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We use the Kac-Rice formula and results from random matrix theory to obtain the average number of critical
points of a family of high-dimensional empirical loss functions, where the data are correlated d-dimensional
Gaussian vectors, whose number has a fixed ratio with their dimension. The correlations are introduced to model
the existence of structure in the data, as is common in current machine learning systems. Under a technical
hypothesis, our results are exact in the large-d limit, and characterize the annealed landscape complexity,
namely the logarithm of the expected number of critical points at a given value of the loss. We first address
in detail the landscape of the loss function of a single perceptron and then generalize it to the case where two
competing datasets with different covariance matrices are present, with the perceptron seeking to discriminate
between them. The latter model can be applied to understand the interplay between adversity and nontrivial data
structures. For completeness, we also treat the case of a loss function used in training generalized linear models
in the presence of correlated input data.
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I. INTRODUCTION

The celebrated success of machine learning (ML) is based
on the effective use of mostly local iterative algorithms that
are designed to “learn” features of data that are fed to them.
Underlying the learning process is the efficient search of the
local minima of cost (or loss) functions of the weights of non-
linear representations (such as perceptrons) of vast amounts of
input data. Once the weights are determined, they can be used,
e.g., for discrimination purposes on datasets stemming from
the same distribution. However, understanding the behavior of
these algorithms is limited by the unsuitability of traditional
statistical approaches in dealing with the fact that the size
of the training sample, the data dimension, and the weight
dimensions are typically quite large and often of the same
order [1,2]. Furthermore, the performance of local algorithms,
like gradient descent (or its variants), depends strongly on
the geometry of the loss landscape they operate on, which
is typically highly nonconvex [3]. Therefore, the success of
modern neural networks would suggest that although their
loss function might have many critical points (local minima
and saddle points), these points are typically rich in gen-
eralization. Nevertheless, on a fundamental level, the loss
landscape of such systems is still poorly understood, with only
a handful of available results in this direction [4–9].

To provide more clarity on this issue, in this paper, we will
address the geometry of the loss function of a single percep-
tron, a simple model of a neuron, which was first introduced
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as a trainable classifier [10]. It is also the building block of the
first models used in statistical physics for devising a theory of
learning [11–13] and has since been studied as a prototypical
spin-glass model. In its simplest form, the loss function takes
the form

L(w) = 1

m

m∑
μ=1

σ (wᵀξμ), (1)

where w ∈ Sd−1 is the weight vector and {ξμ}m
μ=1 are a set of

random data in Rd . In its traditional formulation, the activa-
tion function σ (·) is a step function with a specific threshold,
but choosing a smooth activation function brings the model
closer to modern machine learning applications. Furthermore,
as a statistical physics model, it has many interesting proper-
ties such as jamming and glassy behavior [14].

Our aim is to provide qualitative information on these
random loss landscapes by estimating the number of their
critical points for each of their level sets. Specifically, we are
interested in the quantity

N (B; L) = #{L(w) ∈ B | ∇L(w) = 0}, (2)

in the nontrivial scaling limit where d → ∞ and m/d → β >

1. This last constraint is required for L(w) to (almost surely)
have isolated saddle points that can be counted as such. In this
paper, we will focus on the so-called annealed critical point
complexity, whose asymptotic form in the large-d limit may
be defined as

�(B, L) = lim
d→∞

1

d
logEN (B; L). (3)

The expectation of N (B, L) over the random data vectors
{ξμ}m

μ=1 above can be obtained by applying the Kac-Rice
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formula [15]

EN (B, L) =
∫
Sd−1

dwE
[
p∇L(w)(0)1{L(w)∈B}

× | det ∇2L(w)|∣∣∇L(w) = 0
]
, (4)

where p∇L(w) is the probability density (with respect to the
distribution of the {ξμ}μ) of ∇L(w). In the above formula
and for what follows, ∇L(w) should be understood as the
derivative on the sphere, which is a vector in the tangent space
of Sd−1 at w and ∇2L(w) should analogously be considered as
a matrix operating on that space. Although we limit our inves-
tigation to the expected number of critical points, we expect
this number to be dominated by local minima at lower loss
levels, and by saddle points with a macroscopic number of
descent directions at higher loss levels. Indeed, recent related
work has shown that, when conditioned on low enough values
of L(w), it becomes exponentially rare for the bulk of the
Hessian ∇2L(w) spectrum to be nonpositive definite [4,5,16].

Recent advances in random matrix theory have been ap-
plied to understand the expectation in (4), resulting in the first
picture of the complex loss landscapes emerging from the in-
terplay between randomness and high dimensionality [4,6,16–
18]. But in practice, sources of complexity are not exhausted
there. For example, further richness of the resulting loss land-
scapes stems from the structure of the data distribution, which
is commonly far from white noise, contrary to the common
theoretical assumption. This structure is exactly what algo-
rithms should seek to identify and leverage for discrimination
or generation tasks. Each data vector can be generated from
one of several distributions, corresponding to the different
structure classes to be identified [1]. Alternatively, it can be
generated from a distribution whose structure is to be learned
and replicated [19,20]. This structure is expressed, among
other properties, in the correlations of the data distribution.
Specifically, even Gaussian distributions, when high dimen-
sional, can express surprisingly rich structure and capture
highly complicated datasets [21]. Furthermore, because of
universality and concentration of measure, high-dimensional
Gaussians are often not far in terms of properties from Lip-
schitz functions of high-dimensional Gaussians [21,22,23],
which in turn empirically seem to be able to approximate
common datasets with high precision, as is evident from the
success of modern generative models for images such as
generative adversarial networks (GANs) and diffusion models
[24–26]. A trivial example of a property, which only depends
on the covariance for data that are Lipschitz functions of
Gaussian random variables, is the empirical loss value, L(w)
for a given w.

Another relevant source of richness of loss landscapes,
which is encountered in practice, is the existence of com-
petition, i.e., the case where the models learn not only to
accept data from a specific distribution, but also to reject data
from other, related distributions. In discriminating tasks, this
process is evident, as common datasets contain many different
classes, some of which are similar and could confuse the
model [1,2]. In this context, an important example is the case
of GANs [20], where the discriminating model is trained to
antagonize a generator, which learns to approximate the target
distribution with increasing accuracy. The success of such

models stems from the increasing competition between the
two adversaries.

II. RELATED WORKS

The study of the convergence properties of descent meth-
ods has a long history since their introduction [27]. A
significant achievement has been the proof of convergence
of stochastic gradient descent (SGD) in the convex setting
[28]. Later investigations have focused on the characterization
of asymptotic trajectories and the limit points of SGD and
narrowed down the locations of these limit points to a subset
of the critical points [29]. Generally, there has been given par-
ticular emphasis in the exclusion of saddle points as limiting
points of local methods [30–32], since the loss landscape is
designed with its minima in mind. These results are greatly
illuminating of the mechanisms of SGD and its variants, but
practical needs increasingly move away from the scenarios
where they apply. This is partly due to their inherent lack of
any sort of nonasymptotic quantification of the rate of conver-
gence, which becomes increasingly important as the relevant
loss landscape becomes increasingly complex. Unfortunately,
only a few results go beyond convexity and low dimensional-
ity in a meaningful way for modern machine learning. These
aspects have been studied in limited but relevant models, in the
physics literature [33] and have recently also been rigorously
proven [34]. Furthermore, the dynamical mean-field theory
has been employed for capturing the performance of SGD
[35,36]. Of course, such analyses can only be carried out when
the loss landscape is fairly simple, yet they provide significant
intuition to the problem.

Moving to the analysis of local algorithms on more rel-
evant problems also requires understanding the geometry of
increasingly complex landscapes. A list of initial questions to
be addressed in the investigation of any landscape includes
the calculation of the number of saddle points and the local
minima. In the physics literature, there has already been an
interest in answering these kinds of questions for random
functions [37–40]. As a result, a toolkit drawn from statistical
physics, random matrix theory, and large deviations theory has
been developed for computing the expected number of saddle
points with specific properties [6,16]. A crucial part of this
toolkit relies on unproven assumptions regarding the Hessian
of the loss functions and can thus only provide conjectures,
but significant progress has been made in developing rigorous
methods and proving these results [41]. In particular, this
approach has been significantly enriched in the process of its
application to understand complex landscapes that arise in the
context of spin glasses [5,16,17,42–49].

The landscape analysis of spin glasses has provided insight
that can be applied to machine learning problems [17,50–52].
A number of more recent works have made more quantita-
tive connections between spin glasses and machine learning,
investigating the consequences that landscape complexity the-
ory would imply for machine learning [4,5]. These works
are significant in that there is no other known approach for
understanding the loss landscape of modern models in such a
global manner, but they are also limited in their domain of
applicability. The limitations fall in one of two categories:
either the models are taken directly from the field of spin
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glasses and are thus unconvincing in their correspondence
with modern machine learning models [53,54], or they only
model a handful of neurons [6] and so distance themselves
from the emergent properties of more contemporary models.
Nevertheless, both cases contribute significantly to the un-
derstanding of the properties of loss landscapes by modeling
multiple of their features, such as the randomness of the data
sample, the scaling between data and parameters, the nonlin-
earity, and complex interactions between the weights.

The proposed models also suffer from limitations that can
be somewhat mitigated by appropriate generalizations. One
such limitation stems from ignoring the existence of a data
structure, under the common assumption that the data are
(potentially labeled) white noise [6]. Overcoming this lim-
itation could be achieved by the introduction of correlation
for each datapoint. Another direction for generalization is the
introduction of adversarial data, as was done, for example, in
[5], in an attempt to model GAN loss-gain landscapes through
spin glasses. In the context of perceptron-based models, the
adversarial data can be introduced as a second set of data,
which the perceptron is motivated to suppress.

From an analytical point of view, the connection of these
methods with random matrix theory emerges through a ran-
dom matrix related to the Hessian of the loss function at each
point of the parameter manifold. Understanding the spectra of
these random matrices is important to evaluate the number of
critical points, whereas the analysis of the deviations of their
largest eigenvalues from the bulk leads to estimations of the
indices of critical points.

III. MAIN RESULTS

In this work, we consider the expected number of critical
points of the loss function L(w), EN (B, L), as well as the
expected number of critical points of a closely related family
of loss functions, which appear in the training of generalized
linear models (GLMs). These models, in their planted version,
aim to infer a vector w∗ from nonlinear observations of the
form σ (wᵀ

∗ ξμ) over a dataset {ξμ}m
μ=1. Such a loss function

typically has the form

L1(w) = 1

2m

m∑
μ=1

(σ (wᵀξμ) − σ (wᵀ
∗ ξμ))2. (5)

This task is closer to those usually considered in machine
learning when one is trying to train a classifier on data {ξμ}m

μ=1

to fit the labels {σ (wᵀ
∗ ξμ)}m

μ=1.
The landscapes of these models have been studied in the

case where the data are sampled from white noise, in the limit
where the number of data scales with the data dimension so
that m/d → β [6]. In our attempt to understand how the struc-
ture of the data affects the loss landscape, we will remain in
this asymptotic regime, but study the models in the case where
the data distribution has a nontrivial correlation structure,
expressed through an arbitrary correlation matrix � = RᵀR,
i.e., ξμ = Rzμ with zμ being d-dimensional white noise, i.e.,
zμ ∼ N (0, Id ). In our study, we will not fully investigate the
necessary conditions on � but instead limit our discussion to
matrices with bounded spectral norm, well-defined limiting
spectral distribution, and at most finitely many outlier eigen-
values, converging to specific values.

Finally, we formulate a model based on the perceptron that
aims to optimize a loss function that also takes into consid-
eration a dataset to be avoided. Suppose, for example, that
σ : R → [0, 1], and that we want to have an output as close
to 0 when the input comes from one dataset {ξμ}m1

μ=1 and as
close to 1 as possible when the input originates from another
dataset, namely {ξμ}m1+m2

μ=m1+1, thus discriminating between the
landscapes. Then, we might use the loss function

L2(w) = 1

m1

m1∑
μ=1

σ
(
wᵀξ 1

μ

)2 + 1

m2

m1+m2∑
μ=m1+1

(
1 − σ

(
wᵀξ 2

μ

))2

= 1

m1

m1∑
μ=1

σ1(wᵀR1zμ) − 1

m2

m1+m2∑
μ=m1+1

σ2(wᵀR2zμ), (6)

where, for reasons of notational convenience, we have in-
troduced σ1 = σ 2 and σ2 = (1 − σ )2, but we might as well
consider general σ1 and σ2. As a result, we have two com-
peting datasets, differentiated through the structure of their
covariance matrices G = R1Rᵀ

1 and � = R2Rᵀ
2 . It is impor-

tant to keep in mind that the perceptron cannot meaningfully
generalize in the discrimination task, since it only checks a
one-dimensional projection of high-dimensional data, yet we
study the resulting landscape as an illuminating scenario for
the landscapes that result in the interplay between structure
and competition.

A. Complexity Formula for L(w)

Since N (B, L) is typically an exponentially large quantity,
the calculation of its mean will require the usage of large
deviation principles (LDPs). In our results, we will express
EN (B, L) as an extremum of the free energy over an O(1)
number of macroscopic order parameters. Starting with the
loss function L, we introduce a number of order parameters
and their associated “free energy”-type functions in order to
state our results.

Consider the “geometric” order parameters ρ and q rep-
resenting the values of wᵀ�w and wᵀ�−1w, respectively.
Accordingly, their common domain is the image of Sd−1

under the mapping w → (wᵀ�w,wᵀ�−1w). It is worth
pointing out that, whereas every component of the resulting
formula (14) will depend on � only through its limiting spec-
tral distribution, the domain of ρ and q depends on the whole
spectrum, including any outlier eigenvalues.

It is convenient to define the vector y here, with ele-
ments yμ = wT ξμ, which are the arguments of the activation
function σ (·) in (1). Using this notation, we will need to an-
alyze the “statistical” order parameters f and κ , representing
the averages over the dataset {ξμ} of σ ′(yμ)2 and yμσ ′(yμ),
respectively, In addition, of course, 	 represents the value
of the loss, which can be expressed as the average of the
quantities σ (yμ). These parameters have also been defined
and appear in [6]. Accordingly, it is clear that the domain
of f is [miny σ ′(y)2, maxy σ ′(y)2], while the domain of κ is
[miny yσ ′(y), maxy yσ ′(y)] and the domain of 	 is B.

Furthermore, consider the “random matrix” order param-
eters φ and φ̄, representing the Stieljes transforms related
to a doubly-correlated random matrix model which will
be discussed in Sec. IV B. Equivalently, they represent the
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minimum mean square error (MMSE) of inferring a correlated
Gaussian signal through the matrix defined by the data under
additive Gaussian corruption, {ξμ}m

μ=1 [55,56]. Since these are
Stieltjes transforms, their extremization is unconstrained over
the upper half complex plane.

Finally, consider ν(dζ ), a probability measure representing
the limiting distribution of yμ over the dataset, conditionally
on the values of κ , f , and 	. This measure can be parametrized
by three auxiliary, real, unconstrained parameters, κ̄ , f̄ , and 	̄.
The explicit dependence on these parameters can be seen in
the expression of ν:

ν(dζ ) = 1

Z (	̄, κ̄, f̄ ; ρ)
e− 1

2 ζ 2− 1
β

Fν (ζ ;	̄,κ̄, f̄ ,ρ)dζ , (7)

where

Fν (ζ ; 	̄, κ̄, f̄ , ρ)

= 	̄σ (
√

ρζ ) + f̄ σ ′(
√

ρζ )2 + κ̄
√

ρζσ ′(
√

ρζ ), (8)

and

Z (	̄, κ̄, f̄ ; ρ) =
∫

dζe− 1
2 ζ 2− 1

β
Fν (ζ ;	̄,κ̄, f̄ ,ρ)

. (9)

The normalization Z is closely related to F S , the “statistical”
free energy that controls the deviation of the empirical distri-
bution of the input of the perceptron function from the normal
distribution. In particular, we have

F S (	, κ, f , ν; ρ) = 	̄	 + κ̄κ + f̄ f + β logZ (	̄, κ̄, f̄ ; ρ).

(10)

Taking the derivative with respect to the auxiliary barred
parameters in the above equation leads to a fluctuation-
dissipation type relation [57]. This reveals that the role of
these auxiliary parameters is to fix the values of the means
of the random variables they multiply in (8) with respect to
the distribution ν(·).

The “geometric” free energy, F SP, contains the probability
that a generic point on the sphere is a saddle point and controls
the deviations of the geometric parameters of the system, ρ

and q,

F SP(ρ, q; κ, f ) = 1
2 log(βe) − 1

2 log( f ) − 1
2Eλ�

log(λ� )

+ 1
2β κ2

f ρ (1 − ρq) − I (ρ, q), (11)

where λ� is a random variable distributed according to the
limiting spectral distribution of � and the rate function I (ρ, q)
is given by

I (ρ, q) = sup
ρ̄,q̄

1
2Eλ�

log
[
(1 − ρ̄ρ − q̄q)I + ρ̄λ� + q̄λ−1

�

]
.

(12)

Lastly, F RM controls the large deviations of the determinant
of the Hessian of the loss function at each saddle point

F RM (φ, φ̄; ρ, κ + iε; ν)

= β logEζ

∣∣∣∣1 + 1

β
σ ′′(

√
ρζ )φ

∣∣∣∣
+ Eλ�

log |((κ + iε)(1 + φ̄λ� ))| + Re((κ + iε)φ̄φ),
(13)

where we have made the dependence of F RM on the density
ν(ζ ) explicit. From the above definitions we can state our
main result:

Result III.1. The critical point complexity of L can be ob-
tained as the solution of the following extremization problem:

�(B; L) = sup
ρ,q, f ,κ,	∈B

(
F SP(ρ, q; κ, f )

+ inf
ν

lim
ε→0+

extrφ,φ̄

(
F RM (φ, φ̄; ρ, κ + iε; ν)

+ F S (	, κ, f , ν; ρ)
))

, (14)

where F S is defined in Eq. (10), F SP is defined in (11), and
F RM is defined in (13). The domain over which the order
parameters should be extremized is as described in the dis-
cussion above.

B. Complexity formula for L1(w)

Moving on to the loss function related to GLMs, we have a
similar formula for the complexity.

Result III.2. The critical point complexity of L1 can be
computed as the solution of the following extremization
problem:

�(B; L1) = sup
ρ,q,p,r, f ,κ,κ ′,	∈B

(
F SP

1 (ρ, q, r, p; κ, κ ′, f )

+ inf
ν

lim
ε→0+

extrφ,φ̄

(
F RM

1 (φ, φ̄; ρ, p, κ + iε; ν)

+ F S
1 (	, κ, κ ′, f , ν; ρ, p)

))
, (15)

where F SP
1 is defined in (62), F RM

1 is defined in (70), and F S
1

is defined in (68). The domains of the order parameters are
analogous to the one of (14), with the differences described in
Sec. V.

There are some notable changes with respect to Eq. (14),
which we should mention here. First, there are new functions
of the input of the perceptron that must be controlled, chang-
ing the meaning of κ , f , and 	, and introducing κ ′, which will
be defined in Sec. V. Additionally, we need to control a new
pair of geometric variables, given by p = wᵀ�w∗/

√
ρ and

r = wᵀw∗.

C. Complexity Formula for L2(w)

Finally, the expected number of critical points and hence
the complexity for the loss function in (6) can be expressed
compactly in the same form as (14), but the functions and the
meaning of the underlying parameters change significantly.

Result III.3. The critical point complexity of L2 can be
computed as the solution of the following extremization
problem:

�(B; L2) = sup
ρ,q, f ,κ,	∈B

(
F SP

2 (ρ, q; κ, f )

+ inf
ν

lim
ε→0+

extrφ,φ̄

(
F RM

2 (φ, φ̄; ρ, κ, ν, ε)

+ F S
2 (	, κ, f , ν; ρ)

))
,

(16)

where F SP
2 is defined in (88), F S

2 is defined in (97), and F RM
2

is defined in (93). The domains of the order parameters are
described in Sec. VI.
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The most important difference with Eq. (14) of Result
III.1 is that the underlying variables κ , f , ρ, φ, as well as
their barred counterparts, are now two-dimensional, e.g., κ =
(κ1, κ2) etc., containing one value for each dataset. Further-
more, q is now a six-dimensional variable, controlling various
geometric properties of the system, mixing � and G. More
details can be found in Sec. VI.

D. Notation

In the following (Secs. IV–VI), we discuss how one can
arrive at Results III.1, III.2, and III.3. Before we proceed
with that discussion, a comment on our notation is neces-
sary. Given a function σ : R → R, by abuse of notation, we
also extend σ : Rm → Rm through σ (y)μ = σ (yμ) and sim-
ilarly for arguments of different dimensions. We denote Id

the d × d identity matrix, and we might omit the subscript
when it is obvious. Furthermore, given a vector, say w ∈ Rd ,
let P⊥

w : Rd → Rd−1 be an operator such that P⊥
w w = 0 and

‖P⊥
w x‖ = ‖x‖ for any x⊥w. The discussion that follows is

independent of the exact choice of P⊥
w . We will also de-

note by P⊥
w the associated (d − 1) × d matrix. We denote

by ∂ the usual Euclidean gradient in the space Rd and by
∂∂ᵀ the Euclidean Hessian, while we reserve the symbols
∇ for the gradient induced to a manifold by its Riemannian
structure and ∇2 for the induced Hessian. In many cases,
given the self-averaging property of order parameters, we will
treat them both as random variables and as “thermodynamic”
state-defining variables. Accordingly, we will overload sym-
bols like q, ρ, 	, f , κ , etc., to denote both random variables
and parameters of a free energy (which should then be ex-
tremized over). Finally, in certain cases where compactness
of expressions is necessary, we will use the symbol 0+, by
which we mean that 0+ should be replaced by ε > 0 and this ε

should be taken to 0 after all extr operations in the expression
have been performed.

IV. PERCEPTRON WITH CORRELATED DATA: L(w)

We will start with details of the calculation for EN (B; L),
and then we will explain how they generalize to the other mod-
els. Our analysis follows in general terms the recipe presented
in [6] for the perceptron with uncorrelated data, although the
existence of the covariance matrices will result in significant
changes in all the steps. For clarity, we will break up the
derivation into four steps. The first, in Sec. IV A, will result
in an expression for the Hessian of the loss function and
the corresponding Kac-Rice formula, while the second step
appearing in Sec. IV B will provide details of the calculation
of the determinant of the Hessian matrix using random matrix
theory. Section IV C discusses a key and third part of the
analysis regarding the constrained integration of w over the
hypersphere, with the effect of the large deviations of the
empirical measure left for Sec. IV D.

A. Distributions of the gradient and the Hessian
of the loss function

It will be useful to first define a number of quantities. Let
Z ∈ Rd×m be the random matrix such that Ziμ = (zμ)i. Also,
recalling that ρ = wT RᵀRw, we may express the normalized

input empirical vector as y = 1√
ρ

ZT Rw. Conditional on w,
y is a Gaussian vector with y ∼ N (0, Im). Also, we intro-
duce the vector u = 1√

ρ
P⊥

w RᵀRw. We then have the following
proposition:

Proposition IV.1. Let κ = 1
m

√
ρyᵀσ ′(

√
ρy) and

f = 1
m ‖σ ′(

√
ρy)‖2.

(1a): There exists a normal random vector z′ ∈ Rd−1 inde-
pendent of y, such that the gradient of the loss function L(w)
has the following representation:

∇L(w) =
√

f√
m

((P⊥
w Rᵀ)(P⊥

w Rᵀ)ᵀ − uuᵀ)1/2z′ + κ√
ρ

u. (17)

(1b): There exists a (d − 1) × m random matrix Z ′, with
independent and identically distributed (i.i.d.) normal ele-
ments, independent from y, such that the Hessian of the loss
function L(w) on the sphere, conditionally on the constraint
{∇L(w) = 0}, can be expressed as

∇2L(w)

∣∣∣∣∇L(w)=0

= 1

m
(P⊥

w RᵀZ ′ + �)�(P⊥
w RᵀZ ′ + �)ᵀ

− κId−1, (18)

where � is the m × m diagonal matrix with σ ′′(
√

ρyμ) as
entries, i.e., � = diag(σ ′′(

√
ρy)), and � is a matrix of rank

at most 3.
Proof. Note that the gradient ∇ of a function on the sphere

w ∈ Sd−1 is orthogonal to w. Hence, we may express ∇L(w)
in terms of P⊥

w and the ambient derivative on Rd , ∂w, as
∇L(w) = P⊥

w ∂wL(w), which can be further expanded as

∇L(w) = 1

m
P⊥

w RᵀZσ ′(
√

ρy). (19)

Since P⊥
w RᵀZ and y are jointly Gaussian, we have that

P⊥
w RᵀZ − P⊥

w RᵀE[Z|y] is independent from y. From the rules
about conditioning Gaussian random variables, we have that

E[zμ|yμ′] = δμ,μ′E[zμyμ]E[(yμ)2]−1yμ

= δμ,μ′
1√
ρ

Rw yμ. (20)

Thus,

P⊥
w RᵀE[Z|y] = uyᵀ. (21)

With a straightforward calculation, we can see that

Cov[P⊥
w Rᵀzμ − uyμ] = (P⊥

w R)(P⊥
w R)ᵀ − uuᵀ. (22)

Combining Eqs. (21) and (22) together with the fact that

P⊥
w RᵀZ − P⊥

w RᵀE[Z|y] is independent from y, we see that
there exists a (d − 1) × m random matrix Z ′, with i.i.d. nor-
mal elements, independent from y such that

P⊥
w RᵀZ = ((P⊥

w R)(P⊥
w R)ᵀ − uuᵀ)1/2Z ′ + uyᵀ. (23)

The part (1a) follows directly from the above representation
and Eq. (19).

Now, consider the expectation of Z conditionally on the
value of ∇L(w). We can calculate this expectation as above to
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get

E[Z|∇L(w)] = σ ′(
√

ρy)(P⊥
w Rᵀ)ᵀ

× ((P⊥
w Rᵀ)(P⊥

w Rᵀ)ᵀ)−1∇L(w)ᵀ, (24)

which is a rank 1 matrix. Once again, due to the Gaussianity
of Z and ∇L(w), P⊥

w Rᵀ(Z − E[Z|∇L(w)]) is independent of
∇L(w). Thus, P⊥

w RᵀZ differs from P⊥
w RᵀZ|∇L(w) only by a

matrix of rank 1. However, by Eq. (23), P⊥
w RᵀZ differs from

P⊥
w RᵀZ ′ by a matrix of rank at most 2. As a result, we have

P⊥
w RᵀZ|∇L(w) = P⊥

w RᵀZ ′ + �, (25)

with rank(�) � 3.
The Hessian on Sd−1, ∇2L(w), is connected with

the Hessian on Rd , ∂w∂ᵀ
wL(w), through ∇2L(w) =

P⊥
w ∂w∂ᵀ

wL(w)P⊥ᵀ
w − wᵀ∂wL(w)P⊥ᵀ

w . Thus, after some
algebra, the Hessian of L(w) may be written as

∇2L(w) = 1

m
(P⊥

w RᵀZ )�(P⊥
w RᵀZ )ᵀ − κId−1. (26)

Applying (25) here, we arrive at (1b). �
It is important to stress that the difference between the

Hessian matrix conditioned on the vectors y and ∇L(w) = 0
(in (18) and the unconditioned matrix Hessian in (25) are low
rank perturbations, which will be insignificant in this analy-
sis, where only bulk random-matrix properties are important.
Considerations of outlier eigenvalues carry information on the
nature of the dominating critical points with a given loss, for
example, if they are local minima or saddle points, which will
not be investigated here.

Now, with knowledge of the distribution of the derivative
and the Hessian, we can make use of the Kac-Rice formula
(4), which we rewrite in the following form [6,15] by disin-
tegrating to condition the determinant of the Hessian on the
value of y:

EN (B, L) =
∫
Sd−1

dwEy
[
p∇L(w)|y(0)

× E[| det ∇2L(w)||∇L(w) = 0, y]
]
, (27)

where now the probability density p∇L(w)|y that appears is that
of ∇L(w) conditioned on the values of y.

B. Derivation of FRM: Expectation of the determinant

To calculate E[| det ∇2L(w)||∇L(w) = 0, y], we will
make use of the assumption that typically the logarithm
of the determinant of a random matrix of the form H =
1
m (P⊥

w RᵀZ ′ + �)�(P⊥
w RᵀZ ′ + �)ᵀ is dominated by its mean

value to an exponential scale:

logEZ [| det(H − κI )|] = EZ [log | det(H − κI )|] + O(1),

(28)

and that the eigenvalues of H − κ rarely get close enough
to zero to obstruct the evaluation of E[log | det(H − κI )|] by
treating it as a spectral statistic through a random matrix limit
theorem:

1

d
EZ [log | det(H − κI )|] = Eλ log |λ − κ| + O

(
1

d

)
, (29)

where λ is distributed according to the (random) limiting spec-
tral measure of H |y. Probabilistic control of the error terms in
(28) and (29) to superexponential rate is expected, but remains
highly nontrivial from a technical perspective. Such control
is a highly motivated and common assumption, necessary
to proceed with the study of these models [6]. In specific
models, these results can be obtained directly [5,16,42]. In
general, attempts at rigorous proofs have been fruitful, yet
still unable to tackle a model like the one considered here
[41]. Nevertheless, this assumption was proven in the case
where H is a sample covariance matrix formed from samples
of a distribution with i.i.d. elements [41], which is quite close
to our case. In the model under consideration, as in [6], the
main technical difficulty of rigorously proving the desired
results is the presence of the low rank perturbation �. We
expect this difficulty to be only of a technical nature, since the
spikes are not expected to drastically affect the spacing of the
eigenvalues, which is the important statistic here. Notably, the
“mutual information” tr log(H − κI ) is an extensively studied
object with a well-known Gaussian limiting law with finite
variance [55,58,59].

Given the above conjecture, we now only need the spectral
measure of H for fixed y. By the Cauchy interlacing lemma
[60], a fixed rank perturbation like the matrix � does not
affect the logarithmic potential to first order, and so we will
ignore it. We will work with the potential defined on C+
by G(z) = E log(z − λ), which is connected to the logarith-

mic potential through Re[G(κ + iε)]
ε→0+−−−→ E log |λ − κ|. We

know from [61], that the potential G(z) can be understood
through the random matrix free energy F̃ RM , whose depen-
dence on ν will be kept implicit as follows:

F̃ RM (φ, φ̄; ρ, z) = βEζ log

(
1 + 1

β
σ ′′(

√
ρζ )φ

)

+ Eλ�
log(z + zλ�φ̄) + zφφ̄, (30)

where ζ is distributed according to the random measure νy =
1
m

∑
μ δyμ

and, as mentioned in Sec. III, λ� is distributed
according to the limiting spectral measure of �. Specifically,
we have

G(z) = extrφ,φ̄F̃ RM (φ, φ̄, ρ, z). (31)

Combining Proposition IV.1 and (31) with (28) and (29), we
obtain the following result:

Result IV.2. Consider F̃RM as defined in Eq. (30), then we
have

lim
d→∞

1

d
logE[|∇2L(w)||y,∇L(w) = 0]

= lim
ε→0+

extr(φ,φ̄)∈C2 Re[F̃ RM (φ, φ̄; ρ, κ + iε)]. (32)

The extremal point of F̃ RM is the unique solution of the
fixed point equations obtained from differentiating (30)

−zφ̄ = E
σ ′′(

√
ρζ )

1 + 1
β
σ ′′(

√
ρζ )φ

, (33)

−zφ = E
λ�

1 + λ�φ̄
. (34)
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In the interest of obtaining a closed form for E log |λ − κ|,
we can expand the real part of F̃ RM for small values of the
imaginary part of the argument of G(z), namely κ + iε, thus
obtaining

Re[F̃ RM (φ, φ̄; ρ, κ + iε)]

= βEζ log

∣∣∣∣1 + 1

β
σ ′′(

√
ρζ )φ

∣∣∣∣
+ Eλ�

log |((κ + iε)(1 + φ̄λ� ))| + Re[(κ + iε)φ̄φ].

(35)

C. Derivation of FSP: Integration around the sphere

Next, we perform the integration with respect to w. The
following proposition describes how the integral can be com-
puted using a large deviation principle. It is based on the
observation that p∇L(w)|y(0) depends only on the statistical and
the geometric order parameters.

Proposition IV.3. Assume that the matrix � has a well-
defined limiting spectral distribution and let λ� be a random
variable distributed according to that distribution. Further as-
sume that the eigenvalues of � are bounded away from 0 and
∞, independently of d . Consider the set Q ⊂ R2 to be the
image of Sd−1 under the mapping w → (wᵀ�w,wᵀ�−1w)
and the set

Q̄ = {(ρ̄, q̄) ∈ R2|(1 − ρ̄ρ − q̄q)I + ρ̄� + q̄�−1 
 0}.
(36)

Then we can define the rate function I : Q → R

I (ρ, q) = sup
ρ̄,q̄∈Q̄

1

2
Eλ�

log

(
1 − ρ̄ρ − q̄q + ρ̄λ� + q̄

1

λ�

)
,

(37)

and the free energy

F SP(ρ, q; κ, f ) = 1

2
log(βe) − 1

2
log( f ) − 1

2d
log det (�)

+ 1

2
β

κ2

f

(
1

ρ
− q

)
− I (ρ, q). (38)

Given these definitions, for F : Q → R bounded by an O(1)
constant, we have the following asymptotic result:

lim
d→∞

1

d
log

∫
Sd−1

dw p∇L(w)|y(0) edF (wᵀ�w,wᵀ�−1w)

= sup
ρ,q∈Q

(
F SP(ρ, q; κ, f ) + F (ρ, q)

)
, (39)

with κ and f defined in Proposition IV.1.
Proof. To work with the expression of p∇L(w)|y(0), we be-

gin with the following consequence of the Woodbury matrix
formula:

((P⊥
w Rᵀ)(P⊥

w Rᵀ)ᵀ − uuᵀ)−1 = P⊥
w �−1P⊥ᵀ

w . (40)

As a result, we have up to leading order in the exponent

p∇L(w)|y(0) = (2π )−d/2det

(
1

m
f �

)−1/2

e− κ2

2ρ
uᵀ( 1

m f �)−1
u
.

(41)

Recalling that u = 1√
ρ

P⊥
w �w, Eq. (41) can be written as

1

d
log p∇L(w)|y(0) = 1

2
log(m) − 1

2
log(2π f ) − 1

2d
log det(�)

− βκ2

2ρ2
wᵀ�P⊥

w ( f �)−1P⊥
w �w, (42)

thus getting
1

d
log p∇L(w)|y(0)

= 1

2
log(m) − 1

2
log(2π f ) − 1

2d
log det(�)

+ 1

2
β

κ2

f ρ
(1 − ρwᵀ�−1w). (43)

Since we need to integrate the w dependence over the sphere,
we need the joint LDP of wᵀ�w and wᵀ�−1w, when w

is seen as a uniform random variable on the sphere. The
Gaussian analog of this problem is well studied [62], and in
the spherical case it reduces to determining the leading order
of the volume of the high-dimensional ellipse that is defined
by fixing ρ and q. This volume can be computed utilizing
the spherical symmetry of Gaussian random variables. For
the reader’s convenience, we present this computation in Ap-
pendix A. Applying Proposition A.1 and using the limiting
spectral distribution of �, we see that the rate function of
(wᵀ�w,wᵀ�−1w) is given by I (ρ, q).

Then, what is left to do is to apply Varadhan’s lemma
[63] for the function log p∇L(w)|y(0) + F (w�w,w�−1w).
The conditions of Varadhan’s lemma are satisfied because of
the boundedness assumption on F and because of assumed
bounds on the eigenvalues of �. The statement of the propo-
sition thus follows from (43). The constant term comes from
the volume of the d-dimensional sphere. �

Notably, the function inside the supremum in (37) is jointly
concave with respect to ρ̄ and q̄.

D. Derivation of FS: Large deviations of empirical measures

Finally, we are left with the expectation over y, which
appears only as statistics of ζ in the order parameters 	, κ ,
and f and in F̃ RM . Since ζ is distributed according to the
empirical measure νy, we can use Sanov’s LDP for empirical
measures. According to Sanov’s LDP [63], the rate function
for νy is −βH(νy|N ), where N is the one-dimensional nor-
mal distribution (since y when unconstrained is Gaussian)
and H is the relative entropy [63]. To find the infimum over
the measure νy, we need to take into account that the order
parameters f , κ , and 	 are random variables that depend
on νy through the relations f = Eζ σ

′(ζ )2, κ = Eζ ζσ ′(ζ )
and 	 = Eζ σ (ζ ). In addition, F̃ RM includes the expectation
Eζ log |1 + 1

β
σ ′′(

√
ρζ )φ|. Hence, to constrain the measure to

fixed values of 	, κ , and f we introduce auxiliary parameters
	̄, κ̄ and f̄ as Lagrange multipliers, and then minimize νy for
these parameters fixed, using Sanov’s theorem. Subsequently,
we can obtain the infimum with respect to these parameters.
However, care should be taken, since the values of φ, φ̄

depend on these parameters themselves through (33). These
considerations lead to the following result, which remains
heuristic, because of the nonrigorous exchange between the
extremization over φ and φ̄ and the minimization over ν.
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Result IV.4. Let Kρ,β be the (three-dimensional) space of
all measures of the form

ν(dζ ) = 1

Z (	̄, κ̄, f̄ ; ρ)
e− 1

2 ζ 2− 1
β

Fν (ζ ;	̄,κ̄, f̄ ,ρ)dζ , (44)

where Fν is given by

Fν (ζ ; 	̄, κ̄, f̄ , ρ) = 	̄σ (
√

ρζ ) + κ̄
√

ρζσ ′(
√

ρζ )

+ f̄ σ ′(
√

ρζ )2, (45)

and Z is defined for each ν by normalization. Furthermore,
consider the free energy F S as defined in (10)

F S (ν; 	, κ, f , ρ) = 	̄	 + κ̄κ + f̄ f + β logZ (	̄, κ̄, f̄ ; ρ).

(46)

Finally, let pS : R3 → R be the joint probability density of the
random variables Eζ σ

′(ζ )2, Eζ ζσ ′(ζ ) and Eζ σ (ζ ), with these
quantities being random due to the underlying randomness of
the measure ν(dζ ). Then, in the large m limit, we can use

logE
[

exp
(
extr(φ,φ̄)∈C2 Re

[
F̃ RM (φ, φ̄; ρ, κ + i0+)

])| f , κ, 	
] + log pS ( f , κ, 	)

= β inf
ν∈Kρ,β

(
extr(φ,φ̄)∈C2 F RM (φ, φ̄; ρ, κ + i0+; ν) + F S (	, κ, f , ν; ρ)

)
, (47)

where E[·| f , κ, 	] denotes the expectation conditional on the
equations f = Eζ σ

′(ζ )2, κ = Eζ ζσ ′(ζ ), and 	 = Eζ σ (ζ ).
where by κ + i0+ we mean that the limit of the imaginary
part ε → 0+ should be taken after the extr operation. F RM is
as defined in Eq. (13).

The change from F̃ RM to F RM presented in (47) results
from taking the infimum over ν within the extremization over
φ and φ̄, in order to calculate the expected value E log |1 +
1
β
σ ′′(

√
ρζ )φ| in (35). This amounts to replacing that expecta-

tion with logE|1 + 1
β
σ ′′(

√
ρζ )φ| and adding the rate function

F S to the total LDP.
Finally, applying Result IV.2 and then Result IV.4, we

can compute the expectation of the determinant conditionally
on f , κ , 	 and {∇L(w) = 0} through the right-hand side of
(47). Then we perform the integration over Sd−1 by applying
Proposition IV.3. Finally, the result is obtained by taking the
expectation over κ , f and 	, which amounts to maximizing
over their values on the exponent, by a standard application
of Laplace’s method. Thus, we arrive at Result III.1 and its
discussion as presented in Sec. III.

V. GENERALIZED LINEAR MODELS: L1(w)

In this section, we will explain the main changes in
the above procedure when calculating EN (B; L1) instead of
EN (B; L). In this case, in addition to zᵀ

μRw, a second set
of Gaussian random variables appears, namely zᵀ

μRw∗. The
correlations between these two sets of random variables are
nonzero only on the same data index

E[(wᵀRzμ)(wᵀ
∗ Rzμ′ )] = δμμ′wᵀ

∗ RRᵀw. (48)

Now, the loss can be written in terms of two independent
N (0, Im) vectors, y and y′, as follows:

L1(w) = 1

2m
‖σ (

√
ρy) − σ (

√
py + √

ρ∗ − py′)‖2. (49)

We thus see the appearance of a new order parameter,
√

p =
w

ᵀ
∗ RRᵀw/

√
ρ, as well as the (fixed) variable

√
ρ∗ = ‖Rᵀw∗‖.

Some definitions will be useful to proceed. For this sec-
tion only, let P⊥

w be the (d − 2) × d matrix projecting to the
space spanned by w and w∗. Define then u = 1√

ρ
P⊥

w RᵀRw and

v = 1√
ρ∗−pP⊥

w RᵀR(w∗ −
√

p√
ρ
w). Finally, we will make use of

the following auxiliary functions:

θσ (z, z′) = (σ (z) − σ (z′))σ ′(z), (50)

and

ψσ (z, z′) = (σ (z) − σ (z′))σ ′′(z) + σ ′(z)2. (51)

Then, we have the following analog of Proposition IV.1:
Proposition V.1. Let

κ = 1

m

m∑
μ=1

θσ (
√

ρyμ,
√

pyμ + √
ρ∗ − py′

μ)
√

ρyμ, (52)

κ ′ = 1

m

m∑
μ=1

θσ (
√

ρyμ,
√

pyμ + √
ρ∗ − py′

μ)
√

ρy′
μ, (53)

and

f = 1

m
‖θσ (

√
ρy,

√
py + √

ρ∗ − py′)‖2. (54)

(1a): There exists a normal random vector z′ ∈ Rd−1 inde-
pendent of y, such that the gradient of the loss function L1(w)
has the following representation:

∇L1(w) =
√

f√
m

(P⊥
w RᵀRP⊥

w − uuᵀ − vvᵀ)1/2z′

+ κ√
ρ

u + κ ′
√

ρ
v. (55)

(1b): There exists a (d − 1) × m random matrix Z ′, with
i.i.d. normal elements, independent of y, such that the Hessian
of the loss function L1(w) on the sphere, conditionally on the
constraint {∇L1(w) = 0}, can be expressed as

∇2L1(w)

∣∣∣∣∇L1(w)=0

= 1

m
(P⊥

w RᵀZ ′ + �)�(P⊥
w RᵀZ ′ + �)ᵀ − κId−1, (56)
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where � is the m × m diagonal matrix with
ψσ (

√
ρyμ,

√
pyμ + √

ρ∗ − py′
μ) as entries, i.e.,

�μ,μ′ := δμ,μ′ψσ (
√

ρyμ,
√

pyμ + √
ρ∗ − py′

μ), (57)

and � is a matrix of O(1) rank.
Proof. The proof follows the proof of Proposition IV.1

without any noteworthy deviation. �
Under this change of �, the same random matrix theory

result as above is still applicable [61]. Applying it, we obtain
the following free energy:

F̃ RM
1 (φ, φ̄, ρ, p, κ + iε; )

= Eλ�
log(1 + φ̄λ� )

+ βEζ ,ζ ′ log

(
1 + 1

β
ψσ (

√
ρζ ,

√
pζ + √

ρ∗ − pζ ′)φ
)

+ (κ + iε)φ̄φ + log(κ + iε), (58)

where now the random variable ζ ′ also appears, which is
distributed according to the empirical distribution of the co-
ordinates of y′. In conjunction with similar assumptions on
the Hessian and Proposition V.1, we obtain, similarly to
Sec. IV B, the following result:

Result V.2.

lim
d→∞

1

d
logE

[|∇2L1(w)|∣∣y,∇L1(w) = 0
]

= lim
ε→0+

extr(φ,φ̄)∈C2 Re
[
F̃RM

1 (κ + iε; φ, φ̄)
]
. (59)

As new geometric parameters have appeared in the distri-
bution of ∇L1, to perform the integration over w, we need a
joint LDP for ρ, q, p, as well as r = w

ᵀ
∗ w. This LDP can be

characterized through Proposition A.1. Specifically, we obtain
the following proposition:

Proposition V.3. Assume that the matrix � has a well-
defined limiting spectral distribution, and let λ� be a random
variable distributed according to that distribution. Further,
assume that the eigenvalues of � are bounded away from
0 and ∞, independently of d . Consider the set Q1 ⊂
R4 to be the image of Sd−1 under the mapping w →
(wᵀ�w,wᵀ�−1w,w

ᵀ
∗ RRᵀw/‖Rᵀw‖,wᵀ

∗ w) and the set

Q̄1 =
{

(ρ̄, q̄, p̄, r̄) ∈ R4

∣∣∣∣(1 − ρ̄ρ − q̄q − r̄r2 − p̄p)I + ρ̄�

+ q̄�−1 − r̄w∗wᵀ
∗ − p̄

ρ
(�w∗ywᵀ

∗ �) 
 0

}
. (60)

Then, we can define the rate function I : Q1 → R

I1(ρ, q, p, r)

= sup
ρ̄,q̄,p̄,r̄∈Q̄1

1

2d
tr log

[
(1 − ρ̄ρ − q̄q − r̄r2 − p̄p)I

+ ρ̄� + q̄�−1 − r̄w∗wᵀ
∗ − p̄

ρ
(�w∗wᵀ

∗ �)

]
, (61)

and the free energy

F SP
1 (ρ, q, r, p; κ, κ ′, f )

= 1

2
log(βe) − 1

2d
log det(�)

+ 1

2
β

1

f ρ

(
(1 − qρ)κ2 + κ ′2 − 2

r
√

ρ − √
p√

ρ∗ − p
κκ ′

)

− I1(ρ, q, p, r). (62)

Given these definitions, for a function F bounded by an O(1)
constant with F : Q1 → R, we have the following asymptotic
result:

lim
d→∞

1

d
log

∫
Sd−1

dwp∇L1(w)|y(0)

× edF (wᵀ�w,wᵀ�−1w,w
ᵀ
∗ RRᵀw/‖Rᵀw‖,wᵀ

∗ w)

= sup
ρ,q,p,r∈Q1

(
F SP

1 (ρ, q, r, p; κ, κ ′, f ) + F (ρ, q, p, r)
)
.

(63)

Proof. The proof begins with the observation that by the
Woodbury formula,

(P⊥
w Rᵀ(P⊥

w Rᵀ)ᵀ − uuᵀ − vvᵀ)−1 = P⊥
w �−1P⊥ᵀ

w . (64)

Plugging this into the density that corresponds to the repre-
sentation of ∇L1(w) provided by Proposition V.1, we obtain,
to leading order in d ,

1

d
log p∇L1(w)|y(0)

= 1

2
log(m) − 1

2
log(2π f ) − 1

2d
log det(�) + 1

2
β

1

f ρ

×
(

(1 − qρ)κ2 + κ ′2 − 2
(wᵀ

∗ w)
√

ρ − √
p√

ρ∗ − p
κκ ′

)
.

(65)

From here, the proof proceeds with application of Proposition
A.1 without significant differences from the proof of Proposi-
tion V.3. �

Finally, to complete the large deviation analysis, one has to
take into account the joint deviation of the densities of ζ and
ζ ′, and specifically with respect to the loss, 	, as well as κ ,
κ ′, f and the expectation value appearing in (58). Utilizing
Sanov’s theorem [63] as we did in Sec. IV D, the random
matrix free energy can be expressed through the following
Result:

Result V.4. Let Kρ,p be the (four-dimensional) space of all
measures of the form

ν(dζdζ ′) = 1

Z1(	̄, κ̄, κ̄ ′, f̄ ; ρ, p)
exp

{
−1

2
ζ 2 − 1

2
ζ ′2

− 1

β
F1ν (ζ , ζ ′; 	̄, κ̄, κ̄ ′, f̄ , ρ, p)

}
dζdζ ′, (66)

065307-9



THEODOROS G. TSIRONIS AND ARIS L. MOUSTAKAS PHYSICAL REVIEW E 112, 065307 (2025)

where F1ν is given by

F1ν (ζ , ζ ′; 	̄, κ̄, κ̄ ′, f̄ , p, ρ) = 	̄(σ (
√

ρζ ) − σ (
√

pζ + √
ρ∗ − pζ ′))2 + f̄ (θσ (

√
ρζ ,

√
pζ + √

ρ∗ − pζ ′)2

+ (κ̄
√

ρζ + κ̄ ′√ρζ ′)θσ (
√

ρζ ,
√

pζ + √
ρ∗ − pζ ′

μ), (67)

and Z1 is defined for each ν by normalization. Furthermore, consider the free energy F S
1 defined through

F S
1 (	, κ, κ ′, f , ν; ρ, p) = f̄ f + κ̄κ + κ̄ ′κ ′ + 	̄	 + β logZ1(	̄, κ̄, κ̄ ′, f̄ , p, ρ). (68)

Finally, let pS : R4 → R be the joint probability density of the random variables Eζ ,ζ ′θσ (
√

ρζ ,
√

pζ + √
ρ∗ − pζ ′)2,

Eζ ,ζ ′θσ (
√

ρζ ,
√

pζ + √
ρ∗ − pζ ′)

√
ρζ , Eζ ,ζ ′θσ (

√
ρζ ,

√
pζ + √

ρ∗ − pζ ′)
√

ρζ ′, and Eζ ,ζ ′ (σ (
√

ρζ ) − σ (
√

pζ +√
ρ∗ − pζ ′))2. Then, we have

logE
[

exp
(
extr(φ,φ̄)∈C2 Re

[
F̃ RM

1 (φ, φ̄; ρ, p, κ + i0+)
])∣∣ f , κ, κ ′, 	

] + log pS ( f , κ, κ ′, 	)

= β inf
ν∈Kρ,p

(
extr(φ,φ̄)∈C2 F RM

1 (φ, φ̄; ρ, p, κ + i0+; ν) + F S
1 (	, κ, κ ′, f , ν; ρ, p)

)
, (69)

where F RM
1 is defined by

F RM
1 (φ, φ̄; ρ, p, κ + iε; ν)]

= Eλ�
log[(κ + iε)(1 + φ̄λ� )]

+ β logEζ ,ζ ′

[
1 + 1

β
ψσ (

√
ρζ ,

√
pζ + √

ρ∗ − pζ ′)φ
]

+ (κ + iε)φ̄φ, (70)

and E[·| f , κ, κ ′, 	] denotes the expectation condi-
tional on the equations f = Eζ ,ζ ′θσ (

√
ρζ ,

√
pζ +√

ρ∗ − pζ ′)2, κ = Eζ ,ζ ′θσ (
√

ρζ ,
√

pζ + √
ρ∗ − pζ ′)

√
ρζ ,

κ ′ = Eζ ,ζ ′θσ (
√

ρζ ,
√

pζ + √
ρ∗ − pζ ′)

√
ρζ ′ and 	 =

Eζ ,ζ ′ (σ (
√

ρζ ) − σ (
√

pζ + √
ρ∗ − pζ ′))2.

Combining Proposition V.3 with Results V.2 and V.4, as we
did in Sec. IV D, we obtain Result III.2.

VI. DISCRIMINATING PERCEPTRON: L2(w)

We will now briefly present the significant steps of the
calculation of EN (U, B; L2). Here, the distribution of L2 is
of the form

L2(w) = 1

m1

m1∑
μ=1

σ1(
√

ρ1y1μ) − 1

m2

m2∑
μ=1

σ2(
√

ρ2y2μ), (71)

where now for j = 1, 2, y j is an mj-dimensional normally
distributed vector and

√
ρ j := ‖Rᵀ

j w‖. It should be pointed
out that in this section, all variables that were defined and
appearing in the analysis of Sec. IV (with the exception of
ε and q) appear in pairs, such as ρ1 and ρ2. When possible,
we will refer to them jointly, dropping the index 1,2, e.g.,
ρ = (ρ1, ρ2). Let P⊥

w be the (d − 1) × d matrix that projects
orthogonally to the space spanned by w. For j = 1, 2, let
uj = 1√

ρ j
P⊥

w Rᵀ
j R jw and let Zj ∈ Rd×mj be the random matri-

ces formed by stacking the zμ vectors similarly to the previous
section. Now, the distribution of the gradient and the condi-
tioned Hessian is given by the following Proposition:

Proposition VI.1. For j = 1, 2, let κ j =
1

mj

√
ρ jy

ᵀ
j σ

′
j (
√

ρ jy j ) and f j = 1
mj

‖σ ′
j (
√

ρ jy j )‖2.
(1a): For j = 1, 2, there exists normal random vectors

z′
j ∈ Rd−1, independent of each other and of y1 and y2, such

that the gradient of the loss function L2(w) has the following

representation:

∇L2(w) = 1√
m1

√
f1

((
P⊥

w Rᵀ
1

)(
P⊥

w Rᵀ
1

)ᵀ − u1uᵀ
1

)1/2
z′

1

− 1√
m2

√
f2

((
P⊥

w Rᵀ
2

)(
P⊥

w Rᵀ
2

)ᵀ − u2uᵀ
2

)1/2
z′

2

+ 1

m1
yᵀ

1 σ ′
1(

√
ρ1y1)u1 − 1

m2
yᵀ

2 σ ′
2(

√
ρ2y2)u2.

(72)

(1b): For j = 1, 2, there exist (d − 1) × m random ma-
trices Z ′

j , with i.i.d. normal elements, independent of each
other and of y1 and y2, such that the Hessian of the loss
function L2(w) on the sphere, conditionally on the constraint
{∇L(w) = 0}, can be expressed as

∇2L2(w)

∣∣∣∣∇L2(w)=0

= 1

m1

(
P⊥

w Rᵀ
1 Z ′

1 + �1
)
�1

(
P⊥

w Rᵀ
1 Z ′

1 + �1
)ᵀ − 1

m2

(
P⊥

w Rᵀ
2 Z ′

2

+ �2
)
�2

(
P⊥

w Rᵀ
2 Z ′

2 + �2
)ᵀ − (κ1 − κ2)Id−1, (73)

where for j = 1, 2, � j is the m × m diagonal matrix with
σ ′′

j (
√

ρ jy jμ) as entries, i.e., � j,μ,μ′ := δμ,μ′σ ′′
j (

√
ρ jy jμ), and

� j is a matrix of rank at most O(1).
Proof. The proof follows the proof of Proposition IV.1. �
This competitive structure in the Hessian necessitates a

more general random matrix theory result, which can be found
in [56,64]. Applying this result, as we did in Sec. IV B, we
obtain the following auxiliary free energy:

F̃ RM
2 (φ, φ̄; ρ, κ, ε)

= β

α1
Eζ1 log

(
1 + α1

β
σ ′′

1 (
√

ρ1ζ1)φ1

)

+ β

α2
Eζ2 log

(
1 − α2

β
σ ′′

2 (
√

ρ2ζ2)φ2

)

+ 1

d
log det((κ1 − κ2 + iε)(I + φ̄1G − φ̄2�))

+ (κ1 − κ2 + iε)(φ̄1φ1 − φ̄2φ2), (74)

065307-10



LANDSCAPE COMPLEXITY FOR THE EMPIRICAL RISK … PHYSICAL REVIEW E 112, 065307 (2025)

where the vectors φ, φ̄, κ , ρ represent the pair variables
φ = (φ1, φ2), φ̄ = (φ̄1, φ̄2), κ = (κ1, κ2), ρ = (ρ1, ρ2), re-
spectively, for compactness, and where we introduced the
random variables ζ1, ζ2 distributed, respectively, according to
ν1(y1) = ∑m1

μ=1 δy1μ
and ν2(y2) = ∑m2

μ=1 δy2μ
. Proceeding with

similar assumptions as we did in the previous sections and
applying the capacity calculation described above, we obtain
the following result:

Result VI.2.

lim
d→∞

1

d
logE

[|∇2L2(w)|∣∣y,∇L2(w) = 0
]

= lim
ε→0+

extrφ,φ̄∈C2 Re
[
F̃ RM

2 (φ, φ̄; ρ, κ, ε)
]
. (75)

We now move to the geometric order parameters. Consider
the following matrices:

S = α1 f1G + α2 f2�, (76)

D = κ1

ρ1
G − κ2

ρ2
�, (77)

B =
√

ρ2√
ρ1

G −
√

ρ1√
ρ2

�. (78)

We need the joint rate function I2 for the variables ρ and q,
which has elements

q1 = wᵀDS−1Dw, (79)

q2 = wᵀS−1w, (80)

q3 = wᵀS−1Dw, (81)

q4 = wᵀBS−1Bw, (82)

q5 = wᵀDS−1Bw, (83)

q6 = wᵀS−1Bw. (84)

The rate function for the joint LDP of q and ρ can be captured
by Proposition A.1, resulting in the following:

Proposition VI.3. Assume that the matrices � and G have
well-defined limiting spectral distributions, and let λ� and
λG be random variables distributed according to these dis-
tributions, respectively. Further assume that the eigenvalues
of � and G are bounded away from 0 and ∞, indepen-
dently of d . Consider the set Q2 ⊂ R8 to be the image of
Sd−1 under the mapping w → (wᵀ�w,wᵀGw,wᵀDS−1Dw,

wᵀS−1w,wᵀS−1Dw,wᵀBS−1Bw, wᵀDS−1Bw,wᵀS−1Bw).
Correspondingly, define the vectors ρ̄ = (ρ̄1, ρ̄2)ᵀ and q̄ =
(q̄1, . . . , q̄6)ᵀ and the matrix

M(ρ, q; ρ̄, q̄)

= (1 − ρ̄ᵀρ − q̄ᵀq)I + ρ̄1G + ρ̄2�

+ q̄1DS−1D + q̄2S−1 + q̄3

2
(S−1D + DS−1) + q̄4BS−1B

+ q̄5

2
(DS−1B + BS−1D) + q̄6

2
(S−1B + BS−1), (85)

and the set

Q̄2 = {(ρ̄, q̄) ∈ R8|M(ρ, q; ρ̄, q̄) 
 0}. (86)

Then, we can define the rate function I : Q2 → R

I2(ρ, q; f , κ ) = sup
ρ̄,q̄∈Q̄2

(
1

2d
log det[M(ρ, q; ρ̄, q̄)]

)
, (87)

and the free energy

F SP
2 (ρ, q; κ, f )

= 1

2
log(βe) − 1

2d
log det S − β

2
q1

− β

2
q2(κ1 − κ2)2 + βq3(κ1 − κ2)

− β

2

(α1 f1α2 f2)(q5 + (κ1 − κ2)q6)2

α1 f1ρ1 + α2 f2ρ2 − (α1 f1α2 f2)q4

− I2(q, ρ; κ, f ). (88)

Given these definitions, for F : Q2 → R bounded by an O(1)
constant, we have the following asymptotic result:

lim
d→∞

1

d
log

∫
Sd−1

dw p∇L2(w)|y(0)

× edF (wᵀ�w,wᵀGw,wᵀDS−1Dw,wᵀS−1w,wᵀS−1Dw)

= sup
ρ,q∈Q2

(
F SP

2 (ρ, q; κ, f ) + F (ρ, q)
)
. (89)

Proof. We need to express the inverse of the covariance
function of ∇L2(w)|y in terms of S−1. This can be performed
by using the Woodbury inverse formula and its special form,
the Sherman-Morrison formula, to get

P⊥
w

(
α1 f1

(
P⊥

w GP⊥
w − u1uᵀ

1

) + α2 f2
(
P⊥

w �P⊥
w − u2uᵀ

2

))−1

P⊥ᵀ
w

= P⊥
w S−1P⊥ᵀ

w + γ P⊥
w S−1(

√
ρ2u1 − √

ρ1u2)

× (
√

ρ2u1 − √
ρ1u2)ᵀS−1P⊥ᵀ

w , (90)

where

γ = α1 f1α2 f2

α1 f1ρ1 + α2 f2ρ2 − (α1 f1α2 f2)wᵀBS−1Bw
. (91)

Accordingly, the probability density that ∇L2(w) vanishes is
given to leading order by

1

d
log φ∇L2|y(0)

= 1

2
log(m1 + m2) − 1

2
log(2π )

− 1

2d
log det(S) − β

2
wᵀDᵀS−1Dw

− β

2
(wᵀS−1w)(κ1 − κ2)2 + β(wᵀS−1Dw)(κ1 − κ2)

− β

2
γ (wᵀDᵀS−1Bw − (κ1 − κ2)wᵀS−1Bw)2. (92)

From here, we apply Proposition A.1 as we did in the proof
of Proposition IV.3. The rest of the proof has no significant
technical difficulty beyond what is presented in the proof of
Proposition IV.3. �

Throughout the calculation until now, the random vectors
y1 and y2 determine only averages of functions of ζ1 and ζ2
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through the pair of κ variables, the pair of f variables and the
two expectations in (74). Using Sanov’s LDP [63], we can get
a rate function for these statistics and the loss, 	. Specifically,
we obtain a Sanov free energy and a modification of the RMT
free energy

F RM
2 (φ, φ̄; ρ, κ, ε; ν)

= β

α1
logEζ1

∣∣∣∣1 + α1

β
σ ′′

1 (
√

ρ1ζ1)φ1

∣∣∣∣
+ β

α2
logEζ2

∣∣∣∣1 − α2

β
σ ′′

2 (
√

ρ2ζ2)φ2

∣∣∣∣
+ 1

d
log | det((κ1 − κ2 + iε)(I + φ̄1G − φ̄2�)|

+ Re((κ1 − κ2 + iε)(φ̄1φ1 − φ̄2φ2)), (93)

where ν = (ν1, ν2) depicts the dependence on the distribu-
tions of ζ1 and ζ2, which appears as described in the following:

Result VI.4. Let Kρ,α,β be the (five-dimensional) space of
all pairs of measures ν = (ν1, ν2) of the form

ν1(dζ1) = 1

Z1,β/α1 (	̄, κ̄1, f̄1; ρ1)
e− 1

2 ζ 2
1 − α1

β
F1,ν1 (ζ1;	̄,κ̄1, f̄1,ρ1 )dζ1,

(94)

ν2(dζ2) = 1

Z2,β/α2 (−	̄, κ̄2, f̄2; ρ2)

× e− 1
2 ζ 2

2 − α2
β

F2,ν2 (ζ2;−	̄,κ̄2, f̄2,ρ2 )dζ2, (95)

where the Fj,ν j are given for each j by

Fj,ν j (ζ j ; 	̄, κ̄ j, f̄ j, ρ j ) = 	̄σ j (
√

ρ jζ j )

+κ̄ j
√

ρ jζ jσ
′
j (
√

ρ jζ j )+ f̄ jσ
′
j (
√

ρ jζ j )
2,

(96)

and Z j,β/α j is defined for each ν j by normalization. Further-
more, consider the free energy F S

2 defined through

F S
2 (	, κ, f , ν; ρ) = 	̄	 + f̄1 f1 + f̄2 f2 + κ̄1κ1 + κ̄2κ2 + β

α1
logZ1,β/α1 (	̄, f̄1, κ̄1; ρ1) + β

α2
logZ2,β/α2 (−	̄, f̄2, κ̄2; ρ2). (97)

Finally, let pS : R5 → R be the joint probability density of the random variables Eζ j (σ
′
j (
√

ρ jζ j ))2 and Eζ j

√
ρ jζ jσ

′
j (
√

ρ jζ j ) for
j = 1, 2 and Eζ1σ1(

√
ρ1ζ1) − Eζ2σ2(

√
ρ2ζ2). Then, we have

logE
[

exp
(
extrφ,φ̄∈C2 Re

[
F̃ RM

2 (φ, φ̄; ρ, κ, 0+)
])∣∣ f , κ, 	

] + log pS ( f , κ, 	)

= β inf
ν∈Kρ,α,β

(
extrφ,φ̄∈C2 F RM

2 (φ, φ̄; ρ, κ, 0+; ν) + F S
2 (	, κ, f , ν; ρ)

)
, (98)

where E[·| f , κ, 	] denotes the expectation conditional
on the equations κ j = Eζ j (σ

′
j (
√

ρ jζ j ))2 and f j =
Eζ j

√
ρ jζ jσ

′
j (
√

ρ jζ j ) for j = 1, 2 and 	 = Eζ1σ1(
√

ρ1ζ1) −
Eζ2σ2(

√
ρ2ζ2). The notation 0+ signifies the limit limε→0+ ,

and F RM
2 is as defined in Eq. (93).

Putting together Proposition VI.3, Result VI.2, and Result
VI.4, we arrive at Result III.3.

VII. CONCLUSION/DISCUSSION

In conclusion, we have applied the methodology intro-
duced in [6] to the case of the landscape complexity of
empirical risk of a number of generalized linear models,
all in the case where the high-dimensional input data are
correlated random Gaussian vectors. The motivation behind
correlations is the fact that real-life data have an underlying
structure, including sparsity. As a simpler problem, we started
by analyzing in detail the loss function of the form given
in (1), focusing on the presence of the covariance matrix.
Subsequently, we included a preferred direction in the sphere,
corresponding to the planted vector, in a teacher-student set-
ting, and finally, we introduced a loss model corresponding
to a discriminating perceptron, where two sets of (differently)
correlated data vectors are fed to the perceptron, which tries
to discriminate between them. In the analysis of the first two
models, an important generalization to previous results is the
fact that, due to the presence of the data correlations, the Hes-
sian is now a doubly correlated Wishart matrix. In contrast,
the third discriminating perceptron model has a Hessian with
a difference of two doubly correlated Wishart matrices.

To check the validity of our methodology results, we
have analytically evaluated the complexity for the loss L(w)
discussed in Sec. IV with a quadratic activation function,
σ (x) = x2

2 . In this case, the condition for a critical point
on the sphere, namely ∇L(w) = 0 is simply the condition
that w is an eigenvector of the (semicorrelated) Wishart
matrix RᵀZZT R (with � = I). Indeed, expressing the pro-
jection P⊥

w as P⊥
w = I − wwT , we have that RZZT Rᵀw =

wwT RZZT Rᵀw = 2	w. Hence, for 	 ∈ ( λmin
2 , λmax

2 ), there are
O(m) critical points in its neighborhood, where λmin,max are
the edges of the bulk spectrum of the above matrix. As a
result, the complexity, which is the normalized logarithm of
the number of critical points, vanishes in this region. Outside
this region, the probability of finding a macroscopic number
of eigenvalues vanishes exponentially, and hence the com-
plexity is negative. This behavior can be readily seen in Fig. 1.
It should be noted that this activation function is simpler
than the general case, because now �(y) = I and hence the
optimization over the LDP measure ν(dζ ) is independent
from F RM and thus its optimal is a Gaussian, since we have
	 = κ/2 = f /2. Nevertheless, its calculation is not entirely
trivial, since one still has to calculate the constrained p∇L|y(0),
as in Sec. IV C.

Additionally, in the case of identity covariance � = I , our
result given by Eq. (14) reduces to the result that is presented
in [6] after a heuristic derivation starting from their main the-
orem. Specifically, notice that the jointly constrained domain
of ρ and q forces both of those variables to take the value 1 in
the case of identity covariance, as they are expected to. As a
result F SP is reduced to the first two terms appearing in (11).

065307-12



LANDSCAPE COMPLEXITY FOR THE EMPIRICAL RISK … PHYSICAL REVIEW E 112, 065307 (2025)

0 0.5 1 1.5 2 2.5 3 3.5

-0.4

-0.2

0

C
om

pl
ex

ity

0

0.2

0.4

0.6

H
es

si
an

 D
en

si
ty

FIG. 1. Complexity function �(	, L) (left lower axis and curves
in blue) for the case where σ (x) = x2

2 as a function of the loss 	

for three values of β = 1.5, 3, 6 (solid, dashed, and dash-dot lines,
respectively, in blue). These results were obtained after solving (12),
(13), and (14) numerically. For comparison, (in black, for the same
values of β) we also plot the bulk density of eigenvalues of the loss
function in this case, which is equal to L(w) = 1

2 wT RᵀZT ZRw as
a function of its value 	, which, when w is an eigenvector, equals
half the corresponding eigenvalue. We see that the complexity is
exactly zero when the density of eigenvalues is positive, while it
is negative when the density vanishes. For concreteness, we used a
uniform distribution of λ� ∈ (1, 3) [65].

Furthermore, one can use (33) to eliminate φ̄ from F RM in
(13).

An important output of our analysis is that the data cor-
relations introduce geometrical constraints on the sphere.
Specifically, in the simpler first case we analyzed, correspond-
ing to loss function given by (1), we need to obtain a joint
LDP for the quantities ρ = wT �w and q = wT �−1w, which
creates nonuniformities in the space of w. This effect is exac-
erbated in the other two models we analyzed. In the case of
L1(w), the existence of a preferred direction w∗, introduces
two additional overlaps that need to be taken into account,
namely p = (wT

∗ �w)2/ρ and of course r = wT
∗ w. The more

interesting situation arises in the case of the discriminatory
perceptron, in which, although without a preferred direction,
we need to find joint LDPs, not only for the quantities ρ1 =
wT �w and ρ2 = wT Gw, but also for six geometric objects
corresponding to ellipsoids, which combine both correlation
matrices � and G in nontrivial ways. Hence, the optimization
procedure over such constrained geometries is very likely
nonconvex.

Interestingly, a hypothesis has been formulated in [53],
according to which the above analysis can provide a link be-
tween the empirical and the generalization loss of each model.
For simplicity, we discuss the case of the first model with loss
function L(w). When the value of 	 is such that the critical
points of the model have a Hessian with a finite fraction
of negative eigenvalues, a local algorithm such as gradient
descent and its variants will easily find directions to descend to
lower values of 	. However, at the value of 	, where the bulk of
the Hessian spectrum becomes non-negative (notwithstanding

a finite number of negative eigenvalues, with eigendirections
that are hard to find), local algorithms are expected to slow
down and, at worst, get stuck. Based on the analysis in this
paper, that value of 	∗ will correspond to a specific value of
ρ = wT �w. At the same time, we know that the generaliza-
tion error Ezσ (wT �1/2z) can be expressed uniquely in terms
as Exσ (x

√
ρ), where x is a unit variance Gaussian variable.

Hence, the generalization error can be estimated uniquely at
this value of ρ(	∗). Similar considerations can be made for
the generalization errors of the other models discussed here,
which depend on the values of other “order parameters” at
the value of 	, where the system gets stuck. This framework,
while tempting, has been called into question by recent ad-
vances in the understanding of dynamics in spin glasses, and
the significance of the threshold value 	∗ for descent algo-
rithms remains an open subject of investigation [48,66]. In
any case, as long as we are interested in typical saddle points
(though not necessarily typical attractors of the dynamics),
their loss value is connected to their generalization error.

Building on our results in this paper, we plan to obtain
careful numerical results of the optimization problems dis-
cussed in the three model cases here. This task is not trivial,
given the nonconvexity that appears in the solution spaces.
As far as we can tell, the functional under extremization here
seems to be more challenging than the functionals that usually
appear for the characterizations of free energies and mutual
information, for example, in [67,68], mainly because we can-
not eliminate most order parameters and the dimension of the
phase space remains too large to allow its exploration using
brute-force analysis. In our limited numerical experiments,
we could follow some phases by iterating the saddle points
equations and tuning 	̄, but the full picture remains elusive. It
should be stressed that this difficulty appears in exactly the
same way in [6]. For example, the parameters f , κ , and 	

appear there as well, and the difficulty in optimizing over them
is similar. In contrast, the new geometric order parameters ρ, q
that appear in our work can readily be analyzed in the simpler
case of a quadratic activation function, where f , κ , and 	 are
proportional to each other.

In this work, we limited ourselves to the annealed critical
point complexity, but the typical amount of saddle points
would be more accurately captured by the quenched calcu-
lation, which is not sensitive to large deviations. Performing
the quenched computation should not be out of reach of the
methodology of this paper when supported by the replica
method as has been done in [46,49].

Moving on, the complexity of the region of w, which has
a Hessian with a finite and zero index, can be obtained by
carefully analyzing the large deviation of the minimum eigen-
values of the Hessian function, as was done in [16,53]. This
would be the first step in understanding how to count local
minima of these models with specific properties, building
toward an understanding of their domain of attraction [48].
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APPENDIX: ASYMPTOTIC VOLUME OF THE
INTERSECTION OF A SPHERE AND AN ELLIPSE

Let ωd be the volume of the (d − 1)-dimensional unit
sphere Sd . Given a set of K = O(1) positive definite matrices
{Ak}K

k=1 and positive numbers {λk}K
k=1, we are interested in the

volume of the shape defined by all u ∈ Sd such that all con-
straints {uᵀAku = λk}K

k=1 are satisfied. We have the following
proposition:

Proposition A.1. Given K = O(1) positive semidefinite
matrices {Ak}K

k=1 and positive numbers {λk}K
k=1, let λ be the

K-dimensional vector with elements {λk}K
k=1 and let V (λ) be

the volume of the submanifold of the sphere defined by the
constraints {uᵀAku = λk}K

k=1. Consider also the set

Lλ =
{

λ̄ ∈ RK

∣∣∣∣∣I +
∑

k

λ̄k (Ak − λkI ) 
 0

}
, (A1)

and the rate function I (·, λ) : Lλ → R, defined through

IV (λ̄; λ) = lim
d→∞

1

2d
log det

(
I +

∑
k

λ̄k (Ak − λkI )

)
. (A2)

Then, the volume V (λ) is asymptotically captured by

lim
d→∞

1

d
log

1

ωd
V (λ) = − sup

λ̄∈Lλ

IV (λ̄; λ). (A3)

Proof. Notice that, even if λk is not between the smallest
and largest eigenvalues of Ak , the supremum of IV (λ̄; λ) is
taken at infinity and (A3) gives −∞, as it should. Thus, we
might assume that λk is between the smallest and largest
eigenvalues of Ak . We express V (λ) using delta functions and
proceed with equations to first exponential order in d , denoted
by “

.=”:

1

ωd
V (λ) = 2

ωd

∫
Sd

du
K∏

k=1

|Aku|δ(uᵀAku − λk )

.= 1

ωd

∫
Sd

du
K∏

k=1

δ(uᵀAku − λk )

.= 1

πd/2

∫
Rd

due− 1
2 |u|2

K∏
k=1

δ(uᵀAku − λkuᵀu)

= 1

πd/2

∫
Rd

due− 1
2 |u|2 1

(4π )K

×
∫
RK

dλ̄ei 1
2

∑
k λ̄k (uᵀAku−λkuᵀu)

.=
∫

iRK

e− 1
2 log det(I+∑

k λ̄k (Ak−λk I )).

Restricted on the bounded convex set Lλ, the function λ̄ →
log det(I + ∑

k λ̄k (Ak − λkI )) is concave and thus has at most
a single local maximum. Since the values of this function go
to −∞ at the boundary, a local maximum must exist.

Thus, by the method of steepest descent, we get the desired
result. �
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