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Van Hove singularities in the density of states of a chaotic dynamical system
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We show that the statistics of chaotic systems can be predicted by constructing an associated sequence of
periodic differential operators and computing their densities of states. For such operators, the density of states
is well understood and can be computed straightforwardly, often yielding explicit formulas. As a case study, we
investigate a nonlinear recursion relation that maps naturally onto a family of periodic operators generated by
a Fibonacci tiling rule. This correspondence enables us to derive an explicit formula for the limiting statistics
of the chaotic system and to demonstrate that the clustering near critical values is equivalent to the van Hove

singularities in the operators’ densities of states.
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I. INTRODUCTION

Chaotic systems have been long-standing objects of fasci-
nation. Although the long-term behavior of individual orbits is
hard to predict, in no small part due to the sensitivity to initial
conditions, the collective behavior of many orbits can often be
captured in a statistical sense by understanding convergence
to invariant measures. Then, using probabilistic methods, it
is often possible to make precise statements about the likeli-
hood of a future state [1,2]. Although this is most commonly
achieved by computing the density of states (DoS) through
exploiting ergodic properties and finding invariant measures,
other methods exist, such as understanding a system’s statis-
tics by reformulating the problem in terms of random matrix
theory [3,4].

In this work we demonstrate an alternative approach to
predicting the statistics of a chaotic system, by constructing a
corresponding sequence of periodic differential operators and
computing their associated densities of states. This ambition is
similar in spirit to moment problems, where the aim is to find
a linear operator whose moments generate the values of the re-
cursion relation [5-7]. However, in this case our approach will
have the significant benefit of being able to exploit the well-
developed spectral theory for periodic differential operators
[8]. This yields predictions of the system’s statistics including,
as in the case study considered here, explicit formulas.

The link between dynamical systems and spectral proper-
ties of one-dimensional differential operators is well known.
It has facilitated many breakthroughs on the spectral theory of
operators with exotic and nonperiodic coefficients. For exam-
ple, much of the spectral theory for quasiperiodic operators
is based on reformulating problems as dynamical systems
[9-11], and random systems are often studied using Lyapunov
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functions to characterize decay rates and mean-free paths
[12-15]. In this work we will show that this relationship is also
useful in the other direction, as reformulating a dynamical sys-
tem as a sequence of differential operators allows well-known
formulas for their densities of states to be used to predict the
statistics.

We will take as a case study a nonlinear recursion
relation which can be related to a sequence of periodic op-
erators generated by a Fibonacci tiling rule. The recursion
relation is

Xnl = XpXp—1 — Xp—2, (1)

where the initial conditions xy, x;, and x, are taken to be
real numbers. The setting considered in this work is where x
and x; are independent random variables and x;, is chosen to
depend on xj and x;. The choice of this dependence is crucial
to our method, as we need the relationship to be such that
we are able to form an associated sequence of differential
operators. In this work we will focus on relationships that
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FIG. 1. We predict the statistics of a chaotic system by construct-
ing a map from the spectra of a sequence of periodic differential
operators. Such operators have spectra composed of continuous
bands and analytic formulas for the DoS.
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correspond to multiplication of monodromy matrices, as this
will generate (1) via a Fibonacci tiling rule. Under these spe-
cific, carefully chosen choices of x;, the system converges to a
limiting distribution with strong clustering around the critical
values x = %2 (shown on the right in Fig. 1). We will see that
this clustering can be linked to van Hove singularities in the
densities of states of the associated sequence of differential
operators.

Fibonacci-generated patterns have been studied exten-
sively in a variety of settings. They are a canonical example
of a tiling rule that generates a quasicrystal [16,17]. They
also tend to lead to operators with exotic spectral properties
[18-23], which has inspired their use in designing a variety of
quantum and classical wave systems [24—29]. Such materials
have been one of the foremost examples in the development
of quasiperiodic metamaterials for wave control applications
[30, Sec. 11].

Although the sequence of periodic operators generated by
the Fibonacci tiling rule presents interesting and challenging
questions about how their spectra evolve and are related to
one another [18-23], any individual operator in the sequence
has a Bloch spectrum that can be understood relatively easily.
Not only can its spectral bands be computed straightforwardly
using standard Bloch methods, but the DoS within these bands
can be computed using an analytic formula (as the inverse of
the slope of the spectral bands) [8]. By understanding how
these states are mapped to values of the dynamical system, its
statistics can be predicted. This idea is sketched in Fig. 1. As
well as producing an analytic formula for the statistics, this
method also reveals how the singularities shown in the statis-
tics in Fig. 1 are equivalent to van Hove singularities in the
operators’ DoS [31]. These are singularities that occur at the
critical points in the spectra of periodic operators, such as at
the edges of the spectral bands of one-dimensional operators

This paper will begin by recalling the escape criteria that
characterize when an orbit of (1) diverges. Since these criteria
are well studied in the literature, we will focus on charac-
terizing the statistics of the bounded orbits. In Sec. IV we
construct an associated sequence of periodic operators using
the Fibonacci tiling rule, which we use in Sec. VI to derive our
main result, which is an explicit formula for the distribution of
bounded orbits.

II. ESCAPE CRITERIA

We will begin by summarizing some of the well-known
properties of the recursion relation (1). Some exemplar orbits
are shown in Fig. 2. In each case, the initial values {x;};—o, 1.2
are chosen to lie within the interval [—2, 2]. It is apparent
that the behavior typically takes one of three forms. In some
cases the orbits appear to stay bounded, fluctuating erratically
within the interval [—2, 2], as shown in Figs. 2(a)-2(c). How-
ever, for some initial conditions the orbit escapes the interval
[—2, 2] and then diverges quickly, as shown in Figs. 2(d) and
2(e). Finally, there also exist periodic orbits. One is depicted
in Fig. 2(f), which is an example of the six-periodic orbits that
will occur if two of the three initial values are zero. Notice that
the repeating nonzero value can be arbitrarily large, depending
on the initial values.

Escape criteria for this system have been established in
the literature. The existence of periodic orbits as in Fig. 2(f)
shows that leaving the interval [—2, 2] is not sufficient to
guarantee divergence; however, it was shown in [19, Theorem
3.1] that if we also have three successively growing terms, in
the sense that
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FIG. 2. Examplar orbits of the recursion relation (1) for different initial conditions. Dashed lines indicate the critical threshold |x,| = 2.
Panels (a)—(c) are bounded by this threshold (for the 100 terms shown), while (d) and (e) diverge after exceeding it. Panel (f) shows an example

of a periodic orbit that exceeds this threshold every third term.
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FIG. 3. The statistics of the recursion relation (1) when the initial
values xy, x;, and x, are independent and uniformly distributed on
[—2, 2]. The dashed lines in (a) and (d) show the distributions from
Egs. (3) and (4), respectively. The limiting distribution contains the
first 200 terms. We use 10° independent realizations of the initial
conditions for each histogram.

for some N, then the orbit is guaranteed to diverge.'

There has been particular interest in studying the cases
where the system can be related to the spectra of periodic op-
erators. This happens when x; is chosen to depend suitably on
X0 and x;, as we will study below. In this case the set of initial
conditions for which the recursion relation (1) remains within
the bounded interval [—2, 2] is known to be a Cantor set (i.e.,
a closed set with no isolated points and whose complement
is dense) [18,20]. Further, this set can have zero Lebesgue
measure [20] and display the self-similar properties typical of
fractals [22,23]. Additionally, under these assumptions on the
initial conditions, the escape criterion (2) can be strengthened
[21, Corollary 3.10].

While (2) characterizes the divergence that can occur when
an orbit leaves the critical interval [—2, 2], the question con-
sidered in this work is how states behave while they remain
within this interval. We will use the link to periodic operators
to characterize the statistics and understand the chaotic behav-
ior of the bounded orbits shown in Fig. 2(a)-2(c).

II1. STATISTICS OF BOUNDED ORBITS

A natural first question to ask is how the orbits of (1) are
distributed on the interval [—2, 2] when the initial conditions
{x;}i=0,1» are independent random variables. For example,
suppose they are independent uniform random variables on
[—2,2]. In this case, histograms showing the distribution of
the orbits are given in Fig. 3. Figures 3(a)-3(c) show the
distribution of x3, x4, and x5 restricted to [—2, 2], with each
histogram showing the result of 10°> independent realizations
of the initial conditions. Then Fig. 3(d) shows the limiting
statistics of the recursion relation: for each of the 10° real-
izations of the initial conditions, the first 200 iterations of the
recursion relation are computed, and all those falling within
the interval [—2, 2] are plotted. In this case it is apparent that

'Since the version of this result proved in [19, Theorem 3.1] is
slightly weaker than showing divergence, a modification of the ar-
gument is included in Appendix A for completeness.
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FIG. 4. The statistics of the recursion relation (1) when x; is
chosen to depend on xy and x;, which are both independent and
uniformly distributed on [—2,2]. In (a) x, = (xo +x;)/2. In (b)
Xz = sgn(xpx;)/Xox1. In (¢) x, = max{xp, x;}. In (d) the formula
(5) is used. Each distribution contains the first 200 terms and 10°
independent realizations of the initial conditions.

the values tend to spread across the interval [—2, 2] with a bias
towards the center. The “rounded” nature of the distribution is
already beginning to emerge from the distributions of the first
few values, as depicted in Figs. 3(a)-3(c). The distribution
of x3 = xpx; — xp can be calculated explicitly, using routine
calculations for products and sums of random variables (see
Appendix B):

x—2 2—x x+2 x+2 1
fo) =3 °g< 4 ) 2 Og( 4 >+8’
3)

for —2 < x < 2. This is indicated in Fig. 3(a) by the dashed
line. In the limit the statistics converge to the semicircle dis-
tribution with radius 2, given by

1
D)= 54 -2, )

This is shown by the dashed line in Fig. 3(d).

Suppose, now, that we allow x, to depend on the pro-
ceeding values xp and x; (which we will always suppose are
independent and uniformly distributed on [—2, 2]). The trend
of values spreading across the interval [—2, 2] with a bias
towards the center persists for many choices of dependencies.
For example, Figs. 4(a)—4(c) show the limiting statistics when
X, is chosen as the arithmetic mean, geometric mean, and
maximum of xy and x;, respectively. In each case we see a
distribution with its peak in a neighbourhood of zero.

The behavior of values clustering close to zero is not uni-
versal, and certain choices for the dependence of x, on xy and
x1 lead to very different behavior. The class of dependencies
that we are interested in are choices that allow the system to be
related to a sequence of periodic operators. Figure 4(d) shows
an example of the statistics in this case, where we see that the
behavior is quite different as the values cluster strongly at the
edges of the interval [—2, 2].

The class of dependencies (of x, on xo and x;) that allow
the system to be related to a sequence of periodic operators
is broad and difficult to understand in general. To devise a
suitable formula, we want to find two periodic differential
operators whose monodromy matrices My and M; (defined
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FIG. 5. The distribution of states of the recursion relation (1)
when the initial values xyp and x; are independent and uniformly
distributed on [—2,2] and x, is chosen to depend on x, and x;
according to (5). The limiting statistics contain the first 200 terms and
10° independent realizations of the initial conditions. The dashed line
in (d) is the analytic formula (20) obtained from DoS calculations.

below) are such that xy = tr(My) and x; = tr(M;). Then the
formula for x; is that we need x, = tr(M;My). Although this
class is challenging to understand, in general, specific exam-
ples are easy to generate. The example shown in Fig. 4(d)
is obtained by defining the quantities wy = arccos(xy/2) and
w; = arccos(x1/2), and then the formula of interest for x; is

wo w1 . .
Xy =2coswgcosw; — | — + — | sinwy sin w; . 5
W wo

We will show in Sec. V that this corresponds to the canonical
example of differential operators with piecewise constant co-
efficients. Another example, which uses Mathieu functions, is
derived in Appendix C.

In the case of the example (5), the clustering is already
partly visible in the distribution of x,, shown in Fig. 5(a),
where the values are skewed towards —2. Although this be-
havior is difficult to estimate precisely, it is explored in more
detail in Appendix D. For subsequent iterations, the distri-
bution is more symmetric, and the distribution eventually
converges to a symmetric distribution with singularities at the
edges of [—2, 2], shown in Fig. 5(d). To understand this, and
derive the analytic estimate shown by a dotted line in Fig. 5(d),
we will explore the underlying link with periodic differential
operators.

IV. PERIODIC OPERATORS

Consider the differential eigenvalue problem

2

d
My = Froi V(x), (6)

Hiu = Au,
where V : R — R is some piecewise smooth and L-periodic
potential function. A key tool for understanding the solu-
tion space of (6) is the monodromy matrix. Given the basis
functions ¢(x, A) and v (x, A), which are defined as solu-
tions to (6) satisfying the conditions ¢(0, ) = 9, (0, A) = 1
and 9,¢(0, 1) = ¥ (0, 1) = 0, the monodromy matrix M, is

AB A B A B A B A BlA BlA Fy=AB
A B A A B A A B A|A B A|A F3 = ABA
Fi = ABAAB

A B A B1A B A A T A T aAla Fs=ABAABABA

FIG. 6. The Fibonacci tiling rule. Each new periodic potential is
formed by combining the previous two unit cells in the sequence.

defined as
d(L, 1) Y(L, 1)
ML(A) = . (7
Op(L,A) Y (L, A)
Mp(A) € SL(2,R) is a square matrix with determinant
equal to 1.

The crucial information about the spectrum of the differ-
ential operator H; is given by the eigenvalues of M}, which
are in turn determined by its trace. As a result, the trace of the
monodromy matrix

Ap(h) :=tr ML (A) = ¢(L, 1) + ¥ (L, 1) ®)

will be the key quantity arising from the analysis of these oper-
ators. It is often known as the discriminant of the operator 4 .
The dispersion relation of the differential eigenvalue problem
(6) is

det(M; (L) — €*L1) = 0, )

where k is the Bloch momentum. Using the fact that
det(My) = 1, this is equivalent to

2cos(kL) = AL (L), (10)

from which it is clear that (9) admits a real-valued solution
A(k) for real k if and only if Ap(A) € [—2, 2]. The function
k — A(k) of solutions is many valued and the branches are
the spectral band functions X ;(k) depicted, for example, in
Fig. 1(a).

The reappearance of the interval [—2, 2] in the condition
Ap(A) € [-2, 2] for solutions to the dispersion relation (10)
is not a coincidence. Our objective now is to build a se-
quence of differential operators whose discriminants satisfy
the recursion relation (1). Then the appropriate formula for
the dependence of x, on x( and x; will follow from the choice
of V in (6) (and the associated monodromy matrix).

A sequence of differential operators whose discriminants
satisfy the recursion relation (1) can be built using a Fibonacci
tiling rule, based on insight from [22]. In this rule we will
define a sequence of periodic potentials V,(x),n =0, 1,2, ...
iteratively. Suppose that we have two initial potentials Vj(x)
and V;(x). Then we can form a new periodic potential whose
unit cells is the combination of the unit cells from V;(x) and
Vi(x) side by side, as depicted in Fig. 6. If we repeat the
pattern of forming new periodic unit cells by combining the
previous two, then we are applying a Fibonacci tiling rule.
This can, equivalently, be viewed as a two-letter substitution
rule given by A — AB and B — A [16,17]. When initiated
with the starting value of F; = A (or, equivalently, Fy = B),
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this gives the sequence of words shown in Fig. 6. We use this
to construct periodic potentials by assigning the value of V (x)
on each section of unit size according to the corresponding
letter in the tiling rule. The length of each unit cell in the se-
quence follows the Fibonacci sequence. The link with (1) was
first discovered by [22] and is straightforward to show from
the observation that monodromy matrices for periodic sys-
tems combined in this way are related by My, = My, ,Mp, ,.
Rearranging this to give M;’iz = Mg, 71M;”1 and adding it to
MF :MFn—lMFn giVCS

n+1
Mg, +Mg' = Mg, Mg, + Mg, M. (11)

Taking the trace and using the fact that tr(Mp,  Mp,) +
tr(MF”_IMF’nl)=tr(Mpn_,)tr(MFn) gives (1), with x, =
tr(Mp,). Now that we have constructed a sequence of
differential operators that satisfies the dynamical system of
interest, we can use their densities of states to predict the
statistics.

V. CANONICAL EXAMPLE

Before computing DoS, we pause to examine some specific
examples of dependencies (of x, on xy and x;) that allow the
system to be related to a sequence of periodic operators. The
formula (5) arises by considering the canonical example of
constant potentials Vy(x) = A > 0 and V| (x) = B > 0. These
are, trivially, one-periodic and their monodromy matrices are
given by

COSw;
M, = ( !
—w;j sma)j

with wy = +/B — A and w; = /A — L. Here Fp = 1 and F| =
1 are taken as the first two (nonzero) Fibonacci numbers. The
associated discriminants are given by

1 Gnw:
o; Sm“’-’), where j = 0,1, (12)

COS w;j

Ap =2coswy and Ap =2coswy. (13)

Suppose we form a new material which is two-periodic and
alternates between the values A and B on each unit-sized sec-
tion (as sketched in Fig. 6). We can compute the monodromy
matrix of this two-periodic system through the product Mp, =
Mg, MF,. Taking the trace of MF, gives the discriminant
wy W1\ . .
Ap, = 2coswycosw; — (— + —) sinwg sinw;. (14)
w1 wo
This is the formula that was specified in (5) to fix the depen-
dence of x, on x; and xy. Thus, by choosing this relationship
between the initial values, it is guaranteed that x, = Ap, ().
There are many other formulas that would similarly allow
for the orbits of (1) to be related to a sequence of periodic
operators. Indeed, any choice for Vy and V; would yield
such a formula (although it may not admit a concise analytic
expression). An example that uses sinusoidal potentials to
yield a formula in terms of Mathieu functions is derived in
Appendix C.

VI. DENSITY OF STATES

The DoS for a periodic differential operator is well studied.
The density D(A) quantifies the number of states per unit

energy. For an infinitely periodic system it is typically defined
in terms of the limit of finite systems with arbitrarily large size
[8]. At a given value A, the DoS is the reciprocal of the slope
of the spectral band function at that point:

1 -1

D) = E‘@)‘jh,:k 5)

That there can only be at most one point on the disper-
sion curves where A; = A is a property of one-dimensional
systems [32].

From (15) it is apparent that singularities will occur when-
ever a band function k +— X;(k) has zero slope. These are
known as van Hove singularities [31]. In general, for one-
dimensional operators this will happen at the edges of the
reduced Brillouin zone. This can be seen by differentiating
the dispersion relation (10) with respect to k to give

dA, dx

dr dk’
from which it is clear that dA/dk =0 if and only if k €
{0, & /L} (whenever dA; /dX is nonzero).

Since the values of the discriminants associated with eigen-
states of the periodic operators can be related to the orbits of
the recursion relation (1), we would like to use similar tools to
characterize its statistics. We can use our understanding of the
map A — Ay to identify the value of the discriminant at each
point on one of the spectral band functions A ;. In light of this,
the integrated density of states (IDS) v(A) associated with the
value of the discriminant can be written as

—2Lsin(kL) = (16)

v(A) =) " plk € B: Ar[A;(k)] < A}, (17)

j=1

where w is the normalized Haar measure (277)~'dk. Since the
band functions are monotonic, A; is a well-defined function
of k € B and the dependence on A; in (17) can be dropped.
Hence, (17) can be simplified to

V(A) = plk € B: AL(k) < A}, (18)

for -2 < A < 2.
The DoS can be calculated as the derivative of the IDS (18).

This gives

dv 1 -

D(A):d—AZE

dAg

a (19

Differentiating the dispersion relation A; = 2 cos kL with re-
spect to k gives

dA
d—kL = —2LsinkL = —Lv/4 — 4cos* kL = —L,/4 — A2
Substituting this into (19) and normalizing to give a density
function on the interval (-2, 2) gives a formula for the DoS:

1 1
D(x) = — ——ro,
T A4 —x?
for —2 < x < 2. This density function is plotted (dashed line)
in Fig. 5(d) where we see excellent agreement with the limit-
ing statistics of the chaotic dynamical system.

(20)
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VII. CONCLUSIONS

This work showed that constructing a sequence of periodic
differential operators associated with a nonlinear recursion
relation provides an avenue for deriving an explicit formula
for the limiting statistics. For the example studied here, this
formula was shown to predict the statistics from numerical
experiments accurately. This result also offers an explanation
for the clustering of states of the chaotic recursion relation
near the identifiable critical points at x = =£2, as it illuminates
an equivalence with van Hove singularities in the densities of
states of the associated operators.

We envisage that this strategy could be extended to other
systems in future work. It was recently shown that a sequence
of periodic operators can be constructed in association with
the chaotic logistic map [33]. As a result, the familiar singu-
larities in the well-known invariant measure of that system
[34,35] are also equivalent to van Hove singularities. Other
straightforward generalizations could also be generated easily.
For example, the method could be generalized easily to the
nonlinear recursion relations associated with the generalized
Fibonacci tiling rules.”> However, generalizing this work to a
wider set of nonlinear recursion relation is a challenging open
question for future study.
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APPENDIX A: ESCAPE CRITERION

We present the following modification of the result proved
in [19, Theorem 3.1], to show that the growth condition (2) is
an escape criterion for the system.

Lemma Al. Suppose that {x, : n € Z>°} satisfies the re-
cursion relation (1). If there exists some N € Z>° such that

2 <lxnl,  xnl < bverls  Pverl < lxvel,

then |x,| > 2 foralln > N and |x,| — oo asn — oo.
Proof. 1t is easy to see that
evisl 2 Ixvz Xyl — vl
2 |xysallxn| — |xnl

= [xng2|(xn| — 1) + (xy42] — [xn D).

2See [36] for details of the generalized Fibonacci tiling rules,
[37-39] for the basic spectral properties of the associated operators
and [19] for analysis of the escape criteria.

By hypothesis, |xyi2] > |xy| meaning that
lxn42l(lxy| — 1), where (lxy| —1) > 1.
induction, it can be shown that

|xn+3] >
Proceeding by

N +24n] > vl (len | = 1), (AD)

for all ne Z>° from which it is clear that |x,|] = oo
asn — oo. |

APPENDIX B: DERIVATION OF fy,

In this Appendix the probability density function fy, given
in (3) is calculated, where X3 = XpX; — Xy with Xy, Xi,
and X, being independent and identically distributed random
variables, drawn from uniform distributions on the interval
[—2,2].

First, the density function of the product X; X, can be cal-
culated using elementary properties of conditional probability.
In particular, it holds that

o0
fne= [ ROfeman @
—o0 Iyl
Here fx,(y) = 1/4 for |y| < 2 and is zero otherwise. Simi-
larly, fx,(x/y) = 1/4 for |x/y| < 2. Hence, the integrand in
(B1) is nonzero when |x|/2 < |y| < 2. Using symmetry of the
integrand, this leads to

Frow, () 2/2 L
XX (X)) = RN
o w44y

1
= §<log2 — log %)

= Log (M B2
=3 Og(?)’ (B2)

for —4 < x < 4 and vanishes outside of this interval.

Since X>X; and X, are independent, the density function of
their difference X3 = X»X; — Xj is given by the convolution
of fx,x, and fx,:

fra(0) = / Fox, (6 — 2)fi () dz

12 lx — z|
= —— 1 _ —2)dz.
2/, 0g< ) )X( 44(x —z)dz

If x,ze[-2,2], then |x —z| <4, so x4aH(x—2)=1.
Thus, for —2 < x < 2 it holds that

e (=g B3
fx3(x)——3—2 . og( 7 >Z- (B3)

Partitioning the integral into [—2, x] and [x, 2] gives
1 [ X —z 1 [ 7—x
=—— 1 — |dz——= [ 1 — | dz,
o= [ 1oe (57 a5 [ 1oe ()
where each of the two integrals can be solved using integration
by parts to obtain the formula stated in (3):

x—2 2—x x+2 x+2 1
- ] _ ] -
fo) =3 Og(4) 3204:4>+K

for -2 <x < 2.
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APPENDIX C: MATHIEU FUNCTIONS

Another reasonable choice of potential function is piece-
wise sinusoidal on each of the two unit cells to be tiled.
Consider, for example, the -periodic potential

V,(x) = a — 2q cos(2x), ChH

for «,q € R. Then the monodromy matrix can be written
in terms of the Mathieu functions C(a, ¢, x) and S(a, ¢, x),
which are defined as the even and odd solutions to the
Mathieu equation u”(x) 4+ [a — 2¢q cos(2x)]u(x) = O (see e.g.,
[40] for their properties). By the symmetry of the equation,
we have that C’'(a, ¢,0) =0 and S(a, g,0) = 0, so we can
choose the normalization to be such that they are exactly the
basis functions: ¢ = C and ¥ = S. Then the monodromy
matrix is given by

Cla—1,q,
MP0) = (C(((Zz - Z 77?)

where C’ and S’ denote the derivatives with respect to the
position variable x.

Given two initial values xg, x; € [—2, 2], we need to find
A, @, qo and ¢ such that

Sl —2A,q,m)
S (a —A,q,n))’ €2)

Xy = (M () = Cla—A, gu, ) + S (@—A, g, 7).

This is always possible, not least since the range of this func-
tion is larger than [—2, 2]. Then the required formula for x;
is

xp = (MY O)ME (1))

= C(q1)C(q0)+S(q1)C' (q0)+C'(q1)S(q0)+S(q1)S (go).
(C3)

where we have written C(g,) := C(«¢ — A, g, ), and simi-
larly for S, for brevity.

We can apply the Fibonacci tiling rule to two unit cells
corresponding to ¢ = qo and g = ¢;. Then the successive
transfer matrices will satisfy the properties explored above,
meaning that their traces satisfy the recursion relation (1) and
the DoS converges to the distribution (20).

APPENDIX D: DISTRIBUTION OF x;,

This Appendix studies the distribution of the random vari-
able X;, given by
Qo |

X> =2cosQpcos 2 — | — + — ) sinQpsin 2y, (D1)
Q Qo

where ¢ and 2 are given by

Qy = arccos(Xp/2), €2 = arccos(X/2), (D2)

with X and X; being independent and identically distributed
random variables, obeying uniform distributions on the inter-
val [—2, 2]. It will not be possible to derive an explicit formula
for the distribution of X,, but the features of its distribution
[shown in Fig. 7(e)] can be better understood by examining
each term in (D1).

The first term of (D1) can be understood easily, since
2 cos 29 cos 2 = %Xoxl. Thus, it is possible to rescale the

density function (B2) to see that 2 cos €2 cos €2 has probabil-
ity density function f3 cos Q,cos @, given by

fZCOSQOCOSQI(x) = —%IOg (%)v (D3)
for —2 < x < 2, vanishing outside of this interval. This distri-
bution is shown in Fig. 7(a), where the histogram shows 100
independent realizations of 2 cos €2 cos €2 and the dotted line
shows the density function (D3).

To understand the second term of (D1), the first step is to
compute the distribution of sin ¢ sin ;. If X; is uniformly
distributed on [—2, 2], then €2; = arccos(X;/2) has the proba-
bility density function

fa, (@) = 3 sinw, (D4)

for 0 < w < 7 and vanishes outside of this interval. Sub-
sequently, the random variable sin(€2;) has the probability
density function
. y
Ssin(en(y) = tan(arcsiny) = \/1—;2, (D5)
-y

for 0 < y < 1, which vanishes outside of this interval. The
product sin €2 sin 2| can be handled by computing the cumu-
lative distribution function

Y
V1—y?

If x/y <1 then P(sinQy < x/y) =1— /1 —x2/y2. Con-
versely, if x/y > 1 then P(sin 2y < x/y) = 1. Hence, the
integral above can be partitioned into the intervals [0, x] and
[x, 1] to see that

1
P(sin Qpsin Q) < x) = / P(ysin 2y < x) dy.
0

P(sin Q2psin 2; <x) =1

L ;2 2
— y—xdy. (D6)
X \/l—y2

To compute the density function, this expression should be
differentiated with respect to x, for which the Leibniz integral
rule can be used to see that

D7)

1
X
)= [ et

This integral can be expressed in terms of the complete elliptic
integral of the first kind, which is the function K : (0, 1) - R
defined as [40]

z 1
K(k) = / —dr. (DS8)
0 1 —k2sin’t
Making an appropriate substitution and change of variables in
the integral (D7) gives that

foinosing, () = xK(1 — x%). (D9)

This distribution is shown in Fig. 7(b), where the histogram
shows 10° independent realizations of sin £ sin ©; and the
dotted line is the the density function (D9).

The missing piece needed to understand the distribution
of X, is the density function of 2y/2; + 2,/2¢. Given two
independent random variables with density given by (D4),
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FIG. 7. The distributions of the first few terms of the recursion relation (1) (and their key components). In (a), (b), and (c) the analytically
computed distributions from (D3), (D9), and (D18), respectively, are shown with dashed lines. In (e), (f), and (g) the critical thresholds £2 are
marked with vertical dashed lines. In each case, 10° independent realizations of the initial conditions are used.

their ratio has distribution

Qo T 1.
Pl —<x) =] P(Q <xy);sinydy,
Q 0 2

(D10)

where x > 0. If 0 <7 /x <y then P(2y < xy)=1. Con-
versely if 0 < y < m /x then

w1 1 1
P(2) <xy)= [ 3 sintdf = = — Ecosxy. (D11
0

2

If x < 1 then it must be the case that y < 7 < 7 /x so it can
be calculated directly that

Qo (11 |
P 9_1 <x) = ; 3~ Ecosxy Esmydy
1 1+cosmx
=4 —" D12

2 * 4x2—-1) (D12)
which can be differentiated to find that €2¢/€2; has probability
density function given by
7 (x? — 1)sinwx + 2x(1 + cos x)

4(x2 —1)? ’

Sfago (x) = —

for 0 < x < 1. For x > 1, the integral in (D10) can be handled
by partitioning it into the intervals [0, 7 /x] and [ /x, 7 ]:

» 90< /”/x 1 1 1. d
- = -~ — < COs — sin
Q, SF ; 5 ~ 5 cosxy | > sinydy

!
—I—/ —sinydy
e 2

/x
3+cosE 14cosZ
= = -, (D13)
4 4x2-1)
which can be differentiated to obtain that
m(x* = 1)sin £ — 2x(1 4 cos X
Sfago (x) = ( ) (D14)

4(x2 —1)2 ’

for x > 1. Subsequently, the distribution of (/2| + €21/
can be found by applying the transformation x — x + 1/x.
This has a global minimum for x > 0 at x = 1 so it holds that

Q @
P[=+==<2])=0.

— D15
oo (D15)
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Meanwhile, for any x > 2, it holds that

Qo 2
Pl —+—<x
Q

N

P(x— Vxr—4
2

QO <x—|—\/x2—4
Q 2

Q Vxt—4 Q —/x2—4
=P _ng-'_—x _p JgL. (D16)
Q1 Ql 2
Using (D12) and (D13), this becomes
— 4+ —<x)=- cos | ———
Qo Qo 4 (x+x2—-4)2-4 x++/x2—4
1 2 1 b4
+ - cos - 1 + cos (—(x—\/x2—4)>], (D17)
4 <x+\/x2—4) (x—\/x2—4)2—4|: 2
which can be differentiated to obtain the probability density function
b4 2
=—| —4-2 —x—VxE-4) -2 _
Toojareaua, &) 4(x2 — 4)2 |: o (2 « ' )) o <x + m)
b4 2
+ /x% — 4sin <—(x —V/x2 - 4)) + v/ x% — 4sin <—>:| (D18)
2 x++/x2—4

The distribution (D18) is shown with the dashed line in
Fig. 7(c), where it is compared to a histogram showing 10°
independent realizations of 2/€2; + €21/2.

The distribution of X, could now be obtained by a similar
approach, however it is not reasonable to expect that explicit
analytic expressions will be possible. Nevertheless, the den-
sity functions calculated above are already sufficient to yield
some intuition on the qualitative properties of the distribution
of X;, which is shown in Fig. 7(e).

First, consider the distribution of  (20/2; +
©1/%20) sin ¢ sin ;. This variable must fall in the interval
[0,2] since it holds that 0 < (x/y 4+ y/x)sinxsiny < 2 for
0 < x,y < 7. Further, this function attains its maximal value
of 2 when x =y = /2. Both ©( and 2, are drawn from
distributions with sinusoidal density functions (D4) which
attain maxima at m /2. This explains why values tend to
cluster around the upper end of the interval [0,2], as shown
in Fig. 7(d). The sharpness of this peak can be understood
by examining the sharp peaks in the densities of sin €;

(

(D5) and Q0/R21 + 21/ (D18): the values of sin €2y and
sin ) are strongly clustered around 1 and the values of
Q0/21 + 21/ are strongly clustered around 2, leading to a
peak in the density of their product close to 2.

The distribution of X5, shown in Fig. 7(e), is the differ-
ence between the distributions of 2 cos €2 cos 2; in Fig. 7(a)
and of (€20/21 + 2/0) sin 2 sin £2; in Fig. 7(d). In this
case, there is strong clustering of values around —2. This
can be understood from the fact that the density function of
2 cos Q2pcos 21 in (D3) has a singularity at O and the dis-
tribution of (£2¢/€2; + €21/20) sin ¢ sin 2; in (D18) shows
clustering around 2. This clustering of values of X, around
—2 is the first hint of the van Hove singularities studied in
this work emerging. Examining the distributions of X3 and
X4 in Fig. 7(f) and Fig. 7(g), the singularities around £2 are
increasingly clear. As shown in Fig. 5, as n becomes large
the distribution of X,, confined to the interval [—2, 2] loses its
asymmetry and the clustering of values around £2 converges
to singularities in the DoS.
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