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The celebrated Lindblad equation governs the nonunitary time evolution of density operators used in the
description of open quantum systems. It is usually derived from the von Neumann equation for a large system, at
given physical conditions, when a small subsystem is explicitly singled out and the rest of the system acts as an
environment whose degrees of freedom are traced out. In the specific case of a subsystem with variable particle
number, the equilibrium density operator is given by the well-known grand canonical Gibbs state. Consequently,
solving the Lindblad equation in this case should automatically yield, without any additional assumptions, the
corresponding density operator in the limiting case of statistical equilibrium. Current studies of the Lindblad
equation with varying particle number assume, however, the grand canonical Gibbs state a priori: the chemical
potential is externally imposed rather than derived from first principles, and hence the corresponding density
operator is not obtained as a natural solution of the equation. In this work, we investigate the compatibility of
grand canonical statistical mechanics with the derivation of the Lindblad equation. We propose an alternative and
complementary approach to the current literature that consists in using a generalized system Hamiltonian which
includes a term pN. In a previous paper, this empirically well-known term has been formally derived from the
von Neumann equation for the specific case of equilibrium. Including N in the system Hamiltonian leads to
a modified Lindblad equation which yields the grand canonical state as a natural solution, meaning that all the

quantities involved are obtained from the physics of the system without any external assumptions.

DOI: 10.1103/631r-2y71

I. INTRODUCTION

The Lindblad equation is routinely used to analyze open
quantum systems embedded in a thermodynamic reservoir [1].
The situations usually treated involve primarily the exchange
of energy between system and reservoir, see, e.g., Refs. [2,3]
and references therein, while the exchange of matter is mostly
considered for stationary currents only [4], where the number
of particles in the system can be treated as a constant. For
systems with a truly variable particle number, it is well-known
that the fundamental principles of quantum statistical mechan-
ics dictate that the stationary equilibrium state is given by
the grand canonical density operator. One is therefore led to
the logical consequence that if the derivation of the Lind-
blad equation is consistent with the particular assumptions
of grand canonical statistical mechanics, then one must be
able to obtain the corresponding density operator from the
equation in the limiting case of statistical equilibrium, without
manually imposing additional physical constraints. As will be
shown below, this general requirement boils down to con-
crete mathematical conditions which the Lindblad operator
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necessarily has to fulfill at equilibrium, and we will discuss
their compatibility with the physical assumptions underlying
the modeling of dissipative processes and the grand canonical
ensemble.

Our motivation for analyzing the relationship between the
Lindblad equation and the grand canonical ensemble was born
out of the previous paper [5] of the second-named author,
where an evolution equation for the density operator of open
quantum systems close to equilibrium with a reservoir of
energy and particles has been derived explicitly from first
principles. Most importantly this derivation formally justifies,
under the key physical approximation of negligible surface-
to-volume ratio (explained below), a long-standing empirical
conjecture due to Bogoliubov [6], namely that the Hamilto-
nian H of a system in contact with a particle reservoir should
be extended by the term wN, where u is the chemical potential
and N the particle number operator; see, for example, Refs.
[7,81, [9, p. 29], [10, p. 28], and [11, p. 60]. The crucial
difference of the analysis conducted in Ref. [S] compared
to the presentation in the aforementioned references (and
similar literature in quantum many-body theory) is that the
chemical potential is not introduced empirically as an external
parameter, but is automatically obtained from the intrinsic
physical quantities of the system. In this sense, the derivation
is self-contained and does not need any empirical assump-
tions. With this in mind, consider the standard derivation of
the Lindblad equation, as presented for example in Ref. [1],
which relies on the crucial approximation of a weak system—
reservoir coupling. The important point to note is that this
derivation does not make use of the assumption of negligible
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surface-to-volume ratio, which is physically different from the
weak coupling approximation but, at the same time, manda-
tory for obtaining the grand canonical density operator. Thus,
the question naturally arises whether a grand canonical-like
variable particle number is fully compatible with the current
derivation of the Lindblad equation without any further ad hoc
assumptions, and we intend to provide an answer in this work.

To avoid misconceptions, we emphasize at this point that
our intention here is not to criticize current literature which
treats situations involving the Lindblad equation with vary-
ing particle number in a grand canonical ensemble, such as
Refs. [12-15], for example. Studies like these have deliv-
ered reliable results through approaches that are physically
interesting and numerically satisfactory. In fact, we actually
use them as reference for our work and aim at proposing an
alternative approach that generalizes and includes the previous
models on the basis of physical and mathematical consistency.
For instance, in Ref. [12] the grand canonical solution of the
Lindblad equation for the system in contact with a reservoir is
obtained by imposing that the latter is described by a grand
canonical density operator; we reach the same result with-
out imposing such statistics a priori. Similarly, in Ref. [13]
the grand canonical solution is numerically obtained by em-
pirically imposing eigenvectors of the Hamiltonian H — uN
that we have mathematically derived from first principles. In
essence, therefore, our target is to obtain the grand canonical
statistics without any external imposition or empirical/semi-
empirical consideration, but at the same time we require
complementarity to models already present in literature. In
fact, our proposed extension must be fully consistent with
previous models and should possibly include them; this aspect
will be underlined later on for specific examples.

As a final point, we want to highlight that quantum sys-
tems in equilibrium which exchange particles with a reservoir
are of high relevance in many fields of current research.
Molecular physics is a typical example, where solvation prop-
erties, chemical reactions in a liquid, and similar situations
would highly benefit from an open-system approach with
varying particle number. The treatment of such systems via
molecular simulation imposes the challenge of implementing
well-founded equations, such as the Lindblad equation, in ef-
ficient codes [16—18]. Having applications like these in mind,
the objective of the paper at hand is to analyze conceptual
challenges in the derivation of the Lindblad equation for open
systems with varying particle number in equilibrium, and we
conclude that a possible modification of the derivation in this
setting would provide a more solid foundation from the point
of view of statistical mechanics. Our model consists of density
operators py for each N-particle realization of the open sys-
tem and a corresponding hierarchy of equations governing the
evolution of these py, instead of a straightforward dynamical
equation for the full density operator p.

To conclude the introduction, we provide a brief outline
of the paper. In Sec. II the microscopic derivation of the
Lindblad equation is reviewed very briefly, and a simple two-
level system is discussed to highlight the difference between
the exchange of excitations and the exchange of particles. In
Sec. Il we introduce the grand canonical density operator, re-
view the results of Ref. [5] mentioned above, and analyze the
Lindblad equation in the grand canonical regime. In Sec. IV

we propose a modification of the derivation of the Lindblad
equation in light of the foregoing analysis, leading to a revised
equation directly compatible with grand canonical statistical
mechanics. We then discuss a computational protocol with
which this revised Lindblad equation can be implemented in
practical applications.

II. OPEN QUANTUM SYSTEMS

In the following, the general mathematical setup for open
quantum systems, which will be used throughout the paper,
shall be discussed to fix notation, and the derivation of the
well-known Lindblad equation will be sketched very briefly,
summarizing its essence for the requirements of this work;
a detailed derivation of this equation can be found in many
references, e.g., Refs. [1,19-22]. We also discuss a simple
example to emphasize the different physical nature of the ex-
change of excitations and the exchange of physical particles.

A. Mathematical setup

Consider a quantum system described by a Hilbert space
‘H and Hamiltonian H. A general (mixed) state of this system,
modeled in terms of a density operator p on ‘H, evolves in time
according to the von Neumann equation:

. dp@)
in N [H, p(1)]. (D

The system is partitioned into a region of interest, referred to
as the open system S, and a large thermodynamic reservoir B.
The former is described by a Hilbert space Hg and the latter
by a Hilbert space Hp such that the total space H factorizes
tensorially as [23]

H=Hs®Hp.

Corresponding to this factorization, the Hamiltonian H is
decomposed as

H = Hs ®Idg + Ids ® Hp + aHint, 2

where Hg is the Hamiltonian of the open system, Hp the
Hamiltonian of the reservoir, Hj,; the Hamiltonian mediating
the interaction between S and B, Id denotes the identity op-
erator on the corresponding space, and @ € R is the coupling
constant determining the strength of the interaction. The inter-
action Hamiltonian Hj,, is usually decomposed as

Hi =) (St ® Ry). 3)
£

where S; and R, are self-adjoint operators on Hg and Hg,
respectively; for a bounded interaction, such a decomposition
is always possible according to a general result about tensor
products of type I von Neumann algebras [24, p. 185].

The dynamics of the total system is described in the in-
teraction picture, into which a general Schrodinger-picture
operator A can be transformed with

A(l) — ei(H5®IdB+IdS®HB)t/ﬁA e—i(H5®IdB+IdS®HB)t/ﬁ

In this representation, the interaction-picture density operator
p(t) evolves according to the von Neumann equation (1) with
the total Hamiltonian H replaced by aH;n (), the latter being
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considered in the interaction picture as well [20]:

do(®) _ e .
o =7 [Hine (1), p(1)]. “)

B. Lindblad equation

Assuming a weak coupling between system and reservoir
(¢ < 1), one can solve the differential equation (4) iteratively
by integration and in this way obtain a series expansion for
p(t). Since one is interested in the dynamical evolution of the
degrees of freedom of the open system S only, one also applies
the partial trace trg over the reservoir B on this expansion;
writing ps(t) := trg(p(¢)) this yields [1]

) .
%a) = = (i 1), p(O)

aN2 !
- (%) / trp([Hin (1), [Hinc(5), p()1]) ds
0

+ 0.

Since this expression still depends on the density operator
p(t) of the full system, one has to impose further assump-
tions to reduce the equation to the system density operator
ps(t). Namely, under the Born-Markov and rotating wave ap-
proximations, which essentially assume that the timescales of
system-reservoir correlations and relaxation of the reservoir
are much smaller than the typical timescale of the open system
[1], one obtains, after a series of very nontrivial manipula-
tions, the so-called Lindblad master equation [1,20-22]:

dps(t) i
% = _ﬁ [HS + azHrenv ,OS(I)]

1
+a’ ) (Ljps(r)L} - 5L, ps<r>}). 5)
J

The first term describes the unitary (nondissipative) part of
the dynamics; the role of the self-adjoint operator Hy., added
to the system’s Hamiltonian Hy is to renormalize the energy
levels of the open system due to the interaction with the
reservoir. Since these two operators commute, Hy, simply
shifts the energy levels of S and is, therefore, usually referred
to as the Lamb shift Hamiltonian [21, p. 62]. The second term

1
D(ps(1)) = o’ ij (Ljps(l)Lj- - E{L;Ljs ps(f)}> (6)
J

describes the dissipative part of the dynamics in the form of
a flux of energy between the system and the reservoir; this
dissipation is contained in the so-called jump operators L;
acting in Hgs and damping rates A; > 0. All of these quantities
are expressed in terms of the system and reservoir operators
S¢, Ry appearing in the decomposition (3) of the interaction
Hamiltonian H;y.

Remark 1. Equation (5) was obtained for finite-
dimensional Hilbert spaces by Gorini, Kossakowski,
and Sudarshan [25], and for bounded Hamiltonians on
infinite-dimensional spaces by Lindblad [26]. These authors
showed in their respective cases that Eq. (5) is the most
general form for the generator of a quantum dynamical
semigroup [22, Theorem 5.1].

For the sake of completeness, we mention that besides
the weak-coupling derivation of Eq. (5) briefly discussed
above, there are other, more recent methods for obtaining
the Lindblad equation in different parameter regimes, e.g.,
coarse-graining approaches [27,28].

Remark 2. For later considerations, it is important to point
out the following property of Eq. (5): if the reservoir B is as-
sumed to be in a canonical Gibbs state at inverse temperature
B = (ksT)™' > 0, that is, pp = Z5' e PHs, then it follows
that the corresponding state for the open system S with the
same inverse temperature, i.e., ps = Zg le=PHs isa stationary
solution of Eq. (5); see, for example, Refs. [20, Sec. 3.3.2],
[21, Sec. 5.2.8], and [22, Sec. 6.3.1].

C. Exchange of excitations versus exchange of particles

While the Lindblad equation (5) does describe the ex-
change of excitations or quasiparticles between system and
reservoir, the exchange of actual particles is not contained in
the model. To illustrate this point, we will discuss a situation
often cited as describing a particle exhange and argue that it
only involves the exchange of excitations; a more systematic
analysis of this issue follows below in Sec. III D.

Consider the simple yet ubiquitous setting of a two-
level system S with Hilbert space Hs = C?, standard basis
{|1), ]0)}, and Hamiltonian

Fla)()

= (I = 10)(0])
coupled to a bosonic reservoir B. If this reservoir is in a canon-
ical Gibbs state at inverse temperature §, then one can show
that the dissipative part (6) of the Lindblad equation takes the
following form [20, Sec. 3.4.2], [21, Sec. 5.2.5]:

D(ps(t)) = yo(N + 1)(o_ps(t)oy — 3 {o10-, ps(0)})
+ 7N (04 ps(D)o- — 3 oo, ps®D. (T

o > 0 is a physical constant (depending on wp), N =
(ePhoo —

HS a)()>0,

1)_1 is the value of the Bose-Einstein distribution
at wy, that is, the mean number of bosons with frequency
wp in the thermal state of the reservoir, and the matrices o4
are the “ladder operators” for the two-level system, that is,
o+ =1|1)(0] and o_ = |0)(1|. The two terms above can be
interpreted as the transfer of an excitation (that is, a quasipar-
ticle) from the system to the reservoir at rate yo(N + 1) and
from the reservoir to the system at rate N, respectively [20,
p- 148], [22, p. 320].

This exchange does not constitute an exchange of actual
particles in the grand canonical sense; the only process which
is modeled by Eq. (7) is a jump of a single particle between
the two states |0) , |1), induced by the environment of bosonic
particles. In fact, for an actual exchange of particles, one
would need (i) a chemical potential provided by the physics
of the system which is, however, not modelded in this jump
process and (ii) a change of the intrinsic physical constitution
of the system S due to the addition or removal of degrees of
freedom. The latter should be reflected by the system’s Hilbert
space ‘Hs which stays the same in the above example though
(as it still models only a single two-level degree of freedom),
but would need to change if the number of particles contained
in § changes.
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Incorporating such processes involving the exchange of
actual particles in the Lindblad equation is the novel aspect
of our paper which we will discuss in detail below.

Remark 3. A step forward compared to this approximation
of constant particle number in the subsystem can already be
found in the seminal work of Emch and Sewell [23], where
they suggest a coupling term composed of creation and anni-
hilation operators for particles in the system. Despite the fact
that their derivation is very general and even goes beyond the
approximation of a Markovian reservoir, they remain rather
unspecific regarding the form that such an operator should
have. In fact, a solution is not suggested even in the simplified
case of equilibrium.

III. GRAND CANONICAL ENSEMBLE

To carry out a more systematic analysis of the Lindblad
equation for systems with variable particle number, going
beyond the example discussed above, we shall introduce the
grand canonical formalism in this section. We will also briefly
report on the recent first-principle derivation of an effective
Hamiltonian for open quantum systems with varying particle
number, mentioned in the introduction. We shall then return
to the Lindblad equation and argue that the grand canonical
density operator cannot be obtained from it without imposing
additional assumptions.

A. Fock space

Consider the general setup discussed in Sec. I A, and sup-
pose that the open quantum system S, consisting of identical
particles, exchanges energy and matter with the reservoir B.
In this case, the state space Hg of S is naturally given by the
Fock space

F = é?—[@w ,
N=0

where H is the Hilbert space of a single particle in S and
HEN .= R # (with the convention H®® = C) the N-fold
tensor product of 7, that is, the state space of a realization
of the open system comprising N particles (referred to as an
N-realization in the following). Elements of F are sequences
(Pn)nen, of vectors dy € HEV such that Y v, Pnl3 <
400, with || - ||y being the canonical norm on the tensor prod-
uct space H®V.

On the Fock space F, one can define the total particle
number operator ./#” as the direct sum operator

N =P (N 1dyer), (8)

N=0

which means that .4 acts on an element (®y)yen, € F
according to A (Py)nen, = (NPy)nen,. Similarly, if Hy
denotes the Hamiltonian of an N-particle realization of the
system S, acting in the tensor product space H®", then its
extension .77 to Fock space F, usually called “second quanti-
zation” of the single-particle operator, is given by [29]

7 =@ Hy. ©)

Two important mathematical properties, which will be used
below, readily follow from the definitions of the operators (8)
and (9): first, these two operators commute, [J7, 4] =0,
and second, restricted to the subspace H®V they act like
N Idyev, respectively, Hy.

B. Grand canonical Gibbs state

The equilibrium state of the open system S, exchanging en-
ergy and particles with the reservoir B, at inverse temperature
B is given by the well-known grand canonical density operator
[30,31]

1
pac = o—e T, (10)
Qe
where © € R is the chemical potential, that is, the rate at
which the exchange of particles with the reservoir occurs, and
QOgc is a normalization factor given by

oo
Oge = trr(e PE—1N)y = Z tr v (e P HN—RN1d)
N=0

= Z On .
N=0

Using the (nonnormalized) trace-class operator

1
PGCN = ——¢€

Oac
which acts in the N-particle Hilbert space H®", one may
rewrite the grand canonical Gibbs state (10) as the direct sum
operator

—B(Hy—puN Idy o) (11)

1 2N B
poc = @,OGCN =5, De Py —iuNTdyion) — (12)
N=0 2N N_g

This relation shows that instead of specifying the full Fock
space density operator pgc, one may work with the hierarchy
of N-particle operators pgc v and the corresponding normal-
ization factors Qy; this observation will be crucial later on.

C. First-principle derivation of the grand
canonical density operator

In Ref. [5], the effective Hamiltonian Hy — uN Id for open
quantum systems exchanging energy and particles with their
environment was derived from first principles. This derivation
provides a theoretical justification for a long-standing empiri-
cal conjecture used frequently in quantum many-body theory
as well as for a numerical algorithm used in path integral
molecular dynamics simulations of systems in contact with
a particle reservoir. Employing this effective Hamiltonian,
the recent follow-up study [32] demonstrated the utility of
a variable particle number as a tool to control the accessible
spectrum of a quantum system, thus strengthening the utility
of such an effective Hamiltonian by opening up new possibil-
ities for the analysis of quantum systems.

The derivation proposed in Ref. [5] follows a statistical
mechanics approach rather than the purely dynamical view-
point taken in the derivation of the Lindblad equation. In
essence, the effective Hamiltonian is derived by separating
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a large system into a thermodynamic reservoir B in which
a system of interest S is embedded, and then tracing out the
degrees of freedom of B in the von Neumann equation (1) for
a generic N-realization of S, using the approximation of neg-
ligible surface-to-volume ratio. To this end, the Hamiltonian
H of the total system is first partitioned as in Eq. (2). Contrary
to the derivation of the Lindblad equation, however, it is then
assumed that | aH;y|| < ||Hs]||, hence

H ~ Hs ® 1d + 1dg ® Hj. (13)

This is the approximation of negligible surface-to-volume ra-
tio known from statistical mechanics [30,31], and it represents
the key difference compared to the derivation of the Lindblad
equation. Indeed, this approximation is not a subcase of the
weak coupling approximation: the direct interaction between
system and reservoir can be locally strong, while the statis-
tical weight of the interface energy is small compared to the
total internal energy, thus defining a minimal volume for the
subsystem of interest.

Next, assume (i) that the total system contains M particles
and is partitioned such that S contains N (instantaneous) par-
ticles, as done similarly for classical systems in the Liouville
equation [33,34]; we shall denote the system Hamiltonian Hg
by Hy and the bath Hamiltonian Hg by Hy_y to emphasize
the dependence on the partition. Assume (ii) that the reservoir
is much larger than the system of interest, i.e., N < M, and
furthermore that B is in a canonical Gibbs state pg ~ e PHu-n
independently from its interaction with S (which is reason-
able given that B is much larger than S). Writing py(f) =
trg(p(t)), the von Neumann equation (1) turns into the follow-
ing N-hierarchy of equations for the density operators py (¢):

don(t)
dr

Using the surface-to-volume ratio approximation (13), one
can evaluate the partial trace on the right-hand side of this
equation to obtain

trp([H, p(t)]) = [Hy, pn(@)] + tr(Hy—ypp(t)) pn (1)
— on(@) tr(ps(t)Hy—y) -

While the last two terms, in principle, cancel each other out,
it is fruitful to evaluate them explicitly as follows. The ex-
pressions tr(Hy_ypp) = tr(pgHy—n) =: (Eg(M — N)) corre-
spond to the average energy of the reservoir B. Now, crucially,
one can expand the unknown function N + (Eg(M — N)) in
a Taylor series in powers of N, given that the bath B is much
larger than the system S,i.e., M — N ~ M for N <« M. To first
order in N, one therefore has

ih

= trp([H, p(1)]) .

N. (14)

a
(Es(M — N)) = (Eg(M)) + —(Ep(M — N))
oN N&«M

The first term (Eg(M)) is a constant that determines the zero
of the energy scale and can hence, without loss of generality,
be chosen equal to zero; note that it plays an analogous role
as the Lamb shift term in the Lindblad equation. More inter-
estingly, the expression

d
v (Es(M — N))

N ="K

N<M

corresponds, by definition, to the chemical potential p at
constant entropy and volume of the reservoir [35, p. 71].
Since we consider S and B in equilibrium, p is automatically
the chemical potential of the system § as well. This point
is truly crucial for the subject discussed in this paper: it
highlights that, given the total system, the explicit derivation
of the chemical potential is naturally obtained from the von
Neumann equation according to the general physical approxi-
mations made at the beginning. The key point is, in particular,
that w is not imposed a posteriori (as done, for example, in
Refs. [12-15]), which implies that the ensemble consistency
and the corresponding thermodynamics in Ref. [5] naturally
emerge from the physics of the system, as they should.

Finally, observe that one may lift the expression (14) to an
operator identity on the N-particle subspace H®V:

(Eg(M — N)) ~ —uN Idsen .

This is a reasonable assumption since according to Eq. (8), the
number operator .4~ will simply count the number of particles
of the N-realization of S and thus give back the value N. With
this, the resulting equation for the density operator py(#) of
the open system S near equilibrium becomes

doy ()
dr

This equation suggests that an N-realization of the system S
is described by the effective Hamiltonian

il

= [Hy — N Idyev, py(1)]. (15)

H" = Hy — N Idgen |

with a clear definition of the chemical potential © which
emerges from the physical quantities involved in the deriva-
tion. In particular, in the case of stationary equilibrium, this
equation automatically delivers the grand canonical density
operator in the form of Eq. (11).

Remark 4. As mentioned above, the basic tool used in the
foregoing derivation is the well-known surface-to-volume ra-
tio approximation, commonly used in physics when a system
is divided into two subsystems such that the cross-interactions
between them are negligible compared to the internal interac-
tions of each of them. It is important to note that one can even
rigorously estimate whether the correction due to the sepa-
ration is negligible or not, see Refs. [36—40]. Assuming that
the separation is justified, the problem simplifies significantly
while still capturing the relevant physics of the situation. For
the specific case of an open system which is large enough to be
statistically well-defined, embedded in a much larger reservoir
whose macroscopic properties are not affected by the open
system, this approximation is certainly well-founded.

D. Lindblad coupling operator in the grand canonical regime

Having introduced the grand canonical Gibbs state (10)
in the natural language of Fock space and outlined how it
emerges in a first-principle derivation, we shall now return
to the Lindblad equation. In the limiting case of stationary
equilibrium, it holds that pg = 0, and hence Eq. (5) reduces to

i 1
—o Hs, psl+e? ) 3, (LjpsL,T - 5L, ,05}) =0;

J
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for simplicity, we have neglected the renormalizing shift H,
in the system’s energy. If one now considers the specific case
of an open system S embedded in a large reservoir with which
it exchanges energy and particles, then the density operator pg
is given by pgc from Eq. (10), and the Hamiltonian Hg is the
second quantization operator 7 from Eq. (9). Inserting this
into the previous identity, it follows that

i 1 _ _ a? _ _ .

—— [, e B MJV)]z_ )Lj(Lje B —pn A ¥

h Qe Occ r /

_ %{L;Lj, eﬁ(-%”ue/‘/)}> ]

Observe that the left-hand side vanishes since
[, e P =11 =0, which follows from [#, # —
nA1 = 0. Therefore, the condition on the damping rates A ;
and the jump operators L;, Lj. for the equilibrium case is

, .1 ,
—B(FE—pu N ) T —B(A—p N
» xj<Lje pA =1 >Lj—§{Lij,e P~ >})=0.
j

(16)
Three possibilities arise to satisfy Eq. (16):
(1) The operators L; and LJ‘ are such that for all j:

LiL=LL}, [Lje?* =0,
and [Lj., RS Te)

That is, the operators L; are normal, and e A% ~#4) com-
mutes with L; and L;. (Instead of the latter, one may also
require that L; and L; commute with the operator 57 — u.4".)

(2) The involved system-reservoir processes balance each
other in the sum, that is, there exist numbers r, s € N such that
r + s equals the total number of processes and such that, after
possibly relabeling, one has

,

s | - s
Z)LJ,(Lje B(# ”‘/V)L;—E{le,j,e B(H# H:/V)}>
j=1

N
1
_ —BA—p N )T T —B(H—p N
= E:XJ(Lje B =1 )Lj—z{Lij,e PA = >}>.

j=r+1

This is to say that one can specifically build (e.g., in a numer-
ical scheme) processes that, by design, balance each other.

(3) The sum of dissipative processes associated to the
jump operators L;, LJ‘ and damping rates A; is forced into an
effective total nondissipative process, i.e.,

1.
—B(FE—p AN )1 T i —B(I—p N
» Aj(Lje P~ )Lj—E{Lij,e P >}>
j

= L), e P ) a7

Here, f = f(u-/") is some operator-valued function of the
grand canonical system-reservoir coupling. In particular, f
is not a function of the open system Hamiltonian /¢, since
the latter does not carry any explicit information about the
coupling to the reservoir.

The conditions (1) and (2), on the one hand, would restrict
the specific modeling of the system-reservoir coupling to
a very limited amount of physical possibilities, if there are
any at all. While the specific choice of operators would be
matching the limiting case of equilibrium, it would not nec-
essarily describe situations out of equilibrium. Condition (2),
in particular, represents a specific form of imposed detailed
balance; this is a necessary condition for a grand canonical
ensemble, but it is not sufficient. In fact, in a grand canonical
ensemble the particle number needs to fluctuate according to
the natural thermodynamics of the system; that is, for any par-
ticle entering or leaving the subsystem, an automatic sampling
is required which searches for the minimum of the free energy
[41]. This process is not likely to be written in a treatable form
of operators without assuming, a priori, the grand canonical
eigenstates, and probably even if one makes this assumption,
the form of the specific operators may be extremely complex
and thus intractable in, e.g., numerical schemes.

On the other hand, condition (3) leads, in our view, to a
situation that contradicts the standard derivation of the grand
canonical density operator in statistical mechanics. Indeed,
reinserting Eq. (17) into the Lindblad equation (5) results in

dps(t) _
dr

thus implying an effective Hamiltonian of equilibrium of the
form S — f(u/"). At first order of the operator-valued
function f(u./"), this gives 5 — pu.#" which is formally
equivalent to the effective Hamiltonian that was derived in
Ref. [5] under the approximation of negligible surface-to-
volume ratio, meaning that H;, from the decomposition
(2) must be neglected overall. Since the derivation of the
Lindblad equation crucially relies on the system-reservoir
interaction Hamiltonian Hjy, this would imply that the same
effective Hamiltonian s — u.4#" would follow from condi-
tion (3) without the aforementioned approximation, thereby
contradicting the statistical mechanics of the grand canonical
ensemble.

Based on this discussion, we conclude that none of the
three conditions (1), (2), or (3) can be achieved without great
loss of generality, hence the grand canonical density operator
is not a natural solution of the Lindblad equation, without
additional assumptions.

Remark 5. Tt must be noted that for a system with fixed
particle number, the external coupling that drives the sys-
tem to thermodynamic equilibrium, e.g., a thermostat, can
be switched off once the thermalization is reached; thus, the
equivalent of Eq. (16) for the canonical Gibbs state is automat-
ically achieved in equilibrium by A; — 0. This is not true for
a chemostat, however, as the transfer of particles and energy
from and to the reservoir requires a continuous exchange.
Moreover, the two situations also differ with respect to the
definition of the thermodynamic state point. In the canonical
case, the only thermodynamic variables are particle density
and temperature, which are fixed by the external observer.
Instead, in a grand canonical set up one needs, in addition,
knowledge of the chemical potential which cannot be arbitrar-
ily fixed by an observer, but must be automatically derived
through the physical quantities of the system; this point will
be very important later on for the model we propose.

—%[%, ps()] + % LF (A ). ps()] .
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Remark 6. Regarding alternative approaches to grand
canonical systems within the framework of the Lindblad
equation hinted at in the introduction, we mention first the im-
portant results of Ref. [12]. In this paper, the author showed,
among other things, that assuming the reservoir B to be in
a grand canonical Gibbs state pg ~ e PHs=#NB) it follows
that the corresponding density operator for the open system
at the same inverse temperature 8 and chemical potential
W, ps ~ e PHs=1Ns) ig 3 stationary solution of the Lindblad
equation (5). This analysis is definitely nontrivial and inter-
esting as it generalizes the property mentioned in Remark 2 to
grand canonical situations. However, the chemical potential of
the reservoir has to be imposed manually and is not derived
from physical quantities of the total system. As discussed
above, the chemical potential cannot be fixed a priori like
the temperature, and hence, in our view, it does not suffice
to generalize Remark 2 to obtain grand canonical consistency.
Instead, the chemical potential has to be provided from first
principles when solving the Lindblad equation, and this is
exactly what we desire to achieve in this paper.

Next, we comment on the interesting approach of Ref. [13]
which treats quantum chains with Lindblad baths. In this
study, the coupling coefficients of the dissipative part (6) of
the Lindblad equation are assumed to have a grand canonical
form of number occupation, with the additional imposition of
a chemical potential (similar to the approach of Ref. [14]).
In particular, the authors of Ref. [13] manually impose the
eigenstates of the operator Hy — uN 1Id to conclude about
the detailed balance of the process. While this approach is
certainly very interesting, it also relies on an a posteriori
imposition of the system-reservoir coupling term into the
Lindblad equation that does not naturally emerge from tracing
out the degrees of freedom of the reservoir. In relation to
our model, as discussed below, the employed Hamiltonian
reminds of the result of Ref. [5], thus implicitly suggest-
ing that one should separate the equilibrium state from the
nonequilibrium state and add the nonequilibrium operator as
a perturbation over the equilibrium state.

IV. REVISED LINDBLAD EQUATION FOR GRAND
CANONICAL CONSISTENCY

After a quick summary of the foregoing discussion, we
shall present our proposal for overcoming the difficulties
discussed in the previous subsection. This will lead us to a
modified Lindblad equation in the form of an N-hierarchy of
equations for the N-particle density operators. We will also
discuss a possible computational protocol associated with this
hierarchy at the end of the section.

A. Summary of the previous discussion

The essential difference between the derivation of the
Lindblad equation and the effective Hamiltonian lies in the
partitioning of the total system and the decomposition of its
Hamiltonian. In the former, the operator that drives the time
evolution is the part o« Hj, of the total Hamiltonian that medi-
ates the interaction between the open system and the reservoir,
cf. Eq. (4). Contrarily, in the latter the key approximation is
that of a negligible surface-to-volume ratio, implying that the

part of the total Hamiltonian carrying the system—reservoir in-
teraction can be dropped. In equilibrium statistical mechanics,
this is not a drastic approximation: the exchange of particles
between the open system and the environment happens ac-
cording to the balance of free energy (that is, equal chemical
potential); if the environment is large enough, then its free
energy will not be affected by the change in the number of
particles due to the exchange between system and reservoir,
and thus one can effectively take the chemical potential of
the total system as the chemical potential of the reservoir. In
turn, to reach equilibrium, the open system must adjust its free
energy according to the free energy of the reservoir. Hence,
the interactions between the open system and the reservoir,
despite the fact that they are not explicitly considered, take
place statistically and are, therefore, implicitly included in
the free energy of the reservoir and in the corresponding “re-
sponse” of the open system driven by the reservoir-imposed
chemical potential. In our view, this is the key aspect that
does not allow the Lindblad approach to be straightforwardly
compatible with the statistical mechanics derivation of the
grand canonical density operator. As argued in Sec. III D, the
derivation of the Lindblad equation in its current form does
not support the notion of a chemical potential automatically
derived from the free energy of the environment, but it can
only be empirically imposed in the final form of the equation.

B. Revising the derivation of the Lindblad equation

In the following, we propose a statistical mechanics ap-
proach to address this problem, whose key feature is to
consider every N-realization of our system and its corre-
sponding statistical weight. This is formally analogous to the
standard approach used in classical statistical mechanics for
the grand canonical ensemble, where the subsystem is charac-
terized by an N-generic realization of particles [33,34]. In fact,
a natural way to proceed is to take into account the results of
Ref. [5] and employ the effective Hamiltonian Hy — uN Idg,
which comes with a first-principle derivation of the chemical
potential, as the Hamiltonian of the open system S in the
Lindblad equation, so that, in the limit of vanishing dissipative
processes (that is, in stationary equilibrium), the Lindblad
equation assumes the form of Eq. (15) of the von Neumann
equation for an open system with grand canonical statistics.

To implement this idea, one can approximate the inter-
action Hamiltonian aHj, between the open system and the
environment as the sum of two terms: (i) a statistically
conservative part uN Idgs which commutes with the system
Hamiltonian Hy and thus conserves equilibrium, and (ii) a
dissipative part &Hgss that controls the convergence toward
an equilibrium or nonequilibrium steady state. Thus, we set

aHip = —puN 1ds ® 1dp + dHgiss, (18)

with Hgis acting in the tensor product space Hgs ® Hp and
a € R controlling the dissipative coupling. The difference of
(18) compared to the usual derivation (see Sec. IIB) is that
it contains a statistically conservative part instead of only a
dissipative part. In this context, “statistically conservative”
is understood in the sense that the operator uN Idg allows,
in average, an exchange in equilibrium, where equilibrium
means that the system is characterized by a mean energy and a
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mean number of particles according to the statistical ensemble
average. Note also that the additional term uN Idg mediating
the particle flux in the interaction Hamiltonian (18) cannot be
decomposed as an operator in Hg ® Hp like in Eq. (3), other
than the trivial decomposition —uN Idg ® Idp that was used
in Eq. (18). This is due to the fact that, as shown in Sec. III C,
the chemical potential 1, when derived from the partitioning
of the large system, depends on the energy of the reservoir
B and thus already contains information about the interac-
tion with B which makes a further tensorial decomposition
superfluous [42]; this reinforces that the choice (18) for the
interaction is well-founded.

Now, with the model (18) for the interaction Hamiltonian,
the term wN Idg can automatically be included in the effective
Hamiltonian of the open system, while Hygiss is used for the
explicit coupling between the system and reservoir in any
kind of nonequilibrium, dissipative process, as in the stan-
dard derivation of the Lindblad equation. For the latter, this
means that instead of Eq. (2) one employs the following total
Hamiltonian:

H = (Hy — uN 1ds) ® 1dp + Ids ® Hp + &Haiss -

The dissipative Hamiltonian Hg;ss can be decomposed as in
Eq. (3) since it still acts in the tensor product space. With this,
the starting point for the derivation of the modified Lindblad
equation is Eq. (4) with H;,(¢) replaced by Hgss(¢). One can
then perform the same weak-coupling expansion with respect
to the parameter &, where all the approximations now pertain
to Hgiss. The resulting equation for an N-realization of S thus
reads

doy(t i ~
dov@® _ 1 [Hy — uN Idg + G*Hyen, oy (1)]
dr h
5 1
+ a2 ZA,-(LJ-,ON(I)L;- - E{L;Lj» ,ON(I)}>~
j

19)

Here, the jump operators L; and the damping rates A; are
computed with respect to the tensorial decomposition of the
dissipative interaction Hgjss. Note, in particular, that in the
limit @ — O of vanishing dissipative interaction (meaning that
the environment does not create any situation far from equilib-
rium for the open system), Eq. (19) reduces to Eq. (15), and
hence a stationary equilibrium state with the standard grand
canonical effective Hamiltonian Hy — uN Idg is automati-
cally obtained, where the chemical potential is not imposed
externally but derived as in Sec. III C.

Remark 7. Observe that in this derivation the Lamb shift
Hamiltonian H,, corresponds to the term (Eg(M)) in Eq. (14).
The term uN Idg, while in this representation also being a con-
stant shift, depends on the variable N and contains, through
the chemical potential u, the statistical interaction with the
environment.

In principle, one could consider the modified Lindblad
equation also in the full Fock space, where the variable N
corresponds to the number of occupied states, the N-particle
density operator is replaced by the full Fock state pg, and the
system Hamiltonian becomes .7 — u.4". Aside from this, the
form of the modified Lindblad equation for the full density
operator p remains unchanged compared to Eq. (19).

Furthermore, we point out that on a purely empirical basis,
where the term p./” is simply added to the system Hamil-
tonian 7 for similarity to the grand canonical Boltzmann
factor, a form of the Lindblad equation similar to our proposal
(19) has already been written in the preprint [15]; this high-
lights that the need for extending the equation was already
present in the community. In light of this, our novel contri-
bution consists in introducing our results of Ref. [5] into the
derivation of the Lindblad equation and completing it for the
case of varying N in a grand canonical fashion. Crucially, u is
then exactly defined by quantities of the system and it can be
calculated explicitly:

a
p=——(Eg(M —N))
oN NaM

That is, u is no longer a parameter that is defined outside the
derivation of the equation, but it naturally emerges within the
derivation as well.

Finally, note that the algorithm used in molecular dynamics
simulations of systems in contact with a particle reservoir
(mentioned in Sec. III C) that was justified in Ref. [5] provides
an indirect proof of the validity of the modified Lindblad equa-
tion (19): in path integral molecular dynamics, the molecular
trajectories are used to sample the quantum density operator of
the system, thus indirectly solving the Lindblad equation for
a system of quantum molecules; see, for example, Ref. [43].

C. Computational protocol associated with the hierarchy

Equation (19) provides an N-hierarchy of equations for
the full density operator of the system. The algorithm asso-
ciated with this hierarchy for computing expectation values
of observables can be described as follows (see Fig. 1 for
a schematic illustration). Suppose that a specific realization
of the system S with Ny particles is given at time ¢ = #;. All
the equations of the hierarchy (19) for py, in principle from
N =1 to the limit N — oo, can run in parallel to compute the
solutions py(t) forall N € N and ¢ € R. (Of course, this is an
idealized picture; see below for a more practical version.) One
now wants to determine the time series of the py, that is, the
evolution of the system in terms of the number of particles N
(“effective time evolution™). At time t = f, where the system
contains N, particles and it is assumed that in the next time
step, the system will perform a single particle jump either to
No + 1 or Ny — 1 total particles, one therefore considers the
solutions pn,+1 and py,—1. With these given density operators,
one computes the ratios

tr(pon,)
tr(png—1)

tr(on,)

oS 20
tr(ony+1) (20)

where the traces are not computed over the full Fock
space, but only over the N-particle subspaces, N €
{No, No + 1, Ny — 1}. Taking the minimum of these two ratios
and comparing it to a threshold of acceptance (Metropolis
criterion), one takes py,+1, the choice of sign depending on
the result of the previous step, as the new density operator
if the move is accepted, or one keeps py, if the moves is
rejected. Next, one proceeds to the time t =ty + Atf, At > 0.
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FIG. 1. Illustration of the sampling over N-space for the N-hierarchy (19) of Lindblad equations.

This procedure is repeated K times, thus creating a chain

PNy (), pn,(to + At) or pyy+1(fo + AL), ...,
PNyxm (t + KAL),

with M € {0, 1, ..., K}. If A is any observable of the system
S, and if 1= {Ny, Ny £ 1,..., Ny = M} denotes the set of
particle numbers obtained previously, then the expectation
value of A over the trajectory of system configurations com-
puted before is given by

1
(4) = 2 D tr(ovA) .

NeNn

In essence, the jump across the family of system configura-
tions from one N-value to another occurs according to the
instantaneous Boltzmann weight of close configurations.

This protocol relies on the idealized assumption that the
solutions ¢ > pn(7) of Eq. (19) have been computed for every
N e N; in practice, this is of course not realizable. However,
the ideal algorithm described before can easily be adapted to
be implementable in a concrete setup. Namely, one can start
with an educated guess for the initial particle number Ny, e.g.,
the average (N) of equilibrium. Knowing that the distribution
of N for a weak coupling scenario is close to a normal distri-
bution, one can focus the interest on a certain region around
(N), say [(N) — AN, (N) + AN], AN > 0, and compute in
parallel from the hierarchy (19) only the density operators
ou for M € {{(N) — AN, ..., (N)+ AN}. As before, em-
ploying a Metropolis-like algorithm generates a time series
of density operators with which one can compute averages of
observables.

Regarding the complementarity with other models dis-
cussed in the Introduction, it is important to note that our
derivation provides mathematical and physical consistency to
the grand canonical sampling algorithms of Refs. [13,14]. In
fact, in equilibrium it automatically uses the eigenstates of
the Hamiltonian Hy — uN Idg, as manually done in Ref. [13],
and it also automatically employs the Metropolis-like al-
gorithm of Eq. (20) that was envisaged in Ref. [14] for
climbing/descending on the N-ladder.

V. CONCLUSIONS

We have analyzed the Lindblad equation in the context
of the grand canonical ensemble, that is, in the limit of a
stationary density operator in equilibrium with a large particle
reservoir. We have put forward an analysis that underlines the
difficulties which the Lindblad equation faces when used for

modeling systems in equilibrium with a reservoir of particles.
Current studies working with the Lindblad equation in a grand
canonical ensemble require additional hypotheses to manu-
ally fit the equation into this scenario. Although numerically
efficient, such approaches imply a degree of empiricism in a
procedure that can be derived from first principles and thus be
made self-contained.

Therefore, this paper suggests accepting the fact that
the present derivation of the Lindblad equation for systems
exchanging matter with an environment in (or close to) equi-
librium cannot straightforwardly be justified. To overcome
this problem, we have proposed a revision of the standard
derivation, based on recent rigorous studies of grand canonical
systems, that essentially relies on a new model (18) for the
system-reservoir interaction Hamiltonian which is founded
upon physical approximations justified from general princi-
ples of statistical mechanics. The resulting modified Lindblad
equation (19) automatically yields the correct density operator
in the limiting case of stationary equilibrium without forcing
the Lindblad coupling operator (6) into the conditions (1),
(2), or (3) introduced in Sec. III D. Our approach automati-
cally includes, and also mathematically justifies, the empirical
impositions of other approaches, thus offering an effective
generalization of the treatment of the Lindblad equation in a
grand canonical ensemble.

We do not, however, exclude other possible approaches
based on the idea of considering the density operator p in the
full Fock space, where the instantaneous particle numbers N
are the occupied states, varying as the system evolves. This
particular path may be explored in future work; in this paper,
we intended to propose a solution based solely on statistical
mechanics considerations, which may help to build an effi-
cient numerical algorithm based on the hierarchy (19).

ACKNOWLEDGMENTS

This work was supported by the DFG Collaborative Re-
search Center 1114 “Scaling Cascades in Complex Systems,”
Project No. 235221301, Project CO1 “Adaptive coupling of
scales in molecular dynamics and beyond to fluid dynamics,”
and by the DFG, Project No. DE 1140/15-1, “Mathematical
model and numerical implementation of open quantum sys-
tems in molecular simulation.”

DATA AVAILABILITY

No data were created or analyzed in this study.

024130-9



BENEDIKT M. REIBLE AND LUIGI DELLE SITE

PHYSICAL REVIEW E 112, 024130 (2025)

[1] D. Manzano, A short introduction to the Lindblad master equa-
tion, AIP Adyv. 10, 025106 (2020).

[2] J. Prior, A. W. Chin, S. F. Huelga, and M. B. Plenio, Efficient
simulation of strong system-environment interactions, Phys.
Rev. Lett. 105, 050404 (2010).

[3] G. McCauley, B. Cruikshank, D. I. Bondar, and K. Jacobs,
Accurate Lindblad-form master equation for weakly damped
quantum systems across all regimes, npj Quantum Inf. 6, 74
(2020).

[4] D. Manzano and P. I. Hurtado, Symmetry and the thermody-
namics of currents in open quantum systems, Phys. Rev. B 90,
125138 (2014).

[5] L. Delle Site and A. Djurdjevac, An effective Hamiltonian for
the simulation of open quantum molecular systems, J. Phys. A:
Math. Theor. 57, 255002 (2024).

[6] N. N. Bogoliubov, On a new method in the theory of supercon-
ductivity, Il Nuovo Cimento 7, 794 (1958).

[7] D. P. Sankovich, Bogolyubov’s theory of superfluidity, Phys.
Part. Nuclei 41, 1068 (2010).

[8] V. A. Zagrebnov and J.-B. Bru, The Bogoliubov model of
weakly imperfect Bose gas, Phys. Rep. 350, 291 (2001).

[9] E. M. Lifshitz and L. P. Pitaevskii, Statistical Physics, Part 2:
Theory of the Condensed State, Landau and Lifshitz Course of
Theoretical Physics Vol. 9 (Pergamon Press, Oxford, UK, 1980)

[10] H. Bruus and K. Flensberg, Many-Body Quantum Theory in
Condensed Matter Physics (Oxford University Press, Oxford,
UK, 2004).

[11] P. Coleman, Introduction to Many-Body Physics (Cambridge
University Press, Cambridge, UK, 2015).

[12] G. Schaller, Quantum equilibration under constraints and trans-
port balance, Phys. Rev. E 83, 031111 (2011).

[13] P. H. Guimardes, G. T. Landi, and M. J. de Oliveira, Nonequi-
librium quantum chains under multisite Lindblad baths, Phys.
Rev. E 94, 032139 (2016).

[14] G. Bulnes Cuetara, M. Esposito, and G. Schaller, Quantum ther-
modynamics with degenerate eigenstate coherences, Entropy
18, 447 (2016).

[15] H. Hauptmann and W. T. Strunz, Canonical c-field approach to
interacting Bose gases: Stochastic interference of matter waves,
arXiv:1911.10102.

[16] L. Delle Site and M. Praprotnik, Molecular systems with open
boundaries: Theory and simulation, Phys. Rep. 693, 1 (2017).

[17] L. Delle Site, Grand canonical adaptive resolution simulation
for molecules with electrons: A theoretical framework based on
physical consistency, Comput. Phys. Commun. 222, 94 (2018).

[18] L. Delle Site, Simulation of many-electron systems that ex-
change matter with the environment, Adv. Theory Simul. 1,
1800056 (2018).

[19] R. Alicki and K. Lendi, Quantum Dynamical Semigroups and
Applications, Lecture Notes in Physics No. 717 (Springer,
Berlin, Heidelberg, 2007).

[20] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, UK, 2007).

[21] A. Rivas and S. F. Huelga, Open Quantum Systems, Springer-
Briefs in Physics (Springer, Berlin, Heidelberg, 2012).

[22] B. Vacchini, Open Quantum Systems, Graduate Texts in Physics
(Springer, Cham, 2024).

[23] G. G. Emch and G. L. Sewell, Nonequilibrium statistical me-
chanics of open systems, J. Math. Phys. 9, 946 (1968).

[24] M. Takesaki, Theory of Operator Algebras i (Springer, New
York, NY, 1979).

[25] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Completely
positive dynamical semigroups of N-level systems, J. Math.
Phys. 17, 821 (1976).

[26] G. Lindblad, On the generators of quantum dynamical semi-
groups, Commun. Math. Phys. 48, 119 (1976).

[27] D. A. Lidar, Z. Bihary, and K. B. Whaley, From completely
positive maps to the quantum Markovian semigroup master
equation, Chem. Phys. 268, 35 (2001).

[28] G. Schaller and T. Brandes, Preservation of positivity by dy-
namical coarse graining, Phys. Rev. A 78, 022106 (2008).

[29] O. Bratteli and D. W. Robinson, Operator Algebras and Quan-
tum Statistical Mechanics I (Springer, Berlin, Heidelberg,
1981).

[30] K. Huang, Statistical Mechanics, 2nd ed. (John Wiley & Sons,
New York, NY, 1987).

[31] E. Schwabl, Statistical Mechanics, 2nd ed. (Springer, Berlin,
Heidelberg, 2006).

[32] B. M. Reible, A. Djurdjevac, and L. Delle Site, Chemical poten-
tial and variable number of particles control the quantum state:
Quantum oscillators as a showcase, APL Quantum 2, 016124
(2025).

[33] L. Delle Site and R. Klein, Liouville-type equation for the n-
particle distribution function of an open system, J. Math. Phys.
61, 083102 (2020).

[34] R. Klein and L. Delle Site, Derivation of Liouville-like equa-
tions for the n-state probability density of an open system with
thermalized particle reservoirs and its link to molecular simula-
tion, J. Phys. A: Math. Theor. 55, 155002 (2022).

[35] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part 1, 3rd
ed., Landau and Lifshitz Course of Theoretical Physics Vol. 5
(Pergamon Press, Oxford UK/New York, NY, 1980).

[36] L. Delle Site, G. Ciccotti, and C. Hartmann, Partitioning
a macroscopic system into independent subsystems, J. Stat.
Mech. (2017) 083201.

[37] B. M. Reible, C. Hartmann, and L. Delle Site, Two-sided Bo-
goliubov inequality to estimate finite size effects in quantum
molecular simulations, Lett. Math. Phys. 112, 97 (2022).

[38] B. M. Reible, J. F. Hille, C. Hartmann, and L. Delle Site, Finite-
size effects and thermodynamic accuracy in many-particle
systems, Phys. Rev. Res. 5, 023156 (2023).

[39] L. Delle Site and C. Hartmann, Scaling law for the size depen-
dence of a finite-range quantum gas, Phys. Rev. A 109, 022209
(2024).

[40] L. Delle Site and C. Hartmann, Computationally feasible
bounds for the free energy of nonequilibrium steady states,
applied to simple models of heat conduction, Mol. Phys. 123,
€2391484 (2024).

[41] B. Widom, Some topics in the theory of fluids, J. Chem. Phys.
39, 2808 (1963).

[42] In addition, from a mathematical point of view the choice
—uNIds ® Idg is also very natural because the mapping
PB(Hs) > B(Hs @ Hp), T — T ® Idp, extending a bounded
operator on Hg to one on Hg ® Hp, is the dual, with re-
spect to the Hilbert-Schmidt inner product, of the partial trace
trg : B1(Hs @ Hp) > B1(Hs), S® T — Str(T), mapping a
trace-class operator from Hs ® Hp to one on Hg; see, for
example, Ref. [44, p. 122].

024130-10


https://doi.org/10.1063/1.5115323
https://doi.org/10.1103/PhysRevLett.105.050404
https://doi.org/10.1038/s41534-020-00299-6
https://doi.org/10.1103/PhysRevB.90.125138
https://doi.org/10.1088/1751-8121/ad5088
https://doi.org/10.1007/BF02745585
https://doi.org/10.1134/S1063779610070191
https://doi.org/10.1016/S0370-1573(00)00132-0
https://doi.org/10.1103/PhysRevE.83.031111
https://doi.org/10.1103/PhysRevE.94.032139
https://doi.org/10.3390/e18120447
https://arxiv.org/abs/1911.10102
https://doi.org/10.1016/j.physrep.2017.05.007
https://doi.org/10.1016/j.cpc.2017.09.020
https://doi.org/10.1002/adts.201800056
https://doi.org/10.1063/1.1664664
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1016/S0301-0104(01)00330-5
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1063/5.0251102
https://doi.org/10.1063/5.0008262
https://doi.org/10.1088/1751-8121/ac578f
https://doi.org/10.1088/1742-5468/aa75db
https://doi.org/10.1007/s11005-022-01586-3
https://doi.org/10.1103/PhysRevResearch.5.023156
https://doi.org/10.1103/PhysRevA.109.022209
https://doi.org/10.1080/00268976.2024.2391484
https://doi.org/10.1063/1.1734110

OPEN QUANTUM SYSTEMS AND THE GRAND CANONICAL ... PHYSICAL REVIEW E 112, 024130 (2025)

[43] M. E. Tuckerman, Statistical Mechanics: Theory and Molecular [44] D. Petz, Quantum Information Theory and Quantum Statistics,
Simulation, 2nd ed. (Oxford University Press, Oxford, UK, Theoretical and Mathematical Physics (Springer, Berlin, Hei-
2023). delberg, 2008).

024130-11



