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The graphicality problem—whether or not a sequence of integers can be used to create a simple graph—is
a key question in network theory and combinatorics, with many important practical applications. In this work,
we study the graphicality of degree sequences distributed as a power law with a size-dependent cutoff and as a
double power law with a size-dependent crossover. We combine the application of exact sufficient conditions for
graphicality with heuristic conditions for nongraphicality which allow us to elucidate the physical reasons why
some sequences are not graphical. For single power laws we recover the known phase diagram, we highlight
the subtle interplay of distinct mechanisms violating graphicality and we explain why the infinite-size limit
behavior is in some cases very far from being observed for finite sequences. For double power laws we derive
the graphicality of infinite sequences for all possible values of the degree exponents y; and y,, uncovering a rich
phase diagram and pointing out the existence of six qualitatively distinct ways graphicality can be violated. The
validity of theoretical arguments is supported by extensive numerical analysis.
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I. INTRODUCTION

Given a collection of integer numbers k = (ki, ..., ky),
can we build an undirected simple graph having k as degree
sequence? This is the problem of graphicality, a fundamental
question in graph theory with implications in the modeling
of real networks, the verification of observed data, and the
detection of anomalies in experiments. A trivial necessary
condition for graphicality is the hand-shaking lemma: the sum
of all the integers must be an even number vazl ki = 2F, with
E > 0 being the number of edges. A second trivial necessary
condition is that k; < N — 1 for each i. If that is not the case,
then one cannot create a simple graph. For these reasons, we
focus only on sequences with an even sum and in which each
k; is at most N — 1.

A vast literature exists on the graphicality problem [1-9],
identifying nontrivial necessary and sufficient conditions for a
sequence to be graphical. Some of these results can be used
to analyze the graphicality of power-law-distributed degree
sequences, which play a central role in the theory of com-
plex networks and their applications. The Erdés-Gallai (EG)
theorem states that an ordered nonincreasing degree sequence
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k = (ki, ..., ky), with even sum, is graphical if and only if
n N
Y ki <n(r—1)+ Y min{n, k}, )
i=1 i=n+1

forall 1 < n < N [1]. In other words, the demand for connec-
tions among the top degree nodes cannot exceed the supply
of available connections from the rest of the graph and among
themselves. If one of the inequalities fails, then some of the
high-degree nodes cannot be satisfied. If all the inequalities
hold, then the sequence is graphical, although this sufficiency
is not self-evident. To actually build a graph from a degree
sequence, several algorithms exist [10-16]; many of these
works deal with the problem of performing a uniform random
sampling among all possible graph realizations. The Havel-
Hakimi theorem [17,18] provides a constructive algorithm
that allows to find just one graph realization. It states that
an ordered nonincreasing degree sequence k = (ki, ..., ky),
with even sum, is graphical if and only if the sequence
K=(y—1,ks—1,....k, — 1, ki, 41, ..., ky) is graphical.
Hence, one can build the graph by connecting the node with
the largest degree to the nodes with the next highest de-
grees, then reduce their corresponding degrees and repeat
the process until all degrees are zero, which would imply
graphicality, or a contradiction arises.

By using these theorems, which hold for any degree se-
quence, Del Genio et al. [19] analyzed the graphicality of
degree sequences sampled from a power-law degree distri-
bution, p; ~ k77, when the maximum possible degree k. is
unbounded, being limited only by the system size k. = N — 1.
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In this way they concluded that, in the infinite-size limit, the
fraction of graphical degree sequences vanishes for 0 < y <
2, implying that all realizable scale-free sequences are neces-
sarily sparse. The infinite-size limit can however be reached in
a more general way, imposing a sharp upper cutoff depending
on the system size as k. = (N — 1)/ with @ > 1. In such
scenario, again by applying the EG theorem, Baek et al. [20]
showed that graphicality is guaranteed for v > y if y < 2 and
forany wif y > 2.

Previous works provide the correct solution of the problem
of graphicality for infinite power-law-distributed sequences.
However the physical origin of the various regimes remains
not clear. Moreover, numerical results on finite sequences
converge in a surprisingly slow manner to the behavior pre-
dicted in the infinite-size limit. In this work, we reanalyze the
problem of graphicality of power-law-distributed sequences,
providing a physical interpretation of the various regions of
the phase diagram. This framework offers a new perspective
on the structural cutoff kg, identifying it as the threshold where
graphicality requirements dictate the emergence of degree
correlations. Furthermore, it clarifies the origin of the slow
approach to the infinite-size limit.

In addition, we extend the analysis to degree-sequences
distributed according to a double power law, which are often
found both in models [21,22] and in empirical investigations
[23-26]. In such a case, we reveal a remarkably rich and
intriguing phenomenology, with various different mechanisms
underlying the violations of graphicality.

The rest of this paper is organized as follows: In Sec. II
we present sufficient conditions for graphicality and heuristic
criteria for nongraphicality; we apply such criteria to single-
power-law sequences in Sec. III and to double-power-law
sequences in Sec. IV, comparing with the results of numerical
simulations; finally, we discuss our findings in Sec. V.

II. CONDITIONS FOR GRAPHICALITY

In this section, we present the sufficient conditions for
graphicality and nongraphicality that will be used later in the
analysis of single- and double-power-law networks.

A. Exact sufficient conditions for graphicality

The Erd6s-Gallai and Havel-Hakimi theorems provide nec-
essary and sufficient conditions for graphicality involving all
degrees in the sequence. Two other exact results provide
instead sufficient criteria for graphicality at a more “coarse-
grained” level, based on the consideration of only a few of the
sequence features.

Zverovich and Zverovich (ZZ) [27] have shown that if the
following inequality holds

(kmax + kmin + 1)2
4kmin

N> , ()

then the sequence is graphical.
The ZZ condition has been later generalized by Cloteaux
[28], who showed that if

N — kmax -1 kmin
=1, 3
Nkpax — S + S —Nkmin) ©)

(kmax - kmin)(

o}() finite-degree
k=0(1)
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.
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FIG. 1. Pictorial visualization of the node classes for DPL distri-
butions. On the left, a schematic log-log plot of a DPL distribution,
with the crossover between the two exponents at k. ~ N'/. Shaded
regions identify the three distinct classes, defined on the right.

then the sequence is graphical. Here S =) k; = N(k) is
the number of stubs, i.e., half-edges. Notice that Cloteaux’s
bound is stronger than the ZZ condition, and it can certify
graphicality in sequences where ZZ fails. Still it is only a
sufficient condition, not a necessary one.

B. Heuristic sufficient conditions for nongraphicality

The exact results presented above can be complemented by
additional, more physical, arguments, which provide heuris-
tic sufficient conditions determining when degree sequences
are not expected to be graphical. They are inspired by the
Erdds-Gallai and Havel-Hakimi theorems and are based on
the identification of which part of the degree distribution ac-
counts for the asymptotic scaling of the number of stubs as a
function of N. In this way, we clarify the physical origin of
the nongraphicality of sequences.

The general idea is the following. Consider for example
a double-power-law distribution, with exponents y; and y»
and a crossover scale k.(N) [see Fig. 1 and, for more details,
Eq. (26)]. For each sequence, three classes of nodes can be
identified, depending on their degree. A first class (finite-
degree) is composed of nodes whose degree ranges from ki,
to a constant value K not depending on N. The second class
(that we call hubs) is composed of nodes whose degree is
proportional to k.(N) = N'/*. Finally the class of superhubs
is composed of nodes with degree of order N. More precisely,
considering 0 < € < 1 and a constant 1 < K < 00, the three
classes are defined as follows:

o)  kpn<k<K finite-degree nodes,
O(k.) €k (N) <k <k.(N) hubs, 4
ON) eN<k<N superhubs,

where, here and in the following, O(1) = O(N?) indicates a
quantity not depending on N.

For a generic class O(N?) it is possible to determine, as
a function of the parameters of the degree distribution, the
scaling, with the system size N, of the number N owsy of
nodes in the class and of the number Sy ys) of stubs attached
to them. Similarly, from the evaluation of the average degree
(k) it is possible to compute the scaling of the total number
of stubs § = N (k). This information allows to determine, for
each value of the distribution parameters, which class of nodes
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accounts for the scaling of the total number of stubs. We dub
this category the dominating class. In general, only one class
of nodes dominates and, accordingly, it is necessary to match
their stubs with each other for the sequence to be graphical.
Hence, the ratio

, )= So(Nﬂ)
RS
O(NF)

®)

between the number of stubs emanating from dominating
nodes and the square of the number of dominating nodes pro-
vides relevant information on the sequence graphicality. If the
ratio diverges with NV, then it is not possible to pair the stubs
of the dominating nodes with each other and the sequence
cannot be graphical. If the ratio vanishes with N, then these
stubs can be paired, at least in principle. Although this is not
a sufficient condition for graphicality (as we will see in an
example), it points toward graphicality. It is worth noticing
that such condition can also be associated to the n = xs
inequality of the EG theorem, where x;, is the number of
nodes with degree larger or equal to M and |N”| denotes the
largest integer smaller than or equal to N?. Indeed, the term on
the left-hand side of Eq. (1) is the sum of the stubs of degrees
up to N? which is dominated, by definition, by the dominating
nodes; in addition, since xys = Nos), the first term in the
right-hand side of Eq. (1) can be safely approximated as
N, é(Nﬁ). Neglecting the second term on the right-hand side,
we finally get

S@(Nﬂ) g Né(Nﬂ), (6)

similar to Eq. (5).

If the ratio in Eq. (5) goes to a finite value, then no con-
clusion can be drawn. In such a case, if the largest degree
is N, it is necessary to consider another heuristic condition,
inspired by the Havel-Hakimi algorithm. According to the
Havel-Hakimi procedure, in the first step one has to connect
the node with highest degree kyax, with the kp,x following
nodes in order of degree. If kp,x = N — 1, then all other nodes
must be connected, including those with smallest degree. If
there are nodes with degree 1, then their stubs will be used
up. If another node has degree N — 1, then it is impossible
to pair its stubs, because there are less than N — 1 nodes
with available stubs. We conclude that as soon as there is
more than one node of degree N — 1 and any number of
nodes of degree 1, the Havel-Hakimi theorem guarantees that
the sequence is not graphical. More in general, the theorem
imposes conditions on the minimum degree given the number
of nodes with degree N — 1. The same argument can be ex-
tended even further: if the number of nodes of degrees of order
O(N) is larger than N, for any « € [0, 1], and the number of
nodes of degree of order |[N“] is finite (or growing), then by
the Havel-Hakimi theorem the sequence cannot be graphical,
because all the stubs of nodes of degree |[N®]| are needed
to connect to a subset of the superhubs and no more stubs
are available for connecting to the rest of superhubs. We call
this condition “superhubs-induced minimum-degree” (SIMD)
condition. Note that it can also be seen as a consequence of
the Erd6s-Gallai inequalities.

III. GRAPHICALITY OF SINGLE-POWER-LAW
SEQUENCES

We study the graphicality of degree sequences k where
each k; is independently drawn from a single-power-law (SPL)
discrete distribution p; between ki, and k., and exponent y,
such that

k—J/
PE= 20 o k) @
where
ke
Z(y kin k) = Y k7 ®)
k=kuin

is the normalization constant.

Let us now calculate the scaling of the various quantities
needed in the following to evaluate the conditions for graphi-
cality or nongraphicality.

True power-law distributions are defined only if the heavy
tail persists in the N — oo limit: for this reason, we do not
consider distributions with a finite upper cutoff k. = O(1). We
study instead sequences k with a size-dependent cutoff k. =
(N — DY withw > 1.

An important quantity is the so-called natural cutoff kp,y,
that is the scaling of the largest observed value in a sample of
size N generated from Eq. (7). A simple heuristic argument
requires

N [k
—/ dkk= ~ 1, 9)
Z kﬂ\ZIX

from which it follows

1
N, w<y-—1
kmax ~ ’ ’ 10

{kc, w=y—1. (10)

Note that since w > 1, the natural cutoff may differ from k.
only for y > 2.
Given kp,y the scaling of the normalization constant is

ke

- L y>1,
Z= Vo~ —y 11
ka: ¢ {Nl‘”v y <L (an

=Kmin

In a fashion perfectly analogous to the case of a double
power law (see Fig. 1), two regions can be defined in the the
support of the degree distribution: nodes with finite degree
and nodes with degree proportional to ky.x(N) (hubs). The
number N ;) of nodes with finite degree is

vl
Nl’ly, y < 1. )

K
N N,
NO(1)=NZPk’\“_N{

z
k=kmin

The same holds for number of stubs emanating from nodes
of finite degree

K
N
Somy=N ) kpi~ . (13)
k=kin

Note that these quantities are either linear or sublinear, de-
pending on the value of y and w.
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With regard to the hubs, i.e., nodes with degree in
[€kmax, kmax ], Where € is a constant smaller than 1, their num-
ber scales as

Kimax — -1
k7 [N5
{N , v >1, (14)
< 1.

Now., =N 3 2~
o(kmax) N’

k=€kmax

Similarly, we can estimate the average number of stubs ema-
nating from the hubs, given by

kiax —y+1 1—r=2
k=€kmax
Finally, the total number of stubs in the system is
N, y > 2,
S=NE ~ IN*FZ, 1<y <2, (16)
NY s,  y<l.

The case w = 1 has already been studied in Ref. [19], while
the case w > 1 has been studied in Ref. [20]. Here, we will
reconsider both cases to provide a simple, physical interpreta-
tion of the origin of those results. The same interpretation will
guide us later in the analysis of double-power-law sequences.
For simplicity, but with no loss of generality, we take kpi, = 1.

A useful remark: If sequences extracted from a distribution
with given y and w are typically graphical, then sequences
extracted from a distribution with the same exponent y but
with @’ > w are typically graphical as well. Indeed, as we
are going to discuss, nongraphicality is typically caused by
nodes with high-degree and a smaller cutoff can only make
graphicality more likely. In particular, if graphicality typically
holds with @ = 1 then it holds for any @ > 1.

A. Sequences with w =1

By comparing Egs. (13) and (15) with Eq. (16) it is imme-
diate to see that the dominating nodes are superhubs if y < 2,
while finite degree nodes dominate for y > 2. In this last
case there are O(N) stubs that must be paired between O(NN)
nodes and the matching is easily doable poses no significant
challenges. For y < 2, instead, hubs dominate and we must
compute the ratio row) = Sow) //\/?Q(N) to check whether it
is possible to pair all stubs emanating from hubs with each
other

l<y <2,

Sow) Ny~
y < 1. an

rO(N) = A/QT(N) O(l)’

For y > 1 the ratio diverges: there are too many stubs emanat-
ing from hubs to be paired with each other. As a consequence,
sequences are not graphical for 1 < y < 2. Note that for
y > 2 it is still impossible to perform this pairing, but stubs
from hubs can be paired with stubs from finite degree nodes,
which are dominating in that region. For y < 1 instead the
ratio goes to a finite value as N grows. This may mean that
the pairing is possible, but in this case one has to take into
account the additional SIMD condition for nongraphicality
(see Sec. II B). In the present case there are O(N") nodes of
finite degree. Hence, for y > 0 the heuristic SIMD condition
implies that sequences are nongraphical, while this is not true
fory < 0.

In this way, we have provide a physical interpretation of
the results of Ref. [19]. Sequences are not graphical in the
interval of values of y between 0 and 2, but the physical
origin is different if y is larger or smaller than 1. For y > 1
there are far too many stubs emanating from hubs; they can-
not be paired with each other and there are too few stubs
from finite-degree nodes to match them. For y < 1 instead,
nongraphicality descends from the simultaneous presence of
nodes of finite degree and nodes of degree N — 1. This is a
much milder violation of graphicality that, as we are about
to see, disappears as soon as the largest degree grows more
slowly than N.

B. Sequences with w > 1

The exact ZZ condition implies graphicality for any y and
w > 2, since on the right-hand side in Eq. (2), kmax grows
more slowly than N'/? if & > 2.

Considering instead the exact Cloteaux’s condition in the
limit N — oo, it implies (see Appendix A for details) that
graphicality holds if w > y, for 1 < y < 2, and it holds for
any w > 1 fory < 1.

Concerning the heuristic sufficient conditions for non-
graphicality, whenever w > 1 there are no superhubs and
therefore the SIMD condition does not apply. Consider-
ing the scaling of the number of stubs, for y > 2 finite
degrees dominate and sequences are trivially graphical. In-
stead, for 1 < y < 2 hubs dominate and the ratio roy,,,) =
SO<kmax)/-/\/%9(kmﬂx) ~ Na~!. Hence, we find that sequences
cannot be graphical if w < y. For y < 1 hubs still dominate
but the ratio ro,,.) ~ N +~1. Since the exponent is negative,
nongraphicality is not predicted. Indeed, in this region we
know that sequences are graphical because of Cloteaux’s in-
equality. These results are summarized in Fig. 2(a).

In this way, we provide a physical interpretation of the
results, reported in Ref. [20], for a power-law degree distribu-
tion in the presence of a growing degree cutoff. In particular,
it is important to stress the discontinuity occurring for 0 <
y < 1: as soon as w is larger than 1, there are no more hubs
with extensive degree (superhubs) and the subtle violation
of the SIMD condition, represented with an orange dashed
line at w = 1 in Fig. 2(a), disappears. Note also that the
regions where sufficient conditions for graphicality and for
nongraphicality apply are complementary, thus allowing to
fully understand the graphicality problem in the whole phase-
diagram.

C. Numerical results

We generate M samples of even-sum degree sequences k
from power-law distributions with k between ky;, = 1 and
k. = (N — 1)/, for various values of w. For each sequence
we check if it is graphical or not by applying the Erd6s-Gallai
theorem, which gives a necessary and sufficient condition.
Our algorithm is a modified version of the one in Ref. [10] and
scales linearly with the system size (see Appendix B for de-
tails; for alternative modern, simpler, and efficient algorithms
see Refs. [29-31]). In this way we assign to each sequence
a Bernoulli variable g, = 1 if the sequence is graphical, and
g: = 0 otherwise. We then compute the average fraction of
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FIG. 2. (a) Phase diagram for the graphicality of SPL degree
sequences in the limit N — oo. Sequences are graphical in green
regions, and they are nongraphical in red regions. Above the blue
dotted line ZZ condition holds, ensuring graphicality. The line w = 1
corresponds to the case considered in Ref. [19]. The rest of the
phase-diagram is the same of Ref. [20] with their « equal to 1/w
here. The horizontal dashed line indicates graphicality (green parts)
or nongraphicality (orange parts) for w = 1. (b)—(d) Phase diagrams
for the graphicality of SPL sequences, close to the transition line,
obtained from numerical simulations sequences of size (b) N = 10°,
(c) N = 10°, and (d) N = 107, compared with the infinite-size limit
[gray dashed box in panel (a)]. The colors represent the value of
(g) as a function of y and w. Results are averaged over M = 1000
independent samples. Note the presence of huge finite-size effects,
and the slow convergence to the theoretical prediction for the non-
graphical region as N increases.

graphical sequences

1 M
@=M§& (18)

In Fig. 2(b) we report the value of (g) as a function of y and
w for three system sizes N. As N grows, the average fraction
of graphical sequences tends to conform to the theoretical
prediction, with transitions separating the different phases, as
already reported in Ref. [20]. It is also clear that the reaching
of the asymptotic behavior is exceedingly slow. To quantify
this convergence to the asymptotic values, we define the effec-
tive finite-size transition points y_(N) and y, (N), that in the
limit N — oo, converge to the respective limits y_(00) = w
and y;(c0) = 2.

For fixed w > 1, we can roughly estimate the position
of these size-dependent thresholds as follows. The transition
from graphical to nongraphical occurring in the infinite-size
limit for y = w is caused by the impossibility of pairing
the hubs among themselves, indicated by a diverging ratio
FO(kny) ~ N7/~1. Thus, we can estimate the finite-size tran-
sition point y_(N) by setting ro,,.) = O(1), which implies
a scaling relation of the form

) 19)

10() . 10()

w=1.05e
w=120m= .
w=130 . LT
§ = .
f‘/ 10! L I 1071 | L7 .'.. L7
o ¢ L) o
| | . °
3 ] ‘.p.
. . ol b
1072 1072 ®)
107!
1/log(N) 1/log(N)

FIG. 3. Finite-size scaling analysis of the transition points (a)
y_(N), and (b) y+(N), for w = 1.05 (circles), w = 1.2 (squares),
and w = 1.30 (triangles). Dashed lines are the results of a fit with
Eq. (21). We note that C_ > 0 for w = 1.05, i.e., y_(N) — o~ from
the left, while C_ < O forw = 1.20 and w = 1.30,1.e., y_(N) - o™
from the right. C instead is always positive, i.e., y; — 2~ from the
left. The black dashed line corresponds to a scaling with exponent 1.

where C_ is a constant. The other transition, occurring at y =
2 in the infinite-size limit, is caused by the impossibility of
pairing the stubs of the hubs with the stubs of finite-degree

nodes, thus it occurs when N 1+ > N. Setting N T
O(1) implies a scaling relation of the form
2=y Ny ~ (20)
T logvy’

where C, is a positive constant.

We tested the scaling relations in Eqgs. (19) and (20) via a
finite-size scaling analysis close to the transition points, for
different values of w, and several values of N. Numerically
the finite-size transition points y_(N) and y (N) are identified
by the positions of peaks of the variance (§g>) as y is varied.
The results of this finite-size scaling analysis, for three distinct
values of w, is reported in Fig. 3, showing a good agreement
with a functional form of the type

y4(00) — Y (N) =~ Ci(w) log(N) ™), 21)

where Cy, a1 are parameters whose value depend on w, and
ay > 0. In particular, we find that C_ can be either positive
or negative, while C; > 0, in agreement with Fig. 2(b). The
numerical findings confirm the logarithmically slow approach
to the asymptotic threshold values predicted by the theoret-
ical argument. The preasymptotic corrections appear not in
agreement with the predicted inverse logarithmic behavior,
although an analysis of the local effective exponents (not
shown) suggests that for much larger values of N the scalings
in Egs. (19) and (20) might hold.

D. Structural cutoff and graphicality

There is an additional physical consideration, aligned
with the stub-scaling argument discussed above, which con-
cerns the role of the structural cutoff k;. The structural
cutoff in complex networks marks the degree value be-
yond which degree—degree correlations necessarily emerge
due to graphicality constraints and has been widely studied
for single-power-law sequences [32]. If the natural cutoff is
smaller than the structural cutoff, i.e., k¢ < ks, the degree
sequence can be realized as a simple, uncorrelated network.
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Conversely, if kny > ks, such high-degree nodes cannot be
realized without intrinsically inducing disassortative degree—
degree correlations. For exponent 2 < y < 3, kp, grows faster
than kg and the structural cutoff becomes a binding constraint,
so feasible networks display degree-degree correlations which
deter connections among hubs. This is consistent with the
stub-scaling rationale presented in Secs. IIIA and IIIB,
in which hubs preferentially connect to low-degree nodes.
However, when 1 < y < 2, the network enters an extremely
heavy-tailed regime with important structural consequences.
Also in this regime, the natural cutoff k,, lies above the struc-
tural cutoff k. As anticipated above, a simple network can
remain uncorrelated only when the largest admissible degree
coincides with the structural cutoff. Using the scaling relation
of the structural cutoff k2 ~ N(k) ~ Nk; 7, it follows that
the maximum degree in simple uncorrelated networks should
scale with system size as ks ~ N'/7. As already shown in
Ref. [20], this scaling coincides with the upper transition value
for graphicality, defining the largest scaling of the imposed
cutoff k. for which the degree sequence can still be realized as
a simple graph. Accordingly, for 1 < y < 2, there is no room
for degree-degree correlations to restore graphicality if the
imposed cutoff k. is larger than the structural cutoff kg, since
the degree sequence ceases to be realizable. This contrasts
with the case y > 2, where the emergence of disassortative
correlations restores graphicality when the imposed cutoff &,
exceeds the structural cutoff k.

IV. GRAPHICALITY OF DOUBLE-POWER-LAW
SEQUENCES

Consider a double-power-law (DPL) distribution defined
by

k;_l'l’ kmin g k < kC(N),
1
Pk =1 in (22)
Z kL(N)gng_la
with k.(N) = (N — 1)//“. We also require that
kc_yl kc—Vz
= 23
Z Z (23)
and
N—1
Y =1 (24)
k:kmin
The first condition tells us that
Z=kNZ =(N-1) "7, (25)

where Ay = y, — y). Setting Z = Z; we can finally write

kmin < k g kC(N)»

k(N)<k<N-—1. (26)

1 (k™

= Z{(N — ¥k,
See Fig. 1 for alog-log sketch of a DPL distribution with y; >
0, y» > 0. By varying @ we can control the tradeoff between
the two power-law tails. In particular, for w = 1 we recover a
SPL with exponent y; and k. = N — 1, while sending w — oo
we recover a SPL with exponent y, and an upper cutoff equal
to N — 1. Finally, taking the limit y, — 0o, we recover a SPL
with exponent y; and k. = (N — 1)1/,

As already pointed out in Sec. II B, for DPL sequences
there are three-different node classes: finite-degree nodes,
hubs (defined as the nodes with degree of order k.(N)), and
superhubs (nodes with degree of order N) (see Fig. 1). The
number of nodes of each type is No), Now,) and Now),
respectively. In Appendix C, we present a characterization
of the relevant features of these different types of nodes.
Figure 4(a) summarizes the results. In particular, the different
filling patterns (corresponding to regions LILIII) indicate dif-
ferent scalings of the normalization Z, while different labels
(Ia, Ib, Ic, IIa, IIb, III) indicate different scalings of the total
number of stubs S.

Using these results we can apply again the sufficient con-
ditions for graphicality and nongraphicality.

A. Exact conditions for graphicality

Cloteaux’s inequality, as formulated in Eq. (A4), can be
used only where ky.x scales slower than N. In such a case,
applying Cloteaux’s condition we get (see Appendix A for
details) that sequences are always graphical for

3w —1
V2 > 1 y <1,
@ 2 27
)/2>3+ s l<j/1<2,
a)—)/l

which are subregions of, respectively, regions (Ila) and (Ib)
in Fig. 4(a) above the dashed lines. Contrary to the SPL
case, these exact conditions provide only loose bounds for
graphicality, as we show in the next section.

B. Heuristic conditions for nongraphicality

Let us start with the case in which superhubs are the dom-
inating nodes, see regions (Ic), (IIb), and (III) of Fig. 4(a).

In region (Ic) the number of superhubs scales as N o) ~
N% and their stubs as Sow), ~ N% (see Appendix C), so the

ratio ro) = MS‘;—(:V)) is
NO _
rom ™~ s "~ B (28)
where
—(w— Dy —
g, = " w—-Dr=—n (29)

@

The ratio diverges since 6, < 1. Hence, it is not possible
to pair stubs among superhubs only and we conclude that
sequences are not graphical, see the blue region in Fig. 4(b).
yy—1
In region (IIb) we have NO(N) ~ N7+ and Sowy ~

3-pt 2t ; 0
N o (see Appendix C), so the ratio is

rn-l
N3—nt+=5

FON) ™~ ———— 1.
R Y PR R

~ leOz — N(yz—l)(l—%)’ (30)

which diverges as N grows. Again, it is not possible to pair
stubs among superhubs only. Hence, also this region, depicted
in red in Fig. 4(b), is nongraphical.

In region (III) instead, there are O(N) superhubs and they
emanate O(N?) stubs. The ratio is O(1). Hence, we have
no clear indication that this region is nongraphical, however,
since the largest degrees are of order N we have to consider

044305-6



GRAPHICALITY OF POWER-LAW AND DOUBLE- ...

PHYSICAL REVIEW E 114, 044305 (2026)

FIG. 4. (a) The six regions corresponding to different scalings of S determined in Eq. (C14): S ~ N (region Ia), § ~ N'*

T =W

2=y .
@ (region

Ib), S~ N 43 (region Ila), S ~ N% (region Ic), S ~ N It (region IIb), S ~ N? (region III). The different filling patterns (and roman
numerals) indicate the different scalings of Z [Eq. (C1)]: Z ~ 1 (region 1), Z ~ N = (region IT), Z ~ N (region III). Below the green dashed
lines kn.x ~ N. Here w = 11/8. (b) Colors identify regions of nongraphicality. Yellow and purple are caused by the SIMD condition applied
to nodes of degree 1. Green is caused by the SIMD condition applied to nodes of degree N* with o < 1. Red and blue are caused by an excess
of stubs of the superhubs. Orange is caused by an excess of stubs of the hubs.

also the SIMD condition, which predicts nongraphicality if
there are nodes with degree of order N, which is true in
region (III), and nodes with degree |[N*|. The scaling of N p e,
depends on whether @ > 1/w or not. Let us first consider
o < l/w. If y; > 0, then the worst case scenario happens for
o = 0, when we consider finite degree nodes. In particular, for
nodes of degree 1 we have [see Eq. (C15)]

Npi~N'"=" =N, 31)

which goes to zero only for 6, > 0. Hence, we can conclude
that sequences are not graphical when 6y < 0, a region de-
picted in yellow in Fig. 4(b). Let us now consider y; < 0. Now
the worst case scenario happens for « > 1/w. In region (III)
the number of nodes with degree |[N?] is [see Eq. (C15)]

NPLND‘J ~ NVZ(I_O‘)’ (32)

which is of order (at least) 1 if y, > 0, no matter the value
of «. This implies that sequences cannot be graphical in the
intersection between region (III) and the region where y; <
0, y2 > 0. In this way we can conclude that the green region
in Fig. 4(b) is nongraphical.

Let us now consider the other regions, where superhubs
do not account for the majority of stubs. First of all, we start
from the region in which superhubs are present, even though
they are not the dominating class. In particular, we look at the
region where kn.x ~ N, which lies below the green dashed
line in Fig. 4(a) and is identified by

<2 y<l,

w—1" (33)
6, > 0, y > 1.

Here we focus on regions (Ib) and (Ila), since the others
have already been investigated above. In both regions nodes
of finite degree are present, therefore we should check the
SIMD condition. In particular, graphicality is threatened by
superhubs that exhaust the stubs provided by nodes of finite
degree. The maximum degree attainable before triggering this
mechanism is related, asymptotically, to N — N(;). We can
therefore calculate the expected number of nodes in this range:

N N k—yz
N prdk =N —dk. (34)
N-Noa) N-Noa, 42

If this quantity grows with N, then the sequence will fea-
ture superhubs with degrees that are too large relative to the
number of finite-degree nodes; otherwise, the degree of the
superhubs leaves enough space and does not conflict with the
finite-degree nodes.

As discussed in Appendix C, in region (I) the number of
superhubs scales as N%. At the same time, the number of
finite-degree nodes grows linearly with N, which is incom-
patible with the presence of superhubs. It follows that the
intersection between region (Ib) and 6, > 0 is nongraphical.
However, in region (Ila) the number of finite-degree nodes
grows at most sub-linearly (or even decreases) in N, and
therefore, if superhubs are not too abundant, their collective
demand for connections may not be sufficient to exhaust the
available degree capacity of the finite-degree nodes, leaving
space for graphicality. Whether this balance holds depends on
the scaling of both populations, as we now quantify. Specif-

ically, by substituting N, ~ + ~N'="5", 2, ~ N~ Z,
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Z~N [see Egs. (C7), (25), and (C1), respectively], and
performing a first-order expansion, we find

N k=72 N2

dk ~ DN o N2t
72

N (35)

N-Nou Z

which diverges when y, < 2 + % There is, therefore, an
interplay between the number of maximum-degree nodes and
those of minimum degree, leading to a nonmonotonic region
of nongraphicality in the parameter space, colored in purple
in Fig. 4(b).

Let us finally discuss the regions in which the largest
observed degree kn.x scales sub-linearly in N, and hence the
SIMD condition plays no role.

In region (Ia) there are, for large N, practically only nodes
of finite degree and O(N) stubs emanating from them. They
can be easily accommodated and graphicality is trivial.

In region (Ib) hubs account for practically all stubs. Is
it possible to pair them among themselves? Since Ny ) ~

N+ g Sow ~ NIHEL (see Appendix C), considering
the ratio
S
C;(kp) NN*H%, (36)
N O(ke)

it turns out that for y; > w the exponent is positive and the
pairing of stubs is not possible. Hence, a subset of region (Ib),
depicted in orange in Fig. 4(b), is not graphical.

Finally, in region (Ila), we have Sok,)~ N 145 and
N, ~ N. thus

=) N, (37)

The vanishing of this ratio as N increases guarantees that all
stubs emanating from hubs can be paired among themselves,
providing no indication of nongraphicality.

The complete picture, presented in Fig. 4(b), shows a much
richer scenario than the SPL case. The tail with exponent y;
plays a crucial role not only when y, < 2, as one could naively
expect. As a matter of fact, y, always affects the scaling of
kmax, given in Eq. (C6), and only in the limit , — 0o we have
kmax — k¢, recovering the SPL case with exponent y;. This is
in agreement with our previous results for SPL in Fig. 2(a).
The orange vertical region w < y; < 2 exists only for o < 2.
In fact, if @ > 2 our heuristic argument does not predict a
nongraphical region in (Ib). For « — oo the DPL reduces to
a SPL with exponent y, and k. = N — 1. Thus, we expect to
get the same behavior observed for the SPL with @SPD=!,
regardless the value of y;. This is indeed what happens, as
the slope of the lines 6, = 0 tends to O, i.e., they become
horizontal, and the purple triangle, whose apex lies on the 6,
line, collapses and vanishes.. In the other limiting case w — 1,
we have a SPL with exponent y; and k. = N — 1. This is in
agreement with our picture, as the slope of the lines 6, = 0
diverges and they become vertical, the orange nongraphical
band occupies the whole region (Ib) and the purple triangle,
whose oblique sides are parallel to 6,, becomes an infinite
vertical strip. Nongraphicality in the green region and in the
red region for y; < 0 in Fig. 4(b) is produced by a mechanism
that involves the presence of all three classes of nodes. This

3 : 3 ; T 3 : 10
f | o i f
RECY | L ] \
&1 | 1F | 15 :
o1 \ 0= \ Ozt \ 08
) I R >
3 3 7 T 3 = T
d) / ! f) / = -0.
L), L L, L] 0 { || ros
& 1F 1 1F
O/fasant oY QS )\ o4
" e S 2
3 3 3
@ - (h) - (@)
2 N 2 \ 2 N Lo
&1 1 1+
of====== [V OF===-==
B 7 109 2z 106 3 00
T T T

FIG. 5. Phase diagram for the graphicality of DPL sequences
obtained from numerical simulations. Colors represent the value of
(g) as a function of y; and y;. (a)-(c): @ = 1.2 and (a) N = 10°, (b)
N =105, (c) N = 10". (d)—(f) ® = 1.5 with N as in panels (a)—(c).
(g)-(1) = 2.0 with N as in panels (a)—(c). Results are averaged over
M = 1000 independent samples for N = 10°, M = 100 samples for
N = 10°, and M = 10 samples for N = 107. Black dashed lines mark
the predicted boundaries between graphicality and nongraphicality
(see Fig. 4). Note the presence of huge finite-size effects.

mechanism is active as soon as w > 1, but discontinuously
disappears as w = 1. This is in perfect analogy to the SPL
case for0 < y < 1 and ®PY — 1+,

C. Comparison with numerical simulations

The arguments above indicate the existence of several do-
mains of nongraphicality in the space spanned by y; and y»,
but do not guarantee that in the other regions degree sequences
are graphical. To have information on the whole phase-
space we determine the graphicality numerically, performing
simulations as in the case of single-power-law distributed
sequences. Results are reported in Fig. 5.

From the figure it turns out that, although finite-size ef-
fects are very strong in some parts of the phase-space, the
overall picture presented in the previous section is confirmed
in the limit of large N: the nongraphical regions predicted
by the sufficient conditions for nongraphicality turn out to
be actually nongraphical in numerical evaluations. Moreover,
the agreement between our theoretical predictions and the
numerical results improves as N grows. The only discrepancy
occurs for 0 < y; < w, y» > 2. In this region there seems to
exist a nongraphical region not predicted by our arguments.
It remains as an interesting direction for further research to
understand what is the physical origin of this additional non-
graphical domain.

V. DISCUSSION

In this work we provided a comprehensive analysis of
the graphicality problem for single- and double-power-law
degree sequences with size-dependent cutoffs. By combining
exact sufficient conditions with physically motivated heuristic
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arguments, we elucidated the fundamental mechanisms that
prevent degree sequences from being graphical.

For single-power-law distributions, we showed that the
phase diagram exhibits a rich structure controlled by the inter-
play between the power-law exponent y and the cutoff scaling
parameter w, providing a physical picture for the results in
Refs. [19,20]. Our analysis reveals that violations of graphi-
cality may arise from two distinct physical mechanisms: (i)
an excess of stubs from high-degree nodes that cannot be
matched among themselves, and (ii) the incompatibility be-
tween nodes with large degree and finite degree. In particular,
(1) always occurs for w < y < 2, while (ii) arises when there
is coexistence of many nodes with degree O(N) and with
degree O(1), which happens only for 0 <y < 1 and w = 1.
The discontinuous behavior for @ — 17 where 0 <y < 1
highlights the subtle nature of these constraints.

For double-power-law sequences, we uncovered an even
richer phenomenology with six qualitatively different vio-
lation mechanisms, each dominating in different regions of
the (y1, y») parameter space. The transitions between these
regions are governed by the interplay between nodes of finite
degree, hubs—nodes of degree of order k.—and superhubs—
nodes of degree of order N. This interplay reveals how the
competition between the two power-law regimes determines
graphicality. It is worth to be remarked that Cloteaux’s suf-
ficient condition for graphicality is not very useful in this
case: in a vast part of the phase-diagram where double-power-
law sequences are graphical Cloteaux’s condition does not
apply. With the benefit of hindsight, this is not surprising, as
Cloteaux’s condition is based on two scales (kyin and kmax)
while here a third scale k. plays a relevant role.

Our numerical simulations confirm the theoretical predic-
tions while also revealing surprisingly slow convergence to
the infinite-size limit. The finite-size scaling analysis shows
that corrections scale logarithmically with system size, ex-
plaining why even networks with N ~ 107 nodes may not
fully exhibit the asymptotic behavior. This has important
practical implications for the analysis of real-world networks,
where finite-size effects cannot be neglected.

The results presented in this work have significant implica-
tions for network modeling and generation. The graphicality
constraints we identify must be respected when designing
synthetic networks or inferring network properties from data.
In addition, the presence of hubs and superhubs, and the
asymptotic scaling of their stubs may influence the fractality

J

2k2 N + kminkmaxN + k2

max ‘min

N2 + kmin(l + kmin)S + S2 - k2

of networks, as captured by the box-covering coarse-graining
framework developed in Ref. [33]. Within this framework,
fractal networks exhibit finite fractal dimensions as a re-
flection of hub repulsion, while in nonfractal networks hubs
tend to connect to each other. Depending on the parameters,
graphicality constraints can force high-degree nodes to con-
nect either to other high-degree nodes or to low-degree ones.
These constraints can therefore hinder or foster hub repulsion,
suggesting that the structural feasibility of a given degree
sequence can intrinsically limit or support the emergence of
fractality.

Our findings highlight that not all scale-free networks
are sparse: truly dense scale-free networks (with average
degree scaling with N) do exist, but only in restricted pa-
rameter regimes. These fundamental limits provide important
guidance for understanding which network structures are
mathematically possible. Future work should address the
characterization and role of the structural cutoff &k in double-
power-law sequences.
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APPENDIX A: CLOTEAUX’S INEQUALITY IN PRACTICE

Cloteaux’s inequality Eq. (3) can be rewritten as

- kmaxS - kainkmaxN - Nklznin - 2Sl\lkmin

max

= 0. (AD)

(Nkmax - S)(S - Nkmin)

Keeping only the leading orders for large N, we get
2k2 N+ 82 — k2. S — 2kpninNS

max max

(Nkmax - S)(S - Nkmin)

> 0. (A2)
Since Nkyin < S < Nkmax always, the denominator is positive
and we can then write

2k: N+ 8% — k2 S — 2kyinNS > 0.

max max

(A3)

[
Furthermore, since k2. N < k2. S and kyinNS < S2, the in-

. . N max max
equality simplifies and reduces to

S—k2 >0.

max (A4)
Note that when (k) = O(1) this condition only involves the
scaling of ky,.x with N, and it is equivalent to the ZZ condition
Eq. (2) in the large N limit.
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1. Cloteaux’s inequality for single-power-law distributions

For single-power-law distributions with k. = (N — 1)1/,
Eq. (A4) provides more information than the ZZ condition
Eq. (2) only for y < 2. From Eq. (16) we get

NTF —Ni>0 1<y<2,
1 ) (AS)
NYo +No >0 1 <vy.
Comparing the exponents we can conclude that sequences are
graphical in the N — oo limit for

>y
w>1

1<2<y,

1 <y. (A6)

This sufficient condition for graphicality, together with the
heuristic sufficient conditions for nongraphicality, allows us
to draw the phase diagram in Fig. 2(a).

2. Cloteaux’s inequality for double-power-law distributions

The general picture for double-power-law distributions is
extremely more intricate. However, we can use Cloteaux’s
inequality to provide some insight on the mysterious region
0 <y <2,y > 2,i.e.,region (Ib) and part of region (Ila) in
Fig. 4(a).

Let us first notice that in the regions where kp,x ~ N,
see Eq. (C6) and Fig. 4(a), Cloteaux’s condition does not
apply, because S <« N? always, thus inequality (A4) is never
satisfied. To use Eq. (A4) we must then stay in the region

where kpn.x << N. In (Ib) we have ko ~ N fxz% , from which
it follows, using Eq. (A4),
2—y1 2w+y2—n1)

I+ == > 20D (A7)

After some simplifications we get

(0 —y1)y2 > 3(w — y1) — 3y1. (A8)

If w < y1, then the region defined by this inequality lives
outside region (Ib), thus we can discard this case. If instead
y1 < w, then we have

>3+ (A9)

o=y
This region is bounded by a vertical asymptote as y; — @™, in
agreement with our heuristic criterion for nongraphicality that
holds for y; > w, and in agreement with the single-power-law
case that is recovered for y, — oo. Concerning region (Ila),
we can simply set y; = 1 to get the condition

3w —1

w—1"

V2> (A10)
These regions determined by the Cloteaux’s condition are
far from the regions determined by our heuristic criteria for
nongraphicality; see Fig. 4(b). We can conclude that for the
case of double-power-law distributions, Cloteaux’s inequality
provides only a mild upper bound for the graphical regions.
Remarkably, for « — oo we get y» > 3, which is exactly
the condition for Cloteaux’s inequality to be applied for SPL
distributions.

APPENDIX B: ALGORITHM TO PERFORM EG TEST
FOR GRAPHICALITY OF DEGREE SEQUENCE

In this section, we outline an efficient implementation of
the Erd6s-Gallai (EG) test in Eq. (1) for determining whether
a given ordered nonincreasing degree sequence with even
sum is graphical [1]. The algorithm, strongly inspired by the
one described in Ref. [10], exploits recurrence relations to
evaluate the EG inequalities in O(N) time, improving upon
the naive O(N?) approach.

Let k = (ky, ..., ky) be an ordered, nonincreasing degree
sequence with even sum. The classical form of the EG test
requires checking a series of inequalities

L, < Ry, (B

forall 1 < n < N, where

n N
Ly=Y ki Ry=n(n—1)+ Y min(n k). (B2)
i=1 i=n+1

Computing the right-hand side R, directly for every n
would require O(N?) operations. A much more efficient ap-
proach, as suggested in Ref. [10], is to exploit recursive
relations that allow both sides of the inequality to be updated
in constant time per iteration.

The left-hand side can be easily obtained incrementally as

Ln = Ln—l + km (B3)

with the initialization L; = k;. For the right-hand side, the
recurrence relation is less straightforward and reads

Ry =R,_1 +2(n—1)—min(n — 1, k)

N
+ Z [min(n, k;) — min(n — 1, k)], (B4)

i=n+1

which needs a little bit of manipulation. First of all, the last
term between square brackets sums up to the number of de-
grees k; larger or equal to n with index i > n. We can identify
two cases:

(1) if k, > n—1, then min(n — 1,k,) =n—1 and the
sum in square brackets is different from zero;

(2) if k, <n—1, then min(n — 1, k,,) = k,, and the sum
in square brackets is zero, since k; < k, for all i < n+ 1 and
Sk = kil = 0;

It is therefore convenient to introduce, for each n, the num-
ber x,, of nodes with degree larger or equal to n. This quantity
is sometimes called crossing-index and can also be seen as the
index of the last node that has degree larger than n, i.e., k; > n
for all i < x,, and k; < n for all i > x,,. Since we are dealing
with nonincreasing degree sequence, the crossing-index can
not increase with n and therefore there exist a value n* such
that x,, < n for all n > n*. Accordingly, x,» < n* and since k
is nonincreasing k,» < k, .. Since by definition k.| < n*,
then k41 < n* and n* marks the switch from the first case
to the other. In particular, k, > n — 1 for all n < n* while
k, < n—1forall n > n*. We can then rewrite the recurrence
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relation in Eq. (B4) as

R {Rn_l +2m—1)—(m—1)+x,—n=R, 1 +x,—1

Rnfl + 2(7’1 - 1) - kn

where x,, — n is the number of degrees k; > n with index i >
n, assuming n < n*. Finally, comparing L, and R, withn > n*
we notice that

R,—L,=R,_1—L,_1+ 2(” - 1) - 2km (B6)

and since k, < n — 1 the inequality L, < R, is automatically
satisfied as soon as L,,_; < R,_;. Therefore, there is no need
to check the inequalities for n > »n* and the recurrence relation
for R, can be simplified as

R, =R,_1+x,— 1, (B7)

with the initialization Ry = N — 1. The EG test simplifies to
checking n* inequalities of the form in Eq. (B2) that can
be computed efficiently through the recursive relations in
Egs. (B3) and (B7) with the corresponding initialization.

By computing the various x; once in a single pass over
the sequence and only up to n*, the complete EG test on
a nonincreasing degree sequence can then be carried out in
linear time, as shown in Fig. 6.
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FIG. 6. Computation time for the EG test in the form discussed in
Appendix B for v = 11/8 and various combination of exponents y;
and y», belonging to the six regions identified in Fig. 4; in particular
we employed y; = 2.5, y, = 2.5 [region (la)], y; = 1.5, y» =2.5
[region (Ib)], y1 = 1.5, y» =1 [region (Ic)], y1 = —0.5, y» =2.5
[region (Ila)], y1 = —0.5, y» = 1.5 [region (IIb)], and y, = —0.5,
y> = —0.5 [region (II)]. Results are averaged over 100 independent
sequences.

(BS)

APPENDIX C: CHARACTERIZATION OF THE
DOUBLE-POWER-LAW DEGREE DISTRIBUTION

1. Normalization
There are three regions, represented using distinct filling
patterns in Fig. 4(a), defining the behavior of Z,
1 y1 > 1,0 <0 (region]),
Z~ N y1 < 1,7 > 1 (regionII), (CDH
N y» < 1,0; >0 (region III),

where we define in general

nw—(w— 1y, —n
- )

Oy = (C2)
Note that 6, £ 1 = 6,+,. The curves 6, = 0 correspond to
straight lines in the y; — y, plane, which pass through the
point (n, n). Note that these lines separate domains where
6, < 0 (above the line) from domains where 6, > 0 (below
the line).

For w — 1, the curves reduce to y; = n. This is reasonable
since we are pushing the crossover up to N — 1, hence the
tail with exponent y, is not observed and must produce no
effect on the graphicality. For « — oo instead, these lines
become y, = n. The crossover takes place “sooner” and the
distribution feels only the presence of the tail with exponent
y». It is important to note that the larger the value of w, the
more relevant is the effect of the tail with exponent y;.

2. Scaling of the largest observed degree ki,

Random numbers generated from a double-power-law se-
quences as defined in Eq. (26) can in principle fluctuate up
to N — 1. However, depending on the values of y;, y, and
w, a natural cutoff emerges, in perfect analogy to the case of
single-power-law distributions where if no cutoff is imposed,

1
for y > 2 we have kp,x ~ N7-1. Again, a heuristic extreme
value theory argument tells us that &, can be defined setting

N
N/ dkpr, = O(1). (C3)
kmﬂX
From this equation, it follows
1 Ay
—— [k = N'""] ~2ZN" (C4)

1=

If y» < 1, then Eq. (C3) cannot be satisfied, and kp,x must
scale as kp,x ~ N. If instead y, > 1, then we get

NSRS g <0 (region )

@n=D < regionl),

knax ~ 17 wops ! & _ (C5)
N om0 y; <1,y >1 (regionII).
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However, we must check whether or not the exponent we get
from this scaling argument is smaller than 1, otherwise we get
again ky.x ~ N. Imposing this additional condition, we finally
have

o+ -y
N b  y>1,0, <0,
wtyy—l
b~ ANy < lgps sl (C6)
N otherwise.

The region where kn,x ~ N lies below the green dashed line
in Fig. 4(a).

3. Number of finite-degree nodes, hubs, and superhubs

Let us now consider the number of finite-degree nodes
Noq), hubs N y—defined as the nodes with degree around

ke(N)—and superhubs Ny, nodes with degree around N:
N y1 > 1,00 <0, (region]I),
NG(l) ~ NI’PTV] y1 < 1,y > 1, (regionIl),
N~ yy < 1,600 >0, (region III),
(C7)
1+0 ;
Nt y1 > 1,0 <0, (region]),
Now,) ~ N( o vi <1,y >1, (regionlIl), (C8)
T < 1,6, >0 (region III),
N y1 > 1,60 <0, (region]),
Now) ~ N2+ y1 <1,y > 1, (region II),
N y» < 1,0; > 0 (region III).
(C9)

Note that the number of superhubs in Eq. (C9) is at least
finite only for 8, > O inregion I, and y» < Qw — 1)/(w — 1)
in region II, in agreement with the scaling of kp,x given in
Eq. (C6).

4. Number of stubs emanating from finite-degree nodes,
hubs, and superhubs

We want now to determine the number of stubs emanating
from nodes O(1), O(k.), and O(N), respectively. Note that
we have

Sow«) ~ N* Nowes (C10)
hence
N y1 > 1,60 <0, (region]),
1-y,
Somy ~{N'""" yi<1l,ym>1, (regionI), (C1D)
N—% vy < 1,60 >0 (region III),
and
1+ -
NI+= y1 > 1,00 <0, (regionl),
Sot) ~ AN sy <l yp>1, (regionlD),
ST < 1,6, >0 (region 11D,
(C12)
and
N y1 > 1,600 <0, (region]),
—1
Sow) ~ N3+ y1 <1,y > 1, (regionII),
N? yy < 1,0; >0 (region III).
(C13)

As already noted above, the scaling in Eq. (C13) must also
be compared with Eq. (C6), to guarantee the existence of
superhubs. The asymptotic predictions in Egs. (C11)-(C13)
are confirmed by comparison with numerical simulations, as
shown in Fig. 7.

5. Total number of stubs
The total number of stubs § = N (k) is

N y1>2,6, <0 (region Ia),
N l<y<2,m>2 (region Ib),
§ N+5 yi<l,yp>2 (region Ila), (C14)
N 7 <2,7%>10<00,>0 (regionlc),
N3+ <1<y <2 (region IIb),
N? v <1,0>0 (region III).

See Fig. 4(a) for a visualization of these regions. By comparing the expressions for S and those for the various types of nodes it

is clear that the total number of stubs is dominated by
(1) fixed-degree nodes in region (Ia);
(2) hubs in regions (Ib) and (ITa);
(3) superhubs in regions (IIb), (Ic) and (IIT).

6. Number of nodes with a given degree

Let us compute the number of nodes with degree k = |[N“|, where |[N®| denotes the largest integer smaller than or equal to
N?. Obviously this number depends on whether « is smaller or larger than 1/w, i.e., whether the degree belongs to the first or to

044305-12
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FIG. 7. Comparison between numerical evaluation of the stubs emanating from finite-degree nodes (triangles), hubs (squares), and
superhubs (circles), and the scaling predictions given in Eqs. (C11)—(C13) (dashed lines). In practice, finite-degree nodes are identified as nodes
with k € [kpin, €1kmin], hubs as nodes with k € [cyk,, c3k.], and superhubs as nodes with degree k € [c4(N — 1), N — 1], with ¢, ¢3, ¢3, ¢4 finite
constants. In particular, we used ¢; = 10, ¢c; = 1/3, ¢3 = 3, and ¢4 = 1/3. The asymptotic scaling is independent on the particular choice of
these numbers. We set w = 11/8 and (a) y; = 2.5, y», = 2.5 [region (Ia)], (b) y; = 1.5, y» = 2.5 [region (Ib)], (¢c) yy = 1.5, y» =1 [region

do)), () n =

—0.5, y» = 2.5 [region (IIa)], (e) y1 = —0.5, y, = 1.5, and (f) y; =

—0.5, y» = —0.5 [region (III)]. Results are averaged over

100 independent sequences.

the second power-law of the degree distribution:

Z-INI-an O<a<l/w)~

Npyey ~

ZOINFTr (1o <a < 1)~

Ni-on (region I),
N1-en—gt (region II),
NI—eri=6i — Nr:(1-1/w)=p(e=1/w) (region TIT),
N (C15)
NI+ —ar (region I),
NI+ —ay,— =2 (region II),
NIF&-an=b = (=) (region III).
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