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Spin-boson systems have attracted increasing attention as accessible experimental platforms and for their

potential applications in designing quantum technologies. One characteristic of these systems is the transition
from regular to completely chaotic behavior when certain control parameters are varied. However, the character-
ization of their mixed phase space has not been thoroughly explored. In this work, we investigate the properties
of mixed eigenstates in spin-boson systems, comparing one-photon interactions with two-photon interactions.
We propose a generalized definition of the phase-space overlap index to identify genuine mixed eigenstates. Our
study highlights the fundamental differences that arise when two-photon processes are considered compared to
one-photon processes and provides complementary evidence supporting the validity of the principle of uniform
semiclassical condensation of quasiprobability functions in spin-boson systems.

DOI: 10.1103/4sc6-546]

I. INTRODUCTION

The study of classical systems with mixed or divided phase
space has been crucial in physics, as these systems represent
the most typical dynamical motion where regular and chaotic
behaviors coexist simultaneously [1,2]. In the quantum do-
main, the origins of describing mixed quantum systems can be
traced back to early research that aimed to distinguish between
regular and irregular patterns arising in quantum eigenstates
[3-6]. The insights gained from these studies led to a success-
ful framework for describing mixed quantum systems under
the Berry-Robnik picture [7] and the subsequent principle of
uniform semiclassical condensation (PUSC) of quasiprobabil-
ity distributions [8—11].

The PUSC states that in the semiclassical limit, the eigen-
states of a mixed quantum system become strictly regular
or chaotic. These eigenstates exhibit spectral statistics that
align with the well-established descriptions of regular [4] or
chaotic [12,13] eigenstates. For mixed quantum systems, the
entire spectrum is described by the Berry-Robnik picture [7],
whose predictions are supported by substantial numerical ev-
idence [14-24]. Additionally, the PUSC indicates that in the
semiclassical limit, the fraction of mixed eigenstates decays
according to a power law [8,11]. This decay pattern has been
verified in various systems, including the Lemon billiard [25],
the mushroom billiard [26], the kicked top model [27,28], the
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Fermi-Pasta-Ulam-Tsingou model [29], and the one-photon
Dicke model [30].

Spin-boson systems represent an important class of the-
oretical models that describe the interaction between light
and matter [31]. These systems have gained relevance due
to their properties, which are considered valuable for design-
ing and controlling quantum technologies and applications
[32—43]. In particular, spin-boson Dicke models involving
one-photon [44-48] and two-photon [47,49-51] interactions
have attracted significant attention. These models illustrate a
fundamental cooperative interaction between a set of qubits
and an electromagnetic field and have led to fascinating
research on superradiant transitions [52-60], which hold
promise for quantum applications. Moreover, the two-photon
processes have spurred further investigation into intriguing
phenomena, such as spectral collapse [61-64], photon squeez-
ing [49,65], dark states [66], and dissipative effects [67-70].

An additional important aspect of spin-boson systems is
their relevance to experimental research. Numerous experi-
mental implementations of the one-photon Dicke model have
been developed. For a comprehensive review, see Ref. [48]
and the references therein. In terms of the two-photon Dicke
model, experimental realizations can be traced back to early
experiments involving lasers [71-74] and masers [75-77].
Contemporary setups now explore the use of Rydberg atoms
[78,79], quantum dots [80,81], and quantum batteries [82—84].
Furthermore, interesting setups involving superconducting
circuits or trapped ions have provided experimental evidence
of spectral collapse [61,85,86].

The characterization of classical and quantum chaos has
been extensively studied in the one-photon Dicke model
[48,87-91]. However, research on chaos in the two-photon
Dicke model is currently limited [92,93]. While a preliminary
investigation into mixed behavior in the one-photon system
has been conducted [30], a similar study for the two-photon
system is still lacking. Thus, in this work, we examine the
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properties of the mixed eigenstates in both the one-photon and
two-photon Dicke models. We propose a general definition
of the phase-space overlap index [94-96], which is currently
the primary tool for classifying mixed eigenstates. Our results
reveal fundamental differences in mixed eigenstates when
considering one-photon versus two-photon processes, further
supporting the premise of the PUSC in interacting spin-boson
systems.

The remainder of this article is organized as follows. In
Sec. II, we introduce the spin-boson Dicke model, discussing
one-photon and two-photon interactions, its general proper-
ties, and its classical limit. Section III explores the connection
between the classical and quantum signatures of integrability
and chaos in both models, as well as the mixed phase space.
In Sec. IV, we present the current methodology to identify
mixed eigenstates and introduce the generalized phase-space
overlap index. Section V shows the analysis of the mixed
eigenstates from both one-photon and two-photon models.
Finally, in Sec. VI, we summarize our main findings and
present our conclusions. Additional details can be found in
the Appendixes.

II. DICKE MODEL WITH ONE-PHOTON AND
TWO-PHOTON INTERACTIONS

A generalized spin-boson Hamiltonian describing the in-
teraction between photons and a set of A two-level atoms,
setting i = 1, is given by the Dicke Hamiltonian

Hy =wi'a+ wo). + —= (@7 +a) (L + 7)., 1)

_/\[f/2
where the operators &' and & are the creation and annihila-
tion bosonic operators that satisfy the commutation relation
[a,a7 = . The operators Jt and Jy =J, + ify satisfy the
commutation relations [J;, Ji]1=+J, and [f+, J 1= 2fz. We
define the last operators as collective atomic operators fx,y, .=
(1/2) YN, 6k 1..» Where &, . are the Pauli matrices.

In Eq. (1), the value f =1 describes one-photon in-
teractions in the system, while the value f =2 describes
two-photon interactions. In the first process, one bosonic ex-
citation is created (or annihilated) for each collective atomic
excitation. However, in the second process, two bosonic exci-
tations are created (or annihilated) for each collective atomic
excitation.

Three main parameters appear in the above Hamiltonian.
The radiation bosonic frequency is @ and the energy splitting
between two atomic levels is represented by wy. The interac-
tion strength between atoms and photons is modulated by the
coupling parameter y . For the two-photon system (f = 2), the
spin-boson coupling is limited to a critical value y,. = w/2,
where the spectral collapse occurs [61-63].

The parity symmetry of the Dicke Hamiltonian is de-
fined by the commutation relation [Hy, [1] = 0, where I, =
exp(inf\f) is the parity operator and Af =ata/f +J, +
j1 identifies the generalized number of excitations within
the system. For the one-photon system (f = 1), the parity
symmetry corresponds to the simultaneous exchange of the
operators @ — —a and J. — —J. in the Hamiltonian H;.
The last divides the system into two subspaces identified
by the eigenvalues of the parity operator p = 1. However,

for the two-photon system (f = 2), the operator exchange is
given by @ — ia and J, — —J; in the Hamiltonian H,. For
this case, the system is divided into four subspaces specified
by the eigenvalues p = %1, +i.

Both one-photon and two-photon Dicke Hamiltonians pos-
sess a conserved quantity. They commute with the squared of
the total collective operator, [I-AI_ £ jz] = 0, whose eigenvalues
J(j + 1) specify different subspaces. In this work, we will use
the most studied subspace with value j = A//2.

Classical limit of the Dicke model

Following well-known mean-field approximations with co-
herent states [48,87,88,91], we obtain the classical limit of
the Dicke model with one-photon and two-photon interac-
tions. The Glauber and Bloch coherent states of minimum
uncertainty [97,98], |a) = e"“‘z/ze‘ww) and |B) =(1+
|B1?)~/eP+|j, —j), allow the association of each parameter
(o, B) € C with a pair of canonical position and momentum
variables in phase space:

a(g, p) = \/g(quip), 2
_Q+iP
B(Q,P) = 2000.P)° 3)

2 P2
o P =1- £ )

where (g, p) are the bosonic classical variables and (Q, P)
the atomic classical variables. The factor ®(Q, P) adjusts for
curvature effects when projecting the Bloch sphere variables
onto a plane using a stereographic projection. The above
expressions define Glauber-Bloch coherent states in terms of
position and momentum classical variables x = (g, p; Q, P),

Ix) = o) ® |B) = lq. p) ® |0, P), ®)
g, p) = e*(j/4)(612+P2)g[m(ﬁim]f|0>’ (6)
10, P) = [O(Q, P)]Yl@+PROQ@PV: i iy (7

where |0) is the photon vacuum and |j, —j) the state with all
atoms in the ground state.

The expectation value of the Dicke Hamiltonian in Eq. (1)
using the Glauber-Bloch coherent states produces the classical
Hamiltonian [48,93]

hy(x) =

) BN
;<X|Hf|x) = Q(x) + T(x), ®)

where

o0
Qx) = (q +P)+ (@ FP)—e )
describes the integrable motion of two decoupled harmonic
oscillators and
2y

T® ="'~ (f - Dp)eew.p) 10
is a nonlinear coupling term. In Eq. (8), the scaling by the
system size j yields an intensive classical energy ¢ = E/j and
an effective Planck’s constant /i = 1/ [99].
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FIG. 1. (al)—(a5) 3D phase-space projections of the classical one-photon Dicke Hamiltonian 4,(x) [Eq. (8) with f = 1]. Each panel
represents a different classical energy: (al) € = —0.9, (a2) € = —0.5, (a3) e =1, (a4) € = 3, and (a5) € = 7. In (al)—(a5), the blue (red)
surface identifies the positive (negative) ¢ root of the second-degree equation /;(g, p; Q, P) = €. (b1)—(b5) Poincaré sections projected on the
atomic plane Q-P for each value of the classical energies considered in (al)—(a5). The set of initial conditions is defined by the positive root
q = q+(e, p=0;Q, P) of the second-order equation (g, p; @, P) = € and the intersection with the plane p = 0. In (b1)—(b5), the black solid
line represents the maximum atomic phase space associated to the classical energy €. System parameters: = 1, wy = w, and y = 0.5.

III. CLASSICAL AND QUANTUM ASPECTS OF CHAOS

Both spin-boson systems that involve one-photon [48,91]
and two-photon [92,93] interactions have exhibited the emer-
gence of classical chaotic dynamics. In this section, we focus
on the generalized phase space of both systems to identify
the classical transition from integrability to chaotic motion,
highlighting areas with mixed dynamics. We also explore how
these classical regions are characterized in the quantum realm.

A. Phase space and classical chaos

We begin by exploring the classical regions where the
transition from regular motion to chaotic motion can be
observed in both one-photon and two-photon systems. We
choose Hamiltonian parameters within a region that allows
for a clear visualization of the mixed phase space in each
system. The diagram presented in Refs. [48,100] for the one-
photon Dicke model helps us select the coupling parameter
Y = Ye = J/wow/2 at resonance frequencies wy = w. For the
two-photon Dicke model, we choose a coupling parameter be-
low the spectral collapse threshold, setting y = 0.30w < w/2
with resonance frequencies at wy = 2w [93]. We use a unity
value of the bosonic frequency w = 1 for both systems.

In Fig. 1, we present the phase space of the one-
photon Dicke Hamiltonian %;(x) [Eq. (8) with f =1].
Figures 1(al)-1(a5) display 3D projections corresponding to
increasing values of the classical energy €. The blue and red
surfaces represent the positive and negative g roots, respec-
tively, of the second-degree equation 4 (q, p; Q, P) = €. After
reaching the classical energy € = 1, the two surfaces begin to
separate [Figs. 1(a3)-1(a5)], marking the point at which the
maximum atomic phase space is attained.

Figures 1(b1)-1(b5) illustrate Poincaré sections pro-
jected onto the atomic phase space for each corresponding

classical energy €. We evolve a set of initial conditions
taking the positive root ¢ = ¢ (¢, p = 0; Q, P) of the second-
order equation h,(q, p; O, P) = € and the intersection with
the plane p = 0. We observe a transition from integrable mo-
tion to chaotic motion, represented by the transformation of
ordered patterns into random points. The maximum atomic
phase space is achieved at energy ¢ = 1 [Fig. 1(b3)]. We can
visually identify a zone of mixed dynamics, where chaotic
motion starts to emerge smoothly amidst the islands of inte-
grability [Fig. 1(b2)], eventually evolving into a chaotic sea
[Fig. 1(b3)]. Interestingly, after entering a region of complete
chaotic motion [Fig. 1(b4)], we observe the re-emergence of
mixed dynamics as energy increases further [Fig. 1(b5)].

Figure 2 provides a detailed analysis of the two-photon
Dicke Hamiltonian 4, (x) [Eq. (8) with f = 2]. In Figs. 2(al)—
2(aS5), we present 3D projections for increasing values of
the classical energy €, where the blue and red surfaces are
obtained from the equation h;(q, p; Q, P) = €. For this sys-
tem, the maximum atomic phase space is attained at an
energy of € = wy, beyond which the two surfaces sepa-
rate [Figs. 2(a3)-2(a5)]. In Figs. 2(b1)-2(b5), we display
the Poincaré sections corresponding to the previous clas-
sical energies. To evolve the initial conditions, we use
the positive root g = g (€, p = 0; Q, P) of the second-order
equation hy(gq, p; Q, P) = € and the intersection with the
plane p = 0. We newly observe a transition from integrable
dynamics to complete chaotic motion and identify a region of
mixed dynamics [Figs. 2(b2)-2(b4)].

The percentage of chaotic motion in the previous descrip-
tions can be quantified with the chaos fraction projected over
the atomic plane Q-P,

1
e =7 dx8(hy(x) — €)MQ, P), (11)

e J M,
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FIG. 2. (al)—(a5) 3D phase-space projections of the classical two-photon Dicke Hamiltonian h,(x) [Eq. (8) with f = 2]. Each panel
represents a different classical energy: (al) € = —1, (a2) € =0, (a3) € = 2, (a4) € = 4, and (a5) € = 8. In (al)—(a5), the blue (red) surface
identifies the positive (negative) g root of the second-degree equation h,(g, p; Q, P) = €. (b1)—(b5) Poincaré sections projected on the atomic
plane QO-P for each value of the classical energies considered in (al)—(a5). The set of initial conditions is defined by the positive root g =
q+ (e, p = 0; Q, P) of the second-order equation A, (g, p; Q, P) = € and the intersection with the plane p = 0. In (b1)—(b5), the black solid line
represents the maximum atomic phase space associated to the classical energy €. System parameters: w = 1, wy = 2w, and y = 0.3.

where A is a characteristic function that depends on the atomic
coordinates (Q, P) and takes two values, A = 1 for classi-
cal regions with positive Lyapunov exponent (chaos) and
A = 0 for regions with zero Lyapunov exponent (integrabil-
ity). Moreover, V, = f M. dx8(hp(x) — €) is the volume of
the phase space associated to the classical energy e with
subspace M, = {x = (¢, p; O, P)|hs(x) = €}. Thus, u. =1
defines a fully chaotic classical system, while ., = 0 signifies
an integrable classical system.

In Fig. 3(al), we illustrate the classical transition from in-
tegrability to chaotic motion for the one-photon Hamiltonian
hi(x). We use the chaos fraction u. [Eq. (11)] to observe
this transition. Figure 3(a2) presents a similar analysis for
the two-photon Hamiltonian %, (x). In both systems, we ob-
serve a gradual transition from regular behavior to chaos, with
an energy region characterized by mixed dynamics. For the
one-photon system, we identify the energy range € € (—1, 1],
while for the two-photon system we see € € [0, 4], along with
fluctuating zones in the range € € [4, 8). In the following, we
will compare these classical transitions with the correspond-
ing quantum transitions in both systems.

B. Signatures of quantum chaos

After detecting the transition from integrability to chaotic
motion in the one-photon and two-photon Dicke models, we
now focus on the quantum signatures of this behavior. We em-
ploy standard tests based on spectral correlations [101-104].
As established in quantum chaos theory, the presence of
chaotic motion in a classical system corresponds to quan-
tum correlations within the quantum system [12,13]. These
correlations manifest as level repulsion in quantum spectra,
which exhibit a distribution of level spacings described by
the Gaussian orthogonal ensemble (GOE) distribution from
random matrix theory [105-108]. The GOE distribution is

well approximated by the Wigner-Dyson surmise Pgog(s) =
(s/2)exp(—ms?/4), where s, = Exy — Ej is the spacing
between two consecutive energy levels. In contrast, classically
integrable systems display uncorrelated energy levels in their
quantum spectra [4], which adhere to a spacing distribution
described by a Poisson function Pp(s) = exp(—s).

We simplify our study by considering the spectral ratio
[109,110] defined as

L min(Exy; — Ey, Ex — Ex_1)
‘= ,
max(Exy) — Ex, Ex — Ex—1)

12)

which has proven to be a robust test for quantum chaos
due to its ability to avoid the unfolding of quantum spec-
tra [101,102,106]. The mean value of the spectral ratio (r)
can effectively distinguish between chaotic and regular quan-
tum systems. For spectra that follow the GOE distribution,
the average ratio is given by (r)gog = 4 — 2+/3 ~ 0.536. In
contrast, for Poisson-distributed spectra, the average ratio is
(r)p =2In2 — 1 ~ 0.386. A normalized spectral ratio can be
defined as follows:

ro = M’ (13)

(rlcoe — (r)p

where r, = 1 identifies a fully chaotic quantum system, while
r. = 0 represents a regular quantum system.

In Fig. 3, we illustrate how the integrable and chaotic
classical motions identified in the one-photon and two-photon
Dicke models translate into the quantum domain. To obtain
all sets of eigenvalues and eigenstates from the quantum
Hamiltonian H r [Eq. (1)] and perform the spectral analy-
sis, we utilize the efficient basis for the one-photon Dicke
Hamiltonian H, [Eq. (1) with f = 1] and the Fock basis for
the two-photon Dicke Hamiltonian H, [Eq. (1) with f = 2],
respectively. For more details on each diagonalization basis,
we refer the reader to Appendix A.
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FIG. 3. (al) Chaos fraction . [Eq. (11)] for the classical one-photon Dicke Hamiltonian %, (x) [Eq. (8) with f = 1]. (bl) Normalized
spectral ratio 7, [Eq. (13)] for the quantum Hamiltonian H [Eq. (1) with f = 1]. (a2)—(b2) Previous quantities for the classical two-photon
Dicke Hamiltonian 4, (x) [Eq. (8) with f = 2] and quantum Hamiltonian H, [Eq. (1) with f = 2]. The spectral ratio was averaged over the
corresponding parity sectors of (al) H, (p = £1) and (a2) H, (p = £1, %i). (c1) Peres lattice of the atomic operator ff for the quantum
Hamiltonian A, with parity p = 1. (cla)-(c1b) Enlarged regions (blue and red rectangles) of (c1) to easily visualize the ordered and disordered
patterns. (c2), (c2a), (c2b) Previous lattice for the quantum Hamiltonian H, with parity p = 1. In (b1) and (b2), we use a system size j = 50,
while in (cl) and (c2), we use j = 25. In (al) and (a2), the horizontal blue (red) dashed line represents a classical system with integrable
(chaotic) dynamics. In (b1) and (b2), the horizontal blue (red) dashed line represents a quantum system with Poisson (GOE) statistics. In
(al)—(cl) [(a2)—(c2)], the vertical gray dashed lines represent regular and chaotic classical energies of 4 (x) [Figs. 1(b1) and 1(b4)] and £, (x)
[Figs. 2(b1) and 2(b5)], respectively. In the same way, the vertical green dashed lines represent two classical energies € = 0 and € = 1 with
mixed dynamics in each system. System parameters (f = 1): w = 1, wy = w, and y = 0.5. System parameters (f = 2): w = 1, wy = 2w, and

y =0.3.

In Fig. 3(bl), we present the normalized spectral ratio r,
[Eq. (13)] averaged over the two subspaces of the one-photon
Hamiltonian H;. We observe a clear transition from Poisson
statistics at low energies to GOE statistics at high energies.
The overall quantum transition is well represented by the
classical transition shown in Fig. 3(al), even with signifi-
cant quantum fluctuations. The energy interval € € (—1, 1] in
Fig. 3(b1) exhibits mixed statistics, which correlates with the
classical motion illustrated in Figs. 1(b1)-1(b3). Additionally,
we find mixed statistics in the energy interval € € [5, 8). This
observation is consistent with the mixed dynamics displayed
in Fig. 1(b5), as expected.

Figure 3(c1) presents the energy distribution of the expec-
tation value of the atomic operator fﬁ with parity p = 1. This
energy distribution is known as the Peres lattice [111-113]
and serves as a visual test for the loss of integrability. We
selected the atomic operator ff for clarity, enabling us to
better identify specific patterns within the Peres lattice. We
observe a correlation between the ordered patterns in the Peres
lattice at low energies and the Poisson statistics indicated by
the normalized spectral ratio r.. Similarly, the disordered,
compressed regions present in the Peres lattices at higher
energies align with GOE statistics. For cases of mixed statis-
tics (both Poisson and GOE), we also see a combination
of ordered and disordered patterns within the Peres lattice.
Figures 3(cla)-3(c1b) show enlarged regions of Fig. 3(cl) to
easily identify the previous patterns. The vertical gray dashed
lines shown in Figs. 3(al)-3(cl) and 3(cla)-3(c1b) represent
two distinct energies where Poisson and GOE statistics are ob-
served, respectively. These energies correspond to integrable
and chaotic motion in the classical limit, as illustrated in
Figs. 1(b1) and 1(b4).

Figures 3(b2)-3(c2) present the previous quantities for the
two-photon Dicke model. In Fig. 3(b2), we display r. aver-
aged over the four subspaces of the two-photon Hamiltonian
H,. The transition from Poisson statistics at low energies to
GOE statistics at high energies is newly detected. The overall
agreement between this quantum transition and the classical
transition illustrated in Fig. 3(a2) is satisfactory. Additionally,
there exists a substantial energy interval € € [0, 7] with mixed
statistics, which is well described by the classical motion
illustrated in Figs. 2(b2)-2(b4).

In Figs. 3(c2) and 3(c2a)-3(c2b), we present the Peres
lattice of J;Z with parity p = 1. We observe a correspon-
dence between r. and the patterns shown by the Peres lattice
in the two-photon system, similar to what was identified
in the one-photon system. The vertical gray dashed lines in
Figs. 3(a2)-3(c2) and 3(c2a)-3(c2b) indicate two energies
characterized by Poisson and GOE statistics, respectively. We
can observe the integrable and chaotic motion linked to these
classical energies in Figs. 2(b1) and 2(b5).

In Appendix B, we provide additional material about
the connection between the average spectral ratio (r) and
the chaos fraction u. for both one-photon and two-photon
systems.

C. Mixed phase space

We have found complete correspondence between the
spectral statistics and classical motion in the Dicke model with
one-photon and two-photon interactions. We observed that the
classical transition from integrability to chaotic motion aligns
with the quantum transition from Poisson statistics to GOE
statistics. Now, we focus on the mixed region, where phase
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(1) f=1,j=100 [(c2) (3) f=1,j=50

AL =0.73 Aop = 0.89

f=2,7=50

Abog = 0.92

FIG. 4. (al) Maximum Lyapunov exponent and (bl) Poincaré section projected on the atomic plane Q-P for the classical one-photon
Dicke Hamiltonian 4, (x) and the classical energy € = 0. (a2)—(b2) Previous maps for the classical two-photon Dicke Hamiltonian /,(x) and
the classical energy € = 1. The top color scale represents the value of the maximum Lyapunov exponent for (al) and (a2). (c1)—(c3) Statistical
distribution of the spectral ratios r [Eq. (12)] for the eigenvalues of the quantum Hamiltonian H, [Eq. (1) with f = 1]. Each panel represents the
spectral ratio (around 500-1000 eigenvalues) distribution inside the energy interval €; € [¢ — 0.1, € + 0.1] centered at the classical energies
(c1) e = —0.9 (regular), (c2) € = 0 (mixed), and (c3) € = 3 (chaotic). Figures 3(al)-3(b1) and 3(c1)-3(el) show the previous classical energies
as gray (regular), green (mixed), and gray (chaotic) vertical dashed lines, respectively. (d1)—(d3) Statistical distributions for the eigenvalues of
the quantum Hamiltonian H [Eq. (1) with f = 2]. The energy intervals are centered at the classical energies (d1) ¢ = —1 (regular), (d2) e = 1
(mixed), and (d3) € = 8 (chaotic). These energies are shown in Figs. 3(a2)-3(b2) and 3(c2)-3(e2). In (c1)—(d1), we use a system size j = 100,
while in (c2), (c3), (d2), and (d3), we use j = 50. In (c1)—(d3), the dashed blue (dotted red) line represents a quantum system with Poisson
(GOE) statistics [Egs. (14) and (15)]. In (c2)—(d2), the black solid line represents the theoretical mixed-region distribution Py (r) [114]. We use
the chaos fractions p, = peq + theo = 0.87 (te1 = 0.17, pen = 0.70) (f = 1) and . = 0.84 (f = 2) to compute the distributions Py (r), as
described in Ref. [114]. In (c1)—(d3), we show the Anderson-Darling parameter A? [115]. System parameters (f = 1): v = 1, wy = w, and

y = 0.5. System parameters (f =2): v = 1, wy = 2w, and y = 0.3.

space exhibits mixed classical behavior, and the quantum
realm shows a combination of Poisson and GOE statistics,
as described by the Berry-Robnik picture [7]. We select an
appropriate classical energy € for each system so that the
proportion of mixed dynamics remains similar.

The vertical green dashed line in Figs. 3(al)-3(cl) indi-
cates a classical energy characterized by mixed statistics in the
one-photon Dicke model, ¢ = 0. For convenience, we select
a classical energy with a higher fraction of chaotic behavior
than regular motion. This choice is made because the presence
of multiple regular regions can complicate the analysis by in-
troducing intricate dynamical effects at the boundary between
these regions and the chaotic sea [116—121]. Two independent
chaotic components emerge in the one-photon system within
a very narrow energy interval around € ~ (—0.1,0.5). The
origins of this intriguing classical dynamics deserve further
investigation. Thus, for the classical energy € = 0, we have
two chaotic components with chaos fractions . ; = 0.17 and
ez = 0.70, such that the total chaos fraction is (. = p1 +
Me2 = 0.87.

In Fig. 4(al), we present a map of the maximum Lyapunov
exponent projected onto the atomic phase space of the one-
photon system. A set of initial conditions was employed to
cover this atomic phase space, which we then evolved over a
long time period. The color bar at the top indicates the values
of the maximum Lyapunov exponent. In this map, we can
identify two chaotic components separated by a regular stripe.

The first chaotic component has a moonlike shape and a lower
value of the maximum Lyapunov exponent compared to the
second chaotic component, which occupies the majority of the
phase space. Figure 4(b1) illustrates the associated Poincaré
section projected onto the atomic phase space. By comparing
both figures, we observe a correlation between regions with a
zero Lyapunov exponent and the orderly structures depicted
in the Poincaré section. In contrast, regions with a positive
Lyapunov exponent correspond to a randomlike phase space.

Similarly, in Figs. 3(a2)-3(c2), the vertical green dashed
line represents an energy with mixed statistics for the two-
photon Dicke model, ¢ = 1. The chaos fraction for this
classical energy is wu, = 0.84 and corresponds to a single
chaotic component. Figures 4(a2)-4(b2) illustrate the map
of the maximum Lyapunov exponent and the corresponding
Poincaré section, respectively. The correlation between the
values of the maximum Lyapunov exponent and the classical
structures shown in the Poincaré sections is also confirmed for
the two-photon system.

D. Quantum description of mixed regions

The distributions of the spectral ratio r [Eq. (12)], P(r), for
Poisson and GOE statistics serve as alternative descriptors for
regular and chaotic quantum systems, respectively [110],

Po(r) (14)

=T
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27 r+r?
Poog(r) = URTENEIcE (15)

Moreover, a recent study [114] has also provided an analyt-
ical distribution of the spectral ratio to characterize mixed
regions. For a complete description, the functional form, and
further details on the derivation of the mixed-region distribu-
tion Py(r), we refer readers to Ref. [114].

In Fig. 4, we corroborate the statistics of the spec-
tral ratios for the integrable, mixed, and chaotic regimes
in both the one-photon and two-photon Dicke models. In
Figs. 4(c1)-4(c3), we present the statistical distribution of
the spectral ratio for the eigenvalues of the one-photon Dicke
model. These eigenvalues are contained within an energy in-
terval Ae centered around the classical energies indicated by
the vertical dashed lines in Figs. 3(al)-3(cl). The correspond-
ing dynamics of the classical energies confirm the presence of
integrable [Fig. 1(b1)], mixed [Fig. 4(b1)], and chaotic motion
[Fig. 1(b4)], respectively.

We calculate the spectral ratios according to Eq. (12) using
the eigenvalues that arise from each subspace of the one-
photon Hamiltonian 1-71. After this calculation, we combine
the spectral ratios from each subspace to compute the overall
statistics. In Fig. 4(cl), we use a larger system size due to
the low level density at low energies in spin-boson spec-
tra [48,93]. In Figs. 4(cl) and 4(c3), we observe that the
numerical data align well with the Poisson and GOE statis-
tics associated with regular and chaotic motion. Additionally,
Fig. 4(c2) illustrates the correspondence between the numer-
ical data and the analytical mixed-region distribution Py(r),
which is depicted as a black solid line. We calculate this
distribution using the formula presented in Ref. [114] for the
case of two chaotic components and one regular component.
The implications associated with multiple chaotic components
can be studied in detail in Ref. [114]. The chaos fractions
of the chaotic components are p.; = 0.17 and u., = 0.70,
with total chaos fraction p, = pic1 + pe2 = 0.87. The regu-
larity fraction is obtained by subtraction: u, = 1 — .. The
agreement between the numerical data and the analytical ex-
pressions is further validated using the Anderson-Darling test
[115], where a test parameter is constrained by a threshold
A* <25

A similar analysis for the two-photon Hamiltonian H, is
shown in Figs. 4(d1)-4(d3). The energy intervals are cen-
tered around the classical energies indicated by the vertical
dashed lines in Figs. 3(a2)-3(c2). The associated dynamics
reveal regular [Fig. 2(b1)], mixed [Fig. 4(b2)], and chaotic
[Fig. 2(b5)] motion, respectively. Figures 4(d1) and 4(d3) con-
firm the expected Poisson and GOE statistics. In Fig. 4(d2),
we again observe a good numerical correspondence with the
analytical distribution (black solid line) in the mixed region,
which was computed for a single chaotic component with
chaos fraction u. = 0.84.

IV. MIXED EIGENSTATES
A. Husimi function of eigenstates

We use the quasiprobability Husimi function [122] to study
the properties of the eigenstates in the four-dimensional phase

space of the Dicke model M described by the classical
variables x = (g, p; O, P). We define a generalized Husimi
function (unnormalized) with moment v for an eigenstate |Ej)
of the Dicke Hamiltonian [Eq. (1)] with energy Ej as

9y (x) = (Ex|x)[*" = |(Exlq, p; Q, P)I*", (16)

which could be normalized by the constant Af =
f v dxQy(x). The moment v =1 provides the standard
definition of the Husimi function Qy(x) with normalization
constant A’{ = f M dxQy(x). Moreover, a Husimi function
projected on the atomic plane Q-P can be defined as

Qi(Q.P) = [{Eklg = q4.p = 0:Q. P)[*,  (I7)
which could also be normalized by the constant Bf =
[, dQdP Q}(Q, P), where A = {(Q, P)|Q> + P* < 4} is the
atomic phase space. We call @Z(Q,P) a Poincaré-Husimi
function because of the correspondence with the classical
Poincaré section when defining the bosonic variables as the
positive root g = g (€, p=0;0, P) of the second-order

equation h¢(g, p; Q, P) = €, = E;/j and the intersection with
the plane p = 0.

B. Phase-space overlap index

A criterion for selecting mixed eigenstates is based on a
measure of the degree of localization of the Husimi function
over regular or chaotic regions. This criterion denominated
phase-space overlap index was first introduced for the study
of mixed eigenstates in billiard systems [94-96]. The last test
has been shown to be a robust test for selecting mixed eigen-
states in different systems [25-30]. However, in this study, we
introduce a generalized phase-space overlap index, based on
the v-moment of the Poincaré-Husimi function [Eq. (17)]

M, = % /AdeP QUQ. P)x(Q. P), (18)
where BX = [,dQdP @Z(Q, P) is the normalization con-
stant and x is a classical characteristic function that depends
of the atomic coordinates (Q, P). The last function takes
two values, y = 1 for classical regions with positive Lya-
punov exponent (chaos) and x = —1 for regions with zero
Lyapunov exponent (integrability). The moment v = 1 recov-
ers the standard definition of the phase-space overlap index
M, = (I/B’f)fA dQdP Qx(Q, P)x(Q, P). Thus, M, = 1 cor-
responds to strictly chaotic eigenstates, M, = —1 represents
strictly regular eigenstates, while mixed eigenstates show
overlap-index values inside the interval M,, € (—1, 1).

The generalized definition of the phase-space overlap index
M, [Eq. (18)] is motivated by the fact that higher moments
of the Husimi function can enhance regions where certain
eigenstates are localized, while diminishing areas of lower
contribution. This enhancement helps to prevent the mistaken
overlap of regular and chaotic regions, particularly when the
system size is small and the Husimi function is broad. Con-
sequently, our proposed definition can more clearly identify
genuine mixed eigenstates. In the following section, we will
analyze the behavior of the generalized phase-space overlap
index for the eigenstates of the one-photon and two-photon
Dicke models, using different moments of the Poincaré-
Husimi function.
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C. Phase-space localization measures

The localization measures are valuable tools for describing
how an eigenstate spreads across a given basis. The general-
ized Rényi-Wehrl entropies have been shown to be effective
in characterizing localization in phase space [123,124]. In
particular, some studies have focused on the one-photon Dicke
model [125-127]. The choice of the subspace in which the
localization measure is defined is crucial, as discussed in
Ref. [126]. In this work, we utilize the subspace correspond-
ing to the classical energy E; of a specific eigenstate |Ey),

M ={x=(q, ;0. P)Ihy(x) = e, = Ee/j}, (19

to define localization measures for the Rényi-Wehrl entropies
of first and second order [126]:

C 1
Li(ex) =7:exp<—cf fM ds Qx(x)In Qk(X)>, (20)

k

c? -
£2(e0) =7’<( /M ds Qi(x)) , @1)

k

where V, = ka dx8(hp(x) — €) = ka ds is the phase-
space volume associated to the classical energy ¢; and we de-
fine ds = dx 6(hs(x) — €). The constant C; = ka ds 9(x)
normalizes the Husimi function inside the subspace M. The
measures £; and £, are also called the information-entropy
localization measure and the inverse participation ratio, re-
spectively, as presented in previous works [25,125].

V. MIXED EIGENSTATES IN THE DICKE MODEL

In this section, we present the numerical results obtained
for the Dicke model with one-photon and two-photon inter-
actions. We investigate the mixed eigenstates that emerge in
each model and characterize their fundamental differences.

A. Phase-space overlap index of eigenstates

We start by examining the phase-space overlap index for
the one-photon and two-photon Dicke models. In spin-boson
systems, we must consider energy intervals around a classical
energy € to ensure that a sufficient number of eigenvalues
(eigenstates) are included for analysis. For the one-photon
system, we select the energy interval € € [—0.05, 0.05] cen-
tered at € = 0, and for the two-photon system, we choose
€ € [0.95, 1.05] centered at € = 1. In each case, the classical
dynamics remains largely unchanged throughout the entire
interval, allowing us to treat it as equivalent to the dynamics at
the corresponding energy centers € = 0 [Fig. 4(bl)]and e = 1
[Fig. 4(b2)].

As previously discussed, spin-boson spectra exhibit a low
level density at low energies, which increases at higher en-
ergies [48,93]. One effective method to enhance the level
density at low energies is by increasing the system size, as the
quantum spectra tend to become continuous in the semiclassi-
cal limit. To conduct a systematic analysis, we will begin with
smaller system sizes and consider an ensemble average. In our
study, we select system sizes of j € [20, 30], j € [49, 51], and
Jj = 100. For the largest system size j = 100, the level density
is sufficiently high that we do not need to apply an ensemble
average.

In Fig. 5, we illustrate the statistical distribution of the
overlap index M, [Eq. (18)] for the eigenstates of both one-
photon and two-photon systems. For each system, we analyze
the eigenstates contained within the respective energy inter-
val, employing the system sizes discussed earlier. We examine
four moments of the Husimi function, specifically v = 1, 2, 3,
and 4.

In the one-photon system, we observe two main ef-
fects related to the increase (from top to bottom) in
system size j and (from left to right) in the moment v.
Figures 5(al)-5(cl) reveal that at the smallest system size
[Fig. 5(al)], there are no regular eigenstates with M|, = —1.
However, as the system size increases [Fig. 5(cl)], some
eigenstates approach M; &~ —1. Furthermore, Figs. 5(al)—
5(a4) illustrate this effect’s dependency on the moment,
highlighting eigenstates that exhibit My &~ —1 [Fig. 5(a4)].
For the largest system size and moment [Fig. 5(c4)], we find
that the distinction between purely regular and chaotic eigen-
states is sufficiently pronounced, allowing us to classify the
remaining eigenstates as genuinely mixed.

A similar study is presented in Figs. 5(d1)-5(d4),
5(el)-5(e4), and 5(f1)-5(f4) for the two-photon system. How-
ever, in this case, increasing the system size or the moment
does not appear to have a significant effect. Even at the
smallest system size and moment [Fig. 5(d1)], we can distin-
guish between regular and chaotic eigenstates, with M| = —1
corresponding to regular states and M; = 1 corresponding to
chaotic states.

The last distinction suggests that the semiclassical limit is
more readily achieved in systems with two-photon interac-
tions compared to those with one-photon interactions. This
finding prompts us to explore in greater detail the differences
between one-photon and two-photon systems.

B. Localization of eigenstates

We now focus on the localization of eigenstates in the
phase space of the one-photon and two-photon Dicke models.
We analyze the eigenstates contained within the correspond-
ing energy interval, € € [-0.05,0.05] for the one-photon
system and € € [0.95, 1.05] for the two-photon system.

In Fig. 6, we analyze how the localization measures are
distributed across the selected energy interval for both one-
photon and two-photon systems. Figures 6(al)—6(a3) display
the energy distribution of the first-order localization measure
£ [Eq. (20)] in the one-photon system as the system size j
increases (from top to bottom). In Fig. 6(al), which considers
the smallest system size, the localization measure £; of some
eigenstates exceeds the threshold £ ~ 0.66 depicted as a
dashed line. This value corresponds to a maximum delocal-
ized state (random state) [127]. It becomes evident that the
eigenstates with £; > £1"** diminish in number for the largest
system size, as shown in Fig. 6(a3). A similar trend is ob-
served in Figs. 6(b1)-6(b3) for the second-order localization
measure £, [Eq. (21)], where the threshold is £7%* = 1/2.

Additionally, Figs. 6(el)-6(e3) show the statistical dis-
tributions of the localization measure £, presented in
Figs. 6(al)-6(a3) for increasing system size. These fig-
ures clearly illustrate how the fraction of eigenstates with
L1 > L™ decreases as the system size increases (from
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FIG. 5. Statistical distribution of the phase-space overlap index M, [Eq. (18)] for the eigenstates of the one-photon Dicke Hamiltonian
H [Eq. (1) with f = 1] inside the energy interval € € [—0.05, 0.05]. Each column identifies a different moment of the Husimi function:
(al)~(cl) v =1, (a2)—~(c2) v = 2, (a3)—(c3) v = 3, and (a4)—(c4) v = 4. Each row identifies a different system size: (al)—(a4) j € [20, 30],
(b1)-(b4) j € [49, 51], and (c1)—(c4) j = 100. (d1)—(d4), (e1)—(e4), (f1)—(f4) Previous distributions for the eigenstates of the two-photon Dicke
Hamiltonian A, [Eq. (1) with f = 2] inside the energy interval € € [0.95, 1.05]. System parameters (f = 1): w = 1, wy = w, and y = 0.5.
System parameters (f = 2): w = 1, wp = 2w, and y = 0.3.

top to bottom). The previous effect is also evident when (dashed line) as the system size increases. A similar behav-
the mean value of the localization measure £, represented ior is also identified in Figs. 6(f1)-6(f3) for the localization
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FIG. 6. (al)—(a3) Classical energy € vs phase-space localization measure £; [Eq. (20)] for the eigenstates of the one-photon Dicke
Hamiltonian H, [Eq. (1) with f = 1] inside the energy interval € € [—0.05, 0.05]. (b1)-(b3) Classical energy € vs phase-space localization
measure £, [Eq. (21)] for the previous eigenstates. Each row identifies a different system size: (al)—(b1) j € [20, 30], (a2)-(b2) j € [49, 51],
and (a3)—(b3) j = 100. (c1)—(c3), (d1)—(d3) Previous observables for the eigenstates of the two-photon Dicke Hamiltonian A [Eq. (1)
with f = 2] inside the energy interval € € [0.95, 1.05]. (el)—(e3) Statistical distribution of the phase-space localization measure £; for
the eigenstates of the one-photon Dicke Hamiltonian H; inside the energy interval € € [—0.05, 0.05]. (f1)—(f3) Statistical distribution of
the phase-space localization measure £, for the previous eigenstates. (g1)—(g3), (h1)—(h3) Previous distributions for the eigenstates of the
two-photon Dicke Hamiltonian H, inside the energy interval € € [0.95, 1.05]. In (al)—(a3), (c1)—(c3), (e1)—(e3), and (g1)—(g3), the vertical blue
dashed line represents the theoretical value £1** ~ 0.66 for the maximally delocalized state. In (b1)—(b3), (d1)—(d3), (f1)—(f3), and (h1)—(h3),
the vertical red dashed line represents the theoretical value £7** = 1/2 for the maximally delocalized state. In (e1)—-(h3), the vertical black
solid line represents the mean value of the localization measures £, and £, inside the energy interval corresponding to the one-photon or
two-photon system. System parameters (f = 1): w = 1, wy = w, and y = 0.5. System parameters (f = 2): w = 1, wy = 2w, and y = 0.3.
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FIG. 7. (al)-(a4) Phase-space overlap index M, [Eq. (18)] vs phase-space localization measure £, [Eq. (20)] for the eigenstates of the
one-photon Dicke Hamiltonian A, [Eq. (1) with f = 1] inside the energy interval € € [—0.05, 0.05]. (b1)—(b4) Phase-space overlap index M,
vs phase-space localization measure £, [Eq. (21)]. Each row identifies a different moment of the Husimi function: (al)—(b1) v = 1, (a2)—(b2)
v =2, (a3)—(b3) v = 3, and (a4)—-(b4) v = 4. In (al)—(a4) [(b1)—(b4)], the vertical blue (red) dashed line represents the theoretical value
LM 2 0.66 (L7 = 1/2) for the maximally delocalized state, and the colored dots represent five eigenstates with different properties. In
(al)—(b4), the horizontal black dashed lines represent the interval AM = M, — M_. We choose M, = 0.7 and M_ = —0.8 for all moments v.
Poincaré-Husimi function projected over the atomic phase space é,‘j(Q, P) [Eq. (17)] for selected eigenstates: (c1)—(c4) k = 6653, (d1)-(d4)
k = 6696, (el)—(ed) k = 6745, (f1)—-(f4) k = 7500, and (g1)—(g4) k = 7557. Each row identifies a different moment v as in the previous panels.
The color scale on the right identifies the value of the Husimi function. In (c1)—(f4), we show the values M, and £, of the corresponding
eigenstate. The small black dots represent the regions of phase space associated with the chaotic motion. System parameters (f = 1): v =1,

wy) =w,y =0.5,and j = 100.

A complementary analysis for the two-photon system is
presented in Figs. 6(c1)-6(c3) and 6(d1)-6(d3), which show
the energy distribution of the localization measures £; and
£,, respectively. Figures 6(gl1)-6(g3) and 6(h1)-6(h3) show
the corresponding statistical distributions of £; and £,. Here,
no significant effect of system size is observed, even for the
smallest system size. The last result further emphasizes the
feasibility of achieving the semiclassical limit more readily in
systems with two-photon interactions.

In Appendix C, we show an additional analysis that ex-
plains the connection between the phase-space overlap index
M, and the localization measures £, and £, for both one-
photon and two-photon systems. The impact of increasing
the system size j and the moment v is explained in detail,
similar to the discussion of the phase-space overlap index in
the previous section.

C. Husimi function and mixed eigenstates

We now turn our attention to the Husimi function of repre-
sentative eigenstates and the impact of the moment v. Given
the coexistence of regular, chaotic, and mixed eigenstates, we
can identify the mixed eigenstates by defining an overlap-
index interval

AM =M, —M_, (22)

where M, < 1 and M_ > —1 are two boundaries. We can
choose symmetric boundaries such that M_ = —M,, al-
though they are typically asymmetric. Thus, eigenstates with
M, € [—1, M_) are classified as regular; eigenstates with M,
€ (M, 1] are considered chaotic; and eigenstates with M, €
AM are identified as mixed.

In Fig. 7, we illustrate the Husimi functions for the one-
photon system. For this study, we have chosen the largest
system size, j = 100. Figures 7(al)-7(a4) display the lat-
tices M, vs £, for different moments, v = 1, 2, 3, and 4. See
Appendix C for further details about the impact of system
size on the previous lattices. Figures 7(b1)-7(b4) present the
complementary lattices M,, vs £,. We have selected five rep-
resentative eigenstates, each marked with a different color.

We plot the Husimi function for the previous eigenstates
projected onto the atomic subspace Qx(Q, P) [Eq. (17)], ex-
amining different moments v. Figures 7(c1)-7(c4) illustrate
the Husimi functions of an eigenstate characterized by sig-
nificant localization and an overlap index M; € AM. As we
increase the moment v, the overlap index remains within the
interval M,, € AM, indicating that this eigenstate is a genuine
mixed eigenstate. In Figs. 7(d1)-7(d4), we display the Husimi
functions of a regular eigenstate with M, € (—1, M_). For this
eigenstate, the overlap index reaches the exact regular value at
the largest moment, where My = —1.

In Figs. 7(el)-7(e4), we present a scarred eigenstate that
exhibits significant localization and an overlap index of
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FIG. 8. (al)—(a4) Phase-space overlap index M, [Eq. (18)] vs phase-space localization measure £; [Eq. (20)] for the eigenstates of the
two-photon Dicke Hamiltonian A [Eq. (1) with f = 2] inside the energy interval € € [0.95, 1.05]. (b1)—(b4) Phase-space overlap index M,
vs phase-space localization measure £, [Eq. (21)]. Each row identifies a different moment of the Husimi function: (al)—(b1) v = 1, (a2)—(b2)
v =2, (a3)—(b3) v = 3, and (a4)—-(b4) v = 4. In (al)—(c4) [(b1)-(b4)], the vertical blue (red) dashed line represents the theoretical value
LM 2 0.66 (£ = 1/2) for the maximally delocalized state, and the colored dots represent five eigenstates with different properties. In
(al)—(b4), the horizontal black dashed lines represent the interval AM = M, — M_. We choose M, = 0.85 and M_ = —0.8 for all moments v.
Poincaré-Husimi function projected over the atomic phase space ék(Q, P) [Eq. (17)] for selected eigenstates: (c1)—(c4) k = 23490, (d1)—(d4)
k =23515, (el)—(e4) k = 23582, (f1)—(f4) k = 24 502, and (g1)—(g4) k = 24 528. Each row identifies a different moment v as in the previous
panels. The color scale on the right identifies the value of the Husimi function. In (c1)—(f4), we show the values M, and £, of the corresponding
eigenstate. The small black dots represent the regions of phase space associated with the chaotic motion. System parameters (f = 2): v =1,

wy =2w,y = 0.3, and j = 100.

approximately M; &~ 1. As the moment increases, the region
where the eigenstate is localized within the chaotic component
expands, resulting in My = 1. In contrast, Figs. 7(f1)-7(f4)
illustrate a chaotic eigenstate characterized by high delo-
calization and an overlap index also around M; ~ 1. With
increasing moment, these figures show areas of strong local-
ization within the chaotic component, leading to My = 1.

In Figs. 7(g1)-7(g4), we present the Husimi functions of an
initially mixed eigenstate with M|, € AM, which transitions to
a regular eigenstate with M4 &~ —1 as the moment increases.
The results indicate that for the lowest moment, v = 1, the
Husimi function of this eigenstate overlaps with both chaotic
and regular regions. In contrast, at the highest moment, v = 4,
the Husimi function is exclusively localized in the regular
region. This illustrates the concept of a fictitious mixed eigen-
state. We will explore these aspects in the following section.

A similar study is illustrated in Fig. 8 for the two-photon
system. For the representative eigenstates of this system, we
observe behavior analogous to that of the eigenstates in the
one-photon system. In Figs. 8(f1)-8(f4), we also identify a
fictitious mixed eigenstate with M; € AM, which becomes
more regular for the highest moment, M, ~ —1.

D. Power-law decay of the mixed-eigenstate fraction

After characterizing the mixed eigenstates in one-photon
and two-photon systems, we investigate the validity of the

PUSC. We specifically examine how the relative fraction of
mixed eigenstates changes as the system size increases for dif-
ferent moments v. This generalized mixed-eigenstate fraction
is defined by

_ Nam

N Ae ’
where Ny, represents the number of mixed eigenstates within
the interval AM, and Na. denotes the total number of eigen-
states within the energy interval Ae. According to the PUSC,
it has been conjectured that the fraction of mixed eigenstates
decays as a power law of the form 7, oc j~% as the sys-
tem approaches the semiclassical limit. This decay has been
confirmed in various systems [25-30] for the moment v = 1,
where the decay exponent &; can vary under different condi-
tions. Here, we explore the impact of higher moments v > 1
on the generalized exponent &,.

In Fig. 9, we present an analysis of the PUSC in both
one-photon and two-photon systems. Figure 9(al) illustrates
the power-law decay of the mixed-eigenstate fraction, n,
[Eq. (23)], for the one-photon system. We utilize different
moments of the overlap index, M,, to compute the fraction
Ny, confirming the power-law decay in all cases. Additionally,
we observe that increasing the moment v reduces the mixed-
eigenstate fraction, consistent with the previous description of
the Husimi functions shown in Fig. 7. As explained earlier, the
increase in the moment eliminates areas of low contribution

M (23)
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FIG. 9. (al) Power-law decay of the mixed-eigenstate fraction 7, [Eq. (23)] for the eigenstates of the one-photon Dicke Hamiltonian
H [Eq. (1) with f = 1] inside the energy interval ¢ € [—0.05,0.05]. (b1) Variation of the decay exponent &, as a function of the interval
AM = M, — M_. We fix the upper bound M, = 0.7 and vary the lower bound inside the interval M_ € [—0.8, 0.5). (a2)—(b2) Previous
observables for the eigenstates of the two-photon Dicke Hamiltonian H, [Eq. (1) with f = 2] inside the energy interval € € [0.95, 1.05]. In
(b2), we fix the upper bound M, = 0.85 and vary the lower bound inside the interval M_ € [—0.8, 0.65). In (al) and (a2), the solid lines
represent the numerical data, while the dashed lines represent the best linear fit of the function In(#,) = In(A) — &, In(j). We use a logarithmic
scale, such that the slope corresponds to the decay exponent &, of the function 1, = Aj~%. In (al), (a2), (b1), and (b2), each color represents
the numerical data computed with a different moment v = 1, 2, 3, and 4. In (b1) and (b2), the vertical black dashed line signals the large AM
region, where the decay exponent &, is averaged for each moment v. The horizontal red dashed line is the decay exponent (£), averaged over
the moment v inside the same region. System parameters (f = 1): w = 1, wy = w, and y = 0.5. System parameters (f = 2): v = 1, 0wy = 2w,

and y = 0.3.

in the Husimi function, effectively removing spurious over-
laps between simultaneous regular and chaotic regions. As a
result, the number of mixed eigenstates decreases, leading to
a reduced fraction of these states. In Fig. 9(a2), we present
a similar analysis for the two-photon system. Here, we again
identify the power-law decay across various moments of the
overlap index M,,, mirroring the findings from the one-photon
system.

While both one-photon and two-photon systems vali-
date the PUSC, there are some differences between them.
Each system exhibits a similar proportion of mixed phase
space. The one-photon system has a chaos fraction of
e = 0.87, while the two-photon system has a chaos fraction
of . = 0.84. However, the proportion of mixed eigenstates
is higher in the one-photon system [see the vertical scale
in Fig. 9(al)] compared to the two-photon system [see the
vertical scale in Fig. 9(a2)]. Additionally, when considering
small moments, the decay exponent is slightly larger for the
two-photon system than for the one-photon system. Specif-
ically, forv=1: & =0.19 (f = 1) and & = 0.34 (f = 2).
Conversely, for large moments, both exponents tend to be
more similar. For v =4: £ =0.26 (f = 1) and & = 0.27
(f =2).

We now examine how the decay exponents are influenced
by variations in the interval AM = M, — M_. In Fig. 9(bl),
we present the decay exponent &, for different moments v in
the one-photon system. To analyze this variation, we maintain
a fixed upper boundary M, while varying the lower bound-
ary M_. This approach is taken due to the few quantity of

eigenstates within the interval [M_, 0]. See Fig. 11 in Ap-
pendix C for a complete description.

At small intervals AM, we observe that fluctuations are
significant, making it difficult to determine a recognizable
average decay exponent. In contrast, for larger intervals AM,
the fluctuations diminish, allowing us to compute an average
decay exponent for each moment. We then average the results
over the range of large intervals AM to obtain an average
exponent £, for each moment v. Subsequently, we calculate
an overall decay exponent defined as (£), by averaging across
different moments.

Additionally, in Fig. 9(b2), we perform a decay-exponent
analysis for the two-photon system. The findings are con-
sistent with those observed in the one-photon system. Both
sets of average decay exponents, &, and (&), in both systems
yield values within the interval &, € [0.2, 0.35]. These results
align well with decay exponents reported in other studies and
systems [25-30].

VI. CONCLUSIONS

In this study, we compared the Dicke model with one-
photon and two-photon interactions. We selected a mixed
phase space, ensuring that each model exhibited a similar
proportion of mixed dynamics, and examined the eigenstates
of each quantum system. Our focus was on the localization
properties of these eigenstates and their corresponding Husimi
functions to identify mixed eigenstates within each system.
Furthermore, we validated the PUSC of quasiprobability
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FIG. 10. (a) Averaged spectral ratio (r) [Eq. (12)] as a function
of the chaos fraction w. [Eq. (11)] for the one-photon Dicke model
with quantum Hamiltonian H, [Eq. (1) with f = 1] and classical
Hamiltonian £;(x) [Eq. (8) with f = 1]. (b) Previous quantity for
the two-photon Dicke model with quantum Hamiltonian H, [Eq. (1)
with f = 2] and classical Hamiltonian /,(x) [Eq. (8) with f = 2].
The spectral ratio was averaged over the corresponding parity sec-
tors of (a) H; (p = 1) and (b) H, (p = 1, +i), using a system
size j = 100. In (a) and (b), the orange solid line represents the
analytical function (r) = (r)(u.) developed in Ref. [114], while the
black dots are the numerical results. The horizontal blue (red) dashed
line represents a quantum system with Poisson (GOE) statistics.
System parameters (f = 1): w =1, wp = w, and y = 0.5. System
parameters (f =2): w =1, wyp = 2w, and y = 0.3.

functions in both systems, observing a power-law decay of
the mixed-eigenstate fraction as we approached the semiclas-
sical limit. While the PUSC was previously confirmed in the
one-photon system [30], this study provides additional sup-
port for this finding. Notably, we demonstrate that two-photon
processes also adhere to the PUSC. This encourages us to
assert that power-law decay of the mixed-eigenstate fraction
is a universal characteristic of quantum systems with mixed
phase space.

We identified intriguing differences in the Dicke model
with one-photon and two-photon interactions. Notably, the
one-photon system exhibits a higher fraction of mixed eigen-
states compared to the two-photon system, even though both
systems display a similar fraction of the classical chaotic
component. Although the chaos fractions are similar in both
systems, the classical dynamics are not equivalent. For this
reason, we believe the previous discrepancy arises from the
existence of two chaotic components in the classical limit
of the one-photon system, while the two-photon system has
only one chaotic component. However, further investigation
is needed to understand this difference, along with a more
detailed exploration of quantum localization. Another inter-
esting finding is the way the semiclassical limit is achieved
in each type of system. Our numerical results suggest that
the semiclassical limit is more easily attained in systems

with two-photon interactions than in those with one-photon
interactions. However, the mechanism by which two-photon
interactions facilitate the attainment of the semiclassical limit
remains an open question.

A unique aspect of this work is the introduction of the
generalized phase-space overlap index M,, which is based
on the v moment of the Husimi function. We demon-
strated that higher moments, v > 1, also yield a power law
that aligns with the standard definition using the moment
v = 1. Furthermore, increasing the moment v decreases the
mixed-eigenstate fraction 7, and slightly modifies the decay
exponent &,. The impact of using higher moments of the
Husimi function is that it effectively removes regions of mi-
nor contribution in phase space. This cleaning process helps
eliminate spurious overlaps between regular and chaotic re-
gions caused by broad Husimi functions, allowing for clearer
identification of mixed eigenstates. This is particularly advan-
tageous when only small system sizes can be achieved. We
also encourage the exploration of the generalized phase-space
overlap index M, in other systems, and we hope that the anal-
ysis presented in this study will be useful for such research.

Several remaining aspects to particularly explore within
the context of the two-photon Dicke model include quan-
tum scarring, thermalization, and multifractality, which are
already well understood in the one-photon Dicke model
[100,128,129].
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APPENDIX A: NUMERICAL SOLUTIONS
AND CONVERGENCE

1. Fock basis

We obtain the solutions of the Dicke Hamiltonian Hj
[Eqg. (1)] through numerical diagonalization. To achieve this,
we use the Fock basis, which consists of the tensor product of
Fock states |n) (bosonic sector) and angular momentum states
| j, m;) (atomic sector),

In; j, mz) = |n) @ |j, mz), (A1)
where n =0,1,...,0oand m; = —j,—j+1,...,j—1,j.
A maximum photon number ny,, should be considered for
numerical computations. The Fock basis provides a ma-
trix representation of the Dicke Hamiltonian, with elements
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FIG. 11. Phase-space overlap index M, [Eq. (18)] vs phase-space localization measure £; [Eq. (20)] for the eigenstates of the one-photon
Dicke Hamiltonian A, [Eq. (1) with f = 1] inside the energy interval € € [—0.05, 0.05]. Each column identifies a different moment of
the Husimi function: (al)—(cl) v = 1, (a2)—(c2) v = 2, (a3)—(c3) v = 3, and (a4)—(c4) v = 4. Each row identifies a different system size:
(al)—(ad) j € [20, 30], (b1)—(b4) j € [49, 51], and (c1)—(c4) j = 100. In (al)—(c4), the vertical blue dashed line represents the theoretical value
L% 2 0.66 for the maximally delocalized state. (d1)—(d4), (e1)—(e4), (f1)—(f4) Phase-space overlap index M, vs the phase-space localization
measure £, [Eq. (21)]. In (d1)-(f4), the vertical red dashed line represents the theoretical value £5'** = 1/2 for the maximally delocalized

state. System parameters (f = 1): w =1, wp = w, and y = 0.5.

defined as follows:
(n's j, m|Hyln; j, m:)

= (wn + wOmz)Bn’,n(Sm;,mj

14
+ W (An(sn’,n-‘rf + An—f(sn’,n—f)Bm:,,mz’ (AZ)
where
A=+ D +2)--(n + /), (A3)
Bm;,mz = C,;’;Z(Sm;,szrl + C,;Zamg,mzfls (A4)

andC,i =JjG+ 1) —m(m, £1).

2. Efficient basis

The matrix representation in Eq. (A2) effectively provides
the eigenvalues and eigenstates for the Dicke Hamiltonian
involving one-photon and two-photon interactions. How-
ever, the complexity of the one-photon system necessitates
a significant increase in the photon number np,,x to explore
high-energy regions using the Fock basis [Eq. (Al)]. This
requirement leads to large matrix dimensions that can exceed
available computational resources. Various studies have used
efficient bases that enable the exploration of these high-energy
regions while minimizing computational demands [130-132].

The efficient basis is written in terms of a displaced bosonic
annihilation operator/i =a+GJ, withG = 2y / (a)«/./T/' ),

A T\N
IN; j,my) = —=lam,) & |, my),

VN!

where N =0,1,...,ccand m, = —j,—j+1,...,j—1,j.
A maximum displaced photon number Ny« is also selected

(A5)

for numerical computations. In the last expression, |o, ) =
lA)(ozmx)|0) is a coherent state with parameter o, = o, =
—Gm,, and D(oemk) = exp(ozmjlT — a,*m&) is the displacement
operator. The states | j, m,) are eigenstates of the atomic oper-
ator J, with eigenvalue equation fx| J,my) = my|j, my).

3. Convergence of the solutions

The truncation values 7,,,x and Ny.x enable us to construct
Hamiltonian matrices with a finite dimension using both the
Fock and efficient bases. However, some numerical solutions
derived from these matrices can be spurious due to trunca-
tion, necessitating the use of a convergence method. In this
work, we employ a criterion based on the convergence of the
eigenstates, a method that has been widely studied for the
one-photon Dicke Hamiltonian [131,132], and has recently
been examined in the context of the two-photon Dicke model
[93]. This convergence criterion proves effective in both the
Fock and efficient bases.

The eigenstates of the Dicke Hamiltonian satisfy the eigen-
value equation ﬁf|Ek) = E|E;) and can be expanded in a
diagonalization basis as

Ee) = cyIb),
b

where c’,j = (D|Ey). We identify the Fock (efficient) basis
when |b) = |n; j, m;) (|b) = |N; j, m,)) and define the dis-
tribution pjy =Y, lcy,, *(Py =Y, |k, |?), where n =
0,1,...,nmx (N=0,1, ..., Npax). We evaluate the distri-
bution p* (Pf) at the truncation value pax (Nmax), such that
p’,‘lmx <6 (P,{jmax < §), where 6 is a small tolerance parameter.
When the last condition is met, the wavefunction of the corre-
sponding eigenstate remains unchanged within the truncated

(A6)
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FIG. 12. Phase-space overlap index M, [Eq. (18)] vs phase-space localization measure £; [Eq. (20)] for the eigenstates of the two-photon
Dicke Hamiltonian A, [Eq. (1) with f = 2] inside the energy interval € € [0.95, 1.05]. Each column identifies a different moment of the
Husimi function: (al)—(cl) v =1, (a2)—(c2) v =2, (a3)—(c3) v =3, and (a4)—(c4) v = 4. Each row identifies a different system size:
(al)—(ad) j € [20, 30], (b1)—(b4) j € [49, 51], and (c1)—(c4) j = 100. In (al)—(c4), the vertical blue dashed line represents the theoretical value
L% 2 0.66 for the maximally delocalized state. (d1)—(d4), (e1)—(e4), (f1)—(f4) Phase-space overlap index M, vs the phase-space localization
measure £, [Eq. (21)]. In (d1)-(f4), the vertical red dashed line represents the theoretical value £5'** = 1/2 for the maximally delocalized

state. System parameters (f = 2): w = 1, vy = 2w, and y = 0.3.

Hilbert space and is considered well-converged, along with
its corresponding eigenvalue. Increasing the truncation value
(Mmax Or Npmax) does not alter this feature. This criterion is
evaluated for each eigenstate, arranged in order of ascending
energy.

APPENDIX B: AVERAGE SPECTRAL RATIO
AND CHAOS FRACTION

We present in Fig. 10 the connection between the av-
erage spectral ratio (r) [Eq. (12)] and the chaos fraction
e [Eq. (11)] for both one-photon and two-photon Dicke
models. In Fig. 10(a), we illustrate the connection for the
one-photon system using the corresponding quantum and
classical Hamiltonians, A; and /;(x) [Egs. (1) and (8) with
f = 1]. The orange solid line represents an analytical func-
tion that links (r) with w.. This analytical expression was
developed in Ref. [114] using ensembles of random ma-
trices to simulate the quantum counterpart. We compare
the numerical results (black dots) of the one-photon sys-
tem with the analytical function and find a satisfactory
agreement.

The observed deviations can be attributed to the com-
plex structures of quantum spectra in spin-boson systems
[48,93], namely, due to some classical stickiness and the
corresponding localization of eigenstate Husimi functions,
as well as statistical effects. It should be noted that much
better agreement between the numerical results and the ana-
lytical expression has been reported in one-body systems [26].
Therefore, we are expected to encounter greater deviations in
more complex systems, such as spin-boson systems, among
others.

In Fig. 10(b), we present the results for the two-photon
system, which similarly shows an understandable agreement
between the numerical results and the analytical function with
certain fluctuations of statistical and dynamical nature.

APPENDIX C: PHASE-SPACE OVERLAP INDEX AND
PHASE-SPACE LOCALIZATION MEASURES

We present the connection between the generalized phase-
space overlap index M, [Eq. (18)] and the localization
measures of first and second order, £, [Eq. (20)] and £,
[Eq. (21)], for both one-photon and two-photon Dicke models.

Figure 11 presents a thorough analysis of the localiza-
tion properties for the eigenstates of the one-photon system
within the energy interval € € [—0.05, 0.05]. We calculate
the first-order localization measure £; and display its dis-
tribution alongside the overlap index M, for each of the
moments v = 1,2, 3, and 4. We use the same system sizes
of j €20, 30], j € [49, 51], and j = 100, previously intro-
duced in Sec. V for the analysis of the generalized phase-space
overlap index M,. For the smallest system size and moment,
shown in Fig. 11(al), the localization measure £, of some
eigenstates exceeds the threshold £ ~ 0.66 of a max-
imum delocalized state (random state) [127]. Notably, no
eigenstate exhibits M; = —1. As we increase (from top to
bottom) the system size j, illustrated in Fig. 11(cl), there
is a reduction in the number of eigenstates with £; > £'¥*,
while other eigenstates do show M; = —1. The increase
(from left to right) in the moment v plays a significant
role in identifying regular states for smaller system sizes,
as depicted in Figs. 11(al)-11(a4). In Fig. 11(a4), we ob-
serve that some eigenstates approach values of My ~ —1,
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FIG. 13. (al)-(a3) Correlation between the phase-space localization measures £, [Eq. (20)] and £, [Eq. (21)] for the eigenstates of the
one-photon Dicke Hamiltonian H, [Eq. (1) with f = 1] inside the energy interval € € [—0.05, 0.05]. (b1)-(b3) Previous correlations for the
eigenstates of the two-photon Dicke Hamiltonian A, [Eq. (1) with f = 2] inside the energy interval € € [0.95, 1.05]. Each column identifies
a different system size: (al)—(bl) j € [20, 30], (a2)-(b2) j € [49, 51] and (a3)—(b3) j = 100. In (al)—(b3), the vertical blue (horizontal red)
dashed line represents the theoretical value £ ~ 0.66 (£5** = 1/2) for the maximally delocalized state. System parameters (f = 1): @ =1,
wo = w, and y = 0.5. System parameters (f = 2): w = 1, wp = 2w, and y = 0.3.

while for other eigenstates, £; > £"**. We confirm a sim-
ilar pattern for the second-order localization measure £, in
Figs. 11(d1)-11(d4), 11(el)-11(e4), and 11(f1)-11(f4). For
the last case, the threshold is £5'* = 1/2.

An analogous localization description is presented in
Fig. 12 for the eigenstates of the two-photon Dicke model
within the energy interval € € [0.95, 1.05]. In this system,
we observe that even for small system sizes and moments
[Fig. (12)(al)], there are no eigenstates with £; > £7**. In
contrast, regular eigenstates exhibit M; = —1. Therefore, in-
creasing either the system size [Fig. (12)(c1)] or the moment
[Fig. (12)(a4)] does not significantly improve the situation
in the two-photon system, unlike the one-photon system.
A similar pattern for the second-order localization measure
£, is shown in Figs. 12(d1)-12(d4), 12(el)-12(e4), and
12(f1)—12(f4). These results support the notion that the semi-
classical limit is more easily achieved in systems involving
two-photon interactions.

Previous studies have shown that the localization measures
of first and second order, £; and £,, are approximately lin-
early correlated [25,26]. In this way, the order of the measure
does not affect the overall interpretations of quantum local-
ization. In Fig. 13, we illustrate the correlation between the
two localization measures, £; and £, for both one-photon
and two-photon systems. Figures 13(al)-13(a3) depict the
correlation in the one-photon system as the system size in-
creases (from left to right), while Figs. 13(b1)-13(b3) show
the correlation in the two-photon system. In both systems,
we confirm a linearlike correlation between the localization
measures. However, in Fig. 13(al) for the one-photon system,
we detect the effects of finite system size, indicated by values
where £ > £ and £, > £5%. These effects diminish as
the system size increases, as shown in Figs. 13(a2) and 13(a3).
In contrast, this effect is not present in the two-photon system,
as evidenced by Figs. 13(b1)-13(b3).
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