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Modeling bulk mechanical effects in a planar cellular monolayer
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We use a three-dimensional formulation of the cell vertex model to describe the mechanical properties of
a confluent planar monolayer of prismatic cells. Treating cell height as a degree of freedom, we reduce the
model to a two-dimensional form. We show how bulk effects, associated with cell volume and total surface
area, lead to coupling between energy variations arising from changes in the cell apical area and the apical
perimeter, a feature missing from standard implementations of the two-dimensional vertex model. The model
identifies five independent mechanisms by which cells can lose in-plane rigidity, relating to variations in total
cell surface area, the strength of lateral adhesion, and constrictive forces at the apical cortex. The model
distinguishes bulk from in-plane stresses, and it identifies two primary measures of cell shear stress. In the rigid
regime, the model shows how lateral crowding in a disordered isolated monolayer can lead to cell elongation
towards the monolayer center. We examine the loss of in-plane rigidity in a disordered monolayer and connect
isolated patches of stiffness that persist during the rigidity transition to the spectrum of a Laplacian matrix.
This approach enables bulk mechanical effects in an epithelium to be captured within a two-dimensional

framework.
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I. INTRODUCTION

Given their sheetlike structure, it is common for epithelia
to be modeled using two-dimensional (2D) formulations. The
cell vertex model is a widely used framework that generates
realistic cell patterns and offers insights into in-plane stresses,
making it a popular tool with which to examine how epithelial
cells generate and respond to mechanical forces [1]. Here, we
show how three-dimensional (3D) effects can be incorporated
systematically within a 2D framework, revealing relationships
between 2D (in-plane) and 3D (bulk) stresses.

Unlike traditional hyperelasticity, in which mechanical en-
ergy is described in terms of strains, the vertex model assigns
an energy to a multicelluar tissue that depends on geometric
invariants (lengths, areas, and volumes of individual cells).
The vertex model is now routinely implemented in order to
investigate the organization of tissues in 3D [2], facilitated
by the release of computational tools [3,4]. In comparison
to its standard 2D formulation, in which energy is typically
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assumed to be the sum of convex functions of cell apical area
and apical perimeter, 3D vertex models offer a broader range
of constitutive choices. The energy may include a contribution
that is linear in contact area between adherent cells [5-7],
linear in the area exposed to surroundings [5,6,8], linear in the
area between heterotypic cells [9,10], quadratic in cell volume
relative to a target value V' [5,6,11], quadratic in total cell
surface area relative to a target area ag [11], or quadratic in
cell edge lengths [12]; see [13] for an overview of some of the
different combinations assumed by prior authors. Additional
energy contributions may penalize bending of cell edges [14]
or bending of adjacent cells within a sheet [15].

Beyond providing the opportunity to infer stresses in an
epithelium from primarily geometric information [16,17], the
2D vertex model has attracted considerable attention as a
tool with which to investigate rigidity transitions in planar
monolayers [18]. In the standard 2D framework, the rigidity of
individual cells arises typically from a balance between forces
that resist changes in the cell apical area and those that resist
changes in the apical perimeter. The latter forces regulate re-
sistance to in-plane shear, enabling the rigidity of a monolayer
to be regulated through changes of a single dimensionless
parameter. A rigidity transition in a 3D multicellular tissue
with energy defined in terms of cell volume and total surface
area has been shown to be regulated by the parameter agj/ VO*Z/ 3
[11,19,20]. In the configuration that we investigate below,
using a 3D description of a planar monolayer, we identify five
independent dimensionless parameters that may regulate the
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FIG. 1. A schematic illustrating the four contributions to the
mechanical energy of a prismatic cell, associated with changes of
(a) volume, (b) total surface area, (c) lateral surface area, and (d) api-
cal perimeter (with assumed apical-basal symmetry).

in-plane rigidity transition, broadening the potential repertoire
of mechanisms by which cells may exploit this change of
phase.

The vertex model is also a valuable tool with which
to understand the mechanisms by which epithelial cells in
a monolayer regulate their shape. The transition between
columnar (elongated), cuboidal, and squamous (flat) cell
shapes will be regulated by competition between multiple
competing effects [21,22]. Shape changes may be driven by
molecular pathways, such as the cuboidal/squamous transition
in the Drosophila ovary epithelium that is regulated by Tao,
which endocytoses the cell-cell adhesion molecule Fasciclin-2
[23], or in the Drosophila wing, where a columnar/cuboidal
transition is driven by cortical actomyosin contractility [24].
Alternatively, cell shape may change as a result of external
stretching forces, for example in the urothelium during fill-
ing of the bladder [25] or during bending of the Drosophila
wing disk [26]. Proliferation can be expected to promote cell
crowding [21], which may influence tissue stiffness [27] and
drive cells to adopt complex 3D shapes [28]. This motivates
investigation of simple mechanical models that capture the
dominant physical balances that determine cell shape.

In 2D formulations, it is common to use “pressure” to de-
scribe energy changes with respect to the cell apical area, and
“tension” to describe energy changes with respect to the cell
apical perimeter. The terminology can be confusing, given that
(by resisting area changes) the 2D “pressure” is analogous to
the surface tension of a liquid. In 3D, we will follow conven-
tion by referring to energy changes with respect to cell volume
as “pressure,” and changes with respect to perimeter as “ten-
sion,” while both terms are used interchangeably to describe
changes with respect to area. To add further complication,
different sign conventions are adopted by different authors
when defining pressure; we avoid introducing sign differences
between pressures and tensions when defining them as energy
derivatives.

In this study, we consider a planar monolayer of cells of
uniform (or near-uniform) thickness, seeking to derive a 2D
model that retains 3D mechanical features. To facilitate this,
we impose apical-basal symmetry, postponing investigation
of more complex structural features such as scutoids [29,30]
and cell nuclei. We pose an energy that is quadratic in cell
volume, total area, apical and basal perimeter, and linear in
adherent area between neighboring cells (features illustrated
in Fig. 1). Imposing a constraint that restricts height varia-
tions between neighboring cells, we use a force balance to
determine the thickness of the cell monolayer (in contrast

to others [30,31] who prescribe the thickness). We disregard
the curvature of the monolayer, recognizing its importance
in many applications [32,33], in order to focus on the im-
plications of our chosen constitutive model. Our approach is
similar in spirit to the authors of [8,34] and [31], who also
reduced 3D models of epithelial sheets to 2D formulations:
we disregard cell-substrate adhesion [8] and we do not adopt
a phase-field approach [34], but as in [8] and [31], we recover
a sharp squamous/columnar transition in some circumstances.
We compare the reduced 2D model to the traditional 2D vertex
model in which apical area and apical perimeter contributions
make independent contributions to the total energy; despite
having five independent dimensionless parameters at our dis-
posal, we find no direct reduction that leads to the classical
model unless cell height is prescribed. We examine rigidity
transitions as functions of 3D parameters for a monolayer
of identical hexagonal prisms. For monolayers that are spa-
tially disordered, we investigate relationships between 2D and
3D stress components, discuss rigidity in terms of connected
regions of stiffness, and demonstrate crowding-induced elon-
gation of cells at the center of an isolated monolayer in the
rigid regime. The model is laid out in Sec. II, and numerical
results are presented in Sec. III.

II. MODEL AND METHODS
A. Prismatic cells

We consider a planar monolayer formed by N, confluent
polyhedral cells (Fig. 1). The cells are initially assumed to be
confined between horizontal planes z = 0 (basal) and z = H
(apical). Cell shapes are defined by vertices lying in each
plane. We assume the cells are prismatic, meaning that each
cell has equal numbers of apical and basal vertices. We use
a mechanical energy, defined in terms of 3D cell shapes, to
move vertices horizontally towards an equilibrium configura-
tion, while imposing a global vertical force balance in order
to determine the cells’ height H. These restrictions allow us
to recover a 2D formulation that incorporates some significant
3D geometric effects.

In what follows, we index cells with h =1, ..., N, faces
withi=1,..., Ny, edges with j =1,...,N,, and vertices
with k =1,...,2N,. The normals assigned to apical and

basal faces of the monolayer are assumed to be parallel to
the constant vector Z. Cell shapes are specified in terms of
vertex locations R,:f € R? and the depth H. We assume ver-
tices R, for k =N, +1,...,2N,, lie on the plane z =10
and vertices R,j, for k=1,..., Ny, lie on the plane z = H.
Edges and faces are indexed in the order apical (4), lateral
(1), and basal (=), so that N, = N, + N' + N, and N; =
N} + N} +N;. Writing R = for k=N, +1,...,2N,
and Rf =r} +H2zfork=1,...,N,, where 2 -1 =0, we
evaluate geometric quantities in terms of vertex locations r,f,
expressing these quantities in terms of signed incidence and
adjacency matrices (see Appendix A).

We gather in-plane vertex locations into
(rf,....ry)" and r~ = (ry ..., 15 ). Then, for cell
h, we evaluate the cell volume V,(r™, r, H), total cell area
ap = ap(rt,r~, H), apical and basal areas and perimeters
AF(r*) and L (r*), and lateral face areas Al(r*, r=, H). We

rt =

054401-2



MODELING BULK MECHANICAL EFFECTS IN A PLANAR ...

PHYSICAL REVIEW E 112, 054401 (2025)

then assume that the mechanical energy of the system can be
written as

U=UV,a,L" L, A, (1)
where =W, .. VN_) a={(ay,...,ayc), Lt =
(L%, .. Li) Al = (AN++1’ .. Al +1v’) Th1s formulation

captures dependence on acto- myosm cortlcal rings via L*
and cell-cell adhesion via A’. From this energy, we define,
respectively, the bulk pressure P, surface tension (or surface
pressure) T, cortical line tension TP+ acting over the apical

J

and basal perimeters, and the lateral surface tension T! related
to adhesion. These discrete fields have elements

oU oUu " U
P=—, T T = 2a
"Tave T ay M T oLt (20

oUu

T = —, 2b
= (2b)
forh=1,...,N, andi—NJﬁr =1,. ..,N}. Then, noting that
rt, r~, and H are independent degrees of freedom (r* move

only in a plane orthogonal to Z), we can evaluate the energy
change arising from virtual displacements of the vertices and
a change in cell depth as

dA! aVy aay
T!—L).drf P, T—
lal',j) rk}—i_(;{ hBH h }+ZIBH>

2N,
Py {(Z{Phglf+Tha_‘lf+Thﬂ— }+Zl18A_> } 5
r, 8rk 0

k=N,+1 h

A dynamic implementation of the cell vertex model involves 2N, + 1 ordinary differential equations (ODEs) describing the
evolution of r*(¢) and H(¢) down the energy gradients identified in (3) to an equilibrium state.

We then assume apical-basal symmetry, allowing us to write r;” = =T,y =Tk Where ry is a vector confined to a plane
orthogonal to Z. This s1mp11ﬁes the geometrlc quantltles substantially, allowmg them to be expressed in terms of apical areas

and perimeters as V;, =
lateral face i. Specifically,

V, = HA},
Al = Hif,

ap=2A +HL}

[+ — Z|Bl+||t+

Vh(Ah L H),a, = ah(Ah , Lh ,H), and Af = Af(t;r H), where tlJr identifies the apical edge associated with

(h=1,...,N.), (4a)

1
(i=Nf+1.....N} +N}). (4b)

(Here B! is a block of the edge-face incidence matrix; see Appendix A; geometric relationships are summarized in Appendix B.)

Treating r* and H as the N, + 1 degrees of freedom of the model, noting that A, = Af(rt), L

follows from (3) and (4) that
Bah +8L+
dU—ZZ<Z{ +Tha++T" ok +Z
N,
! 0AT
=2 P,H + 2T,)—L&
1 (Z{( WH + 2T

k= h

T (Z{P,,A,j + L} + ZT,.lt;)dH.
h i

The factor of 2 outside the first bracket in (5) arises because
a displacement of r;" induces an equivalent displacement
ofr, .

k

B. A constitutive model

We now implement a specific mechanical energy
UV, a,Lt, L, A) of the monolayer. Introducing a target
volume V{, target total area a, and target apical perimeter
Ly, and scaling all lengths on V', so that ag = agj/V;™"”,
Ly =L; /Vo*l/ 3, we write the energy (1) in nondimensional

oL
+ h
+(,H + T )_ar+

+ 2 TH =

= L (rt), and ;" = 17 (rt), it

h
art

~drf
or;

)

(

form as

1 1
U= Z[;w — 1)’ + 5 Ta(ar — a0)®
h

1 1
+ 5T = Loy + (L = Lo)*) + EFAZH,-IA%}
(©)

Iy, ', are positive coefficients measuring energy contribu-
tions relative to the volumetric terms. The factor |C}, | is drawn
from a block of the face-cell incidence matrix (Appendix A),
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and is unity for lateral faces at the periphery of the mono-
layer and 2 for all internal lateral faces; adhesion is therefore
promoted by assuming the constant 'y < 0. Here we follow
convention by writing U as a sum of functions that are linear
or quadratic in their argument; stronger nonlinearities can be
used to prevent lengths or areas from falling to zero under a
finite energy change [35]. The partial derivatives (2) of U can
then be written as

P,=V,—1, = ['y(an — ap), (7a)

1
TP =Tu(LF — L), T = E1“AX:|C}H.|. (7b)
h

Apical-basal  symmetry enforces, via (4), U =
Y UAT L

4 » H ), where the energy of cell & is
Up=UAS L H) = 5(AFH — 1P + Tl — Loy
+ iT.QAf + HL; — ap)* + iT4HL} . (8)
Here we have combined (B2) and (4b) to give L,j' =
> |C,’li|ti+, writing the cell perimeter in terms of component
apical edge lengths. Every cell now has an equivalent energy
Uy, dependent on its apical area and perimeter, drawing a

connection to traditional 2D cell vertex models (reviewed in
Appendix C). The pressure and tensions (7) can be written

Po=AfH -1, T,=T.,QAf +LH —ap), (9a)
Ty =T/ + 1P =2ru (L — Lo, (9b)

where the effective cortical tension 7, has apical and basal
contributions. The choice of adhesion energy allows us to
combine the second of Eqgs. (7b) with (B3) in (5), and hence
define the quantities conjugate to variations in apical areas and
perimeters as

U,
pP =" _pH o7
h 3A+ h + h

=H(AfH — 1)+ 2I',QA + L H — ay),
U,

1
' —T,H T,/ CaH
oL’ nH + +2A

(10a)

2D _
TP =

+ + ! +
FaQA] + L H = ao) + 5T |H + 2T (L) — Ly).
(10b)

Treating U as a function of H and r7, .. r;; , we can then
write the in-plane and out-of-plane forces at the apical surface

as, respectively, fork =1, ..., N,,
U AT AL
E:2<¥{Ph a++Th i (11a)
U + + 1 +
o= Xh: <PhAh + Tl + 5TaLy ). (11b)

For a given set of vertex locations, the global vertical force
balance 0U/0H = 0 identifies the equilibrium height as

afAi + (Talao = 24)7) = 5Tw)L |

H* =
LA+ TaL))?)

12)

A more nuanced treatment of the vertical force balance is
given in Appendix D; we will use this later to evaluate patterns
of weak cell height variation across a monolayer.

Finally, we scale ap from the equilibrium mechanical prob-
lem by setting

) " pop
Af =ahA,, H=—, L= ail,, PP ="
ap dao
2D T i~
r r
TP="t_ r,=-2 TIy=-2
ag ag ao
I, =-%, Ly=dl 13
v=—5 L= ayLy. (13)

ap is retained in the geometric ratio L /\ /AT = a2/*L;,// Ay,

which takes the value 2%/23!/4 for perfect hexagons. Dropping
tildes, (13) allows us to write (10) and (12) as

PP = PP, Ly, H)
=H(AH — 1)+ 2T, A, + L,H — 1),
T7° = T°°(A,, Ly, H) = T,(2A; + L,H — )H

(14a)

1
+§FAH +2I' . (Ly, — Lo), (14b)
v — i {An+ Tall = 2400y = 5TaLs} (140)
X (A% + TaLi} '
These yield pressures PiD (A, Ly, H*) and tensions

T,?°(Ay, Ly, H*) defined exclusively in terms of apical
areas A, and perimeters L, when H takes its equilibrium
value H*.

To summarize, in typical 2D formulations of the vertex
model, the cell energy is defined by A, and L; alone, giv-
ing rise to a surface tension (apical surface pressure) that
is dependent on A; alone, and a cortical line tension that
is dependent on L, alone (Appendix C). Here, their 3D
analogs P?°(Ay, Ly, H) and T,?° (A, Ly, H) have a more intri-
cate functional dependence (14) because of the incorporation
of bulk effects relating to changes in cell volume and to-
tal surface area. Unlike the classical 2D pressure A, — 1,
here the composite apical surface pressure Ph2D incorporates
height changes and is coupled to apical perimeter variations
through the total area. Unlike the classical cortical tension
I'L(Ly, — Ly), the composite cortical tension 7,?P is coupled
to apical area variations. Lateral adhesion introduces a term
%FAH to ThZD that can be considered to contribute to the target
perimeter, albeit in an intricate manner.

C. Monolayer configurations

To understand the properties of the model, it is helpful to
investigate some specific monolayer configurations, which we
will illustrate numerically in Sec. III below.

For an array of identical hexagonal prismatic cells of

edge-length [, A, =A = %Sﬁaglz, L, =L =06I[, and the
horizontal force (11a) becomes
oUu ol
=2) {3V3ayIP® + 6T;° 15
ac—— ark Z \/_ao + }a (15)
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The forces due to apical area and apical perimeter changes are
parallel in (15), leading to the coupled algebraic system for
equilibrium configurations:

0=2AP™A,L,H)+ LT*®(A,L,H), (16a)
1

A= §3¢§a312, L=6l, (16b)
A+T,(1 —24)L —ir,L

H = ( )L~ oTul (16¢)

A2 4+ T,L2

Elimination of H, A, and T from (14a), (14b), and (16) yields
a single nonlinear scalar equation, with roots specifying pos-
sible values of /. Some asymptotic limits of configurations
for rigid hexagons are described in Appendix E. As in the
2D model (Appendix C, Fig. 10 below), physical solutions
are limited to certain regions of parameter space. We restrict
attention to solutions with / > 0 and H > 0; where multiple
equilibria exist, we consider only solutions that are stable
when vertices move under a frictional drag, as determined by
analysis of eigenvalues of the relevant Hessian (Appendix F).
We expect solutions for which 72P > 0 to be rigid.

We can alternatively seek solutions for which cells need
not be identical, but for which the system is floppy in the
plane, while still satisfying the vertical force balance. In this
instance, the problem is determined by

PPA,L,H)Y=0, T™A,L,H)=0, (17a)
(AH — DA+ [T,(2A+LH — 1)+ iT4IL = 0. (17b)

Solutions for n-sided cells will satisfy the isoperimetric in-

equality
3/2
ay "L T
>, =2/nt -, 18
\/Z =S nan(n) (18)

with equality arising when cells are symmetric n-gons. Thus
for a monolayer of hexagons, the transition between rigid and
floppy states takes place when

a)*L/VA = 56 ~ 3.72, (19)

which is equivalent to (16b).

In addition to reporting numerical solutions of (17), and
where appropriate of (19), plus relevant asymptotic limits
(Appendix E), we also report distributions of the shape pa-
rameter L, /+/Ay, for isolated disordered monolayers to reveal
the nature of the rigidity transition. To determine these, we
used the VertexModel.jl package [36] to simulate 500-
cell monolayers. Isolated monolayers with stress-free external
boundary conditions were grown with stochastic cell divi-
sions, taking place uniformly randomly across the monolayer,
allowing T1 transitions to occur when edge lengths fell below
a threshold of 0.01 [37], resulting in a disordered system.
Once N, = 500, we suppressed divisions, and the monolayer
was relaxed to the nearest equilibrium. In these simulations,
we replaced the tension and pressure in the 2D vertex model
(14a) and (14b) with T2P and P?P, enforcing the vertical force
balance (14c). Monolayers were relaxed to equilibrium with
a tolerance (in vertex location) of 5 x 107°. Simulations are
reported in Sec. II D below.

D. Cell-level stress

We derive the stress g, in a cell within the monolayer in
Appendix G, finding that

U
Vio, = Aol + a—HhHi ®z,  (20a)

where A,07° = PPA,lL + T7°L, QL. (20b)

Here |, = diag(1, 1,0), and Q_ is a shape tensor satisfying
LQuy=3; ij*lff;’ ® f;’, so that Tr(Q ;) = 1. Dt isa
block of the cell-edge adjacency matrix (see Appendix A); for
a derivation of the in-plane stress, O'%D, see [38]. The in-plane
isotropic and shear-stress components of 0,21D are, respectively
[38,39],

P> = Ly — poo i (21a)
h ) h 2Ah ’
TZDL 1
P =L " [ —det Qup—3l ) (21b)
Ah 2

{op is the magnitude of the deviatoric component of o7°.
Q. — %I 1 in (21b) measures anisotropy in the shape of the
apical face, and resistance to in-plane shear requires Th2D > 0.
Recall that U, /dH = 0 when the cell is in equilibrium. This
condition holds for identical hexagons at equilibrium, but will
not hold in general for a disordered monolayer because H
is determined by a global rather than a local force balance;
thus we retain this term in (20a). As (20a) illustrates, stress
components in 2D differ dimensionally from those in 3D by a
lengthscale: when referring to 2D components, we are implic-
itly considering them as stress resultants, i.e., stress integrated
over the depth of the cell.

o0, in (20) can be split into isotropic and deviatoric compo-
nents by writing ), = Pfl3 + ¢¢, where Tr(¢¢) = 0. Taking
the trace of (20a), it follows that the 3D isotropic stress is

1 Uy,
Pt = —(2PPA, + T°L, + —H 22
h 3Vh< n An+ 1 /+8H (22a)
2 1 aU,
= _—_petd g T (22b)
3H 3A, 0H
Thus only 2/3 of Pf™?P/H contributes to PS™. The bulk
deviatoric stress is

1 U,
Viol = 3 <PI12DAh - T°Ly — 8_I;H ) I+ TPLhQy,
1(,dU,
+ 5( a—;H —2P°A; — T,fDLh)i ®z  (23)

This shows how a cell under external compression
(0U,/0H < 0) experiences a bulk shear stress proportional
to S, = diag(—1,—1,2) =22 ® 2 — |, combining vertical
compression with horizontal expansion.

Because o, in (20a) has block matrix form, the character-
istic equation for its eigenvalues A can be written as

1 18U,
det[ —a?® — 2l ——=_x)=0. 24
e(H“h L)(AMH > &4

Thus the eigenvalues of o, are

1
o= —— and Ay= EP;“D +¢,  (295)
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where ¢, = g“hZD /H. We can therefore diagonalize o7, in the
basis provided by its eigenvectors, writing it as

on =200+ Ay + A0+ 100 — 208,
+1[2h0 — (s +22)IS (26a)
=Pl + 5,8, + (B — (P™?°/H))S,,  (26b)

where S, = diag(1, —1,0). ¢, [see (25)] gives the magni-
tude of the in-plane shear stress in terms of the shear-stress
resultant {th [39] defined using the apical surface alone.
The remaining shear-stress magnitude, P,fff — P;ff’m /H, char-
acterizes the difference between 3D dilation and in-plane
dilation. The 2D isotropic stress P,fff’m and 2D shear stress
¢7P determine the bulk stress via
Ho) = %P,fff’mb +¢?°S, — %Pf“’ZDSb Y - 2
27
with respect to coordinates aligned with the principal axes of
shape of the apical face [38] and 2. A cell with P, £2D 0 s
compressed (by its surroundings or membrane tension); this
generates a bulk shear stress having an expansive component
normal to the plane.

E. Tissue-level stress and external loading

Having determined the stress of individual cells, it is
straightforward to integrate to tissue level, and thereby to
consider the response of cells to an external load. Consider
a cluster G of connected cells identified by the chain g =
(g1,...,8n,) with elements g, = 1 for i labeling cells in
G and g, = 0 otherwise. These cells have total apical area
Ag =), gnAn and volume Vi = ", g,Vj. Using (20a), the
total stress of the cluster, o, satisfies [38]

W, .
Veos = ZgthUh = Zgh (AhU%lD + B—I;HZ ® Z>.
[ )

(28)
Imposing an external load on lateral (but not apical or basal)
faces using 6 = Pexl1, to mimic cell crowding in a confined
environment, it follows that

AGHPeul L =) " gnAnor”. (29)
h

The vertical force ), ,0U,/0H will vanish when g =
1=(,1,...,1), i.e,, when G is the whole monolayer, or
for more general clusters taken from a large monolayer of
near-identical hexagons. In the latter case, (29) simplifies to
P,fff’zD ~ H Py (ignoring variations at the monolayer periph-
ery). To capture the response of cells to in-plane compression,
we replace (16a) with P*2P = HP. . and use (14a), (14b),
(16b), (16c¢), and (21) to solve for A, L, and H. Using (8), this
is equivalent to the algebraic system

ou U
2A— + L— = 2AHP.,,
oA T ext
ou 3
= 0, A= “;—;ang. (30)

In contrast, isotropic external compression of a monolayer
of near-identical hexagons via oG = Peyl; leads to the

TABLE I. Summary of approximate values of geometric and
mechanical quantities for hexagonal cells in the baseline case, with
I,=r,=0.1,Ty=-05,Ly=2,andaqy = 1.

Quantity Value Quantity Value
Volume Vi 0.49  Bulk pressure P, -0.51
Total surface area  a,, 4.18 Surface tension T 0.32
Apical area A, 024  Cortical tension 7,7 —0.03
Apical perimeter L, 1.84

Monolayer height H  2.01 2D pressure PP 039
Edge length I 031 2D tension T» 010

constraints P*?° = HP., and U /OH = AP, requiring
modification of (16a) and (16¢). This is equivalent to the
system (30) but with dU/dH = 0 replaced by

ou

— = APy 31

5H ¢ (3D
We report numerical solutions of (30) and (31) below to
demonstrate the nonlinear response of cells to simple load-
ing. Responses of cells to an arbitrary small-amplitude strain,
captured as prestress-dependent stiffnesses, are discussed in
Appendix H.

II1. RESULTS

We first discuss the properties of an array of identical
hexagonal cells, examining the impact of variation of indi-
vidual parameters and of external loading, before turning to a
disordered monolayer.

A. Regular hexagonal cells: Parameter variation

A periodic array of regular hexagonal cells, in the rigid
phase, will have uniform tension and pressure at equilibrium,
making the solution for a single cell sufficient to describe
the whole array. We use this simple case to illustrate the
general behavior of the model. We solve (16) with (14a) and
(14b) for cells in the rigid phase, disregarding solutions for
which A <0, L <0, or H<0. When cells lose in-plane
rigidity, equilibrium solutions (which will no longer be regular
hexagons) are found from (17). As solutions satisfy nonlinear
algebraic equations, we use root-tracing to identify distinct
solution branches; their stability is verified using the Hessian
given in Appendix F.

We choose a baseline case where I'y =17, =0.1,Ty =
—0.5,Ly = 2, and ap = 1, yielding geometric and mechanical
variables listed in Table I. This example is in the rigid regime,
with positive tension, Th2D , balancing negative pressure, P>";
negative cortical tension 7, is offset by positive surface ten-
sion 7j,. We found only one solution for this set of parameters.
We examine variations of each parameter in turn before taking
a wider view of parameter space. In the 2D quadratic model
[1], hexagons lose rigidity when the target apical perimeter ex-
ceeds s¢ ~ 3.72 (Appendix C). In the present 3D model, other
factors contribute to Tth, and thus to the rigidity transition.

Figure 2 shows how the cell shape, pressures, and tensions
change with Ly, with other parameters held at their baseline
values. In the rigid regime, increasing Lo leads, intuitively,
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FIG. 2. Impact of variation of L. (a) Cell apical area, A, perime-
ter, L;, and height, H, as functions of Ly. Symbols correspond to the
cell shapes illustrated in (b). The baseline cell shape is shown in gray
(solid symbol); cells for Ly = 1, 2.5 are marked by open symbols.
(c) Bulk pressure, P, (cyan), bulk tension, 7j, (green), cortical line
tension, 7,° (orange), contribution of adhesive tension from a cell’s
lateral face, 7}, = 1I'4|CJ,| (pink), and (d) P (blue), 7;?® (brown) vs
Ly. In all panels, black points at L, = 2 indicate the baseline case, the
gray shaded region indicates the floppy regime, the hatched regions
indicate no physical solutions, and I', =1, =0.1,T4 = —0.5,
ap = 1.

to an increase in apical area and perimeter and a decrease in
height [Fig. 2(a)], making cells more squamous. As shown
in Fig. 2(d), T?P and P?P fall to zero at Ly A~ 2.83, resulting
in a loss of in-plane rigidity. Beyond the rigidity transition,
the apical area (of distorted floppy cells) decreases, going to
zero at Ly & 7.0; the perimeter and height continue to increase
and decrease, respectively. In contrast, reducing Ly constricts
the apical face until, at Ly &~ —1.26, the equilibrium area
and perimeter vanish. Thus rigid and floppy solutions exist
only over a finite range of Ly values, and highly elongated
(columnar) cells are readily obtained by a reduction in L.

", controls the strength of the bulk tension associated with
variations of total surface area. This term contributes to the
compound pressure and tension terms at the apical surface,
and is responsible for coupling A, L, and H in determining
P?P and T?P. Figure 3 shows the impact of changing T',.
In the rigid regime, increasing I', causes the cell to become
more cuboidal, consistent with expectation of increasing the
overall surface tension. In-plane rigidity can be lost either
by decreasing or, less intuitively, increasing I', past thresh-
olds. As I', increases, the more squamous floppy solution
asymptotes quickly towards the limiting case of fixed surface
area (E1) and (E3), achieved by strong in-plane distortions.
When I';, — 0, the cell area in the more columnar floppy state
shrinks to zero, P, and 7,7 go to zero and the bulk and adhesive
tensions, 7, and Tj; = %FA|C}1”.|, balance each other.

—I'4 controls the strength of cell-cell adhesion, so that
increasing —I"4 acts to increase lateral face area. Accordingly,
decreasing —I"4 penalizes contact to the extent that H falls to
zero at —['y &~ —0.38 (Fig. 4). While the cell height monoton-
ically increases with —I"y4, there is a maximum in apical area

(a) (b) o

I
0.04 0.51 1.7 ¢ [[D

I,=005 I'y=01 T,=0.5

(c) «

)
0.4 0.1
W
0o L/‘\ r
a

r
02 N 5T 7t 01 51 1.
o] - 02
-0.8 - -0.3
-1 -0.4

2D 2D
— Ph, — Th

FIG. 3. Impact of variation of I',,, presented following the format
of Fig. 2. (b) The baseline cell shape at I', = 0.1 is shown in gray
(solid symbol); cells for I', = 0.05, 0.5 are marked by open sym-
bols. In all panels, I', = 0.1,y = —0.5, Ly = 2.0, and ap = 1. The
dashed lines in (a),(c) show the asymptote (E3) as I'y, — oo.

|- P —T —Tf — T},

and perimeter at —I'y &~ —0.25. Strong adhesion elongates
cells but also drives them into a floppy regime. This can be
understood from the terms %FAH — 2T, Ly in T? in (14c):
increasing —I"4 has an effect roughly equivalent to increasing
Ly, which has already been seen to induce loss of rigidity.
Once in the floppy regime, the asymptote (E7) is recovered,
with H o« =T, A « —I‘;l, and L « —Fg, consistent with
very strong adhesion driving the formation of columnar cells.
We will show below how columnar cells can also remain rigid
for large —T'4.

To confirm the nature of the rigidity transitions in
Figs. 24, we tracked eigenvalues of the Hessian (F3) while

(b) °

‘*ID}L_T}L*T}{;_TIL

2D 2D
— Ph, — Th

FIG. 4. Impact of varying —I"4, presented following the format
of Fig. 2. (b) The baseline cell shape at I'y = —0.5 is shown in
gray (solid symbol); cells for I'y = 0.25, —1.0 are marked by open
symbols. In all panels, I', =T', = 0.1, Ly = 2.0, and gy = 1. The
dashed lines in (a),(c) show the asymptote (E7) as —I"'y — oo.
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FIG. 5. Impact of varying I';, presented following the format of
Fig. 2. (b) The baseline cell shape at I';, = 0.1 is shown in gray (solid
symbol); cells for I'; = 0.025, 0.25 are marked by open symbols. In
all panels, I'y = 0.1, 'y = —0.5, Ly = 2.0, and a9 = 1. The dashed
lines show the asymptote as ', — oo as calculated in (E4).

varying Ly, I'y, and I'4 across rigidity boundaries (Ap-
pendix F, Fig. 12 below). Assuming the cell height relaxes
rapidly to equilibrium, a hexagonal cell has 12 degrees of
freedom (two per vertex) and the Hessian therefore has 12
eigenvalues. Three of these are degenerate, representing trans-

(a)

ot

© s
” :

[\~
T

,]"A

lations and rotation that do not alter the cell’s energy. The
remainder involve a dilational mode and 8 symmetry-breaking
eigenmodes. At a rigidity transition, these 8 modes become
unstable (Fig. 12). Thus the rigidity transitions shown in
Figs. 24 mark the bifurcation of 8 floppy states from the
hexagonal state, with all 8 states sharing the same values of
apical area and perimeter.

I'; is the parameter that most closely resembles the apical
tension parameter I';p in the 2D model (Appendix C). It
controls the strength of the cortical line tension at the api-
cal/basal perimeter, 7,°. The term containing I'y in 7}12]) is the
only term independent of H. For the chosen parameters in
Fig. 5, the cell remains in the rigid regime for 'y, > 0. There
is a small variation in shape and mechanical quantities before
they asymptote to (E4) as I'y — oo, with the apical perimeter
constrained to be very close to Ly. As we will see shortly, for
other parameter choices, the cell can enter a floppy regime
with increasing I';.

Figure 13 (Appendix I below) shows the impact of varying
the target surface area ayp from unity with other parameters
held at their baseline values. Increasing gy takes the system
into a floppy state while causing cells to elongate.

The transitions described above are summarized in Fig. 6,
which shows six 2D slices through parameter space, for
hexagonal cells. In comparison to the standard 2D model,
there are multiple paths in parameter space along which the
system loses rigidity, or along which rigid solutions become
unphysical. The (L, 'y )-plane [Fig. 6(c)] is the most direct

@ 19
0.8
0.61

r,

0.41

0.2r

0.0 ! ! ! !
00 02 04 06 08 1.0

I'p
D Rigid D Floppy

-y -y

%No physical solutions

FIG. 6. Cross-sections of (Ly, Iy, —I"4, ' )-parameter space, intersecting the baseline case (black circle). In each plot, only two parameters
are varied. Hatching shows regions where there are no physical solutions. Gray regions show the floppy regime. Blue lines show where 7?° = 0,
corresponding to a rigidity transition; blue dashed lines show asymptotes at 'y, — 0o, ['4 — —o0, and I}, — o0, calculated using Egs. (E1),
(ES8), and (E4), respectively. Black dashed lines show asymptotes marking where H — O [for large I';, using (ES), in (f)] or where H — oo

[for large T',,, using (E2b), in (b),(e); and for large I';, using (E6), in (c)].
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FIG. 7. Hexagonal cells in the baseline configuration (black dot) are perturbed by an external load P., that is compressive for Py, < 0.
Lateral compression (blue) of a monolayer of hexagonal cells is modeled by (30). Isotropic compression (red) of a hexagonal cell is modeled
by (31). Changes in (a) area, (b) height, and (c) volume are shown in response to lateral and isotropic loading.

analog of the standard 2D model (Fig. 10), but illustrates
significant variation in the value of Ly at which the rigidity
transition takes place. Figure 6(a) offers an example where
rigid solutions are lost either because the apical area vanishes
(by decreasing Ly from the baseline value, for fixed —I"y),
or because of the termination of a steady solution branch
at a saddle-node bifurcation (by simultaneous reduction of
Ly and —TI'4), at which the eigenvalue corresponding to the
dilational mode of the Hessian vanishes. Figure 6(e) shows
how variation of both —I'y and I', can lead to a loss of
rigidity (increasing —I'4 from the baseline case), flattening
of the cell (reduction of —I'4), or cell elongation (via si-
multaneous increase of —I'4 and I',;). Figures 6(d) and 6(e)
demonstrate distinct floppy states, either squamous (low T',)
or columnar (high I',)); these are reflected in the two branches
of the rigid/floppy boundary in Figs. 6(a) and 6(b). Figure 14
(Appendix I below) maps out variations of ag versus I'y, —T'y4,
'y, and Ly. For large I', or large I';, (constraining the total area
or perimeter), rigid solutions are confined to a window of ag
values, demonstrating that rigidity can be lost by a reduction
in ag.

We used asymptotic approaches (Appendix E) to identify
the limiting location of the rigid/floppy transition, such as the
limit T, &~ 'y Ly (E8) for large —I'4 [Figs. 6(a), 6(¢), and
6(f)], (E1) for large I', [Figs. 6(b), 6(d), 6(e), and 14(a)],
and (E4) for large I'; [Figs. 6(c), 6(d), 6(f), and 14(c)]. The
boundary at which rigid cells become strongly elongated in
Fig. 6(b)is Ly = —\/5/(48FL) (E2b) (third expression). Sim-
ilarly, rigid cells become strongly flattened at the threshold
(ES) for large I';, [Fig. 6(f); the boundary turns out to be al-
most independent of '] and columnar at I", & —Lg /192 (E6)
[Fig. 6(c)]. These limiting approximations reflect dominant
physical balances. Cells can remain rigid for large —I'4y when
I, is also large [Fig. 6(e)], with the associated tensions bal-
ancing to determine H = V3 Ff\ / (96F3) (E9). In none of these
limits does the 3D model recover results from the classical 2D
model.

The slices of parameter space in Figs. 6 and 14 do not
access a further limiting case, namely that of constrained cell
volume, for which I'y, |T'4|, and 'y are all small in mag-
nitude. We show in Appendix E how a sharp squamous to
columnar transition can arise as the ratio I'4/T", varies when
ay > 2%/337/6 2 571 when I'; = 0, mirroring a finding by
[31] using a closely related model. Figure 11 below illustrates

how, for I';, > 0, cells can become floppy through a rapid but
continuous transition.

B. Regular hexagonal cells: External loading

Cells in a monolayer that is laterally confined may ex-
perience compression due to crowding. This is illustrated in
Fig. 7(a), which shows [by solving (30)] how, for a cell expe-
riencing uniform in-plane compression Peyl) (With Peyy < 0),
reduction of apical area and apical perimeter is balanced by a
dramatic increase in cell height, even under a modest load,
while maintaining roughly constant total surface area and
volume. A similar strongly anisotropic response arises in cells
under isotropic compression with stress Peyl [with Pey < 0;
Fig. 7(b)], although in this instance the cell volume can be
driven to zero under sufficient load [Fig. 7(c)].

The slopes of the volume curves in Fig. 7(c) illustrate the
cell bulk modulus under in-plane and isotropic compression.
The full stiffness matrix is evaluated in Appendix H. Second
derivatives of the energy in (H2) illustrate how the coupling
between height, perimeter, and area variations in the present
3D formulation contributes to stiffness. The first derivatives
of the energy in (H2) illustrate the contribution of prestress.

C. Disordered monolayers

To understand better the impact of crowding on cell elonga-
tion, we grew disordered monolayers as described in Sec. II C,
and then evaluated small-amplitude height variation across
each monolayer (Fig. 8), adopting the model (D1) that pe-
nalizes height variations between neighboring cells. Using
baseline parameters, for which individual cells are rigid, re-
alizations in Fig. 8 show cell elongation nearer the center of
the monolayer, and contraction towards the periphery. This
is likely because divisions that take place during the growth
of the monolayer promote crowding, increasing lateral forces
on cells towards the center of the monolayer and promoting
elongation, as illustrated in Fig. 7. The Laplacian operator £
in (D1), which averages over neighboring cells, promotes a
long-range response in height deflection; in this illustrative
model, the stiffness of the height constraint [represented by
the parameter A in (D1)] is independent of the monolayer’s
resistance to in-plane shear.

Figure 2 shows how, for identical hexagons, increasing L
from its baseline value to approximately 2.83 takes the system
through a rigidity transition at which P?P and T2P fall to zero.
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FIG. 8. Distributions of cell height perturbations H!") evaluted using (D3) for three different monolayers using baseline parameters, Ly =

2,I',=01,Ty =-05,T, =0.1,and gy = 1.

At this point, eight of the nine nonzero eigenvalues of the
Hessian of the hexagonal state fall to zero (Fig. 12), marking
the emergence of floppy states with broken symmetry. We now
assess the comparable transition for an isolated disordered
monolayer, grown as described in Sec. I C.

Figure 9(a) shows distributions of the shape parameter
Ly, /+/A;, for increasing L. For reference, the shape parameter
of identical hexagons [satisfying (17)] is also shown; this
passes through s¢ ~ 3.72 at Ly =~ 2.83. In contrast, for the dis-
ordered monolayer the empirical threshold s5 = 3.81 provides
a closer approximation of the rigidity transition, consistent
with prior studies of the 2D model [18], although the transition
is not sharp. It is marked by narrowing of the distributions of
shape parameter among cells with different numbers of sides,
so that an increasing proportion assume their target apical area
and target apical perimeter. Despite the dramatic collapse in
the shape-parameter distribution onto the value predicted by
(17) at Ly ~ 2.89, it is limited to the majority of cells with
at least five sides, as a few four-sided-cells persist, as do a
few cells with n > 5 sides that do not meet the isoperimetric
threshold. Even at Ly = 2.95, a few square cells persist that do
not yet meet the target area and perimeter constraints. These
provide islands of stiffness in a sea of floppy cells.

Figure 9(b) shows the 2N, eigenvalues of the Hessian
(Appendix F) for increasing values of Ly. At Ly = 2.85 the
monolayer is rigid; the largest N, modes of the Hessian’s
spectrum are dilational [35]. In general, 2N, of the 2N, modes
can be associated with material stiffness (i.e., modes that
change U), with the remainder providing geometric stiffness
via prestress [35,40—42]. As L, increases, the eigenvalues of
modes providing geometric stiffness collapse towards zero,
leaving N, shear and N, dilational modes [35]. Despite having
material modes with nonzero eigenvalues, the spectrum shows
how the monolayer becomes floppy once Ly ~ 3, although the
transition is gradual.

The component of the Hessian providing material stiffness
is associated with second derivatives of U ; the remainder [the
Us term in (F3)] provides geometric stiffness via the prestress
fields PP and T2P of the equilibrium state. The component
of the Hessian relating to T2P involves a vertex Laplacian
of the form AT*TA**, where A™* is the apical edge-vertex
incidence matrix (Appendix A), with entries weighted by
edge tensions. This motivates consideration of a “pruned”

network made from apical cell edges having tension above
a threshold value ¢ for some 0 < ¢ < 1. Examples of such
networks are illustrated in Fig. 9(d). Replacing 7?P (in a
given monolayer realisation) with an indicator function in
the weighted vertex Laplacian yields an N, x N, topological
operator £° (F5), which varies with Ly, having N®(Lg) zero
eigenvalues, where 1 < N® < N,. Let N, (Lo) be the number
of vertices that are not connected to an edge of the pruned
network, and let N2.(Ly) be the number of connected compo-
nents of the pruned network (containing at least one edge).
Then NV¢ = N}, + N,; there are N, rows of zeros in £*, and
each connected component has a single zero eigenmode. The
network at Ly = 2.89, for example, has 21 connected com-
ponents, ranging from a single edge to the largest containing
235 vertices [Fig. 9(c)]. As Ly increases across the rigidity
transition, N7, rises to a peak (comparable in magnitude to
/N, ~ 33) before falling abruptly towards 5 [Fig. 9(c)]. This
value corresponds to the five quadrilateral cells in the mono-
layer that remain stiff at Ly = 2.95 [Figs. 9(a) and 9(d)].

As ¢ is an arbitrary threshold, the precise value of Ly at
which N¢, reaches its peak will depend on ¢. However, this
construction demonstrates a more general point, namely that
the growing number of eigenvalues of H below a threshold
[1079, say, in Fig. 6(b)], as Ly increases, can be interpreted pri-
marily as modes of individual vertices that become isolated as
adjacent edges lose tension, supplemented with zeros associ-
ated with connected components of the fragmenting network.
The size of the largest connected component (as measured
by the number of vertices) falls from N, towards zero over
arange of Ly values [Fig. 9(d)], showing the gradual nature of
the transition when the monolayer is disordered.

IV. DISCUSSION

We have shown how a planar epithelium, modeled using
a mechanical energy U that reflects the 3D structure of cells,
can be represented in a 2D formulation. To achieve this, we
introduced a constraint (D1) that restricted height variations
between neighboring cells. A global force balance was used to
determine the height H of the cell population. This, together
with the involvement of an energy that penalizes deviations of
the total cell area from a target value, leads to a 2D model that
is distinct from the classical formulation in which apical area
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FIG. 9. Simulations of a monolayer with N, = 500 cells and N, = 1080 apical vertices, successively relaxed through values of L,.
(a) Distribution of the shape parameter L, //A;, for varying Ly with ', = 0.1,y = —0.5,I', = 0.1, and ay = 1, colored by the number
of apical edges of each cell. White circles indicate outliers, and the whiskers show the data extent excluding outliers, while the box shows the
interquartile range. The red dots indicate the value of the shape parameter for an array of hexagons, which here is above the value at transition of
s¢ ~ 3.72. Thresholds s4 = 4 and s5 ~ 3.81 [see Eq. (18)] are shown with dashed lines. (b) The eigenvalues of the Hessian for the monolayers
shown in (a) for Ly = {2.85,2.9, 2.95, 3.0}. (c) Number of connected components N, in each monolayer (blue squares, left axis) and number
of vertices in the largest connected component N; . (red diamonds, right axis) as Ly is varied. (d) Monolayers for L, = {2.88, 2.89, 2.9, 2.95}
showing edges with tension above a threshold value of ¢ = 0.0005 in red.

A and perimeter L contribute separately to U. The coupling
of A, H, and L leads to a more intricately structured param-
eter space (Figs 6 and 14) that reveals multiple pathways to
rigidity transitions, regulated by variation of five independent
dimensionless constitutive parameters. This suggests that a
monolayer changing state, for example in a wound-healing
response, need not rely wholly on the cortical actin structures
at the cell edge. This is consistent with prior models [11]
demonstrating regulation of rigidity via variations of the bulk
target area through, for example, the parameter afj/(V;)>/>.
Like [31], our model predicts a sharp squamous to columnar
transition arising when the cell volume is constrained, pro-
vided aj/(V§)?? is sufficiently large. Our findings rest on
an assumption of apical-basal symmetry, so they are likely
to be of less relevance to epithelia that adhere strongly to
a basement membrane, which can be expected to promote
monolayer rigidity [30].

This 3D perspective enables us to reinterpret prior 2D
predictions of cell stress. Strictly speaking, the 2D model
identifies stress resultants, integrated across the depth of the

cell. These are naturally characterized in terms of in-plane
isotropic and deviatoric (shear) components. In the 3D con-
text, this description is expanded to incorporate bulk isotropic
stress and an additional bulk shear stress (22), (26b), that is
associated with height reduction balancing apical area expan-
sion; for a cell in vertical equilibrium, 2/3 of the in-plane
isotropic stress contributes to the bulk isotropic stress, and
the remaining 1/3 contributes to the bulk shear stress. (The
present model assumes apical-basal symmetry, and therefore
does not address the full set of shear deformations.) The model
accommodates (elongated) columnar cells, particularly if the
lateral adhesion is strong (Fig. 4), or the preferred apical
perimeter is sufficiently small (Fig. 2); the bulk shear stress
in such cases is regulated by Pfff’z via (27), highlighting the
role of the apical face in determining the overall mechanical
state of the cell.

The 3D formulation also reveals the connection between
the functional dependence of energy on the apical area, the
apical perimeter, and the cell height, and the stiffness of a
cell experiencing a prescribed deformation (Appendix H). The
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material stiffness arises from nonzero second derivatives of
U with respect to A, L, and H: the full set of nine second
derivatives contribute resistance to out-of-plane shear defor-
mation in (H3). Stiffness also arises from prestress [associated
with first derivatives of U in (H3), for example]. For in-plane
deformations, (H5) shows how prestress associated with cor-
tical tension is lost at a rigidity transition; this is illustrated by
fragmentation of the networks shown in Fig. 9(d), leading to
isolated patches of stiffness as rigidity is lost. We character-
ized this by counting zero eigenvalues of a vertex Laplacian
(F5) and the connected components of the associated graph.
An important caveat of the analysis in Appendix H is that
a monolayer of disordered cells in a rigid state can be ex-
pected to undergo nonaffine deformations under an external
load, and nonaffine effects become exaggerated in the floppy
state, as illustrated in Fig. 12. Computations of deformations
under simple loads (Fig. 7) illustrate the strongly nonlinear
anisotropic response arising from the combined linear and
quadratic functions in the chosen mechanical energy. For the
chosen energies, cells can become columnar under modest
external compression (Fig. 7) or under modest parameter vari-
ation (Fig. 6).

We grew disordered monolayers by allowing a sequence
of random cell divisions, followed by relaxation to the near-
est equilibrium. This generates in-plane stresses that, in the
rigid regime, cannot be resolved via neighbor exchanges. Our
simulations show evidence of elevated in-plane compression
towards the center of the monolayer, which promotes local
cell elongation (Fig. 8). It will be helpful to assess these find-
ings against 3D simulations that do not assume apical-basal
symmetry, and which allow more fine-grained variations of
height of the apical vertices.

In summary, the present model shows how 3D bulk
mechanical effects can be incorporated in a 2D modeling
framework, even when accommodating an out-of-plane force
balance. The model has the flexibility to capture independent
variations in cell aspect ratio and monolayer stiffness, to de-
scribe in-plane and bulk stresses, and it demonstrates how
long-range cell height variations can arise in a growing tissue.
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APPENDIX A: INCIDENCE AND ADJACENCY MATRICES

Assigning orientations to all quantities, signed incidence
matrices A, B, and C with components Cp; = {C};;, B;; =
{B}ij, and Aj; = {A};x define topological arrangements.
Specifically, an edge orientation is defined by a tangent with
magnitude equal to the edge length; a face orientation is
defined by a normal with magnitude equal to the face area;
Cpi = 1 (—1) if the normal to face i points into (out of) cell
h; Bijj =1 (1) if edge j bounds face i and is congruent
(or anticongruent) to its orientation in a right-handed sense;

Ajr =1 (=1) if edge j points into (out of) vertex k. The
components of A, B, and C are zero otherwise.

A includes a subblock A** connecting N, apical edges
to N, apical vertices; B has subblocks B** connecting N}”

apical faces to N apical edges and B/* connecting N } lateral
faces to N, apical edges; and C has blocks C* and C' con-

necting N, cells to Nf+ apical and N ; lateral faces, respectively.
Thus

AT 0

A=A+ A~ (Ala)
0 A~
Bf* 0 0

B=|B+ BY B-|, (Alb)
0 0 B

cC=(c+ C' ©C). (Alc)

The requirements that CB = 0 and BA = 0, arising be-
cause the 3D network is bounded by closed faces, imply

(C*B*+ +C'B'* C'B' C B~ +C'B") =0, (A2a)
Bt+tA++ 0
BI+A++ + BllAl+ BlfAff + BllAlf
0 B—~A~

= 0. (A2b)

The apical matrices C*B*" and A" are the 3D analogs
of the face-edge and edge-vertex incidence matrices used in
prior 2D studies [35,39,44]; they satisfy the requirement that
(CTB*TH)ATT = 0. A 2D topological cell Laplacian is then

L=-CtBt*EBT+TCt". (A3)

This is regularized, as in [44], by taking E to be a diagonal
N, x N, matrix for which E;; = 1 unless j labels a peripheral
apical edge of a peripheral cell in an isolated monolayer, in
which case E;; = 0. This regularization ensures that L1, = 0,
where 1. = (1, 1,...) is the chain identifying all cells in a
monolayer.

The adjacency matrices connecting vertices, edges, faces,
and cells are

1
Di = ¢ 2 ICullBijllAjl, D =1Aul,  (Ada)
ij

1
D = §Z|Chi||3ij|, D = |Byl, (A4b)

1
D = 3> IBijllAjxl,  Dij = |Cul. (Adc)
J

The factor % in D¢ accounts for the fact that each vertex k of
cell 4 neighbors three edges of the cell, and each edge bounds
two faces of the cell. For the prismatic cells illustrated Fig. 1,
distinguishing apical (+), lateral (/), and basal (—) objects,
the adjacency matrices inherit the structure of the incidence
matrices via

va++ 0
DY — | D+ DMI- |, (A5a)
0 DV
D = (D D! D), (A5b)
D = (D+ Do), (A5c)
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FIG. 10. (a) The (Ly, I'*P)-parameter map of the classical 2D vertex model [1]. Cells are rigid in the white region, becoming floppy for
Ly > s¢ =~ 3.72. No solutions exist in the hatched region. (b) Area A;, and perimeter L;, and (c) pressure Ph2D and tension ThZD, are plotted as
functions of Ly for I' = 0.24; when Ly = 1, A;, L, take the baseline values in Table I.

APPENDIX B: GEOMETRIC IDENTITIES

Given vertex locations rki, we construct apical cell edge
tangents and centroids using

ZAjk rk ) j = _Z|A |1'k, (B1)

respectively. The apical perimeter and apical area of cell & are
then, respectively, forh = 1,..., N,

Ly =) |culIBif[1E]1, (B2a)
ij
1
Af = §Z|c,;|B;+cj+ St x i), (B2b)
1
where ﬁ;’i = Z; 1y, is the unit outward normal to face i of cell

h. The area (B2b) mirrors results in [35,39]. To capture the
manner in which the apical perimeter changes as a result of
displacing an apical vertex, we use the relations

ot
ﬁ = X:|ij+
J

8L
8rk

++t+

pau s (B3a)

ot
- = Ylcullaf Y = Ylchls. ®3b)
i k

where the hat denotes a unit vector.

APPENDIX C: 2D MODEL

The classical 2D model is recovered from the present for-
mulation by imposing H = 1 in (8) (disregarding the vertical
force balance), setting I, = 0, and defining I'*P = 2T"; and

L3P = Ly — T'4/(4T'y). This gives

2
= 1Ay — 1> +1r°(L, — L°)" +const.  (CI)
The associated pressure and tensions are
aU,

ol Lh

PP = =A,—-1, T}°= =T(L, — Lg°).

(C2)
Rigid hexagons satisfy (16a) and (16b) (with ag = 1);
floppy solutions satisfy A, =1, L, = LgD, as illustrated in
Figs. 10(b) and 10(c) (replicating [1], for example), which
can be compared to Fig. 2. The parameter space map in
Fig. 10(a) can be compared to Fig. 6(c). The rigid-floppy
transition lies at L(%D = s¢ ~ 3.72. Rigid solutions collapse
to zero area along L3P =0 for [P > I'* = 4/3/12. Rigid
solution branches terminate via a saddle-node bifurcation at
L2° = —[84/2/BD)|(I'* — I'P)3, with 0 < TP < T'*.

APPENDIX D: HEIGHT VARIATION ACROSS A
CONSTRAINED MONOLAYER

In the main presentation of the model, we impose the re-
quirement that r* and H evolve independently. Alternatively,
this constraint can be enforced by redefining the total energy
to accommodate small variations in height between adjacent
cells. We write H = (Hy, .. ., HN(_)T and redefine U as

1
U= ZU(Ah, L, Hy) + EAHTEH (D1)
h

[see Eq. (8)]. The Laplacian term [see Eq. (A3)] mimics an
external constraint that penalizes height differences between
neighboring cells, when the constant A is positive. Then,
noting that £ = L7, the vertical force balance on individual
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cells 0U/dH);, = 0 becomes

0= X (A, Ly Hy) + A(LHY,. D2)
oH

Assuming A > 1 and writing H=H® + HO/A + ... at

leading order it follows that LH® = 0. This has a solution for

which H©® is uniform across the monolayer, with H,EO) = H*,

say,forh = 1,2, ..., N.. At the following order,

ou
LHDY, = ——— (A, Ly,, H). D3
{ I 5 H( ns L, H™) (D3)
As £1 =0, so that 1T£ =0T, it follows that a solvabil-
ity condition for (D3) is that ), (8U/9H )(Ay, Ly, H*) = 0,
which is equivalent to the global force balance (12). We can

then evaluate small corrections to cell height by inverting
(D3).

APPENDIX E: ASYMPTOTIC LIMITS

Here we identify solutions of (14a), (14b), and (16) de-
scribing configurations of rigid hexagonal cells and floppy
cells in specific asymptotic limits.

1. Constrained total surface area

For I', > 1, which constrains the total cell surface area to
take the target value of unity, we reformulate the problem for
rigid hexagons as (16a) and (16b), with

0=2A+LH —1, (Ela)
P?® = H(AH — 1) + 2T, (E1b)

0=AAH — 1)+ (T + iT4)L, (Elc)
T?° = TH + iT4H + 2T (L — Ly). (E1d)

Here the tension 7 is introduced as a Lagrange multiplier, and
(E1d) derives from (14c) using T from (9b) (second expres-
sion). The total area constraint (E1a) can be used to eliminate
H;; the vertical force balance (Elc) specifies T'; and P?P and
T?P are then combined in (16a) and (16b) to find /. Within
this limit, columnar cells satisfy

1 \/§a3 1 \/§a3
L~ —, Ax 0 Ta~—Ty+—2 (B2
H 24H? It g (B2
3 3 3 3
PP~ A Y By
12 48T,

with H > 1. Here the tension 7 balances adhesive forces.
Floppy states under large I', are obtained by solving (E1) with
P =0, 7 =0 for A, H, L, and T, which accommodates
the solution for elongated cells

A=0, H=1/L, L=L,, T=-1il4y, (E3)
shown in Figs. 3(a) and 3(c). Imposing (19) on floppy states
yields the large-I", limits shown in Figs. 6(b), 6(d), 6(e), and
14(a).

2. Constrained apical perimeter

For 'z, > 1, the apical perimeter is constrained to satisfy
L = Ly, and we express the problem as

A = (V3a3[24)L3, (Eda)
PP = HAH — 1) + 2T,(2A + LyH — 1), (E4b)

0=A(AH — 1)+ [[4(2A + LoH — 1) + 1T 1Ly,
(E4c)

T?® =T,(2A + LoH — DH + T\H + T¢. (E4d)

In this case, the hexagonal constraint (E4a) determines A, the
vertical force balance (E4c) specifies H, and the Lagrange
multiplier 7¢ takes whatever value is needed to satisfy the
force balance (16a) and (16b). This leads to asymptotes shown
in Fig. 5. Floppy solutions satisfying (17) in this limit are
recovered by solving (E4b)—(E4d) with P?® = 0, T?P = 0 for
A,H,and T° (and L = Ly). Imposing (19) in addition leads to
limits plotted in Figs. 6(c), 6(d), 6(f), and 14(c). Setting H = 0
in (E4a) and (E4c) leads to

3a3 3a3
WDy +T, (2 _ V34 L§>, (E5)

s =
A7 6

while (E4a) and (E4c) in the limit H — oo requires
T, =—Lja§/192. (E6)

3. Strong adhesion

The vertical force balance (16¢) can be written as
0=AAH - 1)+[T';2A+LH — 1)+ %FA]L, and it is
then combined with (14b) to become 0 = HA(AH — 1) +
L[T?® — 2", (L — Ly)]. Then, in the limit ', — —o0,

ar:—r r,—r
~ e o LoDk el
2T, (T, — T Lo) 2T,
2T, T, (2T, Ly — 1)(T, — T, L
A L(2TaLo — 1)( L 0). (E7b)

ra2rz — )’

This represents the dominant balance 0 ~ H(AH — 1)+
2I,LH in (l4a), 0~ T,LH*+ %FAH in (14b), and
AH(AH — 1) —2I' (L — Ly) = 0 in the vertical direction.
The tension balance is similar to the rigid limit (E9), but the
deviation from the target volume is balanced in the pressure
condition by tension associated with the area of lateral faces,
and in the vertical force balance by peripheral apical tension.
At a rigidity transition, cells become hexagonal, and the geo-
metric constraint (19) cannot be met unless

Lo~To/TL (=Ta — 00). (E8)

This limit is shown in Figs. 6(a), 6(e), and 6(f).
Additionally, for 'y — —o0, analysis of (14a), (14b), and
(16) reveals the limit

. 96r; 48T,
V3airy’ V3ay(—Ty)’ 96r2
(E9)
satisfying the dominant balance AH — 1~ 0 in (14a),

T,LH*+ iT4H ~ 0 in (14b) and (16c), with the area and
perimeter satisfying the isoperimetric constraint (16b); each

- V3q;
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FIG. 11. Example illustrating a sharp squamous-to-columnar transition when cell volume is constrained. Green curves show solutions of
(E10) foray =7,1'y =T'./T, = 0.1 for varying —I'y = —I"4/T",. Orange lines show floppy states satisfying (E10a) and (E10c)—(E10e) with
P? = T2 = ( for which A < «/gang /24. Symbols indicate the two bifurcation points where the floppy and rigid solution branches intersect

and rigid states lose stability (solid curves become dashed).

cell is close to its target volume, and an inward tension asso-
ciated with total surface area, which is dominated by lateral
faces, balances the outward tension due to adhesion.

4. Constrained volume

Here we consider

H=1/A, (E10a)
A =3a)L?)24, (E10b)
0=AP +[[,QA +LH — 1)+ IT4IL, (E10c)

PP® = HP +2I',QA+LH — 1), (E10d)

T?° =T,(2A+ LH — )H + iTAH + 2T'( (L — Ly),
(E10e)

0=24AP® +LT?® (E10f)

in the limit [, ~ 'y ~ I’y < 1. We include P as a Lagrange
multiplier enforcing the volume constraint AH = 1. [Floppy
states satisfy (E10a), and (E10c)-(E10e) with P?P = 7?0 =0
and (18).] Setting I'; = 0, scaling P, P?P, and T?° on I'4, and
setting f‘A =T'4/T4, Eq. (E10) reduces to

OF = 2)V3OF +4) = 3apl] = 3Flay,  (E1D)

where [ = éaéL. The left-hand side of (E11) is a product of
two cubics: the first has a single zero at £ = (2/9)"/3 in £ >
0; the second cubic (proportional to 2A + LH — 1) has two
positive zeros for ag > 2%/337/6 ~ 5.71. These zeros also first
appear at £ = (2/9)'/3, implying that £ becomes a multivalued
function of y for ay > 2%/337/%. Floppy states for I'; = 0 and
ag > 2%/337/% exist along ['y = 0, connecting roots of (E11)
for which 2A 4+ LH = 1. Thus, as predicted by [31] using a
slightly different model, the squamous-to-columnar transition
with ', = 0 is abrupt and takes place at [’y = 0.

For nonzero I'y, however, the branch of floppy solutions
bends away from I'y = 0 and intersects the branches of rigid
solutions at new locations. Figure 11 illustrates one example.
The transition is continuous, but a branch of floppy states con-
nects the locally stable rigid squamous and columnar states.

APPENDIX F: DYNAMICS

We consider dynamic evolution of a monolayer under the
forces identified in (11). Following [35], we define S(r) =
(A, ...,AN, Ly, ..., Ly, )T and collect energy derivatives as

Us = (PIZD, - PAZ,P, leD, e, T,\%D)T. Imposing a drag on
vertices, time evolution of the system follows

1 0\d(r _ Ussy,
¢ M- () o

Here the parameter i models frictional resistance to height
changes, relative to drag forces that resist in-plane vertex
motion, and subscripts on U denote derivatives. The energy
can be expanded as

_ _ £
U= U+ (UsSy, UH)(H)
1 (8] UssSy + U 8y 8] Usyy \ [ -F
- A_’H r or " Vs juy r s N
N )< U5 Oun J\B) T

A bar denotes evaluation at an equilibrium point (so that Us =
0, Uy = 0) and hats denote small perturbations. Provided
Unn # 0, rapid relaxation of the depth [linearizing (F1) about
the equilibrium and taking p© — 0] leads to the eigenvalue
problem

At = [8] (Uss — UsuUppyUgyy)Se + Uy 8] -8, (F3)

(F2)

where the solutions A are the decay rates of small perturbation.
The matrix operator in (F3) is the Hessian H.

Figure 12 shows the values of the nonzero eigenvalues of
‘H for an isolated hexagonal cell, for varying Ly, Iy, and T4,
as discussed in Sec. III. In all cases, all symmetry-breaking
modes simultaneously become unstable when T2P = 0. The
cell height vanishes at I'y & 1.42 when Iy is varied. All
other unstable points correspond to a loss of in-plane rigidity.
Eigenvalues of the symmetry-breaking modes diverge to 00
when the equilibrium cell area and perimeter go to zero.

For some parameter values, multiple equilibrium solutions
for rigid hexagonal cells can coexist; the Hessian in (F3) was
used to confirm the stability of solutions plotted in Fig. 6.

The component of the Hessian U; Syr in (F3) contains con-
tributions from prestress through the vector Us of equilibrium
pressures P20 and tensions T2?P. §,, contains derivatives of
(B3). Focusing on components relating to T?°, we define an
indicator function satisfying

1 | Z Dceq‘-vZD‘ > ¢
f— h~hj*h , _ ‘
L {0 otherwise, (h=1,...,Ne), (F4)

which identifies edges carrying tension above a threshold.
Evaluation of the derivative 3°L;" /9r;" or; (see Ref. [35]) and
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FIG. 12. Eigenmodes (a) and eigenvalues of the Hessian H as (b) Ly, (¢) I',, and (d) —I'4 are varied, for a hexagon at baseline parameter
values (Table I). Eigenvalues correspond to the mode(s) of the same color in (b)—(d); modes of the same color in (a) share an eigenvalue. The
dilation mode is shown in cyan. Translation and rotation modes (with zero eigenvalue) are not shown.

multiplication by Z; leads to consideration of the operator
(L =Y TEATTALS (F5)
J

This modification of the full apical vertex Laplacian
A*+TAT* retains contributions from edges of cells carrying
nonvanishing tension.

APPENDIX G: STRESS

The stress for the symmetric cells considered here can be
derived directly by using the energy (8) and writing the force
on vertex k as

¢ _ 0U A, U oL 9U 9L, 1 U 9H
T 94, 0R, | OLS 9R; | 0L, OR, ' Z, 0H Ry
AU _aU\ 94,
—(HZZ 4222
8Vh Bah 3Rk
(g e Lo\ 2e 10U 0H G
da, " T2 YT )ORe ' Z, 9H OR,

where dU /3H = A,0U/dV), + L,0U /day, + 3T aL,. Here Z,
is the number of apical vertices, across which the vertical
force is distrubuted. We then exploit 2D results [38], plus the
observation that R; ® (0H/dR;) = HZ ® Z when we enforce
R, = r; for vertices in the plane z = 0, and R, = r; + HZ for
cells in the plane z = H, to derive (20).

APPENDIX H: STIFFNESS

Consider the energy U (A, L, H) for a single cell (8). In this
appendix, & suffixes are dropped, and subscripts on U/ denote
derivatives. 2D and 3D stresses (20) can be written

Vo =Ae®™® + HUyi ®2, Ac®® = AUl + LU, Q. (H])

Recall that |, : Q=1 24PM20 =24l + LU; and
3V P = 24U, + LU, + HUy. For a symmetric hexagonal
cel, Q= %I 1. We then impose an affine deformation
E=E, +ez2®12. For example, isotropic expansion has
E, =el so that Tr(E) = 3e; in-plane shear deformation
has e = 0 with |, : E; = 0; out-of-plane shear deformation
has E;, = —%el 1. We now seek the stress generated by an
affine displacement; this approach complements that of [20],
who evaluated the elastic modulus of a cell modeled in 3D as
a truncated octahedron.

Under an arbitrary small deformation, perturbations in A,
L, H,and Q are AA=Al, :E, AL=LQ:E, AH =He,
and AQ = B : E, respectively, where the fourth-order tensor
B (defined in [45]) satisfies B: 1, = Q and Tr(B: E) =Q:
E. Perturbing all quantities in (H1) and linearizing leads to

VAo =a(l, :E;)+Be+yQ:E, +6B:E,, (H2a)
o = AUl + (LAU . — LU)Q
+(AHUsy — HUR)Z @ 2, (H2b)
B = (AHUpy — AU, + (LHU y — LUL)Q
+H Unpz ® 1, (H2c)
Yy = ALUp L, + (LU + LU)Q + HLUy 2 ® 7,
(H2d)
8 =LU,. (H2e)

These coefficients contain second derivatives of the energy,
contributing to material stiffness, plus first derivatives, con-
tributing to geometric stiffness. The first derivatives can be
identified as prestresses in the baseline state in (H1). Equa-
tion (H2) demonstrates how the cross-coupling in U/ leading
to nonzero mixed second derivatives can influence the cell
stiffness.

The stress-strain relationship under isotropic expansion is
then

VAo =[2a+ B+ y+68Qle
= {QA™Ups + ALUy, + AHUy — AUy L
+QLAUs, + LUy, + LHUy;, — LUL)Q
+QAHUyy + HLUy + H* Uy — 2HU )2 ® 2)e.
(H3a)

For a hexagonal cell, this simplifies to
VAo =[2a+ + y +8Qle
= {[2A%Ups + 2ALUs, + AHUsy — AUy
+3 LUy, + LHUyy, — LU,
+QAHUsy + HLUy; + H*Uyy — 2HUR)Z Q Ze.
(H4b)

(H4a)

The trace of (H4) recovers a bulk modulus, illustrated more
directly in Fig. 8(c). The anisotropic response to isotropic
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FIG. 13. Impact of varying ao, presented following the format of Fig. 2, except that geometric variables are plotted without implementing

the rescaling in (13).

forcing, evident in Fig. 8, is consistent with different in-plane
and out-of-plane stress responses in (H4).
In-plane shear deformation leads to

VAo = [ALUsLl L + (LZULL -+ LZ/{L)Q
+HLUHL2®2]Q . EJ_+LZ/{LB: EJ_. (HS)

Two terms proportional to LU rely on cortical tension to
generate stiffness. In contrast, for the classical 2D model with
U=3A—-172+ 3T - Ly)* and T =U,, (H5) simplifies
to

VAo =TL*QQ:E,)+LT[QQ:E,)+B:E,]. (H6)

The first term provides material stiffness (via U, = I'), the
second geometric stiffness (via Uy, = T'). In (HS), additional
material stiffness arises from Uy, and Uy .

Finally, out-of-plane shear deformation leads to

VAo =[—a+B— 37— 33Q]e
= {(— AUsn — SALUL + AHUpy — AUy L
+ (= LAUy, — 317Uy, + LHUy;, — LU;)Q
+ (= AHUpy — SHLUyy + H*Uyy + HUy )2
®2}e. (H7)
For a hexagonal cell, this simplifies to
VAo =[—a+B—1y—15Q]e
= {(— AUsa — ALUy, + AHUpy — AUy
— YUy, + SLHUy, — LU L
+ (= AHUpy — YHLUy, + H* Uy + HUy )2
®ile, (H8)

showing how all second derivatives of U contribute to the
material stiffness.

(a) 1.[)7/% T (b) 2.0
08 : 15
0.6 1.0
F;Q’ ‘ Tags .
a5 0.4 o
0.0
0-2 -0.5
0.0" ! 1.0 ]
-2 0 2 4 6 8 10 -2 0 2 4 6 8 10
ay ap
(e) 1oy T 1 (d)
0.8 1
P 06 1 .
*4L | G(Z)Lo
% 04 1
0.2 1
0.0- . -

ap ap

D Rigid D Floppy

FIG. 14. Cross-sections of ay with (Ly, I',, —I'4, ' )-parameter
space, intersecting the baseline case (black circle). Parameters are
plotted without implementing the rescaling in (13). In each plot,
only two parameters are varied. Hatching shows regions where there
are no physical solutions. Gray regions show the floppy regime.
Blue solid lines show where T?P = 0, corresponding to a rigidity
transition. Blue dashed lines show asymptotes (E1) and (19) with
P?® =T?° =0 in (a), and (E4) with P?P = T?® =0 in (c). The
black dashed line in (a) shows (E3).

%No physical solutions
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APPENDIX I: TARGET SURFACE AREA

The effects of varying the parameter ay are shown in Figs. 13 and 14. Both figures show variables and parameters without
implementing the scaling by ag in (13). Axes and legend labels are given in terms of the scaled values used elsewhere but with

the tilde explicitly shown here.
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