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Quantum stochastic thermodynamics in the mesoscopic-leads formulation
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We introduce a numerical method to sample the distributions of charge, heat, and entropy production in open
quantum systems coupled strongly to macroscopic reservoirs, with both temporal and energy resolution and
beyond the linear-response regime. Our method exploits the mesoscopic-leads formulation, where macroscopic
reservoirs are modeled by a finite collection of modes that are continuously damped toward thermal equilib-
rium by an appropriate Gorini-Kossakowski-Sudarshan-Lindblad master equation. Focussing on noninteracting
fermionic systems, we access the time-resolved full counting statistics through a trajectory unraveling of the
master equation. We show that the integral fluctuation theorems for the total entropy production, as well as
the martingale and uncertainty entropy production, hold. Furthermore, we investigate the fluctuations of the
dissipated heat in finite-time information erasure. Conceptually, our approach extends the continuous-time
trajectory description of quantum stochastic thermodynamics beyond the regime of weak system-environment

coupling.
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I. INTRODUCTION

Stochastic thermodynamics, initially formulated for classi-
cal systems [1-6] and later extended to the quantum domain
[7-11], allows the description of energy transfer and entropy
production along single trajectories of systems undergoing
nonequilibrium processes. Based on this framework, several
significant insights into the second law of thermodynamics
emerged. Notably, universal relations governing the statistics
of fluctuating thermodynamic currents, referred to as fluctua-
tion theorems, have been uncovered [1,6,12-21].

Our focus lies in exploring thermodynamic properties
within scenarios where a central system is driven out of equi-
librium due to its interaction with thermodynamic reservoirs
or an external drive, leading to the generation of fluctuating
currents carrying particles and heat. For open quantum sys-
tems, boundary effects are often comparable in magnitude
to internal interactions and the coupling between the central
system and reservoirs may be strong [22]. In this context, the
spectral properties of the reservoirs, which can be nontrivial,
may play a crucial role for the dynamics of the central system.
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Only a handful of methods exist that can address
fluctuations of thermodynamic quantities in this far-from-
equilibrium, strongly coupled setting. Nonequilibrium Green
functions (NEGF) and scattering theory [13,23-25] are gener-
ally limited to slowly driven or weakly interacting systems
[26-28], while path integral methods [29-31] have been
applied to numerically compute heat fluctuations in small,
nonintegrable open quantum systems [32,33] but scaling this
to larger systems, e.g., spin chains [34], remains an open
challenge. Another approach to strong-coupling thermody-
namics exploits a Markovian embedding [35] such as the
reaction-coordinate method [36—40], where a non-Markovian
open quantum system is incorporated into a larger Markovian
one, leading to equivalent dynamics for the original open
system. A powerful many-body extension of this approach
is the mesoscopic-leads formulation of quantum transport
[41-61], where macroscopic reservoirs are approximated by
a finite number of damped modes in the same spirit as the
pseudomode approach to open quantum systems [62—67].
The mesoscopic-leads formalism has recently been adapted
to compute fluctuating charge currents in driven systems [68],
but this method is not applicable to heat currents. Importantly,
moreover, all the aforementioned approaches are tailored to
compute the characteristic function, from which features of
the probability distribution (e.g., of charge and heat) can only
be extracted by numerical differentiation or Fourier transform,
with their associated errors and limitations.

In this work, we introduce a method to directly sample
the probability distributions of charge, heat, and entropy pro-
duction in driven, strongly coupled open quantum systems
far from equilibrium. Our approach exploits a mesoscopic-
leads setup where the dynamics of the extended system
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is described by a Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equation (ME) [69,70]. Monitoring the indi-
vidual exchanges of energy quanta with the reservoirs results
in a stochastic unravelling of the dynamics into quantum-
jump trajectories. Each trajectory represents the state of the
extended system conditioned on the measurement record [71],
and sampling such trajectories recovers the full counting
statistics of currents and other observables [72]. In particular,
we show that trajectory sampling enables reconstruction of
the full distributions of heat, work, and entropy production,
with both temporal and energy resolution. We focus on non-
interacting fermionic systems, although our methods could
be combined with tensor-network methods [42,50] in the fu-
ture to address the stochastic thermodynamics of arbitrary
interacting systems. In this context, we demonstrate thermo-
dynamic consistency of this method at the stochastic level by
verifying three fluctuation theorems for entropy production:
specifically, for the total, uncertainty, and martingale entropy
production [9,10]. As an application, we then study the full
heat statistics of information erasure in a driven quantum
dot coupled strongly to a fermionic reservoir. Our approach
enables us to access the full heat distribution for arbitrary
driving speeds and coupling strengths, going beyond previous
work on finite-time quantum information erasure [73-75].

We emphasize that, to our knowledge, no other existing
method allows for direct stochastic sampling of thermody-
namic quantities in non-Markovian settings. Having access
to individual trajectories not only gives additional insight
beyond analysis of the cumulants, e.g., when examining the
physical processes underpinning rare fluctuations [73], but
also unlocks the toolkit of continuous measurement theory for
investigating measurement and feedback in non-Markovian
quantum many-body systems.

The paper is structured as follows: in Sec. II the
mesoscopic-leads formulation for fermions is introduced.
Then, in Sec. I A the unconditional state dynamics is
discussed and further specified for noninteracting systems
(Sec. II B). In Sec. III the conditional dynamics is presented.
In Sec. IV, we discuss the thermodynamically consistent in-
ference of particle (Sec. IV A) and energy current (Sec. IV B)
along single trajectories, and the energy’s splitting into heat
and work contributions (Sec. IV C). In Sec. V, we discuss
the total entropy production along a trajectory, relying on a
two-point measurement scheme (TPM) in the mesoscopic-
leads formalism. We demonstrate the emergence of integral
fluctuation theorems for both the total entropy production and
the uncertainty and martingale entropy production separately
in Sec. V D. Subsequently, we study the fluctuations of dissi-
pated heat during finite-time information erasure in Sec. VI.

II. MESOSCOPIC-LEADS FORMULATION

A. State dynamics

We consider a fermionic central system S described by
a set of Ns annihilation operators {d j}?]il- The system, with
Hamiltonian Hg(t), may be interacting and driven externally.
The system is coupled locally to Ng thermal reservoirs, in-
dexed by o, with Hamiltonians (in natural units, & = 1, kg =
1) Hg, = Y pe | @anbly ,ban, via the interaction Hsg, (1) =
Zoo Aa'n(t)d;aba,n + H.c., where p, denotes the index of

n=1
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FIG. 1. A central system S coupled to a reservoir approximated
in the mesoscopic-leads formalism. All L lead modes with on-site
energies €, couple to the same site in the central system, with hopping
interaction of strength «;. The lead modes are damped through their
coupling to a residual reservoir, with damping rate y;. The extended
system, comprised of the central system and the lead modes, in state
p is shaded in gray.

the system site that the reservoir « couples to. The cor-
responding reservoir spectral density is given by J,(w) =
2r Z;il |)‘a,n|28(a) — W n)-

In the mesoscopic-leads formulation each thermal reservoir
o, at temperature T, and chemical potential u, is modeled
by a mesoscopic lead o with a finite number /, of fermionic
modes, each with a residual reservoir acting on it. The lead

modes are described with annihilation operators {aa,k}g‘;’f”kz .

and have self-energies €, k, so that Hy, = ng‘zl ea,ka:’kaa,k.
The coupling between the system and each reservoir is re-
placed with the respective system-lead interaction Hgy (¢) =
Sy kar()d] aq i+ Hee.

Crucially, the residual reservoirs of each lead mode have
a flat spectral density [63,64] and effective damping rate y,
(typically one sets Yy x = €y x+1 — €a.k) [44,46,60,61,76,77].
Then the coupling rate between the system site and modes in
lead o is given by ko = /Jo (@) Va.k/27. Thus, each mode
in the lead undergoes damping through interaction with a local
Markovian reservoir, as illustrated schematically in Fig. 1.

For sufficiently large /,, Y4 x becomes small, so that the
residual reservoirs may be traced out. The remaining extended
system, described by the reduced density matrix p, is com-
posed of the system modes as well as the lead modes. Its
dynamics is generated by the Liouvillian superoperator £, so
that % = £[p], in GKSL form

Nr Iy
LIpl = —ilH, p)+ Y > Laxlpl,
a=1 k=1
Lailpl= Y DL ]p. ()
oe{+,—}

where H(t) = Hs(t) + Yo%, Hsv, (1) + Yo% He,» L}, =
Ve Skl o and Ly, = /Yo i(1 = fui)aq, with Fermi-
Dirac occupation f, ; = fy(€) = (e‘«r~#a)/Te 4 1)1 For

any state p and jump operator L the superoperator D acts as
DIL]p = LpL" — 3{L'L, p}.
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Here it is important to highlight that, contrary to the
system-lead dynamics, the lead-reservoir dynamics is inco-
herent. Typically, in GKSL master equations, there is an
assumption of coherent evolution for the system, whereas
the environment, represented by reservoirs, is assumed to be
incoherent. However, if the interaction between the system
and its environment is strong, then this distinction is no longer
plausible, as the system and the environment hybridize. The
coherent interaction between the lead modes and the system is
thus a key feature of the mesoscopic-leads approach, enabling
a natural modeling of systems in the strong-coupling regime.
That is, although the state of the extended system evolves un-
der a GKSL ME, strong-coupling effects within the extended
system are still captured in the dynamics of the lead modes
and their respective coupling to the system, as in a so-called
Markovian embedding [35].

B. State dynamics in noninteracting fermionic systems
If the system S is noninteracting, then the Hamiltonian of
the extended system may be written in a quadratic form

Ns—+L

=y

i,j=1

HijC;-er, (2)

with annihilation operators describing the extended system
e and L=3Y 1, so that {fi,..., fu ar1,

S A1y e ONg 1y - - s “NRJNR} — {c1, ..., CNg+L}- Many
quantities of interest, such as thermodynamic currents in the
extended system, may then be described solely in terms of
the covariance matrix C, with size ((Ns + L) x (Ns + L))
and matrix elements C;; = (c;ci) o> rather than the full state
o, with size (2Nl x 2M+L)  Switching to the Heisenberg
picture, the unconditional dynamics of the covariance matrix
C is governed by the ME

Jdcle 2
%=<CC> <1[H,0]+ZZ£ cc,> 3)

a=1 k=1

where q;k is the adjoint dissipator to L, satisfying

Tr[AL[B]] = Tr[LT[A]B] for an arbitrary operator A, and
LAl = 252;1 E; ([A]. In particular,
Ly A= ) DL A, @)
oe{+,—}

where DY[L]A = LTAL — %{LTL,A}. One can readily show
that the covariance matrix C of the extended system evolves
under the Lyapunov differential equation [78]

dc .
E:—(WC—i—CW‘)—i—F, (5)

where W = iH + %F, with diagonal matrices 'y = yx and
Fi = vifi- In the steady state dC/dt = 0, so the covariance
matrix solves the algebraic equation

WC+CW'™ =F. (6)

III. QUANTUM-JUMP TRAJECTORIES IN
nonINTERACTING FERMIONIC SYSTEMS

For a quantum jump unraveling, it is convenient to split
the Liouvillian £ into a term representing quantum jumps L,
signaled by clicks in a classical detector, and into a term L
describing a smooth no-jump evolution between two consec-
utive jumps, as indicated in Fig. 2, so that

Llpl = Lo+ L)Ip],

N Iy

= —i[H, p] — %Z Z Z {LZ,kTLg,k’ p},

a=1 k=1 oe{+,—}

Lolp]

kaZ,kT- )

Lilp] = Zi Z

a=1 k=1 oe{+,-}

Then the solution to Eq. (1) with initial state p(t = 0) = po,
generally given by p(t) = ¢~ p, for a time-independent L,
may be expanded in a Dyson series as

t
() =€L01,00 +/ dtleﬁo(l_t‘)ﬂleﬁ""po
0

t 1%
+ / dlz/ dtleﬁo(t*tz)ﬁleﬁo(trtl)LleﬁotlpO
0 0

+ ..., (®)

which is the ensemble average over all possible trajectories
with an increasing number of jumps in the interval [0, ¢].
The expansion illustrates why the above solution is typically
denoted as the unconditional dynamics—it is ignorant about
whether any jumps occurred or not, and if they did, when they
occurred, and thus may be interpreted as an unselective mea-
surement. We now consider single trajectories, for which the
system’s state evolves smoothly, occasionally interrupted by
random quantum jumps. The jumps correspond to detection
events in the environment, like the emission or absorption of
particles from thermal reservoirs, as shown in Fig. 2. Thus,
quantum-state trajectories correspond to the evolution of the
state conditioned on a single measurement record. Here we
examine a scenario involving the monitoring of particle ex-
change between all lead modes and their associated residual
IeServoirs.

A. Gaussian initial states

Crucially, we assume that the extended system is in a
Gaussian fermionic state initially. The state then evolves along
quantum jump trajectories, in which all processes involved are
Gaussianity preserving as shown in Appendix B. Therefore, at
all times 7, the density matrix may be expressed as

e—c?M (t)e
t)y= ——, 9
p(t) 0] ©))
where c is the vector with entries being the system-lead oper-
ators ¢; = ¢;. The matrix M (¢) and the partition function Z(z),
ensuring normalization of the state, are given by

1 —C(l‘))7 Z@t) = 1 )

M(t) = log ( c) det[1 —C()]
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1) Monitor lead modes 2) Collect measurement record r,

[

WP < @ (T 1]

T;)G. Time ¢
B0 [
—

Time ¢

4) Compute expectation value of
observable O with respect to p,
instantaneous jump updates

K_/

3) Reconstruct p,
conditioned onr, )

fj

continuous no-jump evolution

Tr[Op, ]

N\

Time ¢

FIG. 2. Particle transfer between each lead mode and its associated residual reservoir is monitored and recorded in the measurement record
r. The expectation value of an observable O is computed with respect to the state conditioned on r. When a quantum jump is recorded, the
state undergoes an abrupt update, leading to an instantaneous change in the expectation value of the observable. During the intervals between
jumps, the state evolves smoothly following the no-jump conditional evolution.

Since now the state p(t) is fully determined by its covariance
matrix C(t), all formulas can only depend on matrices that are
of size ((Ns + L) x (Ns + L)), and thus they can be used effi-
ciently, even for systems involving many modes. Furthermore,
we emphasize that the subsequent findings are applicable to
the stochastic jump dynamics of any fermionic noninteracting
system subjected to thermal boundary driving, provided that
the initial state is Gaussian.

B. Conditional evolution

In the mesoscopic-leads formalism, quantum jump trajec-
tories are obtained for the set of measurement operators

Qozﬂ——z Z L;:*Lk idtH,
k=1 oe{+
¢ = JdriLy for1 <k <L+1, (an

where L,j = «/ykfkcz and L,” = «/yi(1 — fi)c are the jump
operators associated with absorption/emission events respec-
tively and 1 denotes the identity operator. Note that we have
combined the lead index « with the index specifying the
mode within the corresponding lead into a single index &,
which runs over all modes across all leads. The measurement
record is denoted by r ) = {(#;, k,0);0 < t; < 7}, record-
ing a jump at time #; in lead mode k, where the jump signals
particle transfer either on (o = +) or off (¢ = —) it. Note
that we neglect the probability of multiple jumps at one time.
Thus, at every time ¢ € (0, ) our knowledge about the sys-
tem’s state must be updated: either conditioned on no-jump
being observed or conditioned on a jump just having been
registered.

Under these measurement operators, the evolution of p
unravels into a "no-jump" evolution with instantaneous jump-
induced updates for the conditioned density matrix p, which
in Lindblad-form [see Eq. (1)] becomes the stochastic jump

equation

. 1 = otro
dp, = —i[H, p,]Jdr — 3 kglae{gf}H[Lk L7 ]pydt

+ Z > ng pdN? . (12)

k=1 o+, —

where the superoperators, G and H, acting on a state p,, are
defined as
0p,0"

Gl0lp, = T0p0T] Or

H[Olp, = Op, + p,O" — Tr[Op, + p,0"1p;. (13)

The superoperators G and #H describe two types of mea-
surement backaction: G corresponds to instantaneous state
updates that occur when a jump is registered (AN = 1), while
‘H represents the continuous, smooth effect between jumps
(dN? = 0), since the absence of jump detection still provides
information about the system. The stochastic increments of
the point processes dN; obey [71]

E[dN] = (@7"e7) (14)

dNZ AN? = dN? 85008tk (15)

where E denotes a classical expectation value, i.e., an average
over random realizations of the measurement record, corre-
sponding to the expectation value computed with respect to
the ensemble average state p. Here and in the following, we
assume perfect detection efficiencies in all measurement chan-
nels. A general treatment accounting for imperfect detection
or different measurement setups is provided in Appendix C.
The expectation values (-),, conditioned on the measurement
record, are connected to the averages of the correspond-
ing measurement operators (-), = Tr[p,-] [Eq. (11)]. For a
Gaussian fermionic system, both ensemble averages and indi-
vidual trajectories can be characterized using the covariance
matrix, as will become apparent in the following sections.
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Specifically, for single trajectories, this matrix is computed
concerning the conditioned state, denoted as C]; = Tr[c; ciprl.
We will subsequently discuss the evolution of C" between
jumps and its update when jumps are recorded.

1. No jump-conditioned evolution

We will now describe how the covariance matrix C” of
the extended system, conditioned on the measurement record
r, evolves in the time interval between two recorded jump
events, (t;,_,, km—1, om—1) and (¢, ky,, 0,,). Note that the con-
ditional no-jump evolution in Gaussian fermionic systems has
been studied also in Ref. [79]. For r € (z,_,,1;,), ANJ () =
0 Vk, o, so that C" evolves according to

dCy,(t) =i([H. clci)) dt——z Z

k=1 oe{+,-}

x (H*lor L 'L71c cr) v, (16)

where the adjoint superoperator to H [see Eq. (13)], H*
acting on any operator A is defined as

H'[p,, OJA = OA + AO" — Tr[Op, + p,0"]A.  (17)
Expanding Eq. (16), one obtains terms of fourth order in the
annihilation and creation operators of the extended system.
Crucially, we now make use of the fact that the initial state is
assumed to be Gaussian and that all operations along a single
trajectory preserve the state’s Gaussianity [80]. Note that we
can reduce fourth-order correlators with respect to a Gaussian
state ¢ to second order or lower by using Wick’s theorem
[81]: Let O; denote operators which are arbitrary linear com-
binations of bosonic or fermionic creation and annihilation
operators. Wick’s theorem states that

(01020304)¢ =(0102)$(0304)¢ £ (0103)$(0204)¢
+ (0104)$(0203)4
— 2(01)$(02)(03)$(O04)¢, (18)
where the the upper (lower) sign is for bosons (fermions).

We find a Riccati-type differential equation for the no-jump
conditioned covariance matrix of the extended system,

dcr .
dt =—VC +CVH+CBC, 19)

where B=T —2F and V =iH+%B=W—F.Inbetween
jumps, the survival probability p—the probability for no jump
to occur up to time t—evolves under the differential equation

——pZ Z (LZ'r7),, (20)

k=1 oe{+,—

where we have used that p is given by the trace of the
unnormalized density matrix between jumps. Therefore, the
survival probability decays as

pt) = plty, ) exp (— / K(s)ds>, 1)

where
K(s) = Tr[FC"(s)] + Tr[(T' — F)C"(s)], (22)
andC'=1-C".

2. Jump-conditioned updates

Upon recording a jump of type o, in the lead mode k,, at
time #; , stored in the measurement record as (¢, , ky, 0), C”
is updated instantaneously. At t = t;,, dNY (t;,) = 8,000, €
{0, 1} and therefore

dcy;w,) = (G* [or, L7 ]ciei), (0,), (23)

where the adjoint superoperator to G [see Eq. (13)], G, acting
on any operator A is defined as
0'AO
*lor, O — —A. 24
G lpr O = g5 =5 (24)
The update entails that the survival probability is instanta-
neously reset to 1 (p(tj,'n) = p(t;n) + (1 — p(tJ_ ))=1), and
the updated covariance matrix C’(tj;) = C’(tj ) +dCy; (tjm)
where for any time-dependent quantity A(¢), we use the short-
hand A(*) = lim,_,,« A(s). If a jump onto the lead mode &,
from its residual reservoir is recorded, so that 0,, = -+, then

_ [dNT(z _
dc’(t,) = C(%)C (25)
Otherwise, if one records a jump off the lead mode k,, to its
residual reservoir, so that o, = —, then
dN~ (2
dc’ (1) = —C’(%)C’. (26)

Above, we use the shorthand
<dN+(t)> B AN k() <dN(t)) AN () 27
Cr e 1-Cy7 C Ch

3. Stochastic master equation for the covariance matrix

Finally, we combine the results presented in Sec. IIIB 1
and Sec. IIIB2 to obtain the stochastic ME governing the
trajectory of C”,

dC" (1) =[—(VC" +C'V") + C"BC"dt
L (ANTO\ A, L (ANT@O .,
+C( = )c —C(—Cr )C. (28)

Using Itd’s by which E[dN(@)f(p-(t)] =
th[(L]‘:TL,‘Z),(t)f(p,(t))], one recovers Eq. (5) for the
unconditional evolution of C. In Appendix D, a short
description is provided for the numerical implementation of
trajectory sampling relying on the covariance matrix.

Lemma,

IV. BAYESIAN ESTIMATION OF THERMODYNAMIC
CURRENTS

In the presence of time-dependent driving or multiple
reservoirs at different temperatures or chemical potentials,
currents of energy and particles will flow through the sys-
tem, irreversibly producing entropy. The average values of
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these currents are given by appropriate expectation values
with respect to the unconditional density matrix. Importantly,
the mesoscopic-leads formalism can reproduce exact NEGF
results for these average currents so long as the number of
lead modes L is large enough, as shown in previous works
[43,50,68]. Note that the currents of interest in our frame-
work are those exchanged between the lead modes and the
residual reservoir. This distinction is important, as we argue
that the currents measured in mesoscopic experiments, e.g.,
by an ammeter, correspond more closely to these internal
reservoir currents—especially in the strong-coupling regime.
In this regime, the presence of coherences and hybridization
blurs the boundary between the system and its environment,
making a clear separation between them effectively impossi-
ble. In this work, we aim to capture the fluctuations of the
time-averaged current that would be measured in an experi-
mental setting. These experimentally accessible fluctuations
can be obtained from our theoretical framework by ana-
lyzing the statistics of the integrated charge along quantum
trajectories.

In this section, we evaluate fluctuations of thermodynamic
currents along individual trajectories using the mesoscopic-
leads formalism. We interpret the conditional state p, as the
best estimate of the system’s state, given the measurement
record. The current is computed with respect to this condi-
tional state, which evolves as new data is acquired, reflecting
a Bayesian update of the observer’s knowledge, as commonly
understood in the theory of quantum trajectories [71]. As we
will show, the resulting stochastic currents reduce to standard
results on average and yield thermodynamically consistent
results for the fluctuations (see Sec. V). To this end, we detail
how to express these currents in relation to the trajectory
covariance matrix C”. In the main text, we present the re-
sults assuming perfect detection in all measurement channels.
More comprehensive findings considering imperfect detection
and different measurement configurations can be found in
Appendix C.

It is important to point out that our focus here is on the
currents exchanged between the extended system and the
residual reservoirs, termed external currents, as opposed to
the internal currents exchanged between the system and the
leads. We argue that it is the external currents that correspond
to those detectable in experiments, especially in the strong
coupling regime, where the system hybridizes with its envi-
ronment. For an in-depth discussion of internal and external
currents in the mesoscopic-leads formalism, please refer to
Refs. [42,43].

A. Particle current

The average (unconditional) particle current Iy (¢) flowing
into the extended system is defined through the continuity

equation for the total number operator N = ) o1 €ic)s
Nr
d(N)
" 2:; v, (1) (29)

where Iy, (t) = (L} [N]) denotes the particle current into lead

aandIy(t) = ZQ"‘:, Iy, (¢) is the net particle current. Note that
since [H, N] = 0, Tr[NLy[p(¢)]] = 0. This can be understood

intuitively, as hopping interactions within the extended sys-
tem conserve the total particle number. Therefore, the total
particle current is given soley as the sum over the net particle
currents flowing into the extended system from the residual
reservoirs.

Similarly, defined through a continuity equation, the net
particle current conditioned on the measurement record and
thus along a single trajectory, Iy (¢), is given by

dN), N,
- —;1%(0, (30)

so that I}, (t) = Y0 | Iy, (1), where

@

r 1 ofro
Iy ()dt = — EZ > TrINHILY LY )ppdt]

I
k=1 oe{+,—}

lo
+ > > TrINGILY1p.dN{ ] (3D

k=1 ce{+,—}

is the inferred particle current into lead «. We find

r r r r ~r dNoT(t) ~r
Iy (1)dt =Tr[C"B,C" — B,C"]dt + Tr| C C

C‘r
dn, (@)
— Tr|C"| —=—|C" |, (32)
Cr
where B, = I'y, — 2F, with
. Fkka Fkk if kK mode in lead o,
(Fot)kkv (Fa)kk - {O otherwise. (33)
‘We use the shorthand
<de(t)) 2D i g mode in lead @,
= = Kk
" 0 otherwise.
(dNJ(t)) _ ng:'(t) if k mode in lead «, (34)
- —_ kk
C Ju 0 otherwise.

The Bayesian nature of the current is apparent in Eq. (32)
by the fact that even the extraction of an electron (last term)
does not necessarily imply a current of —1. This is because
the covariance matrix also encompasses our uncertainty about
the number of particles within the extended system prior to a
detection event. Thus, even though a quantum jump definitely
corresponds to the detection of an electron, this does not imply
that the change in the occupation number of the extended
system is —1, since initially there was some uncertainty as
to the number of electrons in there.

Performing an ensemble average and making use of It6’s
lemma we find that the average (unconditional) particle cur-
rent is given by

Iy, (t) = Tr[Fy — T C(1)]. (35)

When plugging in the explicit form of F, and Iy, we recover

Za
I = Vialfiw = Cf 4Cha)s (36)

k=1
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which is consistent with the standard unconditional continuity
equation for the particle current, stated in Eq. (29), and is in
agreement with results derived in Ref. [50]. The change of the
total particle number along a single trajectory in time interval
[0, ] conditioned on the measurement record is given by

AN'(z,0) = /T I (t)de. (37)
0

B. Energy current

The average (unconditional) total energy current Ig(t)
flowing into the extended system is defined through the
continuity equation for the Hamiltonian of the extended
system H

dH) &
- = ;IEL, ), (38)

where Ig, (t) = (LI[H]) denotes the energy current into lead

o and Ig(t) = Zg‘;l Ig, (¢) is the net energy current. We find
that the energy current into the extended system via lead o
along a single trajectory, inferred on the basis of the measure-
ment record as discussed in Sec. IV A, is given by

|:Ba (C"HC’ — %(HC’ + CrH)>i|dt
LT [Hcr<dNa+ m)é’]
r ?
dN, (1)
_ Tr[HC’( a )c] (39)

The total inferred energy current is given by

If (1)dt =Te

Therefore the energy change along a single trajectory in
time interval [0, 7] conditioned on the measurement record is
given by

AE'(z,0) = / I (t)dr. (41)
0

Performing an ensemble average and using Itd’s lemma,
we find that the unconditional energy current is given by

Ie(t) = Tr[FH(t) - %F(C(I)H(t) + H(t)C(t))] (42)

When plugging in the explicit form of the Hamiltonian, we
recover

L L
1 .

Ie(t) =) verlfi — clei) — 3 D vilkkpchar + Kkfyat,cp),

k=1 k=1
(43)

in agreement with results derived in Ref. [50].
C. Heat current and measurement energy
The heat current is typically defined as
Nr

12(t) = > 15 (@) = pall (). (44)

a=1

However, in the energy current balance along trajectories
described by stochastic MEs involving jump operators that
are not eigenoperators of the Hamiltonian, a specific term
can be singled out [7,82,83] that poses ambiguity in its
interpretation—whether it should be considered as “quantum

, e . heat” current [84] or “measurement work™ current [7,9,82] is
Ip(t) = Z Ig, (t). (40)  not definitively established. It is given by [9]
a=1 |
L
dr o L Hin L7 oy
=3 5 szl $ e+ Y 3 ap i tde]
k=1 oe{+,—} k=1 oe{+,— k=1 oe{+ k)r
L
1 Te[{L7 7Ly, Ho}pr]
+ = dny dy 45
1y 3wl el 5 5 e )
=1 oe{+,—-} k=1 oe{+,—}
(
and is a result of the nonlocal nature of energy in interactions: contributes to entropy production and
Here the Hamiltonian of the extended system is split into
H = Hy + Hyy, where Hy = Hs + H; is the bare Hamiltonian [N, Li] = —ANiLy. (47)

consisting of the Hamiltonian of the system and that of the
leads, and H;,; = Hsy is the interaction between them. This
is important for the computation of the entropy production,
which we explore in detail in Sec. V. There, one considers
energy increments AE; exchanged between system and envi-
ronment, which are defined through

[Hy, Li] = —AER L. (46)

If the chemical potential is nonzero, then, additionally, par-
ticle exchange between the reservoirs and the lead modes

Here, as in many other cases of physical interest, the set
of jump operators is self-adjoint, and the jumps obey the
local detailed balance condition for the corresponding pairs
of operators, so that L,j = Lk_TeAsk/ 2. Therefore, the entropy
produced upon a jump in channel & is given by

A AE; AN 48)
Sk = — —Mr—
¢ . T

where 7, and u, are the temperature and chemical potential,
respectively, of the residual reservoir that mode k interacts
with.
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For the conditional measurement energy current for lead o we find

1 AN A - dNg N L,
Iz, ,dt =Tr|B,| C"HC" — E(HC’ +C'H) | |dt +Tr o C'HinC" | = Tr < C'Hin C"

2 C

The total measurement energy current is obtained as the sum
over the contributions from the different leads

Nr
Ig, =Y Ig,,. (50)
a=1
Taking the ensemble average, using It6’s lemma, we find
1
E[lg, | = _ETr[F(HintC + Hin O)]. (5D
Interestingly, when plugging in the explicit form of

the  system-lead interaction  Hjy = Hsp(t) = Zgil
P Ko xd) ar +H.c., as defined in Sec. I, then we find

Ne Lo

1 .
Ells,] = =5 ) verlkasdy o+ K540 fp). (52)
a=1 k=1

E[Ig,]1s thus exactly the term appearing in the energy current
due the coherent hopping interaction between the lead modes
and their respective coupling site in the central system; see
Eq. (43). Indeed, this kind of term has also appeared in many
other contexts, like the repeated interactions framework [85].

V. ENTROPY PRODUCTION ALONG A TRAJECTORY

By the second law of thermodynamics, changes in the
entropy of the universe (i.e., a closed system) due to an ir-
reversible process are positive. This, however, only holds on
average and for meso- and microscopic setups, fluctuations
around the average play an important role. In our setting,
where currents exchanged between the extended system and
its environment, one is bound to compute a stochastic entropy
production which becomes a measure of irreversibility along
single trajectories.

In general, the stochastic entropy production in the ex-
tended system along a single trajectory from time O to 7 is
given by

(53)

P,
S0t (170,71) = log ( F(r)>,

Pp(7)

which depends on the log-ratio of probabilities for the forward
trajectory ryo - and backwards trajectory 7o -] to occur (these
trajectories are precisely defined below). By averaging the ex-
ponentiated negative of the total stochastic entropy production
over the forward trajectories r, it is easy to show that

(e Strum) =1, (54)

a central result of stochastic thermodynamics [2,6,13,86,87].
This is known as the integral fluctuation relation and in turn,
by Jensen’s inequality (e*) > ™, leads to the second law

Cr

1 ATANFY - - 1 dN;\ - _
— =Tr _—r"‘ (C"H)C" + C"HyC") —ETr = |(C"HyC" + C"HyC") |. (49)

(

inequality

(St (ri0.71)), = 0. (55)

A. Two-point measurement scheme

The forward and backward trajectories can be precisely
defined within the framework of the TPM scheme, as schemat-
ically shown in Fig. 3 and detailed in Ref. [9]. In the TPM
scheme, the (stochastic) time evolution of the state in the
open interval (0, ), yielding the measurement record 7 r)
is framed by two measurements, one at the start (t = 0)
and one at the end of each trajectory (+ = ). The full
trajectory in the closed interval [0, 7], including the pro-
jective measurements, is termed the forward trajectory and
we denote the corresponding measurement record by 7 .
The observables measured here in the projective measure-
ments at the beginning and end of each trajectory (see
Fig. 3) are time-reversal invariant. In particular, we con-
sider the case in which each of the projective measurements
in the time-reversed backward process produces the same
outcome as in the forward process. This means that the
measurement record of the backward trajectory in between
the two measurements 7 ) is exactly the time-reversed
measurement record of the forward trajectory r( ) with
N; recorded jumps, so 7o) = {(T — tJNj, kNJ,, —on;), (T —
Uy, knj—1s =N, 1) s (T =15,k —01)} [18].

We now discuss the two projective measurements. To
this end, we first note that the initial state of the forward

Unconditional o
evolution . =Tle [ E(s)ds 195
=X p/ I
Pu’s I,
po=Z;p/ I — Forward
— Backward 1,
pnoy Hn() e
P IS
Hno
‘( pe
p.

FIG. 3. Schematic of the TPM scheme. In the first measurement,
the initial state py = p(0) is projected into its nth eigenstate I1°
with probability p°. Subsequently, this state evolves according to
the conditional evolution into p, = p, (7). Finally, p,(7) is projected
into the mth eigenstate IT7 of the unconditionally evolved initial
state p, = p(t) with probability p/7. The probability for the reverse
trajectory to start in the eigenstate IT, is given by p;, .

m
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trajectory may be written in its eigenbasis p(0) = ), p?l'[?.
If it were to evolve according to the unconditional evolu-
tion, then after time t the system would be in state p(7) =
T{elo £6Xs}5(0) = Y, ptIT7. The states p(0) and p(t) can
be understood as the ensemble-averaged initial and final
states, respectively. The initial state of each trajectory is sam-
pled from the spectral decomposition of p(0) via the first
measurement. In particular, in the TPM the first measurme-
ment projects p(0) into its eigenstate T1%, with probability p?.
The initial state of the trajectory is therefore p,(0) = I1°. This
state then time-evolves up to time t according to the condi-
tional evolution along a trajectory defined by the measurement
record. The final state of the trajectory is denoted by p, (7).
Finally, at time , there is a second projective measurement,
now in the eigenbasis of the ensemble-averaged final state
p(7) yielding IT; with probability p! = Tr[II} p.(t)]. The
probability for the time-reversed trajectory to start in IT}, is
given by p7 , i.e., its weight in the spectral decomposition of
the ensemble-averaged final state p(7).

The reason we are interested in computing the projection
probabilities p? and pf is that they appear in the expres-
sion for the total entropy production along a trajectory o ]
[see Eq. (53)], which for the TPM scheme can be expressed
as [9]

T
m

0

Stot (170,71) = log <%> + Er(o.m' (56)
Here we have split Syt (r[0.7]) into a stochastic entropy associ-
ated with the system state along a trajectory and the entropy
flux transferred to the environment. The first term accounts
for changes in Shannon self-information or surprisal of the
extended system between the two projective measurements
and has the same form in the classical analog [4,88]. The
entropy flux is given by

@

Nr 1 T AE° — g AN?
T == Y. fo ko Tf 2 AN (1),

a=1 k=1 oe{+,-}
(57)

where AE} o is assumed to be the energy of the lead mode k
in lead «, as discussed also Sec. IV C. A discussion of entropy
production and fluctuation theorems accounting for imperfect
detection may be found in Ref. [89].

B. Efficient computation of p°, C"(0), and p;,

In the following, we discuss how the projection probabili-
ties p® and p?, as well as the covariance matrix computed with
respect to the state after the first projective measurement C"(0)
may be obtained efficiently.

1. Probability for the forward trajectory to start in |s,)

The initial state of the extended system p(0) is Gaussian,
and therefore it may be expressed as

ot
e M(0)c

Z(0)

NstL —pdd]d;

= E Z0 (58)

p0) = ¢c=(c1,C2, ..., CNg+L)

where M? are the eigenvalues of M(0) and Z;(0) =1 + e,
The 2Ms+L eigenvalues of p(0) are of the form

Ns+L e_l"?sfl
0

S N 59
P 1} 70 (59)

12 Ns+L
sn

where 5, = s}s2. .. is a binary string, with s, € {0, 1}.

Note that ) = (U'M(0)U);, where U diagonalizes the

covariance matrix of the initial state C(0). The 2"s+X eigen-
vectors of p(0) are
Ns+L ‘
Isa) = [T @ 10). (60)

i=1

Note here that fermionic Fock states are Gaussian as they are
connected to the vacuum by a Gaussian unitary

Ns+L )
lsa) = Us10),  Us= [] @ d™, 61)
i=1
and
+d; (s5,=0)
d} = UdUl = (62)

+d]  (sh = 1),

where & stands for a phase factors and is not relevant for
whether the state is Gaussian. We then find

{d).d"y = 8. (63)

and therefore U, is Gaussian.

The probability of projecting p(0) onto its eigenstate [s,)
during the first projective measurement is determined by the
corresponding eigenvalue pC.

2. Covariance matrix after the first projective measurement

Given the covariance matrix C(0) computed with respect to
ensemble average state p(0), one constructs the diagonalising
unitary Uy, such that

C(0) = UpAU, (64)

where A = diag(eigenvals(C(0))).
The covariance matrix C”(0), computed with respect to the
eigenstate |s,) of p(0), is given by

C"(0) = Upny,, U], (65)

where (n,, )i = (84| d;f'd,- |s,), as detailed in Appendix A. Note
that the set of matrices {n} is simply given by the set of
all 2™%+L diagonal matrices with bit-strings of length Ns + L
(with letters either O or 1) on their diagonal. For instance, for
Ns+L=2: {n,}={diag((0,0)), diag((0, 1)), diag((1, 0)),
diag((1, 1)}
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3. Probability to project into the mth eigenstate of p(t)

The ensemble average final state of the extended system
p(7) is Gaussian, therefore it may be expressed as

e—c*M(r)c
Z(r) '

Ns+L e_“’[rdde"

= _ 66
11:! Zi(7) (66)

p(T) = ¢c=(c1,¢2, ..., CNg+L)

where ] are the eigenvalues of M(7), and Zi(t) = 1 + e M.
The eigenvalues of p(t) are of the form

Ns+L e,M,_rs;'n

= _— 67
Py £1ﬂﬂ (67)
and the eigenvectors of p(t) are given by
Ns+L )
lsm) = [ ] (@)™10). (68)
i=1

In the following we are interested in computing the proba-
bility of the final state of the trajectory p,(t) to be projected
into the eigenstate |sy ) (here in the original/operational basis)
of the ensemble average density matrix of the final state p(7),
with [s9) (s0 | =TI},

pr =T i) s ©

In particular, we are interested in computing it given only the
covariance matrix C(7) of the ensemble average of the final
state p(7) and the covariance matrix C"(t) of the final state of
the trajectory p, (7).

Let us first write p,(7) in the eigenmode basis of p(7)

, e—diod
P = ——. (70)
so that
P = Tr[p(T) |Sm) (Sml]. (71)

Using the functional determinant formula [90,91], which
maps a many-body expectation value onto a determinant in
single-particle space, we find

P = %det[l —ng, +n,,e ¢, (72)

where [s,,) = U |sy,) and

ng, = diag((s),. ..., spth)). (73)

The above expression can be further simplified, when re-
membering that Q and Y may be expressed in terms of the
covariance matrix C"(7) expressed in the eigenbasis of C(7),
to circumvent numerical complications arising from having
eigenvalues of either O or 1 in their spectrum,

_ 1-C"(7) _ 1
0 =log |:—C”(r) i|, Y =det [—1 — C"’(t):|’ (74)

so that

Py = det[(1 — n;,)(1 = C"(1)) + n,, C7(7)]. (75)

4. Probability for the backward trajectory to start in |s,,)

Now, what remains to be understood is the probability
for the reverse trajectory to start in the eigenstate |s,) of
the ensemble-averaged final state p(t). This probability is
simply given by the eigenvalue p;, of p(7) associated with the
eigenstate |s,,), defined in Eq. (67), and can thus be computed
following the same method as described in Sec. VB 1.

C. Uncertainty and martingale entropy production

As is well known, there exist multiple decompositions
of the total entropy production into physically meaningful
contributions [10,92]. Instead of splitting the total entropy
production into terms arising from the change of the system
state and from dissipation into the environment, one may split
St into two contributions that explicitly quantify the effect
of measurement backaction on entropy production within the
TPM scheme [9,10].

Explicitly, we can write

Slot (r[O,r]) = Sunc (r[(),r]) + Sman (r[O,r])~ (76)

The uncertainty entropy production is defined by

Sunc(r0,71) = —log (pf,) — S, (), (77)

where §,(7) = —log(Tr[p,(t)p(7)]) and p,(7) is the state
conditioned on the measurement record prior to the second
projective measurement, while p(t) is the unconditional fi-
nal state. Equation (77) measures how much information
we gain knowing the outcome of the second projective
measurement m(t)—and thus p,(t)—relative to knowing
only the unconditional state p(t). The martingale entropy
production, named for its characteristic of being an ex-
ponential martingale along quantum trajectories [10], is
given by

Smart (170,71) = log (Pg) +S,(v) + Ef((m' (78)

Both contributions to the total entropy production fulfill an
integral fluctuation theorem, so that (e~Swe(0m)) =1 and
(e~Smn(non)) = 1, and therefore are non-negative on average,
ie., (Sunc(r[O.r]»r > 0 and (Smarl(r[O,f]»r > 01[9].

Interestingly, this splitting allows one to describe classical
and quantum contributions at the level of single trajectories
separately. Sy,.(t) identifies the entropy production related
to the second projective measurement on the system—thus
is due to the intrinsic quantum uncertainty—and vanishes
in classical settings, where the system is always in one
of its eigenstates. Importantly, the uncertainty entropy pro-
duction is nonextensive in time, whereas the martingale
entropy production may be extensive in time, for example
in nonequilibrium steady states, because of its dependence
on the entropy flow due to a net heat exchange with the
environment.

In Sec. V B we have discussed how to compute p2, p?,, as
well as X, in terms of covariance matrices, given the state
is Gaussian fermionic at all times along the trajectory. Also
S,(7) can be computed relying soley on covariance matrices,

since for two Gaussian fermionic states p; = e~¢'Me /Z; and
0 = e—¢'Mae /Z», using using the Baker-Campbell-Hausdorff
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FIG. 4. Schematic of a single dot coupled to a fermionic reser-
voir in the mesoscopic-leads formalism.

formula, so that

_cf _cf
e~ Micg=eMe — __¢Ta e — ¢ Mye — ¢ [My, Male + . . .,

(79)
one can then show that
efc*Mlcefc*Mzc — e’CTXC (80)
with
x = log (e e™). (1)
Using the relation
Trle %] = det[1 4 ¢ *], (82)
we find
Tripypp) = LUE T, (83)

VAVY)

D. Verification of the integral fluctuation theorems
for entropy production

We now consider a setup in which a single quantum dot
with Hamiltonian

Hs=¢f'f (84)

is coupled to a fermionic reservoir, represented in the
mesoscopic-leads formalism, as shown in Fig. 4, in the steady
state. For simplicity, we consider the case in which the reser-
voir is described by a flat spectral density, given by

F we[_wm xs Wm x]
J(w) = o, (85)
0  otherwise

where I' denotes the coupling strength between the quantum
dot and the reservoir and wy,, 1 a hard cutoff. We choose
the set of lead mode energies {€;}, the couplings between the
quantum dot and the lead modes {«;} and the damping rates
of the residual reservoirs {y;} as described in Sec. II. Here we
choose the energies {¢;} via linear discretization. For details
on the construction of the Liouvillian governing the dynamics
of the the extended system given these parameters, we refer to
Sec. II. Trajectories are recorded using the TPM scheme, with
projective measurements taken in the eigenbasis of the steady
state of the extended system, both at the start and end of each
trajectory, as described in Sec. V.

We find that the integral fluctuation theorems for
Stol(}’[o,f]), Sunc(}’[o,f]), and Smm(r[oqr]) are verified indi-
vidually for their respective distributions after the second

7
X 0.75
050/ DY 20000] | P(Sunc)|4000 P(Sior)
) 2000 T
025 1000 2000
0 ‘ )
0 2 =5 ,0,.5
Sunc(?) Siot(7)
0.00
10° 10! 102 103 10*

No. of trajectories

FIG. 5. Verification of the integral fluctuation theorem in the
TPM scheme for the total entropy production (black), the uncertainty
entropy production (blue) and the martingale entropy production
(red) in the steady state. The insets show the distribution of Sy
(left) and S,y (right). The estimated probability densities P(Sy) and
P(Sync), respectively, are obtained by dividing the number of counts
over the total number of trajectories. Parameters: L = 10, up to
30000 trajectories, Wmayx = 1, € = Omax/4 I = Omax /8, T = ®max
L = Wmax/16, and 't = 50.

measurement, since the functionals (e~Set(0.2)) . (e Sume(o.e)y
and (e~Smn(0.)) converge to 1 as the number of trajectories
employed in the simulations increases, see Fig. 5. Notably,
convergence to the uncertainty entropy production fluctuation
theorem is reached the quickest, in agreement with results
presented in Ref. [9]. In all cases, approximate convergence
occurs after roughly 100 trajectories, a typical scale for the
convergence of the unconditional density operator in con-
ventional quantum trajectory simulations. However, complete
convergence of Sy, and Sp, is not achieved until two orders
of magnitude more trajectories, as we are examining a rather
detailed statistical property of the reservoir, requiring suffi-
cient sampling of tails of the distributions.

By demonstrating the validity of these fluctuation theorems
for entropy production, we have established the thermody-
namic consistency of the mesoscopic-leads approach at the
stochastic level. This represents one of the key results of
our work. Our framework naturally incorporates measurement
conditioning at the trajectory level, allowing us to also assess
how entropy production arises from uncertainty and martin-
gale contributions.

The inset of Fig. 5 shows the estimated distributions of the
total entropy production and uncertainty entropy production,
P(Stor) and P(Sunc), respectively. The total entropy produc-
tion appears to be close to a shifted Gaussian with positive
mean, verifying the second law inequality. By contrast, the
uncertainty entropy production instead shows a large peak
significantly closer to zero, with secondary peaks on both
sides of this central peak. We emphasize that the ability to
directly sample and visualize these detailed features of the
distribution is a key advantage of our method.
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We now briefly address why entropy production along
trajectories remains nonzero and its average does not vanish,
even in this example of an equilibrium process without exter-
nal driving. This arises from the definition of total entropy
production [Eq. (56)] under a local GKSL master equa-
tion, where bath-induced transitions do not mediate between
system eigenstates. As a result, a given relative surprisal
in measurement outcomes (log p?/pt) cannot be uniquely
linked to a specific heat change, unlike in a global GKSL
framework. Consequently, even in an equilibrium state, there
exists a distribution of total entropy flux. The nonzero average
stems from the exclusion of measurement energy [Eq. (45)]
in Eq. (56). However, including it would violate the inte-
gral fluctuation theorem in Eq. (54) [9]. The fact that the
average measurement energy [Eq. (52)] is nonzero is a well-
known issue in the mesoscopic leads framework and has been
discussed before in Refs. [42,43,50]. However, this small dis-
crepancy vanishes as the number of lead modes increases. We
have included a more detailed discussion of this feature of the
method in Appendix E.

VI. HEAT DISSIPATION FLUCTUATIONS IN FINITE-TIME
INFORMATION ERASURE

Having verified the thermodynamic consistency of our
approach, we now apply it to study heat fluctuations in
the paradigmatic example of finite-time information erasure.
Landauer’s principle asserts a fundamental limit to the ther-
modynamic cost of erasing information:

—AQ > Tlog(2), (86)

where —AQ is the heat dissipated into the bath during the
erasure process. The limit can be saturated only by a reversible
and isothermal process, which requires infinite time. Recently,
several studies have unveiled corrections to Landauer’s prin-
ciple that appear in finite-time protocols [73-75,93,94], but
these studies have mostly been limited to the regime of weak
system-bath coupling or slow driving.

Here we exploit our method to study how varying the
driving speed of the process impacts the dissipated heat fluc-
tuations during information erasure with strong system-bath
coupling. We consider a bit of information encoded in the
occupation of a single fermionic mode (bit mode). The bit
is erased by manipulating its time-dependent Hamiltonian,
Hs(t) =€) f f f, while in contact with a heat bath at tem-
perature T and chemical potential p. As above, we model this
heat bath by a mesoscopic lead, as prescribed in Sec. II.

Initially the bit mode and the lead modes are uncorrelated.
The bit mode has occupation % and the lead modes are pop-
ulated according to the Fermi-Dirac distribution f(e, T, w).
The aim is to reach the target state in which the bit mode
population is reduced to 0 and the lead modes are again uncor-
related and populated according to f(e, T, u). If the protocol
is successful, then one bit of information has been erased. To
this end an external drive is applied, so that the energy of the
mode changes according to

(87)

€)=+ (e - m(% - —Si“(z’”/”),

2

where €, denotes the energy splitting of the bit mode at the
final time. The overall coupling I" also changes over time as

€ . 5 t
I't)= —sin“ | 7— ). (88)
T T
Here we assume a flat spectral density

I'(t Wi € [—Wmax, @max
j(wk):{ () k [ a: a]’ (89)
0 otherwise
where wm.,x is a hard cutoff. We linearly discretize the
reservoir into L energy modes so that Aw = wyy) — oy =
2wmax /L and choose the damping rate y, = Aw. The time-
dependent coupling strength between the bit mode and the kth

lead modes is given by « () = %.

After the driving protocol is executed, the leads are left
to equilibrate for an additional time 7.q. This ensures that
the erasure protocol describes a cycle, resetting the lead
modes to their initial state, where the lead modes are uncorre-
lated and populated according to the Fermi-Dirac distribution
f(e, T, ). Further, it ensures that the total average heat
dissipated out of the extended system and into the residual
reservoirs, defined as

AQ'(t,0) = AE"(t,0) — nAN' (1, 0), (90)

matches the total average heat dissipated from the charge bit
into the lead modes, as shown in Fig. 6(b), given by

AQE(LO):/ dt'[Jg (") — wdn ()], O
0

where the so-called internal average particle and energy cur-
rents in the mesoscopic-leads formalism, exchanged between
the system and the lead modes in lead «, are generally defined
as [43]

J)(t) = i([Ny,, Hs, ), 92)

JE(t) = i([Hy,, Hsi, |) + Tr[HsL, Lol 1], (93)

respectively, where N, = ij’zl a; Qo ks JE@) =
SN JE@), and SN (1) = N IV ().

We find that the mean dissipated heat approaches
Landauer’s bound when the driving speed is reduced, as ex-
pected [see Fig. 7(a)]. Further, the quantum fidelity to the
target state, which for fermionic Gaussian states is given by
[42,95]

—M\/2 ,—My/2

Fiarllpn) = Ty /arn) = SR g

YAV)

approaches 1, as shown in the inset of Fig. 7(a). While it is
known how to compute fluctuations in the (internal) particle
current in the context of mesoscopic leads using full counting
statistics [68], this is not the case (yet) for fluctuations in
the (external) energy and heat currents. In the approach we
take here, we reconstruct the distribution of dissipated heat by
sampling from it, and we find (the trend) that also the variance
of the dissipated heat decreases as t increases, as shown in
Fig. 7(b).

Figure 7(c) shows a histogram of the heat distribution
obtained by trajectory sampling, which reveals distinctly
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FIG. 6. (a) Driving protocol of both site energy €(z) and coupling strength I'(¢): The equilibration period (outside the gray shaded region)
allows equilibration of the lead modes with respect to their residual reservoirs. (b) Time evolution of the dissipated heat from the system (blue)
and the extended system (red) during the execution of the driving protocol and equilibration time. As we allow for equilibration of the lead
modes to their residual reservoirs after uncoupling from the system site, they agree. The gray line indicates Landauer’s bound. The inset shows

the time evolution of the fidelity to the target state.

non-Gaussian statistics even under slow-driving conditions.
Previous work has shown that non-Gaussian heat statistics
appear during slow information erasure in the weak-coupling
regime, whenever quantum coherence is generated along the
protocol [73,74]. Here coherence is expected due to the strong
system-bath interaction; however, in contrast to the findings in
Ref. [73], we observe a negative skewness in the heat distribu-
tion. In addition, we observe rare events with extremely large
heat flow into the system, despite the majority of trajectories
yielding heat flow into the bath as demanded by Ineq. (86).
It is important to note that the model of the bath employed
here differs fundamentally with that of Ref. [73] and thus
agreement with those results is not to be expected. In par-
ticular, the dissipators and the Hamiltonian do not commute
even though together they bring the system to equilibrium for
large enough leads [42]. Figure 7(c) thus underlines the novel
and nontrivial features of heat fluctuations that can emerge at
strong system-bath coupling.

We also note that the heat distribution in Fig. 7(c) exhibits
fine structure that reflects the discrete nature the lead. These
features can be eliminated either by increasing the number of

@3.0{r 3., ® [
Y S 0032
? 2.5 E;o»s lgg!“
¥ & +0.030
w 2.0 S0 0 150 &
= S DGt |
Sis 2002817
E < . L)
[ > A
1.0 0.026 . .
50 100 150 50 100 150
IMnax (T + Teq) IMax (74 Teq)

lead modes or via a coarser binning procedure. The number
of lead modes thus sets the basic limit of energy resolution
within our method.

VII. DISCUSSION

The development of quantum stochastic thermodynamics
has often closely followed the classical theory, where the
notion of the trajectory is paramount. To make sense of
trajectories in the quantum regime, one typically defines a
trajectory as a sequence of classical measurement outcomes,
which are (or, in principle, could be) recorded by a detector. A
continuous-time description of quantum stochastic thermody-
namics therefore must invoke the theory of continuous weak
measurements [9], but such measurements lead to Markovian
open quantum system dynamics by their very nature. This
issue has limited previous work in this direction to the regime
of weak system-environment coupling.

In this work, we have extended the continuous-time tra-
jectory description of quantum stochastic thermodynamics
to the strong coupling regime by exploiting a Markovian

()
4000
3000
2000
1000
0

20 -5 -10 -5 0 5
—AQ(t+7eq)IT

FIG. 7. The mean (a) and variance (b) of the distribution of dissipated heat during the information erasure protocol both decrease as
a function of the protocol duration. The dotted line in (a) indicates the Landauer bound. The black dots represent data derived from the
distribution of dissipated heat obtained through trajectory sampling. In contrast, the line plot illustrates the results obtained when considering
the unconditional evolution of the system subject to the erasure protocol. The inset shows the quantum fidelity to the target state as a function of
the driving duration. (c) Trajectory-sampling of the distribution of dissipated heat (blue) reveals non-Gaussian statistics, even at slow-driving
conditions with I'y,,T = 100. The red vertical lines show the dissipated heat along the individual trajectories. The distribution’s mean is
represented by the black dashed line, while the Landauer bound is indicated by the solid line. Parameters: 40 000 trajectories, L = 20, W = 1,
T = wmax/109 M= _0~8wmaxs €max = 0-8wmax’ Fhax = emax/ﬂv and Iﬁmax.‘:eq = 30.
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embedding. In particular, we have presented a comprehensive
analysis of the conditional dynamics for the mesoscopic-
leads approach, applied to noninteracting fermionic systems.
We explicitly allow for imperfect detection and partial mon-
itoring, enabling the exploration of various measurement
configurations. Our analysis, based on the framework of quan-
tum stochastic thermodynamics, yields thermodynamically
consistent analytic expressions for particle and energy cur-
rents exchanged between the extended system and the residual
reservoirs. We emphasize that these external currents corre-
spond to those observable in experiments. They remain valid
even in the strong coupling regime, where the differentiation
between internal and external currents becomes pronounced.
We emphasize that testing these predictions would not require
an experimenter to identify or distinguish the lead from the
residual reservoirs: these are simply theoretical constructs.
Experimentally, one need only measure the integrated current
with an ammeter and compare with the integrated current
calculated using our method.

To validate the thermodynamic consistency of our for-
malism, we have shown that integral fluctuation theorems
for total entropy production, uncertainty entropy produc-
tion, and martingale entropy production hold. We note that
the Markovian embedding enables us to circumvent known
thermodynamic inconsistencies associated with conventional
GKLS MEs [83,85,96-105]. Finally, we have applied the
formalism to the example of finite-time erasure of a bit of
information stored in a charge qubit. By extracting fluctua-
tions of dissipated heat while varying the driving speed, we
have emphasized the method’s applicability beyond the slow-
driving regime. Further, we have demonstrated the method’s
capability to resolve the non-Gaussian statistics of the dissi-
pated heat, even in the slow-driving regime.

The approach presented here relies solely on the covari-
ance matrix of the extended system, enabling highly efficient
numerical computations for noninteracting fermionic systems.
However, our general expressions for stochastic currents hold
for arbitrary systems, and could be applied to interacting prob-
lems when combined with a tensor-network representation of
the state of the extended system [50]. While sampling the
eigenvalues of the density matrix in such a tensor-network
representation would be challenging, this step was needed
only to evaluate the stochastic entropy production and verify
the fluctuation theorems. Conversely, trajectory sampling of
charge and energy currents requires only the application of
local operations within the mesoscopic-leads formulation and
is thus straightforward for tensor-network theory, in principle.
Moreover, while we considered reservoirs with a flat spectral
density here for simplicity, it is important to highlight that
our method is versatile and can be extended easily to more
complex reservoirs with a nontrivial spectral density. Our
work thus paves the way to implementing the full toolbox
of quantum measurement-based control within a consistent
thermodynamic framework for mesoscopic systems.
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APPENDIX A: CONNECTION BETWEEN C AND r;

Given a fermionic Gaussian state p, of dimension (2V x
2V, with eigenstates {Is7)} and eigenvalues {A}, its covari-
ance matrix C, of dimension (N x N), is

2N
=Tr Z)‘Sk |s7) (s7| c;ci
k=1

Cj= TF[PC;Ci]

2N
= Z)\ékTr s¢) (se] clei] quc;;. (A1)
k=1
Let U diagonalize C such that
C=UDU", (A2)

where D is diagonal, with the eigenvalues of C on its diagonal.
We now denote

C* =Un,U", (A3)

where the set of matrices {n,} is simply given by the set of all
diagonal matrices of size (2¥ x 2V) with bit-strings of length
N (with letters either O or 1) on their diagonal. We then expand
the matrix elements of C in terms of the matrices C*

N 2N
Cj=Y rCl = aUny,U");
k=1 k=1

2N

C=U[> nyny |U".
k=1

(A4)

. . N
We can now identify D = ) ;| Ayn,.

APPENDIX B: GAUSSIANITY OF QUANTUM-JUMP
TRAJECTORIES

In this Appendix, we show that the conditional quantum
state remains Gaussian along the entire trajectory for the dy-
namics described in the main text, assuming the initial state
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is Gaussian. We invoke the results of Bravyi [80], who pro-
vided a complete characterization of Gaussian operators (e.g.,
Gaussian unitaries and Gaussian states) and Gaussian-
preserving maps. In particular, we will use the fact that a
product of Gaussian operators is itself Gaussian and that pro-
jective measurements in the Fock basis preserve Gaussianity.

First, we consider the no-jump evolution of an unnormal-
ized state p,, which is related to the normalized conditional
state by p, = p,/Tr[p,]. If no jump is recorded, then the
unnormalized state evolves according to

pr(t +dt) = =M p (1) (e Her ), (BI)
where the non-Hermitian Hamiltonian is
eff—H——Z Z L"'Lk (B2)
k=1 oe{+

After normalization, Eq. (B1) is equivalent to the no-jump
evolution in Eq. (12), i.e., with dNJ = 0, where we retain
terms up to first order in the infinitesimal time step dr.

At the same order, e~ Hend" = B, Uy,, where Uy, = e HY js
a unitary time-evolution operator generated by a quadratic

. . —_ _ oty
Hamiltonian, and E4, = e Yo LA cap be thought of as an

(unnormalized) Gaussian density operator. Therefore, if p,(¢)
is Gaussian, then Eq. (B1) is a product of Gaussian states and
Gaussian unitaries. This proves that p,(r + d¢) is Gaussian
and thus so is its normalized equivalent p, (¢ + dt).

To prove that the jump evolution is Gaussian, we first note
that the maps representing the state update after a projective
measurement in the Fock basis,

T ot
Cka,OCka +

_ Ck CZ,OC/CCZ
b k -
Tr[chkp]

Jip= )
Tr[ckcz,o]

(B3)

are Gaussian-preserving maps [80]. Indeed, fermionic Fock
states are connected to the vacuum by a Gaussian unitary, as
discussed in Sec. V B. The maps (B3) are unitarily equivalent
to the action of quantum jumps that create or destroy a fermion
in mode k, since

i
CrpCy
— (T Py,
Tr[chk,o] UnnlJ ph
) (B4)
CrPCk
— (T U,
Triel .

where Upy, =[], (cx + c;(') is a unitary particle-hole transfor-
mation. It is straightforward to prove that Uy, is a Gaussian
unitary because it preserves the canonical anticommutation
relations. Its actlon simply swaps creation and annihilation
operators, UphckU L, = Tcy, up to an irrelevant phase factor.
We thus see that the quantum jump evolution

pr(t +dt) = p,(0) + GILE1p, (1) = U (TEpr (), (BS)

is the composition of a Gaussian-preserving projective mea-
surement followed by a Gaussian unitary transformation, and
therefore is itself a Gaussian-preserving map.

APPENDIX C: IMPERFECT DETECTION

In the following, we generalize the results presented in
Secs. III and IV to scenarios of imperfect measurement or
different measurement configurations, as schematically shown
in Fig. 8.

1. Conditional dynamics

To be more general, we assume the freedom to indepen-
dently choose to monitor the distinct jump channels with
different efficiencies denoted as A} . Here a perfect detection
event is represented by A7 = 1, while setting A7 = 0 implies
that the corresponding jump channel remains entirely unmon-
itored [71]. The stochastic ME then is given by

dp, = — i[H, p,]dt——z Z H[LT LY | p,dr
k=1 oe{+
+Z Z )G[LY o, Te[ LY LY p, ]dt
k=1 oe{+,-}
+Z Z G[L7]pdNy . 1
k=1 oe{+,—-}

where E[dN]] = AZTr[L,erL,‘(’ p.]de. It follows that the co-
variance matrix evolves, conditioned on the measurement
record r, as

dCy () = i([H, cleil) dt——Z Z (H[L7 7Ly ]ele) de

k=1 oe{+,—
L
+ 20 > (1= AD(GH[L ] (27 L) e
k=1 oe{+,-}
L
+> Z (G [L7 )cles) dNY. (C2)
k=1 oe{+,—

a. No jump-conditioned evolution

Between two recorded jumps, C” evolves according to the
matrix equation
dcr

= (e + C'VH)+C'BC" + C"(F(1 — A)C”

—C'((C=F)(1 = A7), (C3)

where B=T —2F,V =iH+1B=W —F,and C" =1 —
C". Further, (1 — A7) =1 — A7,. In between jumps, the
survival probability p evolves under the differential equation

= —pZ Z AZ(LETLY) (C4)

k=1 oe{+

where we have used that p is given by the trace of the normal-
ized density matrix between jumps. Therefore, the survival

probability decays as
t
/ K(s)ds |, (CS5)
1,

pt) = p(ty,_,) exp (-

014105-15



LAETITIA P. BETTMANN et al.

PHYSICAL REVIEW E 112, 014105 (2025)

1) Monitor lead modes

A \
P < @ (T ]

2) Collect measurement record rg .

Time ¢
P < @
A
7 Y= |
@ NI
e
Time ¢

4) Compute expectation value of
observable O with respect to p,
instantaneous jump updates

KJ

3) Reconstruct p,
conditioned onr,

I

continuous no-jump evolution

A

Time ¢

T

T

Tr [Op,]

»
¥

FIG. 8. Particle transfer between all lead modes and their respective residual reservoirs is recorded with measurement efficiencies A7. The
expectation value of an observable O is computed with respect to the state conditioned on the measurement record r. When a quantum jump
is recorded, the state undergoes an abrupt update, leading to an instantaneous change in the expectation value of the observable. During the
intervals between jumps, the state evolves smoothly following the no-jump conditional evolution.

where

K(s) = Tr[ATFC ()] + TI[A~ (' = F)C"(s)].  (C6)

b. Jump-conditioned evolution

Upon recording a jump in a lead mode, denoted by

(ts,s km, om), C" is updated instantaneously. At =1, ,
dNy ; (t1,) = 8k, 860, € {0, 1} and therefore
dcy;(t,) =(GF[L7"]clei) (1,)- (C7)

If a jump onto the lead mode &, from its residual reservoir is
recorded, so that 0, = +, then

_ [ dN4(2 _
dc’ (1) = C(#)C (C8)
where C” = 1 — C". Otherwise, if one records a jump off the
lead mode k,, to its residual reservoir, so that o,, = —, then
dN— (¢
dc’(t,) = —C” (%)C (C9)

Above, we use the shorthand
(dN+(t)) B dN/f (1) (dN‘(t)) _dNC()
Cr e 1-C’ " Cho

¢. Stochastic ME for the covariance matrix

(C10)

The stochastic ME governing the trajectory of C”, condi-
tioned on the imperfect measurement record r, is given by

dC’(t) =[—(VC" 4+ C'V') + C"BC"dt
+ C'F(1—AT)C'dt —C"(I = F)(1 — A~

n C"(dN_Jr(t))C" _ C’(dN (t)>C’
cr cr

2. Particle current

)C"dt

(C11)

The stochastic particle current conditioned on the imper-
fect measurement record r into the extended system via lead

« is given by

Iy (t)dt =Tr[C"B,C" — B,C"]dt + Tr[C"(1 — A})F,CT1dt
— Tr[C"(1 — A, )T, — F,)C']dt
AN dN; (¢
Tr(C" ()C’ C’ﬁC’,
Cr Cr
(C12)
where B, = I', — 2F,, with
Tk, Fi if k mode in lead «,
(Fa)kkv (Fa)kk = {Okk kk otherwise.
(C13)
(1-A%), = 1 — A7, if k mode in lead a,
a/kk 7 |0 otherwise.
‘We use the shorthand
(de(t)) _ 2% gk mode in lead @,
I = kk
Ccr Kk 0 otherwise.
(C14)

if k mode in lead «,

otherwise.

(BE0) _[%
—_ kk
C Kk 0

3. Energy current

The stochastic energy current conditioned on the imperfect
measurement record r into the extended system via lead « is
given by

1
If (t)dr =Tr [BO, (C’HC’ — S(HC + C’H))}dt

+ Tr[HC'(1 — A})F,C1dt
— Tr[HC'(1 — A, )Ty — F,)C"1dt

nfe(#0)e]
Tr[Hcr<dN (’))cr].

(C15)
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4. Measurement energy current

The stochastic measurement energy current conditioned on the imperfect measurement record r is defined as

ZZTr

k=1 oce{+,—}

Lf’ 'HlmLk or]

{L7°L7 . )] +dtZ > H
dEIE:

L LkaHO /Or

L
XI
k=1
1 L
+ -

dt

=1 oe{+,—

L
5 Z Z (1 — AY)Te[Ho{LI LY, p/)]

L,(:'Lk
k=1 oe{+,—-}

(1—AY) Tr[L“'HlmLk or]
k=1 oe{+,—}

XL: > NP (H)

k=1 oe{+,-}

dtz Z

k=1 oe{+,—

(1 — AQ)H) (L7 TLY) . (C16)

The measurement energy current for lead o can be expressed in terms of the covariance matrix C”

1 L
Iy, dt =Tr|:Ba (C’HC’ — 5(HC" + C’H))]dt + Tr[(1 — A)F,C Hi €7 1dt — Tr[(1 — A, )Ty — Fy)C"HinC'1dt

1 _
— 5Tr[(l — ADF,(C"HyC”

dN+ r r
+ Tl (5 )€ HinC

APPENDIX D: MONTE CARLO TRAJECTORY SAMPLING

To numerically generate quantum trajectories, we employ
the following Monte Carlo algorithm:

(i) draw a random number R; between O and 1 (uniformly
distributed).

(i1) time evolve the survival probability p and the covari-
ance matrix C”, conditioned on the measurement record r, for
a duration of length ¢, such that p(¢;) = R;.

(iii) The probability for a jump prescribed by the collapse
operator L] after time #; to occur is given by

(LTTLY)(19)

Pio(ty) = T_R
— R

(DD
(iv) draw a second random number R, between 0 and 1 (uni-
formly distributed) to determine which jump to perform: The
corresponding collapse operator L“’" is the first one for which
the ordered sum

(D2)

Z Z Preo(ty) 2

k=1 ocel{+,—}

Note that by definition, Y _, > ety Pooty) = 1. Fi-
nally, the covariance matrix is updated according to the
corresponding jump as detailed in Sec. III.

Note that P, (t;) can be easily expressed in terms of the
diagonal elements of the covariance matrix, since (L:TL;), =

vefe(1 —C)and (L 'L, = ye(1 — f)C,.

_ 1
+ C"HyC")]dr — ETr[(l —

WNo ) ot
Cr nt

1Tr dNg (C"HoC" 4+ C"HoC") 1Tr AN,
2 Cr 0 0 2

A) Ty — Fy)(C"HyC" + C"HoCM)]dt

)(C’Hoc’ + C’HOC")]. (C17)

Ci’

(

APPENDIX E: STEADY-STATE HEAT CURRENT AND
ENTROPY PRODUCTION IN LOCAL GKSL MASTER
EQUATIONS

In the following, we elaborate on why, in the mesoscopic-
leads formalism or any local GKSL master equation, entropy
production along trajectories remains nonzero in a steady state
and why its mean is nonzero. This arises from the definition
of total entropy production

0

S (1021) = log<;’ )+2rm,), (El)

m

A0,

where X =—5 and

ro.1)

20, -3y >

a=1 k=1 oe{+

[a AN?
“ AN (t). (E2)

Assume the initial state is the steady state, and the first pro-
jective measurement yields outcome ng, corresponding to the
steady-state eigenstate projector IT,,. This state then evolves
stochastically over time 7. Crucially, the state at the end of
this trajectory is not guaranteed to be a steady-state eigen-
state. Instead, it has finite overlap with a set of steady-state
eigenstates (typically of size >1) and may be projected into
any of these by the second measurement in the TPM scheme.
As a result, the relative surprisal between the two measure-
ment outcomes cannot be uniquely associated with a specific
entropy flux X, . Consequently, even in a steady state, there
exists a distribution of total entropy flux. The nonzero average
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FIG. 9. Time-evolving steady-state heat current and entropy production after the first projective measurement, shown for cases excluding
(blue) and including (red) the measurement energy current. (a) Time-evolving average of the integrated heat current. When the measurement
energy current is excluded, a spurious heat current persists even in the steady state. Including the measurement energy current corrects this
discrepancy. (b) Distribution of the integrated heat current. (c) Distribution of the total entropy production. The modified entropy production,
Sot» is centered and sharply peaked around zero, as expected in a steady state. (d) Convergence to the integral fluctuation theorem [Eq. (54)]
for Sy, but not for Sy,. Parameters: L = 10, up to 30 000 trajectories, Wiy = 1, € = Omax /4, I' = Omax /8 T = Omaxs 4 = Omax/16, T'T = 50.

arises because measurement energy is excluded from Eq. (53),
as illustrated in Figs. 9(a)-9(c). Including the measurement
energy yields a modified entropy production Sy, which, how-
ever, would violate the integral fluctuation theorem in Eq. (54)
[9], as shown in Fig. 9(d). Interestingly, while this modified
entropy production appears to violate the standard fluctuation
theorem, it seems to converge rapidly to some fixed, finite
value. Exploring this feature further would be an intriguing
direction for future work, but it lies beyond the scope of this
study. The discrepancy between Si,; and Sior 1S expected to
be suppressed with an increasing number of lead modes per

bath, /, as the system-lead coupling, which contributes to the
measurement energy current, scales as «; o< 1/ \/Z . However,
due to both statistical constraints and the computational cost
of determining p;7 (see Sec. V), which grows exponentially
with the size of the extended system even for Gaussian sys-
tems, we limited our analysis to [ = 10, given the available
computational resources. Since sampling the distribution of
the (integrated) energy and particle currents, as opposed to
the entropy production, does not require relying on the TPM,
leads with a larger number of modes become feasible, as
demonstrated in Sec. VI, where [ = 20.
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