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Simulating and analyzing the dynamics of collective movement with elastic
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This paper investigates the simulation and analysis of collective self-propelled motion in the presence of a
leader, a phenomenon commonly observed in natural and artificial systems, such as bird flocks or robotic swarms.
Using a dynamic approach based on the Langevin equation, the study models interactions between particles and
a leader through elastic restoring forces and incorporates stochastic noise to simulate random fluctuations. These
forces ensure group cohesion, avoid collisions, and mimic real-world conditions where unpredictability plays
a significant role. The simulation starts with particles randomly distributed in a two-dimensional space. As
the leader moves at a constant velocity, particles adjust their positions and velocities to follow it. The results
demonstrate a two-phase evolution: an initial rapid clustering around the leader due to strong elastic forces,
followed by a gradual alignment of particle velocities to match the leader. The velocity profile, represented by a
linear increase followed by an exponential decay, captures the transition from disorder to order. Key parameters
such as the spring constant k;, which governs the leader-particle interaction, and the diffusion coefficient D,
which regulates stochastic noise, are shown to significantly influence the system dynamics. High interaction
strength accelerates synchronization and stabilizes the group, while weaker interactions lead to slower clustering
and potential dispersion. Phase diagrams and susceptibility analyses confirm that the leader’s role is critical in
initiating and maintaining collective behavior. This study highlights the emergence of coordinated motion in a
leader-follower context, offering insights into biological systems and inspiring applications in swarm robotics,

where efficient and cohesive movement is essential.

DOI: 10.1103/2p2h-vz38

I. INTRODUCTION

The collective behavior of individuals, whether they are
particles or living beings, is one of the most complex phenom-
ena to understand and analyze. This phenomenon manifests
at different scales: at the microscopic level in the field of
biology [1], and at the macroscopic level in fish [2], birds [3],
and in human beings. While heuristic optimization approaches
like particle swarm optimization (PSO) [3] and artificial bee
colony (ABC) [4] have demonstrated the effectiveness of
swarm-inspired algorithms for computational problems, our
work focuses specifically on modeling the physical interac-
tions governing natural collective systems. The complexity of
studying collective behavior lies in the large number of indi-
viduals involved and in the characterization of the interactions
between them. For example, birds in a flock fly in an orga-
nized and structured manner. This movement is not random
but relies on a certain form of communication between the
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individuals in the group. The fundamental question that arises
is, therefore, how can we predict and model such behavior?
The first researcher to interpret collective behavior was
Vicsek, who introduced a pioneering model to describe self-
propelled collective motion. In his work, Vicsek [5] studied a
two-dimensional system composed of N particles, each mov-
ing at a constant speed while adjusting its direction based
on the average orientation of its immediate neighbors. His
model highlighted a phase transition phenomenon, where the
system shifts from a disordered state, with particles moving
randomly, to an ordered state where they move coherently.
The key parameters influencing this transition are the particle
density and the noise disturbing the individuals’ orientation.
After Vicsek’s work, several researchers continued explor-
ing collective behavior by improving his model. Among them,
L. Tarass [3,4] made significant contributions by modifying
the original model to better represent the interactions be-
tween particles. His work introduced zones of orientation
and repulsion, allowing particles to avoid collisions while
adjusting their direction. Thanks to these adjustments, Tarass
was able to demonstrate greater accuracy in describing group
dynamics, particularly how particles maintain cohesion while
avoiding destructive interactions. These improvements helped
to better understand the mechanism behind the formation
of coherent structures, such as bird flight formations, and
made the model applicable to a wider range of biological
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and physical systems. L. Amallah [5,6] took a different ap-
proach to simulating collective motion. In her work, she used a
Langevin equation, in which she incorporated a random force
to model the stochastic behavior of the system. This approach
allowed for the exploration of the impact of random fluctu-
ations on collective dynamics, improving the understanding
of self-organization processes in noisy environments [7,8],
particularly regarding the cohesion and evolution of groups
under varying conditions.

In this work, we will use a dynamic approach based on the
Langevin equation [9-12] to simulate collective motion. The
situation we aim to simulate is one where a group of particles
seeks to follow a leader, a scenario frequently encountered in
real-life cases, such as during animal migrations or in robotic
swarms. The originality of our approach lies in modeling the
interactions between particles and with the leader using an
elastic restoring force. This force simulates both collisions
between the particles and attraction to the leader, ensuring
group cohesion while avoiding destructive interactions. By
also integrating stochastic forces, we explore the effect of ran-
dom fluctuations on collective movement, providing a deeper
understanding of the emerging dynamics in noisy environ-
ments.

Building upon prior research, this work introduces an
avenue for investigating collective movement, enabling the
exploration of dynamic aspects previously overlooked in
predominantly kinematic models. Moreover, integrating this
dynamic framework with systems like machine learning can
enhance the prediction of collective motion, with practical
applications in everyday scenarios such as the evacuation of
sports stadiums or densely populated areas, and also in fore-
casting the movement of certain animals.

This paper includes four sections organized as follows:
A general introduction in the first section;the model used in
this study is presented in Sec. II. The obtained results are
presented and discussed in Sec. III. Finally, we summarize
our numerical results in the last section.

II. THE MATHEMATICAL MODEL

In our model, we consider N particles initially at rest,
randomly dispersed in a two-dimensional space. A leader,
moving at a constant speed, enters the system. Once the leader
arrives, the particles instantaneously adjust their positions to
follow it, resulting in an abrupt change in their velocities.
However, in biological systems, both at microscopic scales
and at larger scales, particles do not simply follow a leader;
they communicate with each other.

To model this interaction, we introduce an elastic restoring
force between each particle and its nearest neighbors. This
force prevents the particles from getting too close to each
other. If two particles are closer than a threshold distance ry,
a repulsive force is applied to push them apart. This force is
described by the following expression:

— —
— ri—r j
Fre = ko(ro —d)———, ey
d
where d is the distance between particles i and j, and k2 is the
repulsion constant.

Similarly, the connection between each particle and the
leader is modeled by another elastic restoring force, which
pulls each particle toward the leader. The magnitude of this
force is proportional to the distance between the particle and
the leader and is adjusted by a spring constant, k1. This force
is written as

—

— —

Fre =ki(re — 1), 2
where 71e leader is the position of the leader and 71 is the
position of particle i.

In addition to these two forces, we must consider the
stochastic noise in the collective motion. Stochastic noise is
a random term added to the equations of motion to represent
unpredictable or disordered influences. This is common in
complex dynamic systems, such as particles suspended in a
fluid, where they are subject to thermal fluctuations (as in
Brownian motion). The noise adds variability to the system
and alters the particles’ trajectories in a nondeterministic way.
In our simulation, the stochastic noise is represented by the
following expression:

F'st = A/ 2DAIN(0, l)nmaxA9 (3)
with
A = min(1, ). “)

The term fact is an attenuation factor that gradually reduces
the effect of the stochastic noise during the first few iterations
to avoid abrupt changes at the start of the simulation. Specifi-
cally,

(1) during the first few iterations (frame < 10), the
stochastic force is progressively increased;

(ii) at the tenth iteration (frame = 10), the noise reaches
its maximum intensity; and

(iii) after the tenth iteration, the attenuation factor equals
1, and the stochastic noise becomes fully active.

D is the diffusion coefficient, which controls the intensity
of the stochastic fluctuations, At is the time step of the sim-
ulation, N(0,1) is a randomly drawn number from a Gaussian
distribution with a mean of 0 and variance of 1, and nmax is
the maximum amplitude of the stochastic noise.

The goal of this study is to predict the collective behavior
of particles in the presence of a leader. In particular, our
simulation allows us to interpret the formation of groups, such
as animals or bacteria, using these physical interactions. To
achieve this, we must calculate the position and velocity of
each particle at every iteration, which requires solving the
Langevin equation that incorporates the three aforementioned
forces:

— = Fre+ Fre + Fs- (5)
dt

Then, the velocities and positions are updated using the
Euler method:

F (total
F(Oa)At

v (t +dt) = v; (1) + , (6)

74 dr) =7 (1) + v (DAL M

The large number of particles, as well as the multiple
interactions between particles and the leader, make manual
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FIG. 1. Representation of the system image at four times: ¢t = 1;¢ = 30; ¢t = 80; t = 90.

resolution of the equation impossible, thus requiring the use
of a programming language such as Python to implement the
simulation.

III. SIMULATION RESULTS AND DISCUSSION

To discuss the evolution of the system and compare the
results to a real case of collective movement observed in
certain living organisms, we begin with a visual representation
of the system, showing the evolution of particle positions at
different moments, from the initial state to the final state.
This representation gives us a general overview of the results
of our simulation and allows us to check whether the parti-
cle evolution is similar to that encountered in nature, either
from a macroscopic perspective, such as in the movement of
larger organisms, or at a microscopic level, such as bacteria.
Figure 1 presents an image of the system at four distinct time
points.

We observe that the system evolves from an initial state
where particles are randomly distributed (at # = 0) to a final
state where all particles follow the leader at a constant speed.
Moreover, the particles organize themselves into a specific
structure around the leader. This configuration is reminiscent
of the V-shaped formations observed in groups of birds, where

an individual guides the group. An examination of Fig. 1 re-
veals collision-free movement between particles and a smooth
transition from the initial to the final state. These characteris-
tics are attributable to the choice of model parameters, notably
the spring constant of the elastic forces, the diffusion con-
stant D, and the noise intensity. These parameters respectively
control the interaction between particles, the tendency toward
diffusion, and the randomness of the movement.

We will now focus on the impact of control parameters
on the system dynamics. Recall that the system undergoes
a phase transition, moving from an initial random state to a
final equilibrium state. To characterize this transition, we will
analyze the time evolution of the system’s average velocity.
Figure 2 represents the time evolution of the average velocity
Viu(t) of the system, defined by the equation

1 N
V() = < 3 ViO). ®)
i=1

We observe a two-phase evolution of the average particle
velocity. Initially, the average velocity increases rapidly. This
phenomenon can be explained by the fact that the particles,
initially dispersed, suddenly reorganize to follow the leader’s
motion. This initial acceleration, which can even exceed the
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FIG. 2. Time evolution of the mean particle velocity.

leader’s velocity, is due to the strong interactions between the
leader and the particles, modeled by intense forces applied at
the beginning of the simulation.

The second phase is characterized by an exponential de-
cay of the average velocity. This decay can be interpreted as
follows: After the initial acceleration phase, where particles
quickly cluster together, they enter an adjustment phase. Each
particle then tries to align its velocity with that of the leader.
This gradual adjustment, which results in an exponential de-
cay, shows that the system is seeking to reach an equilibrium
state where all particles move at the same speed as the leader.
To further detail the mathematical expression of velocity in
both phases, we propose a linear regression of the two curves.
The results of the regression are shown in Fig. 3.

Initially, the velocity evolves linearly with time, following
the equation v(¢) = 1.59¢—0.41. This confirms the observed
linear growth. In the second phase, the decrease in velocity is
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FIG. 3. Linear regression of the two phases of the motion.
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FIG. 4. Effect of spring constant k1 on velocity over time.
well modeled by a decreasing exponential function:
(t) =30.79 ! +1.70 ®
v(t) =30.79exp | ———= .70.
P\ s»

This equation indicates that the velocity asymptotically
tends toward a constant value (1.70) over time. It is interesting
to note that the profile observed during the second phase is in
agreement with the results obtained by Tarras [4,13,14] and
Bakir [15] in their work on leaderless systems. This agree-
ment suggests that the mechanisms at work in our system are
similar to those identified in their studies.

Now that we have identified the characteristic velocity
profile during this phase transition, let us focus on the different
parameters that influence this phenomenon. We will start by
studying the effect of the interaction between the leader and
the particles, characterized by the spring constant k;. Figure 4
clearly illustrates the impact of this constant on the velocity
profile.

By examining the graph, we can see that the strength of the
interaction between the particles and the leader, represented
by the spring constant k;, has a significant impact on the time
evolution of the average velocity.

(i) Initial phase: A higher spring constant results in a
steeper slope at the beginning of the linear growth phase,
indicating a faster acceleration of the particles due to the
stronger attraction from the leader.

(i1) Final phase: The time it takes for the exponential decay
of the velocity to occur decreases as k; increases. This im-
plies that the particles reach their steady-state velocity, where
they follow the leader stably, more quickly. In other words,
a stronger interaction between the leader and the particles
(higher k;) promotes faster synchronization of the particles
with the leader’s motion and stabilizes the system.

To better understand the influence of the spring constant
ki on the behavior of particles under elastic interaction, we
studied the evolution of the average inter-particle distance
over time for different values of k; and the result is shown
in Fig. 5. By varying k|, we essentially adjust the strength of
the attractive force exerted by the leader on each particle.

014130-4



SIMULATING AND ANALYZING THE DYNAMICS ...

PHYSICAL REVIEW E 112, 014130 (2025)

45
w0 —=—k,=0.1| N=50
—e—k,=0.2| L=100
35 - —a—k,=0.3 52=d°~5 T
- k,=0.4 eader speed=
9 30
§ +— k=05 D=05
25 4 =
%’ At=0.1
%20
o
g
= 151
10 4
5 - leader speed
T T,
0 T T T T T T
0 20 40 60 80 100 120

FIG. 5. Effect of the spring constant k; on the evolution of the
average interparticle distance over time.

The results clearly show that the higher the spring constant
ki, the shorter the time it takes for the particles to reach an
equilibrium configuration. This observation is entirely consis-
tent with the physical interpretation of the phenomenon: A
higher value of k; corresponds to a stronger restoring force,
which accelerates the process of particles clustering around
the leader. The exponential decay of the average interparticle
distance over time is also as expected.

Indeed, at the initial time, the particles are randomly dis-
tributed in two-dimensional space, resulting in a high average
distance. When the leader starts moving, the particles are
subjected to an attractive force that encourages them to come
closer together and follow the leader. This clustering dynam-
ics is the origin of the observed exponential decay. We can
also observe that when the interaction between the leader
and the particles is weak, the group of particles is unable
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FIG. 6. Phase diagram.
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FIG. 7. Impact of interaction intensity on the phase diagram.

to effectively follow the leader. Indeed, the attractive force
exerted by the leader is then insufficient to induce a rapid and
coherent clustering of the particles.

Consequently, the particles cannot reach the leader’s speed,
and the average interparticle distance decreases more slowly,
or even plateaus. Our results corroborate the findings of
Carine Beatrici [13,16] and Tarass [17-19] regarding the
exponential decay of the average inter-particle distance. Fur-
thermore, our analyses reveal that this decrease is primarily
attributed to leader-follower attraction. This interaction plays
a central role in the formation of clusters and group cohe-
sion. To delve deeper into the relationship between particle
movement mechanisms and average distance, let us examine
the phase diagram where we represent the average particle
velocity as a function of their average distance from an origin.
This representation allows us to highlight different movement

0,6
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FIG. 8. Time evolution of susceptibility for different particle-
leader interaction strengths.

014130-5



A. EDDAKOUN et al.

PHYSICAL REVIEW E 112, 014130 (2025)

regimes and to study the evolution of particle motion as a
function of system conditions.

The phase diagram in Fig. 6 reveals two distinct phases
of particle movement. Initially, there is an acceleration phase
associated with a decrease in the average distance between
particles. This decrease continues until the particles reach a
maximum velocity. This first phase corresponds to an adjust-
ment period where particles move closer together, forming
increasingly dense groups.

Second, there is a deceleration phase, characterized by a
decrease in the average velocity of the particles. This regime
change suggests that the particles have reached a dynamic
equilibrium state, where attractive and repulsive forces bal-
ance each other out. The continued decrease in velocity can
be explained by an optimization of group formation, as par-
ticles seek to minimize their potential energy by adopting a
more stable configuration. To validate our previous findings
regarding the influence of the leader-particle interaction, we
reconstructed the phase diagram by adjusting the strength of
this interaction through the spring constant K; and the result
is shown in Fig. 7.

The analysis of Fig. 7 shows that as the interaction intensity
decreases, the inflection point shifts to the left. This implies
that particles tend to cluster at lower velocities before accel-
erating. However, it is important to note that only the black
curve, corresponding to a high interaction intensity, reaches
a velocity close to that of the ‘leader’. Therefore, we can
conclude that: a strong interaction between the "leader" and
the particles promotes group cohesion and allows particles
to reach high velocities by following the leader’s motion
efficiently. Conversely, a weak interaction leads to particle
dispersion and clustering at lower velocities.

To conclude on the possibility of observing a phase transi-
tion from an initial configuration where particles are randomly
distributed in a two-dimensional system to an ordered state
where all particles coherently follow a leader, we can study the
time evolution of the susceptibility. Recall that a susceptibility
curve, commonly used in such studies (for example, in the
works of Najem Moussa [15,20] and Iliass Tarras [10,20]), is a
valuable tool for detecting phase transitions. By following the
time evolution of this susceptibility, we can identify potential
peaks or abrupt changes that would signal a transition to a
highly correlated state, where all particles move in a coordi-
nated manner.

The susceptibility y (¢) is defined as

x (@) = N*((v3()) — (v())?), (10)

(vV2(t)) — (v(r))? : This difference represents the velocity vari-
ance, a measure of how spread out the velocities are around

the average. A larger value indicates greater differences in
particle velocities.

The susceptibility curves in Fig. 8 exhibit a pronounced
peak for all three values of k;, indicating a maximum system
response to a perturbation at a given time. However, it is
observed that this peak is reached more quickly for higher
values of k;. This evolution can be explained by the fact
that a strong particle-leader interaction (high k;) leads to a
rapid synchronization of the particles with the leader. Indeed,
particles strongly coupled to the leader tend to quickly adopt
its velocity and direction, thus reducing velocity fluctuations
at the system scale. Once this synchronization is achieved, the
susceptibility decreases and tends toward zero, indicating a
loss of system reactivity to any further perturbation.

The shape of our susceptibility curve agrees with the re-
sults obtained by Tarass [9] and Bo Li [21,22], where a peak
followed by a decay to zero is observed. This suggests the
establishment of an ordered state, where particles are aligned
and stable in the absence of perturbations. However, our study,
conducted in the presence of a leader, highlights the crucial
role of the latter in the emergence and maintenance of this
order. The results confirm that many collective motion sys-
tems require a leading entity to initiate and coordinate the
movement of the other individuals.

IV. CONCLUSION

The study conclusively demonstrates that leader-particle
interactions play a pivotal role in the emergence of order and
synchronization within collective motion systems. Stronger
interactions, characterized by higher spring constants, lead to
faster clustering and velocity alignment, stabilizing the system
into a dynamic equilibrium. Additionally, the inclusion of
stochastic forces enhances the realism of the model, illustrat-
ing how random fluctuations influence collective dynamics.

These findings have broad implications for understanding
the mechanisms’ underlying collective behavior in both nat-
ural and artificial systems. They offer a robust framework
for designing efficient leader-follower strategies in swarm
robotics, biological research, and other applications requiring
coordinated movement in noisy environments. Future studies
could extend this work by exploring more complex interac-
tions or multileader scenarios to deepen our understanding of
collective dynamics.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [23].
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