class)—suggesting
that phase separation of the kind found in antagonistic systems
may in fact be a more general feature of dense microbial
communities.

II. GAME-THEORETIC APPROACH

A. Stochastic coordination games

We describe a two-player game where the players represent
individual cells of different species that utilize strategies 1 and
2. In this game, a focal player with strategy 1 receives a payoff
of a;; or aj; when playing against players with strategies 1
(same type) or 2 (different type), respectively. Similarly, focal
players with strategy 2 receive a payoff of a,; or ay when
playing against players with strategies 1 or 2, respectively
[see Fig. 1(a)]. This interaction scenario can be described by
a payoff matrix A as

A [au au] 0

asy an

The payoff values, a;;, can be any real positive or negative
number. Here, we use the convention that in a biological
context, a negative payoff value can lead to death and a pos-
itive payoff value can lead to reproduction. The magnitudes
of the payoff values are scaled by an effective rate dt to
obtain birth and death rates. Diagonal elements in the matrix A
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define intraspecific interactions, i.e., those that occur between
individuals of the same type, and off-diagonal elements de-
fine interspecific interactions that occur between individuals
across types. We further focus on the case where the payoff
is higher for intraspecific interactions than for interspecific
interactions, i.e., aj; > ap; and az; > ajp. Any game with
payoff matrix A that obeys these constraints belongs to the
class of coordination games.

The community dynamics in the two-player game emerges
from the accumulation of birth and death events. Consider a
community with N members, with a population size N; of
players with strategy 1 and a population size N, of players
with strategy 2 such that N = N; + N,. We assume a system
at carrying capacity where the total community size N remains
constant at any time. The size N;(¢) of players with strat-
egy i = 1, 2 varies via a continuous-time birth-death process
{N;i(t),t > 0}. At any given time t > 0, a focal player with
strategy i plays a game against a randomly chosen opponent
with strategy j. In the case of positive payoff (a;; > 0), an
individual is randomly chosen among the N — 1 nonfocal
members and replaced with an offspring of the focal player at
rate a;;; when a;; < 0, the focal player dies and is replaced by
arandomly chosen, nonfocal individual at rate |a;;|. This con-
vention presumes that predator reproduction can be distinct
from consumption of a neighboring prey (as was included to
increase the realism of lattice predator-prey models [21]). In
the present case, we assume that the lattice occupancy is full,
leading to the immediate occupation of an empty site by a
randomly selected neighbor, as in Ref. [22].

Based on these individual game rules, we now study the
community dynamics. In Appendix A, we calculate transition
rates between system states for each possible game to heuris-
tically derive the mean field dynamics for the frequency of
player 1, n := N;/N as N — o0,

n=n(l—-n)(a; —ax)n—(axn —ap)l—-n)], (2)

where 7 denotes the time derivative of n. This is a determin-
istic system since the strategy of each player is predetermined
by the type they belong to upon birth, i.e., they cannot change
their preassigned strategy. Hence, the first-order system in
Eq. (2) can be rewritten as a gradient system, n = —dV/dn,
with the potential function V (n) given as

Vi) = 22 ; an o _ (an —azr) -;2(0122 — a1z)n3
+ (an —021):(6422 _6112)”4. 3)

The potential provides insight to the equilibrium configura-
tions of the game; those n that fulfill dV/dn = 0 correspond
to the predictable, steady-state outcomes of the game, where
n = 0. We find that coordination games, i.e., aj; > a;; and
a» > ap, lead to a double-well potential [Fig. 1(b)]. It ex-
hibits two local minima of V (n) at n = 0, 1 that correspond to
locally stable equilibria, and one local maximum at n = n,, €
(0, 1) corresponding to an unstable equilibrium, a mixed Nash
equilibrium, given by

_ axp —ap
(a1 — az1) + (ax — az)

4)

M

Therefore, the double-well potential V (n) provides a bistable
system, where the outcome of the game depends solely on
the initial frequency ng of player 1. The population of player
1 goes extinct if ny < n,,, and it will eliminate the opponent
player 2 if ny > n,,. For equal players, characterized by a com-
petitiveness of C = (a;; — az1)/(ax — a2) = 1, the potential
V(n) is symmetric and n,, = 1/2 [Fig. 1(b)]. In contrast, the
potential is asymmetric and implies a more shallow well at
n = 1 with n,, > 1/2 if player 1 is inferior, i.e., C < 1, and a
deeper well and n,, < 1/2 if player 1 is dominant, i.e., C > 1.

B. Spatial stochastic games

Next, we extend the framework of coordination games to
a spatial environment, where the spatial distribution of play-
ers and their local environment become relevant. To do so,
we apply the stochastic games formalism (see Sec. Il A) on
a two-dimensional fully occupied lattice with length L per
dimension, with a population of N = L>. We apply periodic
boundary conditions, i.e., the system is a torus in 7Z2. Each
lattice site x € Z? is occupied by a player with either strategy
1 or strategy 2. In this spatial model, a focal player can only
play with an opponent player that is randomly chosen from
its adjacent sites [Fig. 1(c)]; we constrain interactions to the
four nearest neighbor sites. Given the strategies of the focal
player and the opponent player, the payoff for the focal player
is determined by the payoff matrix A. For a focal player play-
ing strategy i and the opponent playing strategy j, the focal
player receives payoff a;; [Fig. 1(c)]. If a;; > 0, then the focal
player reproduces at rate a;; and replaces a randomly chosen
adjacent individual with an offspring. If a;; < 0, then the focal
player dies with rate |a;;| and is replaced by an offspring of a
randomly chosen, adjacent individual. Note that the offspring
will always play the same strategy as their parent. At each
time step dr, players at each lattice site become focal player
once to play a game, hence there are N games per time step.
Complete details of this interacting particle system [23] are
given in Appendix D. The pseudo-code of the corresponding
Monte Carlo simulation can be found in Appendix B. Next,
we discuss the ecological interpretation of the payoff matrix
depending on the different combinations of payoff values g;;,
before presenting the results of spatial simulations of this
interacting particle system in Sec. III.

C. Ecological interactions in coordination games

For a two-player game, the sign of a;; can be interpreted
as the ecological impact of player with strategy j on player
with strategy i. Ecological interactions can be defined as either
intraspecific (those between individuals of the same type) or
interspecific (those between two types). The use of the terms
intraspecific or interspecific interactions usually refer to the
ecological interactions between two species instead of two
types—however we use the term “type” given our focus on
interaction phenotypes here.

Here, we map two-player games to a broad range of
intra-/interspecific ecological interactions. The classes of
intra-/interspecific ecological interaction can be characterized
by different combinations of the sign of payoff values (Fig. 2).
In a two-player system, we define intraspecific interactions
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FIG. 2. Partitioning games into inter- and intraspecific interac-
tions. Each box corresponds to one class of interaction scenarios,
and in analogy to Fig. 1(a), the sign (4/—) correspond to payoff
values a;;, characterizing positive (+) and negative (—) interactions.
For example, the mutual killing system (cyan box) has positive
intraspecific interactions, and negative interspecific interactions. Co-
ordination games exist within the classes that are outlined with a
colored box, but not in classes displayed in gray only.

in the game as positive if both diagonal elements in ma-
trix A have a positive payoff (a; > 0), mixed if the signs
differ (sgn(a;;) = —sgn(a;;)), and negative if both diagonal
elements in matrix A are negative (a; < 0). Further, inter-
specific interactions are defined as cooperative if off-diagonal
elements in matrix A are positive (a;; > 0, i # j), parasitic for
mixed signs (sgn(a;;) = —sgn(a;;), i # j), and competitive if
both off-diagonal elements are negative (a;; < 0,i # j). In
total, there are four payoff values in the two-player payoff
matrix A, so there are 2* = 16 possible games (classified
by the sign of payoff values, each payoff value g;; is either
positive or negative), see Fig. 5 in Appendix A. In Fig. 2, we
summarize all distinct classes of intra-/interspecific ecologi-
cal interaction, and highlight those in color that can lead to
coordination games.

Based on Fig. 2, we can connect a range of ecological
scenarios to a specific class of interactions defined by the
sign of payoff values. For example, a competitive scenario of
mutual killers (such as for killing-proficient Vibrio strains in
Ref. [14]) can be modeled via a two-player coordination game
with positive diagonal elements and negative off-diagonal
elements, which correspond to positive intraspecific interac-
tions and negative (or competitive) interspecific interactions.
Hence, our framework includes a range of mechanistic scenar-
ios including cooperation, parasitism, and competition (e.g.,
the mutual killing system).

II1. SPATIAL PATTERN FORMATION

We utilize the spatial coordination game-theoretic frame-
work defined in Sec IIB to investigate the spatiotemporal

FIG. 3. Time-lapse visualizations of a two player coordination
game with payoff matrix A = [10, —5; —5, 10]. The images show
the spatial configuration (lattice size L = 256) att =0, 2, 4,6, 8, 10
with dt = 0.05, where the product of payoff values and dt set the
magnitude of birth and death probabilities in the Poisson process of
game events. White corresponds to player 1 and black is player 2.
Starting from well mixed initial condition, initial fraction of player
1 is 0.5, the two players separate into domains whose characteristic
length scales (patch size) grow over time.

dynamics of coordination games in the broad range of ecolog-
ical contexts shown in Fig. 2. We first model a spatial game
with a symmetric payoff matrix with negative off-diagonal
elements. We observe rapid phase separation (Fig. 3), similar
to the observation for mutual killer biofilms presented in Ref.
[14]. Domains of players with the same strategy form and
grow over time. Next, we determine whether the phase sep-
aration undergoes the same class of order-disorder transition
as was reported for mutual killers in Ref. [14]. We quan-
titatively characterize spatial organization via the structure
factor S(g) of the spatial dynamics (see Appendix B for more
details on spatial processing and calculations). Here, ¢ is the
wave number coordinate, used to describe spatial structure in
wave space after transforming the spatial dynamics from real
space to wave space. From S(g), we obtain the characteristic
wave number g, = [ ¢S(q)dq/ [ S(q)dg, which represents
the effective wave number weighted by S(g), and serves as
a measure for domain size. In Fig. 4, we show the results
of spatially explicit simulations with cyan triangles denoting
gm(t) and S(g,,) for the coordination game of mutual killers.
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FIG. 4. Structural analysis of six simulated, symmetric spatial coordination games. In both panels, each curve corresponds to one
interaction class in Fig. 2. We chose one example payoff matrix from each class of ecological interactions, every data point is averaged over 50
realizations. The payoff matrices are [10, 2; 5, 7] (red circle), [10, —3; 5, 2] (green square), [2, —1; —3, 4] (cyan triangle), [10, —7; 5, —2] (blue
triangle), [2, —7; —3, —2] (magenta triangle) and [—5, —7; —10, —2] (yellow triangle). The relationship between g,, and ¢ follow a universal
t~12 trend. Similarly, S(g,,) curves collapse when S(g,,) is plotted versus g, (right), hence, all the games are undergoing the same coarsening

transition.

As a hallmark for “Model A” transitions, g,, scales as g, ~
t~172, and S(q,,) scales as S(g,,) ~ t. Together, this provides a
time-independent scaling relationship for S(g,,) ~ ¢, show-
ing that the coordination game of mutual killers undergoes
phase separation that follows Model A hallmark scaling.

Next, we show that spatial coordination games with equal
opponents, characterized by a symmetric double well poten-
tial [see Fig. 1(b)] can lead to “Model A” coarsening. Note
that here “equal” means that the competitiveness is C = 1, and
does not necessarily imply equal pay-off values for both play-
ers. To do so, we arbitrarily choose a payoff matrix for each
class of intra-/interspecific interaction in Fig. 2 that represents
a coordination game, under the constraint of a symmetric
double well potential, i.e., (a;; — az1) = (a2 — ajp) > 0 and
a relative difference of 5 between intraspecific and interspe-
cific payoff (Aa = a;; — ax; = axy — ajp = 5). We simulate a
spatially explicit two-player coordination game for each case
and conduct the spatial structural analysis on the resulting
spatiotemporal dynamics. We find that for each class of game
the system undergoes phase separation. The curves of the
structural analysis, g,,(t) and S(g,,), collapse for all games
(see Fig. 4), and their temporal progression is consistent with
the hallmarks of Model A order-disorder phase separation. To
demonstrate the universal coarsening dynamics more broadly
for symmetric coordination games (C = 1), we test the coars-
ening dynamics for a wider range of values Aa € [1: 10] of
the relative inter-/intraspecific payoff and for a range of in-
traspecific payoff values a;;, ay € [—5 : 5]. We observe that
the relationships between ¢, and t, as well as S(g,,) versus
qm» align with the expected behavior of Model A’s universality
more broadly (see Fig. 7 in Appendix C).

In addition, we study the coarsening behavior in spatial
coordination games when the double-well potential func-
tions are not perfectly symmetric (Appendix C). Importantly,
we observe phase-separation for all investigated classes of

coordination games even for asymmetric potentials. We fur-
ther find that the coarsening behavior of coordination games
with a small deviation from symmetric potential (low degree
of asymmetry) still closely follows the “Model A” coarsen-
ing. In contrast, for coordination games with high degree
asymmetric potential, while we can still observe coarsening
(domains are formed), the coarsening is no longer consistent
with a “Model A” order-disorder phase separation.

IV. COORDINATION GAMES IN CONTINUOUS SPACE

We extend the prior analysis of interacting particle systems
to investigate coarsening dynamics within two-player games
in continuous space. In continuous space, phase separation
processes that follow “Model A” order-disorder transition
can be described by a reaction—diffusion equation, the Allen-
Cahn equation [16]. In the present context, the reaction term
emerges from the same interaction between opponents as de-
fined by the game rules applied on a lattice in the previous
section. However, here we consider a scaled lattice Zg =
€Z? = {ex : x € Z?*}, where € is the lattice constant. Further,
the frequency of types in the particle system are represented
as expected means, with u€ (¢, x) being the frequency of player
1 at time ¢t and position x, and v¢(¢,x) =1 — u®(t, x) the
frequency of player 2. Based on the spatial game rules, we
identify flip rates for the state of lattice sites in Appendix D,
and use them to derive the reaction term f () in Appendix E.
Next, we need to extend our model to include a diffusion term,
which emerges from cellular migration. Since the lattice is
fully occupied, diffusion is realized when individual players
swap positions with one of their nearest players. We define
that players at neighboring sites will be allowed to exchange
sites (perform random walks) at rate 4> on a lattice with
spacing €.
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With these ingredients, we can establish the partial differ-
ential equation (PDE) limits of spatial coordination games. In
the hydrodynamic limit of the interacting particle system, in
which the lattice spacing goes to zero (¢ — 0) and the speed
of stirring goes to infinity (¢ 72 — o0), the frequencies of the
two types of particles converge to continuous solutions of a
reaction-diffusion equation. We can write the time derivative
of the population u of player 1 as

ou

3
Pl Zu(l - u)|:(a]2 —an)(1—u)

1
+ (a1 —ax)u + 5(6112 — azl)] + Au. 5)

The detailed derivation of Eq. (5) can be found in Ap-
pendix E. The central limit theorem suggests that in the
limit players perform Brownian motion (by appropriate scal-
ing). Notably, the reaction term in Eq. (5) differs from the
mean-field replicator dynamics in Eq. (2). Hence, the limiting
reaction-diffusion equation associated with the spatial game
system is different from simply adding a diffusion term to
the mean-field replicator dynamics. This observation recapit-
ulates a central observation of earlier studies that explicitly
derived reaction-diffusion models for interacting particle sys-
tems [24]. The difference occurs as for each spatial game in
dimension 2, there is a 1/4 probability that the random third
player selected as the site of a potential birth event coincides
with the site of the opponent—this probability is not negligi-
ble. In contrast, in a nonspatial (mean-field) system with N
players the probability would be 1/N, which goes to zero as
N — oo. Notably, the replicator dynamics can be recovered
in a PDE system with large dimension d or by modifying the
game rules such that the opponent player cannot be identified
as the randomly selected third player (see Appendix E, Re-
mark E1, for more details).

Finally, we examine the solution space of the PDE model.
The reaction term in Eq. (5) is a cubic polynomial. In analogy
to Sec. I A, we define a potential function W as

Wu) = —[0 f(s)ds, (6)

where f is the reaction term in Eq. (5). If W has two local
minima at © = 0 and u = 1, and a local maximum at u = u,,
where u,, € (0, 1), then W is a double-well potential [see
Appendix E and (E9) specifically for the condition of W being
a double-well potential]. As a result the reaction term will
induce phase separation.

To consider the impact of the diffusion term on coars-
ening, we need to examine the complete reaction-diffusion
equation in Eq. (5), which takes the form of an Allen-Cahn
equation [16]. When Eq. (5) is defined on a two dimen-
sional torus T? (periodic boundary condition), the evolution
of Eq. (5) can be viewed as the L’-gradient flow of the
Ginzburg-Landau free energy functional [25,26]

1
Elu] = / ~|Vul> + W (u) dx, (7
T2 2
ie., u; = —V2(12)€[u]. The free energy is nonincreasing in

time (see Appendix E). The free energy £[u] contains two
terms; the gradient term penalizes spatial variation (thus,

diffusion has a smoothing effect), while the potential W
(which has a double-well shape with two local minima) drives
the system to undergo phase separation. This conclusion is
supported by the linear stability analysis of a mixed-strategy
homogeneous steady state iz, see Appendix E.

V. DISCUSSION

Microbes exhibit a multitude of interaction mechanisms
that shape the structure and dynamics of microbial commu-
nities. In this work, we have used a game theoretic framework
to systematically evaluate microbial spatiotemporal dynam-
ics given a range of ecologically relevant combinations of
inter and intraspecific interactions. We find that in the case
of coordination games, where cells prefer to coordinate with
those of the same microbial type over different type, the
game rules lead to a bistable interaction potential. In well-
mixed environments this leads one type to win and exclude
the other type. In contrast, when applying this game in an
individual-based spatial setting, where interactions are re-
stricted to nearest neighbors, we observe coarsening of the
“Model A” universality class in all studied classes of coor-
dination games, facilitating coexistence between types. Our
results demonstrate that comparable population dynamics can
emerge irrespective of the underlying type of interaction, pro-
viding a path forward to connect local interaction rules with
the structure and dynamics of complex microbial communities
[1,3,6,9,11,14,27,28].

As we show, phase separation occurs in spatially interact-
ing coordination games for a range of interaction types and
strengths. Previously, phase separation was shown to emerge
in the specific case of two-player antagonistic scenarios, and
universal behavior is obtained for symmetric antagonism [14].
We find that the observed universality class is more general:
“Model A” coarsening is obtained independent of the sign
of ecological interaction spanning antagonistic to coopera-
tive insofar as the payoff matrix corresponds to a symmetric
potential. Moreover, by extending the spatial analysis of the
coordination game to a continuous-space model, we demon-
strated that the coarsening dynamics driven by the double-well
interaction potential is captured by a nonconserving reaction-
diffusion equation that represents the hydrodynamic limit of
spatial games. In doing so, we find that the reaction-diffusion
equation associated with the spatial game system is different
from one obtained by adding a diffusion term to the replicator
dynamics (i.e., to the mean-field limit of the corresponding
nonspatial system). This observation recapitulates the findings
in Ref. [24] and reinforces the importance of assessing how
microscopic spatial interactions transform the emergence of
spatiotemporal patterns in biological systems.

These findings come with caveats. The structure of our
mean-field and spatially explicit analysis assumes dense com-
munities with constant total population sizes. In reality, both
the frequency of types and the total number of cells are
dynamic, e.g., because of exogeneous changes in resource
availability and due to endogenous feedback. Extending the
current model to include coupling between game and envi-
ronment could lead to novel dynamics [22,29-31]. Similarly,
the present framework focuses on types with fixed interaction
traits. As a result, the emergent spatiotemporal dynamics are
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limited to the study of ecological interactions rather than
the broader problem set of eco-evolutionary dynamics [32].
Intriguingly, the emergence of domains of single types of
microbes could shape selection and subsequent evolution. As
the frequency of intraspecific interactions increases and the
frequency of interspecific interactions decreases upon phase
separation, the switch in social contexts may give way to
selection pressure both for functional traits that contribute
to initial phase separation and the formation of clonal do-
mains and for functional traits which stabilize locally similar,
microbial domains [33]. Finally, while our work focuses on
pairwise interactions only, it it can be readily expanded to
study many-player systems to explore generic mechanisms
that may underlie emergent coexistence in multi-species sys-
tems [34] and the role of interaction strength [8,35] to promote
diversity.

In sum, our work demonstrates generic mechanisms that
can drive two-player systems to universal modes of coexis-
tence over a range of ecological scenarios, inspired by—but
not limited to—experimental findings of phase separation
within mutual killing strains of V. cholerae. In doing so,
we have shown how to formally connect features of local
ecological interactions with emergent patterns at population
scales. Although limited in its focus on static traits without
evolution or environmental feedback, we hope that the explicit
treatment of stochastic spatial games can provide a basis for
useful extensions of interest to a broader range of microbial
systems and contexts.
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APPENDIX A: DERIVATION OF MEAN-FIELD LIMIT

Throughout the Appendix, we denote a player with strategy

1 by @, and a player with strategy 2 by @. Using the notation

of chemical reactions [38], we list below all the possible

games that result in a change in the state N,. If the randomly

selected third player is not the opponent, then the games that
result in a change in the state N; are as follows:

focal opponent random

random o focal opponent

T+ D+ LT @+,
D+0+02 @4+0 40,
O+ +0O 2 O+ O+ O,
D+0+0 2 0+0+ 0,
D+0+0 L O+ 0O+ O,
D+0+0 2 0+0+ 0,
QO+ 04+0 — O+ O+ @,

O+0+0 2 0+0+ 0. (A1)

(=) (+)

Here the reaction rates a;; and a;;" are shorthands of

—a;jlig,; <0y and a;j1i4,; 0y, Where 1z, is the indicator func-
tion; 1z, =1 if event E is true and 1z, = O otherwise.
Technically, for any given payoff matrix A € R**2, only four
reactions in Eq. (A1) are realized.

If the randomly selected third player coincides with the
opponent, the following games would result in a change in
the state NV;:

‘ opponent opponent
focal & random o fOCﬁl & random
’ N aip
o+ © — @ + @

a(*)
O+0 L O+ O,

a(t)
O+ 0 >

(+)

O+ O,

Q+0 = @O+ O@. (A2)

Next, we derive the mean-field limit of above stochastic
games by following a similar exercise in Ref. [22]. Taking
into account all the cases in Egs. (A1) and (A2), we can write
the transition rates as

B 2 N, Nr—1 Ni—1 2 Ny N N
Ony.hi+1 = a3 Vs ﬁJr a5’ N %* ay "Ny %+ aj'Ni ﬁJr aN: WJF“EHM N 21)2’
Lo 2%) ™M) (™) 2(%) N,
_ (= ) (+) (+) ) (+)
Ommi—1 = N iV N1 T N tan N +ap,'M (N — 1)2 tarN Ny T
(A3)
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where Q,, v represents the transition rate from state n to state n’. Note that Q,, ,» = 0if |n — n’| > 1. For each equation in Eq. (A3),
the first four terms on the right hand sides correspond to the cases in Eq. (A1), whereas the last two terms correspond to the
cases in Eq. (A2). The evolution of state N, is governed by the master equation, which has a gain-loss form [22,39]

d
EP(NI’ 1) = On 1M PWNE = 1,1) + Oyt PWNV; 4 1,1) — (Ony vy -1 + Owyovi+1) P(VYL 1), (Ad)
Then, multiplying Eq. (A4) with N; and summing over N;, we obtain
N-1
ZNI —PNy, ) =Y Oyt PN, 1) — Z Oy v 1PN, 1), (A5)
N;=0 Ni=1

Thus, for the average of the stochastic variable N;(¢), its time evolution satisfies
d
E(Nl ) = (Own.vi+1) — (Owivi—1)- (A6)

Assuming N, Ni, N, > 1, we note that

N2N NZN, NZN. N;N? NN NN,
- 2 3N @ NiN2\ [ NN N2\ [NV
<QN1 N1+1> ~ay < N2 >+ ay < N2 >+a1J1r< ]1\]2 >+a1J2r< N2 >+ ay < N2 >+a1;< N2 >’

NN, _[ NN, NN )| NaN? [ NN, NN,
(O v, - 1>~a§z< N2 >+a§1)<v +asy) N +aj; N_zl tan\ vz +aj)) N/ (A7)

The approximation error can be estimated by calculating the relative change between the components in Eq. (A7) and
corresponding components in Eq. (A3). For example, we compute the relative error for the first component as follows:

NZN,

2("1) 2
Ny 555 — = NoNy(N, — 1) N? 1 1
W~-1) N _ 2NN — 1) “1l=(1-= {14+ —) —1]. (A8)
levzzvg (N—12 N2N, N N -1

This error is on the order max(1/N, 1/N;). As N, N;, N, > 1, the relative error approaches zero. Here, we define n = N /N,
and thus N,/N = 1 — n. Plugging the expressions of averaged transition rates in Eq. (A7) into Eq. (A6), then we normalize the
system via dividing both sides of Eq. (A6) by N, we find

d
) = a5 (2 (1= m) + a5 n(1l = ) + a2 (1 = ) + iy (n(1 = )
— ' (n(1 —n)?) — a$ ) (n(1 — n)) — a5 (n(1 — n)*) — a5 (n(1 — n))
N a$)(n(1 = n)) + a3 (n(1 — n)) alz (n(1 = n)) +a$(n(1 — n)) _ (A9)
N N
Since N > 1, the last two terms in the order of 1/N are dropped, and Eq. (A9) becomes
d
- = 811(n*(1 — n)) — 821(n*(1 — n)) + 812 (n(1 — n)*) — 8o (n(1 — n)*), (A10)

where §;; = af;“) (j_).. Not'e that al(j + fj ) = a,'j(l{ai/%o] + l[a,/.<0}) = a;;. In the limit of large N', Fhe normalized sy'stem
converges to the deterministic dynamics, i.e., the fluctuations around the average value (n) are negligible. We thus omit the

angular brackets in Eq. (A10) and obtain

dn
I =n(l —n)[(an1 — az)n + (a2 — axn)(1 —n)], (A11)
which recovers the standard replicator dynamics.
The details of mapping from two-player games to intra-/interspecific ecological interactions are shown in Fig. 5.

APPENDIX B: SIMULATION OF SPATIAL GAMES AND SPATIAL STRUCTURE ANALYSIS

The simulation details of spatial games are summarized in Algorithm 1.

We quantitatively examine the dynamics of phase separation via spatial structural analysis as follows. We first compute
the Fourier transform of the spatial configurations obtained from simulation [Figs. 6(a) and 6(b)]. This transforms the image
from real space into wave space with wave number coordinates g = [gy, ¢,]”, providing the spatial frequencies in the x and y
directions, respectively. Next, we calculate the structure factor S(g) by radially integrating the real part of the Fourier transformed
image [Fig. 6(c)] and calculate the characteristic wavenumber as g,, = [ ¢S(q)dq/ [ S(¢)dq.
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FIG. 5. Mapping from two-player games to inter- and intraspecific interactions. The sign (+/—) of payoff values correspond to the positive
(+) and negative (—) interactions. There are two layers, the outer-layer represents the intraspecific interactions and the inner-layer represents
the interspecific interactions. Some intra-/interspecific ecological interactions cannot be mapped to any coordination game (gray blocks), e.g.,
an example of anticoordination game with sign{A} = [—, +; —, +]. Some pairs of games are symmetric (blocks with same color), i.e., one can
be transformed to another via swapping player 1 and player 2. Hence, there are six distinct inter-/intraspecific ecological interactions that are
mapped to coordination games as shown in Fig. 2 in the main text.

APPENDIX C: COARSENING IN SPATIAL COORDINATION GAMES: NUMERICAL SIMULATIONS

In the main text, “Model A” coarsening has been observed for each of the six spatial coordination games with a symmetric
double-well potential (competitiveness ratio C = 1) and a relative difference between intraspecific and interspecific payoff of 5
(Fig. 4). To more broadly analyze the universal coarsening dynamics for symmetric coordination games, we test a wider range
of parameter values. We observe that the relationships between g, and ¢, as well as S(g,,) versus g,,, align with the expected
behavior of Model A’s universality more broadly, as shown in Fig. 7.

In analogy to the study of symmetric coordination games, next, we consider two types of asymmetric coordination games:
those with a small and a large deviation from a symmetric potential. In the main text Fig. 4, we choose one example payoff
matrix with symmetric double-well potential from each class of ecological interaction. The payoff matrices are [10, 2; 5, 7],
[10, —3;5, 2],[10, —=7;5, =2],[2, —1; =3, 4], [2, —7; =3, —2], and [—5, —7; —10, —2]. The relative fitness values (or the intra-
/interspecific interaction payoff differences) of the two players are the same for all studied examples, i.e., (a;; — az1) = (axn —
ayp) = 5. For convenience, we consider these payoff matrices as our baseline cases. To obtain asymmetric potentials, we add
a deviation factor 1 to control the degree of asymmetry. For example, adding 1 to the payoff matrix A = [10, 2;5, 7] with

By LR
(b) (©)

FIG. 6. Workflow of the image processing and analysis. (a) Black-white image of a phase separated lattice, and (b) the power spectrum of
the Fourier transformed image in panel (a), displayed with logarithmic scaling. (c) Magnified cutout of the center of the Fourier transformed
image (b) illustrating the radial integration for calculating the structure factor S(q). Intensities of pixels between concentric circles of g and
q + dq (red) are integrated and normalized by the number of pixels in this ring. This procedure is performed for the full range of g values
to provide the structure factor S(g) as a function of distance ¢ from the center of the Fourier transformed image. Note that the radial axis is
displayed with a logarithmic scale, and the image center corresponds to ¢ = 0.
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ALGORITHM 1: Simulation protocol of spatial games.

Input : lattice size: N =L x L
a 2 x 2 payoff matrix A with entries A[i, j] = as;
time step: dt
final time: ¢
game generations: T' =ty /dt
initial ratio of player 1: zo = #{players 1} /N
Output : evolution of spatial configuration {&:}
Initialization: & = [£(2i;)]Lxr with zi; € {1,2,..., L}? and &(z45) € {1,2}
fort=1to T do
for n=1to N do
e Select a random focal player, zr
e Select a random opponent player, xo, at an adjacent site of xr
e Identify payoff a = A[¢(zF),&(xz0)] and define rate of the game, A = |«|

e compute the probability of the game given duration dt, g = Adt

if a > 0 then
Update & correspondingly: the focal player reproduces with probability 8 and replaces a randomly selected

‘ adjacent individual with an offspring.

else if o < 0 then
Update & correspondingly: the focal player dies with probability 8 and is replaced by an offspring of a

‘ randomly chosen, adjacent individual.
end for

Save configuration &,

end for

return &, &1, ..., ¢

symmetric potential yields A, = [10, 2;5 — », 7]. In our numerical experiments and coarsening analysis, we use n = 0.5 for a
low degree of asymmetry and n = 3 for a high degree of asymmetry.

The coarsening behavior of coordination games with a low asymmetry potential still closely follows the “Model A”
coarsening, see Fig. 8. For coordination games with high degree of asymmetrical potential, we can still observe coarsening
behavior, see Fig. 9; however, the coarsening is not consistent with “Model A” order-disorder phase separation, see Fig. 9.

102 106
__Bx10% E
= =
= n
8 3x10' 5
€ S 1051
2 o] <
g 2x10 E
; t—l/? §
[9p]
101<
. . 10? ; ; ; .
1071 100 10! 10! 2x101 3x10t  5x10t 102
Dimensionless time (t) Wave number (g;,)

FIG. 7. Structural analysis of spatial coordination games with symmetric double-well potential across a broader range of parameter values.
Integer values for a;; and a,, are independently selected within the range of —5 to 5. The relative difference between intraspecific and
interspecific payoff (Aa = a; — a;; = a — ayz) is chosen to range between 1 and 10, leading to the relationships a;; = a;; + Aa and ay; =
ay + Aa. Simulations are performed for 1000 payoft matrices (= 10 x 10 x 10, excluding zero values). For each matrix, we examine the
structural relationships between ¢,, and dimensionless time ¢ and between S(g,,) and g,,, averaging over 50 realizations. The averaged curves
(blue line) are plotted within the confidence interval band (green shaded area). The 95% confidence intervals for these relationships, across the
tested parameters, are consistent with the expected behavior of Model A’s universality.
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FIG. 8. Spatial coordination games with a low degree of asymmetry in the payoff matrix. (a) Time-lapse images of a two player coordina-
tion game with payoff matrix A = [10, —5; —5.5, 10]. The images show the spatial configuration (lattice size L = 256) att = 0,2, 4, 6, 8, 10
with dt = 0.05. White corresponds to player 1 and black is player 2. Starting from a well mixed initial condition with an initial fraction of
0.49 for player 1 (unstable equilibrium of corresponding replicator equation), the two players separate into domains which grow over time.
(b) Structural analysis of simulated spatial coordination games that correspond to asymmetric potentials with a small deviation (n = 0.5).
For both panels (left and middle), there are 6 different colors, each corresponding to one type of interaction class in Fig. 2. We choose one
example payoff matrix from each class, and every data point is averaged over 50 realizations. The payoff matrices are [10, 2;4.5, 7] (red circle),
[10, —3;4.5, 2] (green square), [10, —7;4.5, —2] (blue triangle), [2, —1; —3.5, 4] (cyan triangle), [2, —7; —3.5, —2] (magenta triangle), and
[—5, =7;—10.5, —2] (yellow triangle). The relationship between g,, and ¢ is summarized in the left panel; all games closely follow a universal
t~1/2 trend. Similarly, S(g,,) curves collapse when S(g,,) is plotted versus g,,, all the games undergo the same coarsening process, see middle
panel. The plot of the potential function on the right panel shows the low degree of asymmetry.

APPENDIX D: THEORETICAL FRAMEWORK OF SPATIAL GAMES, INTERACTING PARTICLE SYSTEMS

The spatial interactions of players can be modeled using the framework of interacting particle systems [23]. Here, we consider
a lattice with L sites per dimension with periodic boundary conditions. In two dimensions, this is a torus in Z? with N = L?
lattice sites, where each site x is occupied by a player with either strategy 1 or strategy 2. Hence, the state space of each site is
A = {1, 2}, and the configuration of the system at time 7 is & : Z> — A. Let us define the interaction neighborhood of site x as

I = |J N, (D1)
yeN (x)
where N (x) is the set of four nearest neighbors of x: A'(x) = {y € Z? : ||y — x||; = 1}. Only one event is allowed at a time, and

the other sites remain (temporarily) unchanged, i.e., a regular Markov jump process. We define c;;(x, £) as the rate at which
site x at state i € A flips to state j € A. Note that the flip rate ¢;;(x, £) only depends on the configuration £ in the interaction
neighborhood Z (x) of site x. We refer to this flip event as the particle flip dynamics. The focal player’s position x is selected at
random, and the opponent’s position is chosen randomly from the nearest neighborhood N (x). As we apply the game rules in
Eq. (A1), the third player’s position is randomly chosen from A (x) as well. Note that the opponent in a game could be chosen as
the third player with some nonnegligible probability i (in contrast to the mean field limit of nonspatial games). For convenience,
we define the translation of a site x as

Ske(x) =x4 (k, €) = (x; + k, x2 + £). (D2)

We denote the positions of the focal player, the opponent, and the randomly chosen third player as xr, xo and xz respectively.
We describe the spatial dynamics by listing all the possible “local” games that may result in a state flip of site x.

First, we assume & (x) = 1, the position of the focal player being x, and discuss the following scenarios.

(1) The position of the focal player is x, i.e., xr = x, the opponent is from A (x) and it has the same strategy as the focal
player, i.e., £(xp) = £(xr) = 1. Suppose the focal player loses a game and gets replaced by a randomly chosen third player in
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FIG. 9. Spatial coordination games with a high degree of asymmetry in the payoff matrix. (a) Time-lapse images of a two player coordi-
nation game with payoff matrix A = [10, —5; —8, 10]. The images show the spatial configuration (lattice size L = 256) att =0, 2, 4, 6, 8, 10
with dt = 0.05. White corresponds to player 1 and black is player 2. Starting from a well mixed initial condition with an initial fraction of
0.45 for player 1 (unstable equilibrium of corresponding replicator equation), the two players separate into domains which grow over time.
(b) Structural analysis of simulated spatial coordination games that correspond to asymmetric potentials with a large deviation (n = 3). For
both panels (left and middle), there are 6 different colors, each corresponding to one type of interaction class in Fig. 2. We choose one example
payoff matrix from each class of interaction, and every data point is averaged over 50 realizations. The payoff matrices are [10, 2;2, 7] (red
circle), [10, —3;2, 2] (green square), [10, —7;2, —2] (blue triangle), [2, —1; —6, 4] (cyan triangle), [2, —7; —6, —2] (magenta triangle), and
[—5, —7; —13, —2] (yellow triangle). The relationship between ¢, and ¢ is summarized in the left panel; the games deviate from a universal
t~12 trend. Similarly, S(g,,) curves do not collapse when S(g,,) is plotted versus g,,, see middle panel. The plot of the potential function on the
right panel shows the high degree of asymmetry.

N (x) (other than the opponent) with a different strategy, i.e., £ (xg) = 2. So, werequire £ (x) = 1, £(xp) = 1 and & (xz) = 2. With
xp = x fixed, there are 12 feasible combinations of positions {xr, xp, xg}. For every feasible combination, say {x, s; o(x), 50,1 (x)},
the reaction (flip dynamics) is

focal, x  opponent, s10(x)  random, s (x) - focal, x  opponent, s19(x)  random, sp (x)
—— —_— —~= B —~ —~= —~=
® + ® + O — @ + ® + @ (D3)

where the flip rate B} is

probability of xg=so 1(x)
1

probability of xo=s; 0(x) rate of game
1 Ay
4

)

(=) _ (=
X ap X

n = (D4)

4

(2) The position of the focal player is x, i.e., xp = x, the opponent is from A (x) and it has a different strategy from the focal
player, i.e., £(xp) = 2. Suppose the focal player loses a game and gets replaced by a randomly chosen third player (other than the
opponent) with same strategy as the opponent, i.e., £ (xg) = 2. So, we require £(x) = 1, £(xp) = 2 and £ (xg) = 2. Withxp = x
fixed, there are 12 feasible combinations of positions {xg, xp, xg}. For every feasible combination, say {x, s; o(x), so.1(x)}, the
reaction (flip dynamics) is

focal, x  opponent, s;o(x)  random, so i (x) focal, x  opponent, s;o(x)  random, sp i(x)
—~= —_= —_=

(=)
o+ © 4+ @ by + @ (D5)

®

where the flip rate ﬁfz_ ) is

probability of xp=s]0(x) rate of game probability of xg=sp | (x)
) _ 1
12 4

--)

(Do)
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(3) The position of the focal player is x, i.e., xr = x, the opponent is from A (x) and it has a different strategy from the focal
player, i.e., £(xp) = 2. Suppose the focal player loses a game and gets replaced by an offspring of the opponent, i.e., xzg = xo.
So, we require £(x) = 1 and &(xp) = 2. With xp = x fixed, there are four feasible combinations of positions {xg, xo, xg}. For
every feasible combination, say {x, s1,0(x), s1,0(x)}, the reaction (flip dynamics) is

focal,x  opponent, s o(x) & random focal x  opponent, sq,(x) & random

O + o8 ‘92 @+ o) , (D7)

where the flip rate B 12 ) is

probability of xp=s]0(x) probability of xg=s] ¢(x)
— = —~ =

rate of game
) _ ! - ! DS
12 = 1 X aj,, X 7 . (D8)

Next, we still assume &(x) = 1, and consider the case where the position of the focal player is s ¢(x), where |k| + [£]| =1,
i.e., the focal player is one of the nearest neighbors of x. (Note that there are four possible positions of the focal player.) For
example, when (k, £) = (0, 1), the following three scenarios may result in a state flip on site x.

(1) The position of the focal player is sg 1 (x), i.e., xr = So,1(x), and the strategy of the focal player is 2, i.e., £(xr) = 2. The
opponent is one of its nearest neighbors (except x) and it has the same strategy as xr, i.e., £(xp) = 2. Suppose the focal player
wins a game and reproduces and replaces the player at x (the third player), i.e., xg = x. So, we require £ (xr) = 2, £(xp) = 2 and
&E(x) = 1. With xg = x and xp = 50,1 (x) fixed, there are three feasible combinations of positions {xg, xo, xg}. For every feasible
combination, say {so (x), s1,1(x), x}, the reaction (flip dynamics) is

focal, so,1(x)  opponent, s1,1(x)  random, x . focal, so,1(x)  opponent, s;1(x)  random, x
—~ ~= B
@ + ©) + 0 = 0 + @ + @ (DY)

where the flip rate B is

probability of xp=s,;(x) probability of xg=x
—~ = —~ =

rate of game

) = % x ah) x % : (D10)

(2) The position of the focal player is so1(x), i.e., xr = 50,1(x), and the strategy of the focal player is 2, i.e., §(xr) = 2.

The opponent is one of its nearest neighbor sites (except x) and it has a different strategy than xr, i.e., £(xp) = 1. Suppose the

focal player wins a game and reproduces and replaces the player at x (the third player), i.e., xz = x. So, we require &(xp) =

2, £(xp) =1 and £(x) = 1. With xg = x and xp = s0,1(x) fixed, there are three feasible combinations of positions {xg, xp, Xz}
For every feasible combination, say {so 1(x), s1,1(x), x}, the reaction (flip dynamics) is

focal, so,1(x)  opponent, s1,1(x)  random, x “ focal, so,1(x)  opponent, s1.1(x)  random, x
—_ —_= —~= B —~ —_
@ + 0) + o = @ + @ + @ | (D11)

where the flip rate ﬂ(”

probability of xo=s1,1(x) probability of xg=x

rate of game

—— —_—
(+) _ 1 (+) 1 D12
21 = 1 Xyt X 1 : (D12)

(3) The position of the focal player is sg 1 (x), i.e., xr = 50,1(x), and the strategy of the focal player is 2, i.e., £(xr) = 2. The
position of the opponent is x, i.e., xo = x. Suppose the focal player wins a game and reproduces and replaces the player at x
(the third player), i.e., xg = x. So, we require £ (xp) = 2, &£(x) = 1. With xp = xg = x and xg = 59| (x) fixed, there is only one
feasible combination of positions {s; ¢(x), x, x}, and the reaction (flip dynamics) is

focal, so,1(x)  opponent, x & random - focal, so,1(x)  opponent, x & random
~= ~= B> ~=
o+ w© B T 4+ @ (D13)

where the flip rate ﬂ(+)

probability of xp=x probability of xg=x

rate of game

—— ——
(+) _ 1 (+) 1 D14
21 — Py X Ay X 1 ( )

Now, we assume & (x) = 2 and the position of the focal player is x, and discuss the following scenarios that may result in a
state flip on site x. Note that the following scenarios are parallel with the ones that we discussed above with £(x) = 1, except
that states 1 and 2 are interchanged.
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(1) The position of the focal player is x, i.e., xr = x, the opponent is from N (x) and it has the same strategy as the focal
player, i.e., £(xp) = £(xr) = 2. Suppose the focal player loses a game and gets replaced by a randomly chosen third player in
N (x) (other than the opponent) with a different strategy, i.e., £ (xg) = 1. So, we require & (x) = 2, £(xp) = 2 and £ (xz) = 1. With
xp = x fixed, there are 12 feasible combinations of positions {xr, xp, xg}. For every feasible combination, say {x, s; o(x), 50,1 (x)},
the reaction (flip dynamics) is

focal, x  opponent, s;o(x)  random, s ;(x) o focal, x  opponent, sjo(x)  random, sp ;(x)
—_= —_= —_ 5 —_ —_= —_
@ + ® + @ =20 4+ ® + O (D15)

where the flip rate ﬁég Vis

probability of xo=s1,0(x)
—~ =
1
4

probability of xg=so 1(x)

rate of game i

j

(=) _

2 = (D16)

4

(2) The position of the focal player is x, i.e., Xz = x, the opponent is from A/(x) and it has a different strategy from the focal
player, i.e., £(xp) = 1. Suppose the focal player loses a game and gets replaced by a randomly chosen third player (other than the
opponent) with same strategy as the opponent, i.e., £ (xg) = 1. So, we require £ (x) = 2, £(xp) = 1 and £(xg) = 1. Withxp = x
fixed, there are 12 feasible combinations of positions {xr, xo, xg}. For every feasible combination, say {x, s; 0(x), so.1(x)}, the
reaction (flip dynamics) is

focal, x  opponent, s;o(x)  random, so i(x) focal, x  opponent, s;9(x)  random, sp (x)
—~= — { —~ =

=)
o + O + O BL>P5D\+ + @ , (D17)

©

where the flip rate ﬁ;l_) is

probability of xo=s1 9(x)
—~
1
4

probability of xg=s¢ (x)

rate of game A
1

O = (D13)

4

(3) The position of the focal player is x, i.e., xp = x, the opponent is from A (x) and it has a different strategy from the focal
player, i.e., £(xp) = 1. Suppose the focal player loses a game and gets replaced by an offspring of the opponent, i.e., xg = xo.
So, we require £(x) = 2 and £(xp) = 1. With xp = x fixed, there are four feasible combinations of positions {xg, x¢, xg}. For
every feasible combination, say {x, s1,0(x), s1,0(x)}, the reaction (flip dynamics) is

focal,x  opponent, 51 o(x) & random o focal, x  opponent, s; o(x) & random
—_= —_ By = —_
o + ® B, "o 4 0) , (D19)

where the flip rate ﬁéf) is

probability of xp=s; (x)
1

probability of xg=s; o(x)

rate of game i

j

= 1 x as) % 1 . (D20)

Next, we still assume &(x) = 2, and consider the case where the position of the focal player is s ¢(x), where |k| + [£| =1,
i.e., the focal player is one of the nearest neighbors of x. (Note that there are four possible positions of the focal player.) For
example, when (k, £) = (0, 1), the following three scenarios may result in a state flip on site x.

(1) The position of the focal player is s9 1 (x), i.e., xp = s9,1(x), and the strategy of the focal playeris 1, i.e., £(xp) = 1. The
opponent is one of its nearest neighbors (except x) and it has the same strategy as xr, i.e., £(xp) = 1. Suppose the focal player
wins a game and reproduces and replaces the player at x (the third player), i.e., xg = x. So, we require £(xp) = 1, £(xp) = 1 and
&(x) = 2. With xg = x and xp = 5,1 (x) fixed, there are three feasible combinations of positions {xr, xo, xg}. For every feasible
combination, say {so 1(x), s1.1(x), x}, the reaction (flip dynamics) is

focal, so,1(x)  opponent, s1;(x)  random, x - focal, s9,1(x)  opponent, s1,1(x)  random, x
— B —~ =
o 4+ ® + o L ® 4+ ® + O (D21)
: +)
where the flip rate 8, is

probability of xp=s,;(x)
1

rate of game probability of xg=x
1

(+)

(+) _ x alf x

1=
4 4

(2) The position of the focal player is sg1(x), i.e., xp = 50,1(x), and the strategy of the focal player is 1, i.e., £(xp) = 1.

The opponent is one of its nearest neighbor sites (except x) and it has a different strategy than xg, i.e., £(xp) = 2. Suppose the

focal player wins a game and reproduces and replaces the player at x (the third player), i.e., xx = x. So, we require & (xp) =

(D22)
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1, £(xp) =2 and £(x) = 2. With xg = x and xp = 50,1 (x) fixed, there are three feasible combinations of positions {xr, xp, Xz}
For every feasible combination, say {so 1(x), s1,1(x), x}, the reaction (flip dynamics) is

focal, so,1(x)  opponent, s1,1(x)  random, x - focal, s0,1(x)  opponent, s1,1(x)  random, x
—_ —_= —~ = B —_= —_
o 4+ ® + o 5 O 4+ ® + O, (D23)
where the flip rate ﬁg) is
probability of xp=s,1(x) rate of game probability of xg=x
(+) _ 1 x a(+) % 1 (D24)
12 4 12 4

(3) The position of the focal player is sg1(x), i.e., xp = 50,1(x), and the strategy of the focal player is 1, i.e., £(xp) = 1.
The position of the opponent is x, i.e., xo = x. Suppose the focal player wins a game and reproduces and replaces player at x
(the third player), i.e., xg = x. So, we require £ (xr) = 1, &(x) = 2. With xp = xg = x and xg = 59| (x) fixed, there is only one
feasible combination of positions {s; ¢(x), x, x}, and the reaction (flip dynamics) is

opponent, x
focal, 50,1(x) & random
o + ©

where the flip rate ﬁg) is

probability of xp=x
—
+) _ 1
12 4

APPENDIX E: HYDRODYNAMIC LIMIT OF SPATIAL,
STOCHASTIC GAMES

In addition to the partial flip dynamics described above,
we introduce another type of dynamics, namely the particle
exchange dynamics. Consider the scaled lattice Z? = €Z? =
{ex : x € Z?}. Assume the states at sites x and y are exchanged
at rate ke 2, where ||x — y||, = € and « is the diffusion con-
stant. This is equivalent to say that the player at position x tries
to swap with another nearest player (chosen at random with
equal transition probability 1/4) at rate 2k 2. Specifically,
if the rate of x, y swapping (given x is the center and y is the
neighbor) is %Ké ~2, then the same swap event could also occur
in the case of y as the center and x as the neighbor with swap
rate k€2, Therefore, the total rate of x, y swapping is ke 2.
The configuration of the scaled system at time ¢ is denoted by
£ L2 > A

In an appropriately scaled limit, in which the lattice spac-
ing goes to zero (¢ — 0) and the speed of stirring goes to
infinity (€72 — 00), the densities of the different types of
particles converge to continuous densities which are solu-
tions of a reaction-diffusion equation [23,40,41]. The term
“reaction” corresponds to the particle flip dynamics and the
term “diffusion” corresponds to the scaled particle exchange
dynamics (fast stirring). In the next theorem, we will derive
the reaction-diffusion equation as the hydrodynamic limit of
the interacting particle system, where the particle exchange
dynamics is as above, and the particle flip dynamics is as
described in Appendix D.

J

opponent, x
focal, s0.1(x) & random
—~= —_=
o + O, (D25)
. probability of xg=x
rate of game X
1
at x - (D26)
4

Theorem El. Consider an interacting particle system on
the scaled lattice Z2. Let the particle flip dynamics be given
in Eqs. (D3)—-(D26), and the particle exchange dynamics are
given by the symmetric nearest neighbor stirring with scaled
rate 2k 2. Suppose &5(x), x € Zg, are independent (product
measure) and let u€(¢, x) = P (&S (x) = 1). If u°(0, x) = g(x)
is continuous, then as € — 0, u®(¢, x) converges to the hydro-
dynamic limit u(z, x), where u(z, x) is the bounded solution
of

z_'; = f)+kAu, u(x,0) = gx), (ED)

where the reaction term f(u) is

f) = Ju(l —w)((ar — ax)(1 —u)
+ (a1 — ax)u+ (ai, — az1)). (E2)

Proof. According to theory of hydrodynamic limits of in-
teracting particle systems [23,40,41], the reaction term f(u)
is

flip from state 2 to state 1
f@) = {ca1(x, E)ig=2p)u — {c12(x, E)Ligo=1))us  (E3)

where (.), denotes the expected value under product measure
in which states 1 and 2 have densities « and 1 — u respectively,
ie, P(E(x)=1)=u and P(&(x) =2) = 1 — u. Recall the
flip dynamics that are associated with £(x) = 2, Egs. (D15)—
(D26), the first term (c2; (X, & )1z (x)=2})u becomes

flip from state 1 to state 2

(e21(x, E)gymay)u = (1 — )(1285 u(l — u) + 1285?4485 u) + 41 — w)3Bu? + 383 u(l — u) + BT u)
=u(l —w)(3al;’ (1 —w) + 3aiu+ jabi’ + 3aiPu+ 170 —w) + {ai})

=u(l —w)(3(0 —u)ay,’ +ap)) + Julay)’ +ay) + 3@y’ +a3)). (E4)
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Similarly, we let & (x) = 1, using Eqs. (D3)—(D14), the second term (ci2(x, §)1{z(x)=1})» becomes

(c12(x, E)g o)) = u(128u(l — u) + 12857 (1 —
w)* + 3857 u(l —

+4u(357(1 -

u)* + 46501 — u))
w)+ 571 —u))

=u(l —w)(GalVu+2a’ (0 —w) + 1a$) + 3a50(1 —w) + 3a5Pu+ 1a5y)

=u(l —w) (31 —w)@sy +a\) + 3u@) +da5P) + Laly +a5h)). (E5)

Plugging Eqgs. (E4) and (ES) into Eq. (E3), we have

Fa) =u(l —w)(3 —u)(S12 — 8) + 3uS1 — 81)
+ %(512 —821)), (E6)

where §;; = a(;”) ag_) = ajj. |

Remark EI. Comparing Eqgs. (E1) and (E2) with Eq. (2),
we point out that the limiting reaction-diffusion equation as-
sociated with the spatial game system is different from simply
adding a diffusion term to the mean-field replicator dynamics.
This observation recapitulates the findings in Ref. [24]. This
is because for each spatial game in dimension 2, there is a
1/4 probability that the random third player coincides with the
opponent, which is not negligible. In contrast, in a nonspatial
(mean-field) system the probability would be 1/N (here N is
the total number of players), which goes to zero as N — oo.
In addition, in dimension d, a similar derivation leads to a
reaction term

2d — 1
fw) = < >M(1 - M)((alz —ap)(1 —u)

2d

+ (a1 — az)u +

2 = 1(0l12 — a21)), (E7)

which recovers the replicator dynamics when d is large,
(M) > lasd > 1.

However we can modify the game rules such that the
opponent player cannot be identified as the random selected
third player in Egs. (D3)—(D26), i.e., we guarantee the random
selected third player is not an opponent, then the hydrody-
namics PDE takes the form of Eq. (E1) with reaction term
Eq. (A1l).

The reaction term f () in Eq. (E2) is a cubic polynomial.
Let us define the potential function W associated with f as

W) =-— /uf(s) ds. (E8)
0

J

(

If W has two local minima at ¥ = 0 and ¥ = 1, and a local
maximum at u = 6 where 6 € (0, 1), then we referto W as a
double-well potential. In the following proposition, we give a
sufficient condition for W to be a double-well potential.

Proposition EI. For the spatial game in dimension d, sup-
pose the 2 x 2 payoff matrix A satisfies

(a1 —axn)+ <2d—1

)(an —ay) <0,

(aj1 —ax) + ( )(012 —ay) > 0. (E9)

2d — 1
Then, the potential function W (u) in Eq. (E8) is a double-well
potential.

Proof. To ensure the potential function W has a double-
well shape, we restrict f(#) = 0 when u = 0, 1 and 6, where
0 €(0,1), and f'(0) <0, f/(1) <0, f'(#) > 0. Note that
f(u) =0 whenever u=0,1 given the form of f(u) in
Eq. (E7). Define a linear function £ on [0, 1] as

h(u) = (a12 — an)(1 —u) + (a11 — az)u

1
+ <2d— 1)(6112 — a),

so that f(u) = u(l — u)h(u). To have f(0) =0 with 9 €
(0, 1), we require h(@) = 0 for some 6 € (0, 1). Since A is lin-
ear, we need sign{h(0)} # sign{h(1)} to ensure the existence
of such a 6, moreover, we need 2(0) < 0 and &(1) > 0 so that
f/(@) > 0. In doing so, we obtain Eq. (E9). |

Decay of free energy. The reaction-diffusion equation in
Theorem E1 takes the form of an Allen-Cahn equation [16].
When Eq. (E1) is defined on a two dimensional torus T2, the
evolution of Eq. (E1) can be viewed as the L?-gradient flow of
the Ginzburg-Landau free energy functional [25,26]

Elu] =/ l|W|2+W(u) dx, (E10)
T2 2

ie., u; = —V2r2)E[u]. Taking the derivative of £[u] with
respect to time yields

ig[u] = / Vu-Vu, — f(u)u, dx
dt T2

(integration by parts) = / V- u,Vu) —uAu— f(u)u, dx
T2

:—/ u,(f(u)—}—Au)dx—}—/ V- (u;Vu) dx
T2 T2
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(divergence theorem) = — / |u,|2 dx +
’I[‘2

(periodic boundary condition) = — /
T

<0.

Therefore, the free energy is nonincreasing in time. Note that
the free energy £[u] contains two terms, where the gradient
term penalizes spatial variation (thus has a smoothing effect),
whereas the potential W (which has a double-well shape with
two local minima) drives the system to undergo phase separa-
tion.

Linear stability analysis. For Eq. (E1), note that the con-
stant solution u(x, t) = u is a steady state, where i € (0, 1)
is such that f(iz) = 0, and it corresponds to a mixed strategy
that is spatially homogeneous. Now let us consider a solu-
tion that has a small fluctuation around i, that is, u(x,t) =
it + Su(x, 1), where |du| < 1. Substituting this solution to the
evolution equation Eq. (E1) and omitting the terms of order
(8u)? or higher, we find that an arbitrarily small perturbation
du evolves as follows:

ddu o
— = f(#)éu + k Adu.
ot
The general solution of a constant-coefficient linear evo-
lution equation can be written as Su(x, t) = ve %, where

(u;Vu) - ndS
T2

lus |* dox
2

(E11)

(

v is some nonzero constant vector, o is growth rate and
g = lkm /e, jm/€]T is the wave vector (gx is a dot product).
Substituting Su(x, t) = ve® e'# into the above linear evolu-
tion equation and canceling common terms from both sides,
we find that

o(q) = f'(@) — Klql*.

The growth rate o is then determined as a function of the wave
vector. Those associated wavelengths with positive growth
rates are unstable, and those with negative growth rates are
stable; the parameters of the system determine which, if any,
of the wavelengths fall into each category. Note that we have
f'(@) > 0 when W is a double-well potential, which leads to
0(0) > 0. In addition, if either « is sufficiently small or the
domain is sufficiently large, then we also have o(g) > 0 for
all |g| small, indicating that a small fluctuation could lead to
phase diverge from the homogeneous equilibrium.
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