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Nonlinear effects in a strongly coupled nanoelectromechanical system
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Controlling nonlinear effects in μ– and nanoelectromechanical systems is essential for unlocking their full
potential in sensing, signal processing, and frequency control. In this study, we develop a voltage-dependent
Hamiltonian framework for a nanoelectromechanical resonator with two strongly coupled vibrational modes,
representative of a nanostring platform. The mode frequencies and couplings of the system are tuned electrostat-
ically using a dc voltage, which also controls the strength of the interactions. Our theoretical model reproduces
the experimentally observed avoided crossing in the absence of an ac drive and generates tunable frequency-comb
spectra when a parametric drive is applied. By scanning the dc voltage, we generate a phase diagram that links
comb formation and sharp regime boundaries to underlying bifurcations, multistability, and attractor switching.
Phase-resolved diagnostics based on a Kuramoto order parameter, together with autocorrelation and Poincaré
analyses, quantify coherence and critical slowing down near these transitions. We further explore the relationship
between nonlinear coupling, parametric excitation, and stability transitions within a single device of experimental
relevance and establish a dynamical framework for engineering nanoelectromechanical resonators that offer
enhanced tunability, functionality, and a predictive link to experimental outcomes.
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I. INTRODUCTION

Nonlinearity is a fundamental characteristic of many phys-
ical systems, where the relationship between the input and
output is not simply proportional but can vary dramatically
with the operating conditions, leading to rich and often unex-
pected dynamics. Nonlinearity plays a crucial role in various
fields, ranging from materials science to quantum systems
[1,2]. These effects have mostly been explored in optical
setups, where the modes of the optical cavities exhibit high-
quality oscillations. Naturally, photons do not interact with
one another. Consequently, methods have been developed
to enable interactions between them, using materials with
nonlinear susceptibilities. Unlike a vacuum, these materials
provide an environment where polarizability is dependent on
the field strength. This concept was subsequently extended to
other oscillators, including mechanical vibrations [3–5]. The
idea of engineered nonlinearity has spread into other systems,
including NanoElectroMechanical Systems (NEMSs) [6,7].

NEMSs have become indispensable in modern science
and technology, thanks to their compact size, low en-
ergy consumption, and ability to perform tasks that are
unachievable with traditional macro-scale systems [8–11].
By integrating sensing, actuation, and signal processing
into a unified system, NEMSs open possibilities in fields
such as precise sensing, frequency-selective filtering, inertial
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navigation (e.g., gyroscopes), and high-density integrated cir-
cuits [12,13]. Their compact structure and low mass enable
them to operate at high frequencies with remarkable sen-
sitivity, making them ideal for detecting extremely small
variations in physical quantities such as force, mass, or
pressure on the nanoscale [14,15]. This capability is essen-
tial for applications in scanning probe microscopy, quantum
technologies, and nanopositioning systems [16,17]. Further-
more, their low power requirements make them well-suited
for energy-constrained environments, supporting the devel-
opment of portable and autonomous electronic systems. To
exploit the full potential of such systems, it is essential to un-
derstand the fundamental physical principles that dictate their
behavior, with nonlinearity playing a central role. This aspect
is the basis for many of the unique and complex dynamics ob-
served in these systems. In NEMSs, nonlinear effects can arise
from several sources, including the intrinsic properties of the
materials, geometric nonlinearities due to large deformations,
and external forces such as electrostatic interactions [18,19].

Nonlinear effects in NEMSs become significant at large
oscillation amplitudes, leading to a variety of complex dy-
namical behaviors. One consequence of this complexity is
the possibility of critical transitions in the system dynamics,
which can lead to abrupt changes when small variations in
conditions push the system past a threshold. This is espe-
cially pertinent in NEMSs, where maintaining system stability
and predictability is crucial for reliable operation [20,21].
These transitions can often be predicted through early warning
signals, such as critical slowing down or increased variance
of the parameters in the system, which are key indicators
for predicting and potentially preventing unwanted dynami-
cal shifts [22]. Understanding and managing these nonlinear
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phenomena is therefore vital not only to avoid instability but
also to exploit nonlinear effects in many applications.

One of the significant consequences of nonlinear dynamics
is the generation of frequency combs, which are a series of
equally spaced spectral lines in the frequency domain [23–25].
Integrating frequency comb generation into NEMS platforms
allows the development of highly sensitive, compact, and
tunable devices [26]. Several studies have shown that the
frequency combs generated in NEMSs are tunable and their
spectral properties arise from nonlinear mode interactions and
amplitude-dependent responses [27,28]. These observations
highlight the key role of intermodal coupling and nonlinear
resonance conditions in shaping the comb structure, offer-
ing a route for dynamically controlling the comb spacing by
adjusting system parameters, such as the drive amplitude or
frequency [25,29].

In this paper, we present a theoretical model to interpret
certain experimental observations reported in Ref. [30]. The
system under study is a freestanding nanoscale beam sub-
ject to an electric field, vibrating in two spatially orthogonal
modes. The frequency of these two flexural modes is highly
tunable through the external electric field, which also couples
them. We investigate the vibrational dynamics of this system
by applying numerical tools to our model. Specifically, we
calculate the phase coherence of the modal vibrations, which
reveals the presence of bifurcation in certain parameter con-
figurations. We also demonstrate that the system can generate
a tunable frequency comb in the parameter regime where
nonlinear effects are prominent. This tunability is the result
of the voltage-dependent frequency disparity between the in-
plane and out-of-plane modes. In contrast to previous studies,
the comb spacing in our model is tuned via the applied dc
voltage, which modulates the coupling between the in-plane
and out-of-plane modes [25,29]. This tuning mechanism of-
fers enhanced precision and lower energy consumption than
previously studied methods that rely on altering drive ampli-
tude or frequency. To further explore the system’s dynamics,
we construct Poincaré maps at different dc voltages, revealing
the emergence of multiple stability regimes. Our theoretical
findings closely align with the experimental observations and
provide a consistent framework for interpreting and utilizing
the device.

II. MODEL

The theoretical model developed in this study is based on
the experimental setup investigated by Faust et al. [31]. The
system consists of a doubly clamped silicon nitride nanobeam
with a length of 60 µm and a cross-sectional area of 27 µm2,
under a large tensile force applied at both ends. The nanobeam
is free to undergo flexural oscillations in two orthogonal di-
rections: in plane and out of plane. Refer to Fig. 1 for an
illustration. Due to the high tensile stress imposed by the
boundary conditions, the beam behaves like a string, and
under ideal conditions the in-plane and out-of-plane funda-
mental modes would have identical frequencies. However,
slight deviations from this ideal regime, arising from bend-
ing tensions, lead to a small difference between the two
mode frequencies. Furthermore, the beam’s elastic properties

FIG. 1. Top: The nanobeam oscillating in two orthogonal modes.
Bottom: Geometry of the nanobeam inside the device in the COMSOL

multiphysics simulations and the simulated electric field lines.

inherently give rise to nonlinear behavior, leading to third-
order nonlinear motions at large oscillation amplitudes.

Two gold electrodes are positioned on each side of the
beam. These electrodes are used to apply an external electric
field to the beam. Experimental results show that the frequen-
cies of the in-plane and out-of-plane modes can be tuned by
varying the dc voltage applied to the system. This effect is due
to the electrostatic interactions between the external field and
the beam. As a result of the motion in this common electro-
static field, the in and out modes are coupled. Observations
show that this coupling produces an avoided crossing in the
frequency spectrum of the system, consistent with reports in
Ref. [14]. To further examine the various behaviors of the
nanobeam in this electrostatic configuration, we divided the
modeling problem into two parts: The intrinsic mechanical
and the external electric effects.

A. Intrinsic mechanical properties

The dynamics of elastic beams can be well explained by
the Euler-Bernoulli equation:

ρS
∂2ξ

∂t2
= −EI

∂4ξ

∂z4
+ (T0 + �T )

∂2ξ

∂z2
, (1)

where ρ is the material density, S is the cross-sectional area of
the beam, E is the elasticity modulus of the material (silicon
nitride in our system), I is the second moment of area of the
beam cross section (this parameter is different for the two per-
pendicular oscillation modes), T0 is the built-in tensile force at
the boundary of the beam, and �T is the tensile force resulting
from its bending. ξ(z) describes the lateral deflection of the
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beam at the z position in the direction of the beam axis. We
decomposed ξ(z) into two orthogonal coordinates ξ = (x, y).
Considering the plane of setup as the xz plane, we define the
in-plane mode for the x-axis vibration and out-of-plane mode
as y-axis vibration; see Fig. 1. In our case, the beam was
subjected to a large tensile force:

EI

∣∣∣∣∂4ξ

∂z4

∣∣∣∣ � T0

∣∣∣∣∂2ξ

∂z2

∣∣∣∣. (2)

Therefore, as mentioned before, the mechanical resonator
behaves like a string, and one expects equal frequency of
oscillations for both in and out modes determined by T0: ω2

n ≈
n2π2T0/(2mL), where m ≈ 0.5ρSL is the effective mass, and
L is the length of the string. However, bending tension still
imposes corrections on the system and, in practice, the two
modes have different frequencies. Because the nanobeam ex-
hibits oscillations with a very high quality factor, its normal
modes are well separated from each other and can thus be
treated as isolated modes. For our purposes, only the funda-
mental modes of the two degrees of freedom are driven and
contribute to the dynamics of the device. The Hamiltonian
describing the dynamics of the modes and their coupling is

H0 = H (0)
x + H (0)

y + λ0x2y2. (3)

Here, we have the following nonlinear Hamiltonian for each
mode:

H (0)
x = p2

x

2m
+ 1

2
mω2

x,0x2 + β0

4
x4, (4a)

H (0)
y = p2

y

2m
+ 1

2
mω2

y,0y2 + β0

4
y4, (4b)

where β0 ≈ π4ES/(2L3) is the Duffing nonlinearity factor of
the mechanical modes and λ0 = β0/2 is the nonlinear cou-
pling rate between the modes. The intermode coupling can be
observed as a consequence of the nonlinear oscillations of the
nanobeam. The effect of this interaction has been observed in
the experimental results and explained as four-wave mixing
processes [30].

B. External electric configuration

The electric field produced by the gold electrodes affects
the motion of the nanobeam by imposing a position-dependent
force. Because silicon nitride is a dielectric, the problem is
similar to that of a dielectric slab between two conductors.
In general, the problem is not static as the beam oscillates;
however, it can be reduced to an electrostatic problem by
assuming that the timescale of electric field reformation is
much shorter than the period of the mechanical oscillations.
This assumption remains valid due to the use of stable voltage
sources and high-conductivity electrodes. Additionally, the
beam is modeled as a homogeneous dielectric slab. When a
dielectric is inserted into an external electric field under a
fixed potential condition, the electrostatic energy difference of
the system is given by U = ε−ε0

2

∫
V E · E0dv, where E0 and E

are, respectively, the electric field before and after insertion of
a dielectric object with volume V and the permittivity ε. To
simplify the general formula for our specific case, we assume

TABLE I. Simulated values for the normalized coefficients in
Eq. (6), i.e., Ũi, j ≡ Ui, j/U0,0.

Ũ1,0 Ũ0,1

+0.1937 +0.8598

Ũ2,0 Ũ1,1 Ũ0,2

+5.8422 +0.4070 −4.3829

Ũ3,0 Ũ2,1 Ũ1,2 Ũ0,3

+1.9371 +12.332 −1.9673 −5.9498

Ũ4,0 Ũ3,1 Ũ2,2 Ũ1,3 Ũ0,4

+29.335 +7.3650 −59.223 −5.3364 +12.775

the nanobeam undergoes only pure translational motion—in-
plane and out-of-plane—without rotation. This assumption is
justified by the tight clamping conditions, which effectively
constrain rotational degrees of freedom. Consequently, the
integral limits depend solely on the beam’s center-of-mass
position, denoted by ξ:

U (ξ) = ε − ε0

2

∫
V (ξ)

E(ξ + r′) · E0(ξ + r′)d3r′, (5)

where r′ is the radial distance of each point of the cross
section from its center of mass and ξ denotes the coordinate
of the center of mass in the laboratory frame. We consider
the equilibrium position of the mechanical resonator as the
origin of the laboratory frame ξ=0. By assuming small de-
viations for ξ from the equilibrium position and substituting
the Taylor expansion of the electric field around this point,
we have E(x + x′, y + y′) = E(x′, y′) + (x + x′)∂xE(x′, y′) +
(y + y′)∂yE(x′, y′) + · · · , and similarly for E0(x + x′, y + y′).
By keeping the expansion terms up to the fourth order and
incorporating them into Eq. (5), one obtains

U (x, y) =
4∑

i=0

4∑
j=0

Ui, j

(
x

d

)i( y

d

) j

, (6)

where d is the distance between the electrodes and a measure
of the system dimension. The coefficients Ui, j depend on
the specific geometry of the electrodes and the nanobeam,
which are obtained from finite element simulations carried
out using COMSOL Multiphysics. A simplified 2D configura-
tion resembling the experimental condition is simulated for
d = 600 nm with −85 nm out of plane and −10 nm in-plane
offsets when the electric voltage is set to 14 volts (Fig. 1). The
expansion coefficients in Eq. (6) are then computed, which
are listed in Table I with reference energy U0,0 = 1.37 ×
10−8V 2

dc [gr/(nm2 µs2)].

C. The system dynamics

By integrating the two aspects of the system discussed
in previous sections, we can derive its total Hamiltonian.
It should be noted that to drive the system, the electric
field includes an ac component alongside the dc com-
ponent. Hence, E(t ) = E(0) + E(1) cos(
t ) with the drive
frequency 
. The full Hamiltonian is thus H = Hx + Hy +
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Hx,d + Hy,d + Hint . Here, Hx = H (0)
x + ∑4

i=2 Ui,0(x/d )i and
Hy = H (0)

y + ∑4
j=2 U0, j (y/d ) j are the static Hamiltonian for

the in (x) and out (y) modes. The drive terms are

Hx,d = [1 + E cos(
t )]2
4∑

i=1

Ui,0

di
xi, (7a)

Hy,d = [1 + E cos(
t )]2
4∑

j=1

U0, j

d j
y j, (7b)

where E = |E(1)|/|E(0)| is the ratio of ac amplitude to the dc
part.

The interaction Hamiltonian is composed of the cross-talk
terms in various orders,

Hint = g(t )xy + �(t )x2y2 + G21(t )x2y + G12(t )xy2

+ G31(t )x3y + G13(t )xy3, (8)

where the coupling rates are defined as follows: The most
prominent contribution comes from the bilinear coupling
g(t ) = [1 + E cos(
t )]

2 U1,1

d2 , while the quartic x2y2 intermode

interaction rate is �(t ) = λ0 + [1 + E cos(
t )]
2 U2,2

d4 where λ0

is intrinsic [see Eq. (3)]. There is a similar relation between
the other coupling rates and the Ui, j coefficients: Gi j = [1 +
E cos(
t )]

2 Ui, j

di+ j . The total Hamiltonian implies that the system
dynamics can be controlled in two ways.

First, by changing the dc voltage at the electrodes, the
thermally excited modes can be tuned towards an avoided
crossing. This was captured by the simulations based on
our model. The modified frequency of the in and out
modes are given by ω2

x = ω2
x,0 + 2U2,0/(md2) and ω2

y =
ω2

y,0 + 2U0,2/(md2), respectively. In addition, nonlinearities
can detune the resonance frequency of the modes when driven
at large amplitudes. Second, when the system is driven by a
parametric ac electric field. By exciting the system at the drive
frequency 
 ≈ ωx + ωy, the x and y modes experience a set of
parametric nonlinear interactions. This is achievable because
none of the higher-order vibrational modes have a frequency
close to 
. Therefore, this drive only disturbs the two lowest
mechanical modes. The values of the Hamiltonian parameters
are listed in Table II. For this choice of frequency, the xy2 and
x2y interactions are off resonance and can be neglected.

The equations of motion are derived from the Hamilton
equations. The full dynamics of the system are obtained by
adding thermal noise and damping. This, in turn, is accounted
for through the Langevin equations of motion:

ẍ + γ ẋ + 1

m

∂H

∂x
= ηx, (9a)

ÿ + γ ẏ + 1

m

∂H

∂y
= ηy, (9b)

where γ ≈ ωx,0

Q ≈ ωy,0

Q is the damping rate of the mechanical
resonator with a quality factor of Q (the explicit form of equa-
tions is too cumbersome and thus is not presented here). Note
that since the difference between ωx,0 and ωy,0 is minimal and
the system operates in a high-Q regime, we assume that the
difference in quality factors for the two modes is negligible
compared to the magnitude of Q. Therefore, we model the

TABLE II. List of parameters used in the model. � is introduced
as a free parameter, inferred from experimental agreement.

Parameter Relation Value Unit

L 60 × 103 nm
S 100 × 250 nm2

Y 160 × 10−9 gr/(µs2 nm)
�Y 1.75235 × 10−9 gr/(µs2 nm)
ρ 2.8 × 10−21 gr/nm3

m 1
2 ρSL 2.1 × 10−12 gr

T0 �Y · S 4.38088 × 10−5 (gr nm)/µs2

ω0

√
π 2T0/2mL 2π × 6.5925 µs−1

λ0 π 4Y S/12L3 1.50323 × 10−16 gr/(nm2 µs2)
β0 2λ0 3.00645 × 10−16 gr/(nm2 µs2)
d 600 nm
ωx ω0 − � 2π × 6.13532 µs−1

ωy ω0 + � 2π × 7.04968 µs−1


 2π × 13.208 µs−1

Q 103

γ ω0/Q 4.14219 × 10−2 µs−1

dissipation with an effectively equal damping rate γ and an
equal quality factor Q for both modes, while retaining the
small frequency mismatch in the Hamiltonian contributions
Hx and Hy. The noise force ηk with k = x, y has a zero-mean
Gaussian probability distribution, 〈ηk〉 = 0, with correlation
function

〈ηk (t )ηk′ (t ′)〉 = 2γ

m
kBT δkk′δ(t − t ′), (10)

where, kB is the Boltzmann constant and T is the ambient
temperature. Here, 〈·〉 indicates the time average. Considering
the negligible impact of noise and for the sake of simplicity,
the following section examines a noiseless system.

III. RESULTS

This section presents the results obtained through the nu-
merical analysis of Eqs. (9) from various perspectives.

A. Spectrum

Starting from the analysis of the static spectrum of the nor-
mal modes obtained from the total Hamiltonian, we observe
an avoided crossing as Vdc is varied in the absence of an ex-
ternal drive (E = 0), indicating a strong coupling between the
two modes. This also confirms that the mode frequencies can
be effectively tuned by applying an electrostatic voltage to the
electrodes. The corresponding results are shown in Fig. 2(a).
Applying a parametric drive to the system significantly ex-
poses its nonlinearity, resulting in a more complex spectrum.
Figure 2(b) presents the frequency spectra of the signal, which
is selected as the sum of two modes of the driven system
(x + y), plotted against the dc voltage. The drive frequency
is set at 
 = ωx + ωy with a drive power of 14 dBm.

Around Vdc � 13 V, the system oscillates very weakly.
However, increasing Vdc to a value higher than 13.26 V brings
the system into a regime where oscillations at several dis-
tinct frequencies become possible. As Vdc further increases,
and as the system approaches the avoided crossing point,
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4

1

2

3

dc

FIG. 2. Frequency spectrum versus Vdc: (a) for nondriven and
(b) driven cases. (c) Frequency spacing of the combs formed in the
driven case.

it exhibits different behaviors with relatively sharp bound-
aries and different numbers of resonance frequency lines with
varying spacings. This behavior can be linked to the effec-
tively enhanced coupling and subsequent parametric nonlinear
processes occurring in the system.

In other words, the parametric drive activates nonlinear
interactions, the strength of which is inversely proportional
to the frequency spacing. Hence, as the system approaches
the avoided crossing point, these effects become more promi-
nent. These nonlinear effects, which act on top of the
voltage-dependent coupling, lead to complex energy exchange
between the modes and result in the appearance of multiple
spectral regimes with distinct frequency patterns, as shown in
Fig. 2(b). This behavior can be interpreted using the concept
of parametric normal mode splitting (PNMS) [32], which
provides a physical explanation for the emergence of multiple
frequency components in the spectrum. PNMS explains the
energy transfer between the two modes in the system and how
an external parameter can influence its behavior. Specifically,

because of this phenomenon, the interaction between the two
modes causes each frequency line to split into several lines.
In systems with strong light-matter interactions, such as atom-
cavity systems, an increase in the coupling strength can lead to
a more complex spectral response, characterized by a greater
number of observable frequencies. Specifically, when the cou-
pling between atoms and cavity modes is sufficiently strong, a
phenomenon known as multinormal mode splitting can occur.
In this regime, multiple cavity modes interact with the atoms,
causing each mode to split into several peaks, thereby signif-
icantly increasing the number of resonant frequencies in the
spectrum of the system.

Similarly, in our system, although the number of frequen-
cies observed in PNMS is typically two for each mode,
additional frequencies can emerge due to the strong coupling
between the two modes. In other words, the spectral response
with multiple frequencies, as shown in Fig. 2(b), emerges
from the nonlinear interaction of the modes of the system.
Nonlinear effects become more prominent as the coupling
strength increases at strong parametric drive amplitudes, as
shown in Eq. (8). These nonlinear couplings involve higher-
order interaction, leading to the creation of higher harmonics
of the original frequencies. Moreover, they generate new com-
bination frequencies such as f1 + f2 and 2 f1 − f2, which, in
turn, add even more complexity to the system’s spectrum [33].
A very strong coupling may lead to quasi-periodic or chaotic
oscillations, introducing broad spectral features or densely
packed frequencies [34,35]. Interestingly, we identified that
the relation between the four frequencies shown in Fig. 2(b) as
follows: f3 = 2 f1 − f2, and f4 = 2 f2 − f1, which is in agree-
ment with the experimental results presented in Ref. [30].

Within each regime, the frequency components are evenly
spaced, indicating the presence of a frequency comb in the
system. As quantified in Fig. 2(c) the frequency spacing
remains constant within a given regime but varies across dif-
ferent regimes. This observation highlights that by adjusting
Vdc, we can effectively tune the generated frequency combs.

B. Order parameter

The presence of different regimes in the frequency spec-
tra of the system is expected to reflect interesting behaviors
in its physical properties, such as the existence of multiple
attractors caused by oscillations and vibrational dynamics.
The diagrams in Fig. 3 show the sum of in-plane and out-of-
plane displacements of the center of mass (x + y), as derived
from Eqs. (9), plotted against time for various Vdc values.
It is evident that varying Vdc results in a significant change
in oscillation behavior. Studying changes in both amplitude
and phase is particularly challenging because many factors
can affect amplitude variations and complicate the analysis.
Furthermore, the time series do not exhibit significant changes
and are inadequate for determining the transition condition
that leads to the sharp boundaries observed in the frequency
spectra shown in Fig. 2(b). Therefore, to determine the stable
states (attractors) of the system, it is important to define a
parameter that reflects its stability and quantifies the coher-
ence between the two original modes without being affected
by amplitude variations.

The most significant parameter that contains coherency-
related information is the phase difference of the oscillators.
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FIG. 3. Variation of the combination of the two mode’s positions in time, in different Vdc.

Using the signals discussed earlier (x, y), the phase of the
oscillators can be obtained using the Hilbert transform [36].
This approach represents the signal in its analytic form, which
is a method of signal processing that separates the amplitude
and phase information. The analytic signal z(t ) is given by

z(t ) = x(t ) + iH[x(t )] (11)

where H[x(t )] is the Hilbert transform of x(t ). Consequently,
using this analytic signal, the phase can be obtained as fol-
lows:

θ (t ) = tan−1

(
Im(z(t ))

Re(z(t ))

)
. (12)

To quantify the coherence and phase relationship, we use
the Kuramoto order parameter, which provides insight into
the collective behavior of the system [37]. This parameter
indicates how well the phases are aligned and whether the
system is in an ordered or disordered state,

r(t ) = 1

2

∣∣∣∣∣∣
∑
j=x,y

eiθ j (t )

∣∣∣∣∣∣ =
∣∣∣∣cos

φ(t )

2

∣∣∣∣, (13)

where φ(t ) = θx(t ) − θy(t ) is the relative phase between the
two modes.

In cases where the two oscillators are aligned in phase
(φ = 0), the order parameter achieves a value of one. Con-
versely, when they are in opposite phases (φ = π ), the order
parameter drops to zero. Figure 4 shows the variation of 〈r∞〉,
which is the average of the order parameter in the steady state
versus Vdc under different initial conditions. These diagrams
demonstrate that sharp changes also appear in the system’s
order parameter, occurring at the same Vdc values as abrupt
shifts in frequency spectra. This indicates that changes in the
frequency and relative phase occur simultaneously, potentially
indicating fundamental transitions, such as bifurcation, within
the system. Figure 5 shows the time evolution of the order
parameter for selected values of Vdc, representing different
dynamical regimes. The system exhibits clear differences in
behavior across these regimes: in some cases, it remains syn-
chronized; in others, it loses synchronization and becomes
nonperiodic, and at certain voltages it returns to periodic
behavior. Overall, this figure confirms that the sharp changes

observed in the order parameter r∞ correspond to significant
transitions in the system’s underlying dynamics.

To analyze how the system’s dynamics change, we exam-
ine the autocorrelation of its phase fluctuations. This approach
helps us assess the temporal coherence of the oscillators by
calculating the phase autocorrelation function:

C(τ ) = 〈ei[φ(t )−φ(t+τ )]〉 (14)

and focus on its modulus A(τ ) = |C(τ )|, which quantifies
the persistence of phase coherence over time. As shown
in Fig. 6, the behavior of A(τ ) reveals different dynamical
regimes. At Vdc = 13.16 V, 14.5 V, 16 V, A(τ ) remains flat
and close to 1, indicating a fully synchronized regime with no
significant phase fluctuations. However, at specific voltages,
most clearly at Vdc = 13.264 V and 15.808 V, we observe the
emergence of rapid oscillations in the autocorrelation. This
behavior strongly marks a transition zone in the system. These
modulations in A(τ ) reflect the onset of internal frequencies
and a breakdown of the synchrony, indicating that the system
is entering a qualitatively different dynamical regime, which

dc

FIG. 4. Variation of the order parameter (considering different
initial conditions) shows changes in relative phase in simultaneous
voltages, as in the frequency spectrum. The labels ‘A’ to ‘I’ mark
some key voltage values discussed in this paper: A: 13.16 V, B:
13.264 V, C: 13.6 V, D: 14.2 V, E: 14.5 V, F: 14.89 V, G: 15.5 V,
H: 15.808 V, I: 16 V.
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FIG. 5. Evolution of order parameter in time at different Vdc s, corresponding to a fixed initial condition, showing transition to new states.

is likely a quasiperiodic or toroidal state. The abrupt change
in the temporal correlation structure can be a signature of an
underlying bifurcation [22]. At Vdc = 13.28 V, 14.2 V,
15.5 V, the oscillatory character of A(τ ) persists almost
without decay, indicating a sustained periodic state. Instead,
what can be observed at Vdc = 13.6 V, 14.89 V is a relatively
fast decay of autocorrelation, which shows a chaotic behavior.
All autocorrelation curves are computed from the steady-state
time series to ensure that the observed features reflect the
long-term system behavior rather than transient phenomena.
We now turn our attention to the geometry of the attractors.
By analyzing the Poincaré sections, we can directly observe
how the structure of the system’s dynamics changes across
these transitions.

C. Poincaré section

The system’s phase space holds important information
about the trajectories of the two original modes. Therefore,
direct examination of the spatial variation of these modes can
help in understanding these fundamental changes. However,
as shown in Fig. 3, this method is very complicated and not
the most effective way to study the system’s behavior.

Consequently, we decided to analyze the Poincaré map
of the system at the (x − y, ẋ − ẏ) section, which represents
the intersection of the trajectory in the phase space with the
(x − y, ẋ − ẏ) plane at half of the drive period. This map
implies a connection between position and velocity, high-
lighting the different stable orbits that serve as attractors in

the system’s oscillatory behavior and the possible transitions
between them. Figure 7 illustrates the Poincaré sections at
selected voltages corresponding to the different regimes
shown in both Figs. 2 and 4, indicating the system’s attractors
at the respective Vdcs. For voltages of 13.16 V, 13.26 V, 14.5 V,
15.82 V, and 16 V, the Poincaré sections are computed over
the entire temporal evolution of the system, covering both the
initial transient and the steady-state behavior.

In regime I , the attractors display a fixed point in the
stationary state of the system, indicating synchronization.
Analysis of Figs. 2 and 4 shows that increasing Vdc drives
the system into a state with a higher frequency count and
larger fluctuations in the order parameter, the reason for which
can be studied in the Poincaré map. In regime II , the system
stabilizes in a completely different pattern at considerably
higher velocities than in regime I , as shown in Fig. 7. These
limit cycles or chaotic attractors remain mostly unchanged
up to voltages in regime IV , following similar yet slightly
varied trajectories with different repetition times. This creates
various frequency components in the spectra. As the system
reaches regime V , the order parameter jumps to values close
to one. Because of this large change, a clear difference is
expected in the Poincaré map in this regime. The system’s
attractor in regime V , Vdc=14.5 V, as observable in Fig. 7, is
a fixed point in the stationary state of the system. this regime
corresponds to the maximum linear coupling experienced by
the system, which is in line with the avoided crossing phe-
nomenon. As Vdc increases and the system enters regimes V I ,
V II , and V III , the Poincaré map shows noticeable changes in

FIG. 6. Autocorrelation of the system obtained by Eq. (14), shown for different Vdcs corresponding to different regimes.
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FIG. 7. Poincaré sections showing the intersections of the system’s trajectory with the (x − y, ẋ − ẏ) plane. Each panel corresponds to a
different value of Vdc, representing distinct dynamical regimes of the system.

the pattern, which can be used to explain the sudden jumps
observed in the frequency spectra. This consistency between
the geometric features of the attractors and the temporal be-
havior of the order parameter, demonstrated in Fig. 5, supports
our identification of the system’s distinct dynamical states.
By organizing the system’s behavior into distinct regimes,
each associated with a distinct attractor, we gain a better
understanding of the mechanism of frequency splitting. This
highlights the influence of nonlinear dynamics on the system’s
response. Overall, this insight allows for more effective con-
trol over the frequency-splitting process and the development
of more accurate frequency combs.

D. Multistability and bifurcation signatures

To pinpoint the nature of the previously discussed transi-
tions and to check if they involve bifurcations, we analyze
additional dynamical signatures typical of nonlinear systems.
These include hysteresis, multistability, and critical slowing
down, all of which can provide strong complementary evi-
dence for the bifurcation behavior as the control parameter Vdc

is varied. We begin by analyzing how the order parameter re-
sponds to slow voltage sweeps in both forward and backward
directions. As shown in Fig. 8, clear hysteresis loops appear
around two voltage regions: Vdc ≈ 13.264 V and 15.808 V.

dc dc

FIG. 8. Hysteresis in the order parameter as a function of the
applied dc voltage Vdc. The system exhibits a clear hysteretic loop,
indicating multistability in certain voltage ranges. Blue color indi-
cates forward and red, backward sweeping.

In these intervals, the system follows different trajectories
depending on the sweep direction, indicating memory effects.
This behavior reflects multistability, characterized by the co-
existence of more than one attractor, and is a well-known
signature of saddle-node bifurcation in nonlinear systems
[38]. These results align with the previously observed abrupt
changes in the autocorrelation function and Poincaré sections,
reinforcing the interpretation that the system undergoes bifur-
cations at these voltages.

Another form of multistability appears in regime V . As il-
lustrated in Fig. 4, this regime exhibits a high order parameter
under certain initial conditions. However, small changes in
the initial state result in a sharp drop in the order parameter,
causing the system to behave as it does in other regimes.
To investigate this, we compute the Poincaré sections for
two representative initial conditions. Figure 9(a) shows the
attractor for x0 = 1 nm, while Fig. 9(b) shows a point attractor
for x0 = 0 nm. This confirms the presence of multistability
in regime V. Importantly, this case differs from the earlier
bifurcations in that the transition between attractors is much
more abrupt; even a slight change in the initial condition is
sufficient to shift the system into a fundamentally different
state. This sharp boundary between the attractors suggests a

(nm)

(m
/s
)

FIG. 9. Poincaré section in regime V with (a) x0 = 1 nm as initial
condition leads to the lower order parameter (shown only in steady
state of the system), and (b) x0 = 0 nm as initial condition leads to
a different map (shown by considering transient behavior which end
up to a fixed point in the stationary state).
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FIG. 10. Dynamics of order parameter in voltages around bifur-
cation points, showing slowing down by varying voltage.

more sudden or structurally distinct type of bifurcation than
those observed near 13.264 V and 15.808 V.

Finally, we examine the temporal evolution of the order
parameter near the earlier bifurcation points. As shown in
Fig. 10, the system slows down before settling into a steady
state as the voltage approaches Vdc = 13.264 V or 15.808 V.
In some cases, the system does not fully stabilize at all.
This slowing down is consistent with theoretical predictions
near bifurcation points, where the recovery time diverges as
the system approaches a critical transition [22]. Considering
these results, the presence of hysteresis, multistability, and
slowing down provides robust evidence that the system under-
goes bifurcations at specific voltages. Therefore, the observed
slowing down before the bifurcation points may be indicator
of near-critical behavior in the system.

Nonlinear signatures such as bifurcation and multistability,
as identified in this study, can be probed directly in exper-
iments. For example, in the experiment of Allemeier et al.
[39] on a high-tension nanostring with two orthogonal flexural
modes, the system is driven into the nonlinear regime and
its dynamics are mapped by sweeping the drive frequency
in the presence of added noise. The noise induces switching
between coexisting states, providing a concrete and quantita-
tive protocol to measure multi-stability. While their analysis
characterizes multistability using probability maps, the same
time-series data can also be examined for signatures of crit-
ical slowing down—specifically by extracting relaxation and
correlation times as the detuning approaches the bifurcation
point. A similar protocol can be implemented for the class of
devices considered here, offering a direct route to experimen-
tally quantify the nonlinear effects predicted by our model.
In addition, the nanostring experiments of Faust et al. and
Seitner et al. [30,31] used an electrical scheme where me-
chanical motion is read through electrodes that provide static
tuning and rf drive: the displacement of the string modulates
the capacitance to an inductively coupled microwave cavity.
The resulting change in the cavity transmission is demodu-
lated to yield sharp spectral lines at the mechanical resonance
frequencies as functions of drive frequency and dc bias. In

such a scheme, the nonlinear bifurcation and multistability
predicted by our model would manifest as coexisting spectral
response branches and abrupt switching between them when
the control parameters are swept. Moreover, the demodulated
microwave signal can, in principle, be acquired in the time
domain and analyzed beyond its average spectrum, allowing
one to extract slow switching dynamics and relaxation times
of the collective motion and thereby access the same type of
critical slowing down discussed in our theoretical treatment.

IV. SUMMARY AND CONCLUSION

Through both theoretical and numerical analyses, we
investigated the effect of parametric driving on a nanome-
chanical system with nonlinearly coupled modes. Our work
establishes a framework for understanding the complex dy-
namics of the system. By tuning the frequency difference
between the in-plane and out-of-plane modes, controlled
through electrostatic interactions under an applied dc volt-
age, we observed a rich nonlinear response when the ac
drive introduced parametric excitation. The system exhibited
mode splitting and revealed multiple frequency lines near
the avoided crossing point, with frequency combs emerging
over specific voltage ranges. These combs show varying line
spacings depending on the applied dc voltage, demonstrat-
ing the system’s tunability. Phase coherence analysis using
the Kuramoto order parameter further highlights the abrupt
transitions between stable states, suggesting the presence
of bifurcations. We also identified multistability in one of
the regimes, supported by clear variations in the Poincaré
sections under small changes in initial conditions. More-
over, we observed hysteresis, slowing down, and attractor
switching behaviors consistent with classical bifurcation phe-
nomena in nonlinear systems. Importantly, previous studies
have shown that multiplicative noise can significantly affect
such transitions, particularly near bifurcation points, by alter-
ing thresholds or stability basins [40,41]. Therefore, exploring
the role of noise in this system and its influence on bifurcation
behavior or transition delays presents a promising avenue for
future research.

In conclusion, this study offers insights into strongly
coupled nanomechanical systems, revealing nonlinear phe-
nomena such as mode coupling, tunable frequency comb
generation, multistability, and bifurcation. The complexity
and tunability of the system indicate potential applications in
precision frequency control and signal generation while also
laying the foundation for future studies of stochastic effects
and critical transition in nanoscale dynamics.
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