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Glass transition in colloidal monolayers controlled by light-induced caging
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We theoretically investigate the glass-transition problem for a quasi-two-dimensional colloidal dense suspen-
sion modulated by a one-dimensional periodic external potential as imposed by interfering laser beams. Relying
on a mode-coupling approach, we examine the nonequilibrium-state diagram for hard disks as a function of
the density and the period of the modulation for various potential strengths. The competition between the local
packing and the distortion of the cages induced by the potential leads to a striking nonmonotonic behavior of the
glass-transition line, which allows melting of a glass state merely by changing the external fields. In particular,
we find regions in the nonequilibrium-state diagram where a moderate periodic modulation stabilizes the liquid
state.

DOI: 10.1103/3bmx-ldr8

Introduction. Understanding how the dynamics of atoms,
molecules, or colloidal particles is influenced by an external
heterogeneous potential-energy landscape, either determinis-
tic or random, has been a major goal of classical statistical
physics [1–3]. Indeed, besides being a fundamental question,
this problem is highly relevant for several practical situations,
such as confined transport in ordered or amorphous porous
media [4–6], and diffusion over corrugated or rough surfaces
[7,8]. Thus, it encompasses different research domains, in-
cluding chemical and material engineering, biophysics, and
geophysics.

In many important cases, periodicity, i.e., discrete transla-
tional invariance, is present in some or all directions of space.
For example, porous solids such as zeolites [9,10] are well
described as 3D-periodic interconnected networks of pores
or, more abstractly, as 3D-periodic arrays of obstacles. An
atom adsorbed at the surface of a crystal is exposed to a
2D-periodic potential-energy landscape due to the arrange-
ment of the atoms in the subjacent solid [11]. In the colloidal
domain, 1D periodicity is achieved in monolayers, with either
paramagnetic particles over a magnetically structured stripe-
patterned substrate [12] or polarizable particles plunged in the
light field generated by interfering laser beams [13–16]. In
the former case, a potential for technological applications has
been demonstrated, as the setup allows particle separation and
sorting and controlled transport of micrometer-sized cargoes
[12]. Although periodic light fields have not been explicitly
considered in this respect, analogous proofs of concept exist
based on random-interference speckle patterns [17].
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The present theoretical study is motivated by the latter 2D
systems with a 1D external periodic potential modulation, as
they represent minimal models with coexisting continuous
and discrete translational invariance. Specifically, we focus
on colloidal monolayers in a periodic light field, in which the
period of the potential can be made comparable to the diame-
ter of the colloids while the amplitude can be tuned between
zero and several kBT by changing the laser intensities. Hence,
it is possible to investigate how their equilibrium dynamics
progressively departs from that of the unperturbed state; see,
e.g., Refs. [13,18,19].

Manipulation of colloidal particles with periodic light
fields has a long history, dating back to the pioneering works
of Ashkin and co-workers [20–23], and later by Chowdhury
et al. [24]. Close to the two-dimensional bulk crystallization,
a strong enough potential with a suitable period can drive
a colloidal fluid through a laser-induced freezing transition,
resulting in a near-hexagonal solid phase [24,25]. Further
increases in modulation strength can result in laser-induced
melting of the crystalline phase [26–30]. Besides liquid-solid
phase transformations in the system, the interplay between
local packing and the pinning effect of the external modula-
tion is naturally expected to have a nontrivial influence on the
geometry of the cages, and consequently, on the dynamics of
the liquid phase and the eventual liquid-glass transition, even
at lower densities.

Yet, the dynamic behavior of such modulated dense col-
loidal monolayers has not been explored so far, except for few
simulation studies, e.g., Refs. [31,32]. A systematic variation
of the two experimental "knobs," period and amplitude of the
modulation, promises to result in a deeper insight into the
role of the cages [33–35]. This strategy is similar in spirit
to adding polymers to the suspension, resulting in a different
type of caging accompanied by a reentrant transition [36–40],
or confining a liquid in a slit to induce multiple reentrants
[41,42], using mixtures of differently sized particles [43,44],
or a porous environment [45–47].
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The goal of this Letter is to investigate the ramifications
of the modulation on the glassy dynamics of dense colloidal
monolayers. Our approach relies on a mode-coupling theory
(MCT) [48,49] suitably adapted for the broken translational
symmetry along the modulation; see the companion paper
[50] for details. We then evaluate the theory numerically for
hard disks to obtain the nonequilibrium-state diagram and
discuss the emergence of nonmonotonic glass-transition lines
as a result of the competition of local packing and the modu-
lation.

Theory. The colloidal monolayer comprises N interact-
ing particles enclosed in an area A at number density
n0 = N/A. The system is exposed to an external periodic
potential U (z) = U (z + a), where z is the coordinate in the
direction of the modulation and a is its period. The exter-
nal potential breaks the translational invariance along the z
direction; however, a uniform shift of all particles by lattice
vectors R ∈ � := {r + naez : r ⊥ ez, n ∈ Z} leaves the sys-
tem invariant in a statistical sense. The associated reciprocal
lattice �∗ = {Qμ = (2πμ/a)ez : μ ∈ Z} is degenerate and
consists of a one-dimensional lattice only. Any wave vector
can be uniquely expressed as q + Qμ, where q ∈ BZ := {q :
−π/a < q · ez � π/a} is in the first Brillouin zone and Qμ ∈
�∗ is a reciprocal lattice vector. We introduce fluctuating
density modes,

δρμ(q, t ) =
N∑

n=1

ei(q+Qμ )·xn(t ) − Anμδq,0, (1)

such that its canonical average 〈δρμ(q, t )〉 = 0 vanishes,
where nμ = ∫ a

0 n(z) exp(iQμz)dz/a is the Fourier coefficient
of the density modulation n(z). From these density modes
we construct generalized intermediate scattering functions
(ISFs):

Sμν (q, t ) = 1

N
〈δρμ(q, t )∗δρν (q, 0)〉, (2)

which encode the structural relaxation of the modulated liq-
uid. The diagonal elements μ = ν are just the conventional
ISFs corresponding to wave vector q + Qμ, while the off-
diagonal elements allow for umklapp processes where the
wave vectors of the density modulations differ by a reciprocal
lattice vector Qμ − Qν ∈ �∗. In the companion paper [50] we
show that the generalized ISFs provide information equivalent
to the density-density correlation function in real space and
derive further properties and symmetries.

We use the Mori-Zwanzig projection-operator formalism
[48,51] to reformulate the problem in terms of memory
kernels. To keep the derivation simple, we rely here on Newto-
nian dynamics anticipating that the slow structural dynamics
close to the glass transition is independent of the micro-
scopic dynamics. The derivation is along the lines of the
case of a confined liquid [41] but is adapted to the symme-
tries of the underlying problem. Choosing the densities of
Eq. (1) as distinguished variables one arrives at the equation of
motion,

Ṡμν (q, t )+
∑
κλ∈Z

∫ t

0
Kμκ (q, t − t ′)[S−1(q)]κλSλν (q, t ′)dt ′ = 0.

(3)

Here, S(q) denotes the matrix of static structure factors
with components [S(q)]μν = Sμν (q, 0) and the memory ker-
nel Kμν (q, t ) is a correlation function composed of particle
currents.

By the particle conservation law

∂tδρμ(q, t ) = i
∑

α=‖,⊥

(
qα + Qα

μ

)
jαμ(q, t ), (4)

the time derivative of the density is coupled to particle currents
that split naturally into components

j‖μ(q, t ) =
N∑

n=1

q̂‖ · pn(t )

m
exp[i(q + Qμ) · xn(t )], (5a)

j⊥μ (q, t ) =
N∑

n=1

q̂⊥ · pn(t )

m
exp[i(q + Qμ) · xn(t )], (5b)

parallel and perpendicular, respectively, to the modulation.
Here, m denotes the mass of a particle; q̂‖ = ez is the direc-
tion of the modulation and q̂⊥ = q⊥/|q⊥| is the direction of
the perpendicular component q⊥ = q − ez(q · ez ) of the wave
vector. The splitting of the currents suggests also decompos-
ing the current kernel

Kμν (q, t ) =
∑

αβ=‖,⊥

(
qα + Qα

μ

)
Kαβ

μν (q, t )
(
qβ + Qβ

ν

)
, (6)

where the indices α, β are referred to as channel indices.
Performing another projection using the currents

jαμ(	q) := jαμ(	q, 0) as distinguished variables yields the exact
equations of motion (for details see the companion paper
[50]):

∂tKαβ
μν (q, t ) +

∑
γ δ=‖,⊥

∑
κλ∈Z

∫ t

0
Kαγ

μκ (q)Mγ δ

κλ(q, t − t ′)

× Kδβ

λν (q, t ′)dt ′ = 0. (7)

Here, the static current matrix

Kαβ
μν (q) := Kαβ

μν (q, 0) = 1

N
〈 jαμ(q)∗ jν (q)〉 = kBT

mn0
δαβnν−μ,

(8)

has been introduced, while the nontrivial dynamics is hidden
in the force kernel, Mγ δ

κλ(q, t ).
To obtain closed equations of motion, we rely on a mode-

coupling approximation suitably generalized to the case of
split currents. The goal is to approximate the memory kernel
as bilinear functional of the matrix S(q, t ) of the intermedi-
ate scattering function itself, Mαβ

μν (q, t ) ≈ Fαβ
μν [S(t ), S(t ); q].

The mode-coupling functional Fαβ
μν is constructed by stan-

dard methods and relies on static input quantities only. After
some calculations we find (for details see the companion
paper [50])

Mαβ
μν (q, t ) ≈ Fαβ

μν [S(t ), S(t ); q]

= 1

2N

∑
q1q2∈BZ

∑
μ1μ2
ν1ν2

∈Z
Yα

μ;μ1μ2
(q, q1q2)

× Sμ1ν1 (q1, t )Sμ2ν2 (q2, t )Yβ
ν;ν1ν2

(q, q1q2)∗,
(9)
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where the coupling strength is encoded in the vertices

Yα
μ,μ1μ2

(q, q1q2)

= n2
0

∑
μ
=0,±1

δq−Q
μ
 ,q1+q2

∑
κ∈Z

v∗
μ−κ

× [(
qα

1 + Qα
κ+μ
−μ2

)
cκ+μ
−μ2,μ1

(q1) + (1 ↔ 2)
]
.

(10)

Structural information enters in terms of the Fourier coeffi-
cients vμ of the local volume v(z) := 1/n(z) and the mode
decomposition of the direct correlation function cμν (q). The
latter are obtained by the mode decomposition of the Ornstein-
Zernike relation,

[S−1(q)]μν = n0vν−μ − n0cμν (q). (11)

The peculiar feature of the mode-coupling functional is that
it allows for processes such that momentum is nonconserved.
The sum of the wave vectors of the ISFs q1, q2 ∈ BZ is not
necessarily again in the first Brillouin zone but needs to be
folded back by a reciprocal lattice vector. Correspondingly
only the crystal momentum is conserved, as is familiar from
solid-state physics [52].

To locate the glass-transition point one has to solve the self-
consistent set of equations for the nonergodicity parameters
Fμν (q) := limt→∞ Sμν (q, t ):

F(q) = S(q) − [S−1(q) + G−1(q)]−1,

Gμν (q) =
∑

α,β=‖,⊥

(
qα + Qα

μ

)
[N−1(q)]αβ

μν

(
qβ + Qβ

ν

)
, (12)

where N (q) is the long-time limit of the force ker-
nel N (q) = limt→∞ M(q, t ) = F [F, F; q]. Glassy states
are characterized by nonvanishing nonergodicity parame-
ters Fμν (q) �= 0, while liquid states correspond to Fμν (q) =
0. In a nonequilibrium-state diagram, glassy and liq-
uid regions emerge depending on the control parameters;
the glass-transition line then separates glassy from liquid
states.

Results. We investigate the glass-transition line for hard
disks of diameter σ , modulated by an external sinusoidal
potential U (z) = U1 cos(2πz/a), where U1 is the amplitude of
the potential and a is the period. The case without modulation
has been discussed in Ref. [53]. To numerically solve Eq. (12),
the total wave vectors k = q + Qμ, q ∈ BZ, Qμ ∈ �∗ have
been discretized according to a uniform 2D Cartesian grid,
k ∈ {(nx�k, nz�k) : nx, nz = 0, 1, . . . , Nk − 1}, where �k =
kmax/Nk is the discretization step, starting from a high-k cutoff
kmax and the number of grid points in each direction Nk . As
a compromise between accuracy and numerical complexity,
we have chosen Nk = 270 and kmax = 80.0/σ and carefully
checked, for a subset in parameter space, that for higher
values of kmax and Nk , the differences in the final results are
negligible [54].

Additionally, to reduce numerical complexity, we have
employed a diagonal approximation (DA) on the mode in-
dices μ, ν, where the off-diagonal elements of Sμν (q), cμν (q),
Fμν (q), and Fαβ

μν [F, F; q] for μ �= ν are set to zero. Simi-
lar diagonal approximations have already been successfully
adopted in other extensions of MCT [41,42,55–57]. The DA

can be overcome in principle; however, we anticipate the
numerical results not to change the qualitative behavior, while
only slight quantitative shifts are expected to occur, as has
been demonstrated recently for slit geometry [58].

The static structure factor, providing the input for the MCT
equations, has been computed using Monte Carlo simulations
for hard disks and different modulation amplitudes and pe-
riods. For a fixed amplitude U1 of the external modulation,
a glass transition occurs at some critical packing fraction
ϕc(a,U1) as a function of the period a. Collecting enough
statistics from Monte Carlo simulations to accurately obtain
the static structure factor is computationally expensive. There-
fore, rather than varying the packing fraction ϕ := n0πσ 2/4,
we follow the strategy of Refs. [41,59] of a semischematic
model, where a multiplicative control parameter χ for the
MCT functional (evaluated at fixed reference packing fraction
ϕ̄) mimics the variation in density. The glass-transition line
χc = χc(a,U1; ϕ̄) then separates liquid from glassy states as a
function of the period a in the nonequilibrium-state diagram
for fixed amplitude U1. We anticipate that the variation of
ϕc(a,U1) is qualitatively well described by the a dependence
of the critical parameter χc(a,U1; ϕ̄).

In particular, in our Monte Carlo simulation, we have
chosen a reference hard-disk density of n0σ

2 = 0.7 corre-
sponding to a packing fraction ϕ̄ ≈ 0.55. For this density, by
analyzing the static and dynamic properties from the Monte
Carlo simulations, we have checked that for potential am-
plitudes U1 � 1.7kBT , the system consistently maintains a
liquid phase irrespective of the modulation period a. This
observation is in good agreement with previous studies of
modulated colloidal liquids [26–30]. Changing the period a
from 1.22σ to 0.52σ results in a nonmonotonic dependence
of the first sharp diffraction peak of the angular-averaged
static structure factor; see Fig. 1. The effect of the modu-
lation becomes even more pronounced when inspecting the
full wave-vector-dependent structure factor, in which case
particularly large peaks emerge for an external potential of
period a = 0.63σ .

The nonequilibrium-state diagram as calculated within
MCT displays an oscillatory behavior of the glass-transition
line with the modulation period a in the range 0.2 � a/σ �
2.0, while bulk behavior is approached for a/σ � 2.0; see
Fig. 2. Varying the modulation amplitude, 0.5 � U1/kBT �
1.5, does not change the qualitative behavior of the glass-
transition line; however, for larger U1/kBT � 1.5 there is
a preferred period a/σ ≈ 0.63 emerging where the transi-
tion line is drastically changed by the external potential. For
small periods, the modulation generally promotes vitrifica-
tion, while for 0.9 � a/σ � 1.5 and 0.1 � U1/kBT � 1.0 the
external potential stabilizes the liquid phase relative to the
glassy state; compare the inset in Fig. 2.

There is a striking correlation between the emergence of
rims in the static structure factor and the oscillations of the
glass-transition line (see also Supplemental Material [60]).
Within MCT the state diagram is determined solely by the
structure factors; conventionally, the peaks in the structure
factors are assumed to trigger the transition to structural
arrest [48]. Here, we show that not only the peaks of the
static structure factor but also its minima play an important
role. The maxima in the static structure factors indicate the
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FIG. 1. static structure factor S(kx, ky ) for hard disks at dimen-
sionless density n0σ

2 = 0.7 and potential modulation amplitude
U1 = 1.7kBT for various periods: (a) a = 1.22σ , (b) a = 1.05σ , (c)
a = 0.63σ , and, (d) a = 0.52σ . Here, k = q + Qμ, q ∈ BZ, Qμ ∈
�∗ is the total wave vector. The full red lines are angular averages
of the static structure factor, and the dashed black lines indicate the
different Brillouin zones.

periodic distribution of particles, while the minima reveal the
regularity of the empty spaces between them. The caging
effect, due to cagelike configurations of particles, emerges
in supercooled liquids and becomes dominant in the glass
[33]. Then, the variance of static structure factor should show

FIG. 2. Nonequilibrium-state diagram: The glass-transition line
χc = χc(a,U1; ϕ̄) separating liquid from glassy states for various
amplitudes U1 within the diagonal approximation. Black dots on the
red curve correspond to the reported static structure factors in Fig. 1.
Inset: Critical glass-transition parameter χc(a,U1; ϕ̄) as a function of
the amplitude U1 for several values of the period a highlighting the
suppression of the glass transition.

FIG. 3. Comparison of the phase-transition line χc =
χc(a,U1; ϕ̄) to the behavior of the first peak of the angularly
averaged static structure factor maxk{S(k)} and the rescaled inverse
variance of the static structure factor ∝ �U1 (a)−1 for ϕ̄ ≈ 0.55
and U1 = 1.7kBT . In correspondence to the minima of χc, a sketch
illustrates (on the left side) the preferred configurational hexagonal
cage having a nearest-neighbor distance fixed to match the packing
fraction ϕ̄. Two vertical gray lines are pointing to a = 0.64σ ,
corresponding to a perfect hexagonal cage, and to a = 1.20σ for a
perfect square cage.

how likely the cages form in supercooled liquids. To quantify
this insight, we define the normalized variance of the static
structure factor around its mean,

�U1 (a) ≡ Var[SU1 (a)]

Var[SU1=0]
=

∫
dk[SU1 (k, a) − 1]2∫
dk[SU1=0(k) − 1]2

, (13)

and observe strong correlations with the glass-transition line;
see Fig. 3. More precisely, for periods below the preferred
one, a � 0.63σ , rescaling the inverse variance �U1 (a)−1 to
match the bulk behavior (a � σ ), serves as a quantitative
proxy of the glass-transition line. We have checked that this
observation holds also for other modulation amplitudes, U1.
Therefore, we can intuitively rationalize the behavior of the
glass-transition line in terms of the typical configurations of
hard disks leading to the oscillations.

In our system, the hard-disk repulsion and external mod-
ulation are the driving forces leading to different particle
configurations and eventually different static structure factors.
The interplay of these two forces promotes the formation
of local cages of particles around other particles, showing
different shapes depending on the modulation period a. In
particular, for a period of the external modulation a ≈ 0.63σ ,
corresponding to the minimum of the glass-transition line, we
observe cage with a shape fluctuating around that of a hexagon
such that one of its diameters is aligned with the modulation
(see left-side sketch in Fig. 3). Indeed, the distance be-
tween particles in a hexagonal lattice having packing fraction
ϕ̄ = 0.55 is about 1.28σ , which is in a very good agreement
with twice the period of the external modulation, a ≈ 0.63σ .
Similarly, locally square-shaped cages form for the period of
the external modulation, a ≈ 1.22σ (see right-side sketch in
Fig. 3). The most probable cages in 2D are hexagonal, square,
and amorphous cages, and/or combination of all of them. Of
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course it is possible that for some periods the modulation will
lower the caging effect.

Summary and conclusion. We have generalized MCT to
encompass modulated liquids exposed to an external one-
dimensional periodic potential. The theory differs in several
important aspects from the corresponding one in bulk (for
details see the companion paper [50]).

We have solved the MCT equations for the nonequilibrium-
state diagram of the system as a function of the period and
amplitude of the modulation. Our results demonstrate several
key findings regarding the behavior of colloidal liquids under
external modulation. First, we predict a multiple reentrant
transition into the glassy state by merely varying the am-
plitude and period of the external potential, exploiting that
specific combinations of these parameters can induce or sup-
press vitrification. Second, the system exhibits a preferred
period where the glass transition becomes very sensitive to
the amplitude of the modulation. For hard disks, the criti-
cal parameter of the glass-transition line changes by almost
a factor of 3 for moderate amplitudes in comparison to
bulk. Third, for certain periods at low amplitude, the glassy
state is suppressed (compared to a bulk colloidal liquid),
a phenomenon analogous to the melting of colloidal crys-
tals upon exposing them to external modulations [26–29].

However, there the crystal melting occurs at high amplitudes,
whereas in our case it occurs also at lower external potentials
and is induced by cage distortion. All these behaviors are
manifestations of the promotion and suppression of the caging
effect by the external potential. The first observation also
holds for a colloidal suspension in confinement [42], while
the other two are genuine features of the modulated liquid.

Overall, these results predict that the phase of a colloidal
liquid exposed to a periodic external potential can be effec-
tively controlled by adjusting both the amplitude and period of
the external potential, providing a robust framework for tuning
the physical states of colloidal liquid with precision.

Our approach encompasses naturally also infinitesimal ex-
ternal perturbations and therefore by linear-response theory,
higher-order correlation functions become accessible simi-
lar to inhomogeneous mode-coupling theory [61]. Thus, it
would be interesting to elaborate if the splitting of the cur-
rents employed here modifies some of the predictions for the
higher-order susceptibilities.
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