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In the wake of the SARS-CoV-2 pandemic, there has been heightened interest from applied mathematicians
in infectious disease modeling. Modeling efforts often focus on predicting whether diseases are likely to be
eliminated or, instead, (re)emerge, especially as a result of control measures. This tipping point between
elimination and infection waves has been successfully anticipated in the literature through the use of early
warning signals and such signals often rely on the theory of critical slowing down. Recent developments
have shown that these signals (increases in fluctuation variance and return time) can emerge from the system
geometry in the case of non-normal dynamics rather than a change in asymptotic stability. We show how such
dynamical behavior occurs in the fluctuations from the mean field in general stochastic systems. Using the
susceptible-infectious-recovered model as an example application, we analyze how critical-like behavior can be
exploited to anticipate infection waves in the absence of an equilibrium bifurcation.

DOI: 10.1103/2fyp-hjbd

I. INTRODUCTION

The theory of early warning signals (EWSs) has shown
increasing promise in anticipating bifurcations in infectious
disease models. In the literature, analysis generally considers
the transcritical bifurcation between disease-free and endemic
states as the basic reproduction number (Ry) is varied [1-8].
Near this bifurcation point, relaxation rates of stochastic
perturbations slow down [known as critical slowing down
(CSD)], leading to identifiable trends in time series statis-
tics, such as an increase in variance [9]. However, growing
research for other dynamical systems has revealed that sim-
ilar statistical patterns can occur in systems that are linearly
stable and far from any bifurcation [10,11]. These effects,
sometimes termed pseudobifurcations or transient critical-like
behavior, arise from the geometry of the underlying dynamics
and transient behavior, rather than from changes in asymptotic
stability. For epidemiological models, there are also recent
results in the literature highlighting that these transient effects
can also be used to identify points of interest in the time series
of reported cases [both in terms of the standard bifurcation
analysis on approach to (re-)emergence or elimination, and
peaks and troughs in the incidence] [3,12—-14].

A key concept underlying these phenomena is non-
normality [15]. A linear operator is non-normal when it
does not commute with its Hermitian transpose, meaning
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its eigenvectors are not orthogonal (i.e., its commutator,
[A,A*] := AA* — A*A # 0). In such systems, perturbations
can interact through the nonorthogonal eigenbasis, leading
to transient amplification even when all eigenvalues indicate
asymptotic decay. The short-term growth of perturbations,
often referred to as transient amplification or “pseudobifur-
cation” behavior, is driven by the geometric structure of the
operator rather than by its spectrum. This is well known in
fluid mechanics, where non-normal operators are associated
with transient energy bursts and amplified responses to small
perturbations, originally formalized by Farrell and Ioannou
as generalized stability theory [16,17]. More recently, these
ideas have been formalized in the context of stochastic dy-
namical systems, showing that apparent EWSs then occur
due to sensitivity to the transient geometry of the system
flow. Epidemic models are strongly non-normal due to the
asymmetric coupling between susceptible and infected com-
partments. Further, competing timescales related to the rate
of infection, recovery period, and demography can lead to
shearing of the phase space. Real-world epidemic systems
also exhibit stochasticity. In systems with complex eigenval-
ues, noise can produce stochastic resonance of the existing
eigenmodes in the system. Such stochastic resonance has al-
ready been identified in fluctuations around the endemic and
disease-free equilibria, leading to a rich variety of dynamical
behavior [4,8,18-22], and occurs even without non-normality.

Distinct from this, stochastic amplification can occur
due to the spatial geometry and eigenvector nonorthogonal-
ity, where the noise feeds energy into transiently growing
directional modes regardless of eigenvalue complexity. Non-
normality can be examined through the properties of both
the Jacobian (J) of the system and its symmetric part
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(H = (J +J7)/2) [15]. While the Jacobian determines the
asymptotic stability through its eigenvalues, the symmetric
part encodes how the norm of perturbations grows or de-
cays instantaneously. Positive eigenvalues of the symmetric
part correspond to directions in which perturbation energy
increases, even if all eigenvalues of the full Jacobian have neg-
ative real parts. This separation between asymptotic stability
and instantaneous amplification is fundamental to understand-
ing non-normal transient dynamics. In the context of epidemic
models, examining the symmetric part of the Jacobian offers a
geometric perspective on when and where the system locally
supports transient growth in incidence or prevalence, even
without crossing a true bifurcation threshold [11].

Existing results in the infectious disease dynamics litera-
ture investigate both the equilibrium and transient behavior in
EWSs as a result of the system geometry. Such analyses gen-
erally study the linear probability distribution of the system’s
fluctuations, often derived via the linear noise approximation
(LNA) or by directly linearizing the governing stochastic
differential equations (SDEs). Although normally expanded
around the steady states of the system, it can also be used
to analyze the fluctuations from mean-field solutions. The
resulting covariance matrix of these fluctuations evolves ac-
cording to a time-dependent Lyapunov equation driven by the
Jacobian of the deterministic system. In stationary settings,
this equation can be solved algebraically to yield steady-state
variance spectra, which has been carried out for various dis-
ease models [3-6,23,24].

However, analyzing the linearized fluctuations does have
limits when approaching the bifurcation or other exceptional
points: the principal eigenvalue of the Jacobian approaches
zero, causing the linear restoring forces to vanish. In this
immediate critical vicinity, truncated nonlinearities dominate
and the linearized covariance evolution ceases to be physically
accurate [9,25]. Conversely, when the Jacobian varies in time,
such as along a system trajectory, the covariance dynamics
become explicitly nonautonomous. In such systems, the co-
variance may increase transiently even if the deterministic
trajectory remains within a stable regime, leading to apparent
signatures of instability that are purely geometric and transient
in origin. Although there are some results in the literature
warning that such signatures may reduce EWS applicability,
we instead seek to exploit this behavior to anticipate areas of
interest in disease time series (such as peaks and troughs).

Rather than proposing a new EWS, this paper aims to
provide an analytical foundation for how and when these
CSD-like signatures arise from time-varying operator geom-
etry. We build upon the theory of pseudobifurcations and
generalized stability theory to consider how slowing-down
behavior and related EWSs can occur in a general stochastic
system under the LNA. We represent the time-varying Lya-
punov equation for the covariance matrix in both the Jacobian
and symmetric eigenbases to help illuminate how the evolving
system geometry impacts the covariance matrix. These reveal
contributions arising from the deterministic mode coupling,
transient amplification, and eigenbasis evolution. Next, we an-
alyze the eigenvalues of the time-dependent Jacobian and its
symmetric part for the susceptible-infectious-recovered (SIR)
model with demography to identify areas of the susceptible-
infectious (SI) phase plane where EWSs may occur. Finally,

we use a set of simulations to test the applicability of this
theory to simulated case data and changes in both population
and disease demographics.

II. TIME-DEPENDENT CRITICAL
SLOWING-DOWN BEHAVIOR

In this section, we build on the existing literature on
pseudobifurcations and differential Lyapunov equations by
considering a generalized stochastic system and how fluctu-
ations away from a mean-field solution can display critical
slowing-down-like behavior.

Let Y(t) be a stochastic variable obeying a stochastic
differential equation (such as that given by the chemical
Langevin equation) with corresponding drift or deterministic
evolution given by the set of differential equations in the form

y=f1), yo=yo) (D

where y(¢) is the state of the deterministic system and #, the
initial time. Let y(¢) be the exact, time-dependent mean-field
trajectory solved from these equations. We can then linearize
Y (¢) around y(¢), resulting in the stochastic fluctuation process
X@)=Y(@)—y@).

To analyze the stability of these fluctuations, we consider
the purely deterministic limit of these stochastic perturbations,
denoted x(¢), which evolves according to the linearized ordi-
nary differential equation (ODE):

X0 = x(ty) ()

where J(¢) is the Jacobian matrix of f(y, ¢) evaluated at y(¢) at
time 7. We emphasize that J(¢) is time dependent because it is
evaluated along the nonstationary trajectory y(¢). Therefore,
even for autonomous theoretical models, the linearized fluc-
tuation is strictly nonautonomous for transient perturbations
or when the system is not at a deterministic equilibrium. We
note that these equations only hold while the perturbations are
sufficiently close to the mean-field behavior such that a linear
approximation to the dynamics is appropriate.

We now take concepts from the theory of nonautonomous
linear equations and linear control theory that are well known
in their respective fields but, to our knowledge, are not well
reported in the EWS literature (even in recent papers on pseu-
dobifurcations) [26,27].

Solutions to this set of equations can be written as

x(1) = ®(, 10)x(10), e, 0)=1 (3

where @ is the state-transition matrix (also called the funda-
mental matrix) of the linearized system. Noting that J is a

%= J@t)x,

b =Jo,

square matrix, and letting || - || be an induced matrix norm,
the associated logarithmic norm of J is defined as

I+ ArJ]| =1
—

We can use this to show how the time-dependent eigen-
values of J lead to CSD in the fluctuations as their real part
approaches zero from below. Define also u,(J) = —u(—J)
and using the upper (d%(x) := lim sup,,_, o+ W) and
lower (3% (x) := lim infj_,o+ *2="=") right Dini derivatives
we derive exponential bounds on ||x||. Although a well-known

u) = lim o
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result, we provide the full derivation in Appendix A with the
upper bound on the magnitude of the fluctuations given as

d
(FIHIIX(t)II < u(). &)
For |[ - || = [| - [l2 we have
d J+J"
dt_+1n||g(t)|| < )\max< ) )v (6)

! J+JT
||¢(t,to)||z<exp[/ Amax( +2 )ds] (7

such that the instantaneous bounds on the growth of fluctua-
tions are given by the maximal eigenvalue of the symmetric
part of J, H=(J +JT)/2, and the actual magnitude is
bounded by Gronwall’s inequality. As such, we only expect
growth in x if the spectral radius of J + J7 is positive.

Throughout this paper, we use the 2-norm as it is the unique
L? norm defined by an inner product. This allows for the
decomposition of the Jacobian into its symmetric and skew-
symmetric parts and allows us to utilize an orthogonal spectral
geometry (which other norms do not support). As the variance
is inherently an L? concept, using the 2-norm also allows us
to relate it to the energy of the system. Finally, we do note that
other norms, such as the total variation (TV), could be used.
However, this distance is bounded by the Kullback-Leibler
divergence, which, under the linear approximations used in
the manuscript, is entirely determined by the mean and the
covariance matrix. Therefore, using bounds derived via the
2-norm already captures the mechanisms that would drive a
divergence in the TV norm.

We note existing work on the definitions of pseudobi-
furcation and non-normal CSD where the time-independent
and equilibrium case was considered in Ref. [10], with a
framework for generalized system dynamics also presented
in Ref. [28]. The remainder of this study aims to extend
these studies to show how the linearized dynamics lead to
predictable changes in the covariance matrix in the nonau-
tonomous case and how these geometric effects can be used
to anticipate areas of interest in infections data.

Variance-based indicators in practice

We continue by considering how the variance and other
indicators of transient dynamics might behave in stochastic
realizations of epidemic models and dynamical systems in
general.

Consider a linearized system corresponding to fluctuations
away from a mean-field solution. Let X (¢) ~ N (0, X,) be the
deviations from the mean-field solution w(¢), as previously
defined, then the SDE for the deviations is given by

X, = J(@t)X.dt + G(t)dW, ®)

where B(t) = G(¢)G(t)T is the noise-covariance matrix of the
transitions in the system (commonly derived from the LNA
applied to the master equation of Y) and W; represents the
standard Wiener process. We note that this equation can be
derived by linearizing the stochastic representation of ¥ such
as from the chemical Langevin equation. Then the evolution
of the covariance is given by the continuous-time-varying

Lyapunov equation
dz,
dr

and the fluctuations are a (multidimensional) Ornstein-
Uhlenbeck process with time-varying coefficients. This equa-
tion has an analytic solution (known in control theory and
SDE literature [26,27,29] but to our knowledge not applied
in an EWS context) in terms of the fundamental matrix &
(as defined previously) by considering the similarity transform
Z(t) given by

=JOZ, + = JT () + B(t) ©9)

Z@t) = o)z, 00) 7, (10)
where (-)~7 denotes the inverse transpose of a matrix. By con-
sidering that ®dd~! =1, we also derive identities for d%(cb’l)
and ($(@~1)7:

i(qqul) = i([)’
dr dr

4 @) + 0L @) =0

dt dr

d | -1
= @ H=-0"le0" =071y,

d T
(a(cpl)) =o' =—JTo . (11)

Then differentiating Y (¢) gives (dropping the dependence
on ¢ for brevity)

Z=—-d"Uso T+ 'Uz+ I + BT
- 'zyTe T
=o' T

= Z@t) = Z(0) + [ O(s) 'B(s)P(s) Tds
0

=3, = d)(t)[Zo +/ O (s)"'B(s)®(s) T ds }b(t)T
0
(12)

where the last equality comes from noting that ®(0) =0
such that Z(0) = ¥y. As previously stated, evolution equa-
tions in this form are known in other areas but have not
been reproduced in the EWS literature. The remainder of this
section represents our contributions to fluctuation theory.

We can also decompose our continuous-time Lyapunov
equation for the covariance matrix further, and consider ex-
plicit bounds on the perturbations from the SDE. Note that for
brevity, notation of the time dependence may be dropped in
the remainder of this paper [e.g. J(#) would be written as J
and X; as X].

We first consider the effects of H on the total variance by
taking the trace of Eq. (9) yielding

dx

= =Jx+3JT +B,
dr

d
atrZ =2u(HX)+trB

d
= L UE < o) U S +uB  (13)
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where the first line comes from the cyclicity of the trace and
the inequalities come from the fact that ¥ > 0. As B is a
noise-covariance matrix, we also know that B > 0, and so this
noise term continuously injects variance into the system with
the deterministic contribution of H dampening or amplifying
these fluctuations depending on its spectral properties (as ex-
pected from CSD theory [11]). If Apx(H) < 0 = tr(HX) <
0, then there will be deterministic linear damping of the vari-
ance (and vice versa for Ay (H) > 0). Therefore, a necessary
condition for instantaneous linear growth of the variance is
if Amax(H) > 0 (with the instantaneous sufficient condition
being 2Amin(H) + tr B > 0 which, since B > 0, reduces to
H > 0).

Further, we can also separate the effects of “time-
dependent CSD” defined in the normal way as a change in the
real part of the dominant eigenvalue(s) of the Jacobian matrix
from the transient effects caused by the eigenmodes of H.

We assume here that J(¢) is diagonalizable, with time-
dependent right and left eigenvectors forming a biorthonor-
mal eigenbasis and corresponding eigenvalues A;, such
that J() = V(O)A@)V ()", A(t) = diag(ry, ..., A,), where
V() =[vi,...,v,] is the matrix of right eigenvectors and
W) =[wi,...,w,], W*V =1 is the matrix of the left
eigenvectors, normalized to be biorthogonal. Note that this
assumption holds for many systems but fails when the dy-
namics have unidirectional coupling or at exceptional points
(such as at the bifurcation). We define the modal covariance
and noise to be X, := vy V7™, B, = V-IBV~* and set
M(t) :=V(t)"'V(t) =. We note that (-)* denotes the Hermi-
tian transpose and arrive at the following proposition.

Proposition 1. (Modal (J-eigenbasis) decomposition). Un-
der the above definitions and assumptions, the following
matrix equality holds:

Y, = AS, + XA+ B, — MX, — T, M*, (14
where (-)* denotes the Hermitian transpose, and, for the di-
agonal modal variances p;(t) := (X,);;, the exact scalar ODE
is

pi = 2Re(A) pi + (By)ii — 2Re<ZMibE.Vbi> (15)
b

foreachi=1,...,n.

Remark 1. In (15), the first term 2Re(A;)p; is the pure
modal growth or decay; (By); is the modal noise injection;
the remaining sum encodes the time evolution of the modal
basis.

Proof. Differentiate £, = V~'ZV

X, =VIZVv vy vz,
From the definition V™!V =1 =V~*V* we obtain the

identities Vi9i=—v-lyyv-l=_myv-! and V*=
—(V*V*V %) = —(MV~1)* to then obtain

3, =-MZ, - ES,M*+V sV

Substitute ¥ = J¥ + £J7 + B, and use V~'J = AV~! and
its Hermitian transpose to get V'V = AZ, + Z,AT +
B,. Rearranging and simplification of the expanded expres-
sion yields (14) and, noting that X is Hermitian, extracting
diagonal entries of X, gives (15). |

In the eigenmode basis, it is clear then that the degree of
modal growth depends on the real parts of the eigenvalues
of J (as expected) and the projection of B in the eigenspace
of J. Intuitively, these equations decompose the covariance
evolution (in the eigenmode basis), into contributions from the
Jacobian matrix, the injected noise, and the rate of change of
the eigenbasis itself.

Remark 2. We also note that at stationarity, such that Ey =
M = 0, we regain results previously derived in Ref. [30] as
(Z))ij = —(By)ij/(Ai + Aj).

Finally, we must emphasize that these equations only hold
under the assumption of a diagonalizable Jacobian. While this
may be a standard assumption for many dynamical disease
systems, it fails in two key scenarios. It fails persistently, in
systems with specific topological constraints (such as unidi-
rectional compartmental models), and locally, at exceptional
points where eigenvalues collide.

In these regimes, the system exhibits an extreme increase
in non-normality, leading to a highly ill-posed response to
perturbations [31]. As the eigenvectors align, V becomes
nearly singular and B,, M become extremely sensitive to
small fluctuations. Rather than standard exponential be-
havior, defective dynamics force perturbations to undergo
polynomial-exponential transient amplification (scaling as
t*eRe) "\where k is the order of the degeneracy and the form
is due to the generalized eigenvalues or Jordan normal struc-
ture), representing the theoretical maximum of non-normal
sensitivity.

Nonetheless, it is possible to extend the above derivation
to a defective matrix through generalized eigenvectors and the
Jordan normal form. Omitting the algebra, the final form is

i]}, =A+NE,+2,A+N)+B, —M%, — Z,M",

(16)
where J = V(A + N)V~! represents the Jordan normal form
of the defective matrix. Here, V is the (generally nonunitary)
matrix of generalized eigenvectors, A is the diagonal matrix
of eigenvalues, and N is a strictly upper-triangular nilpotent
matrix (satisfying N* = 0, k < n). Specifically, N contains 1s
on the superdiagonal corresponding to the coupled general-
ized eigenvectors of each Jordan block, and zeros elsewhere.
Then, the derivation continues in the exact same way as in de-
riving (14), replacing A with A 4+ N. The scalar equation for
the diagonal modal variances behaves identically to (15) with
the real part of the eigenvalues replaced by the real part of the
generalized eigenvalues. Note that the form of the generalized
eigenvectors identifies the polynomial-exponential transient
amplification mentioned previously.

This formulation allows us to explicitly predict the tran-
sient variance growth in defective systems. The presence of
the nilpotent matrix N encodes the non-normal amplification
highlighted above. Because N couples adjacent generalized
modes, it acts as a deterministic feedforward mechanism. In
the scalar equations for the modal variances, N increases vari-
ance from one generalized mode into the next. This structural
cascade alters the fluctuation dynamics, leading to polynomial
bursts in variance that are completely independent of the base-
line noise injection B, before exponential decay occurs.

Remark 3. We note that in the derivation of (14), we have
arrived at an intermediary formula which holds for a general
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time-varying basis that we will make use of in the next theo-
rem. Explicitly, this evolution is given as

Yr=JrEr +20Jf +Br + (TT )2 + 20 (TT7H*
(17)

where T is the change of basis matrix such that Zy = TZT*
for all matrices Z (where we note that setting T = V! leads
to the previously derived equations).

We next consider a decomposition in terms of the eigenba-
sis of H to identify the conditions for non-normal growth in
perturbations and variance. Let H = %(J +J),K = %(] —
JT) such that J = H + K. Further, let S be an orthonormal
matrix that diagonalizes H with H = SAyST such that the
eigenvalues p are all real (as H is a real-symmetric matrix).
Define Xy = S”X S for any matrix X and Mg = S”'S. We then
arrive at the following proposition.

Proposition 2. (Symmetric (H) eigenbasis decomposition).
Under the above assumptions and definitions the covariance
ODE transforms to

Yy = (AuZy + ZuAp) + KuZy — ZuKy) + By
+ MsXy — XgMsy) (18)

and the diagonal elements [o; = (X );] satisfy the scalar
ODE

6i=2i0i + Br)i +2 Y (K + Ms)Zuyi.  (19)
k

Remark 4. We note that summing (19) and (15) over i leads
to the previously derived evolution equation for the trace of X
as the trace is invariant under a change of basis. Thus, these
equations intuitively give the contributions of the modal and
non-normal dynamics to the total variance in the system.

Proof. Setting T = ST in (17) and noting that S is real such
that (ST)* = S, then taking the expansion of J; and using the
fact that Ky, Mg are skew symmetric leads directly to (18).
Finally, taking the diagonal elements of (18) and again noting
that Ky, My are skew symmetric to simplify the commutator
terms leads to (19). |

To summarize this section, along a trajectory, it is pos-
sible to have growth in the variance from the real part of
the eigenvalues of the Jacobian, akin to “time-dependent”
critical slowing down. This balances the noise injection from
B and the transient growth from H during the periods when its
eigenvalues are positive.

We now consider what perturbations maximize the modal
and non-normal growth in variance. To do this, we will
use methods from optimal perturbation theory [15,17,32,33].
Defining the system energy via the standard inner product
E@)= ||x(t)||%, we then make the following proposition (note
that similar propositions can be found in Refs. [17,34]).

Proposition 3. The principal eigenvector v(ty) of H(ty)
defines both the state perturbation xy o vi(#p) and initial
covariance matrix Xy = cov;(fy)v;(fp)?, that maximizes the
instantaneous variance growth rate at time fy (and the instan-
taneous energy growth rate %%b:m). Here, for Xy # 0

we assume an initial energy budget Ey = ||x0||§ and initial
uncertainty tr(Xp) = co.

Proof. Differentiating the energy at r = £y and substituting
the definition of H we recover the identity

dE

I = 2xT H(to)x.

t=ty

The instantaneous fractional energy growth rate is given by
the Rayleigh quotient of H (¢y):

1 dE

~ 2xTH(t)x
E(ty) df | '

oe(ty) = T

XX

1=ty

As H(t) is Hermitian, by the Courant-Fischer-Weyl min-max
principle this is strictly bounded by the maximum eigenvalue:

2xTH (t)x
oe(t) = 7. < 2max [H (2)].
xl'x
Equality holds if and only if x(¢) is collinear with the princi-
pal eigenvector v;(¢) corresponding to Amax[H (¢)], such that
Xo X v1(tp) uniquely maximizes the instantaneous determin-
istic growth.

Returning to Eq. (9), for the initial total uncertainty ¢y we
maximize the bilinear term tr[H (fp)Xo]. Using the previous
decomposition, H = SAyS, and using the cyclic property of
the trace,

tr(HY) = tr(SARSTZ) = tr(AgST=S) = tr(Ap Zg).

We can easily bound this by replacing every u; with the
maximum eigenvalue j;:

n n
D iZh, <Y By = hna HO]r(So).
i=1

i=1

As Xy >0 we know that Xy, > 0 such that for equal-
ity we require Xy, =co and all other elements to be
zero. Transforming back to the original basis yields Xy =
covi (fo)vi (o). n

Further, this can be extended using ® to give the optimal
perturbation for a specific time .

Proposition 4. For a specific target time ¢, the principal
right singular vector u; of the state-transition matrix ®(z, #g)
defines the initial state perturbation xy o u; that maximizes
finite-time energy gain. Similarly, orienting the initial un-
certainty entirely along this singular vector (¥y = coululT)
maximizes the deterministic propagation of variance to
time 7.

Proof. The deterministic state evolves as x(t) = (¢, #y)xo.
The maximum finite-time energy gain is

2
o _

0 [lxoll3 %

x§ ®(t, 10)" d(t, 19)x0
xtxo '

Noting that ®7 @ is Hermitian, by similar arguments as in
Proposition 3, the maximum is Ay (®P7). Taking the sin-
gular value decomposition of ® = VDU, where V gives the
left-singular vectors, D contains the singular values, and U T
are the right-singular vectors, we find that ®7® = VD>V,
Again, identical logic requires that xy o< u#; to maximize the
finite-time energy gain.
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We next analyze the exact solution for the total system
variance, given in Eq. (12) and expanding the brackets:

tr(%,) = tr[D(t, 19) ToP(7, 19)" ]

t
+ / tr[®(t, )B(s)B(s)" ®(t, s)" 1ds.
fo

The initial covariance X, influences the variance at time
t solely through the first term. We can again use the cyclic
property of the trace to yield

tr[® (¢, 0)Ze®(t, 0)7 ] = tr(D*VT ZoV).

We can then use identical arguments to Proposition 3 to con-
clude that ¥y = coulu]T. We note however, that these effects
may be attenuated by the time integral with B(s). |

Remark 5. For most real-world systems, & will not be
analytically solvable and so would have to be estimated nu-
merically. Thus, Proposition 3 is likely more useful when
considering specific models rather than data-driven applica-
tions.

II1. SIR MODEL: THEORETICAL RESULTS

Having derived conditions for modal and transient growth
in the variance of fluctuations and the magnitude of the fluctu-
ations, we now test the applicability of the theory to a simple
infection model. We investigate the conditions in the S/ phase
plane for the Jacobian eigenvalues to be complex and for the
H eigenvalues to be positive.

A. Jacobian and its symmetric part

We begin by considering the basic SIR model with demog-
raphy, representing transmission of an infectious pathogen in
a population:

ds
i —BSI + (1 =5), (20)
d/
5 = ASI =y 21)
R R (22)
a VTR

In this case, we take S,I, R to be the proportion in each
state and so we note that the system is two dimensional as
S 4+ 1+ R =1 and will instead take these to be integers when
simulating stochastic realizations of the model later. The time-
dependent Jacobian (for S, I) is then

—Bl—u  —BS
23

[ Bl BS—v—n *)
with corresponding characteristic polynomial

A+ ABI—BS +y +21)

+(ByL+Bud = BuS +yu+p®) (24
where X are the eigenvalues. This polynomial has discriminant
D= p*I— S —2ByI+5)+y* (25)

such that the eigenvalues of the time-dependent Jacobian
are complex conjugate when this is less than zero and real
otherwise. This is symmetric about the S = I line. We note

that in the full system representation (with R), the remaining
eigenvalue is .3 = —u < 0 such that the asymptotic stability
of perturbations is solely dependent on the eigenvalues corre-
sponding to the S plane.

We note that in this system Ry = y-‘k;u
basic reproduction number, the expected number of secondary
infections from one infectious individual in an otherwise sus-
ceptible population. The system has two fixed points, the
disease-free equilibrium (DFE = (§ = 1,1 = 0)) and the en-
demic equilibrium [EE = (S = RLO, 1= %(Ro — 1))] which
collide and exchange stability for Ry = 1 in a transcritical
bifurcation. For Ry > 1, the EE exists and is asymptotically
stable, where for Ry < 1 the DFE is stable.

Another quantity of interest to epidemic modelers is the
time-varying, effective reproduction number (R;). For simple
infection models, this can be defined as R, = RpS < Ry and
we observe that R, > 1 if, and only if, % > (. Although not
an equilibrium bifurcation, this system-state-dependent quan-
tity dictates whether the epidemic instantaneously grows or
decays, and transitions through R, = 1 have previously been
anticipated in the EWS literature [3].

We now seek to investigate the behavior of the manifold
D = 0 as Ry is varied, since the number of times trajectories
cross this manifold is the number of times the time-dependent
eigenvalues switch complexity. Without loss of generality
we set / = 0 to consider the number of intersections of the
manifold with the S axis (in the S/ plane). Setting / = 0 and
solving D = 0, while noting that S, y, 8, u, Ry > 0, yields
one intersection with the S axis at

is known as the

sp=Y__ Y (26)
B Ro(y +n)
For Ry > 1, we have
D Y Y _ <1 27)

= <
Roly +un) " yv+u

and so S” is within the biologically feasible domain of S. As
D is symmetric in S, I, we also find I? = SP, where I? is the
intersection of D with the § = 0 axis. Turning to the Ry < 1
case we still have SP? = IP = %, but we note that this is no
longer restricted to within the domain of S, 7 € [0, 1] and is
independent of  (depending only on the characteristics of the
disease). For the intersection point to be within the feasible
region we require y < B, while we also require u to be suffi-
ciently large such that 8 < y + u still holds (so that Ry < 1).
Intuitively, this only applies for diseases in populations where
the infection processes are of similar timescales as the natural
demography.

In either Ry case, as D is quadratic in S, I, and S, I have a
monotonically decreasing relationship, it cannot change con-
vexity in the region. So, the number of times a trajectory can
cross the manifold depends on %, Ry and the gradient of %, %
along the manifold.

We wish to show that, for biologically reasonable initial
conditions, the system will cross this manifold at least twice
for Ry > 1 and a maximum of once for Ry < 1.

To simplify the analysis, we will consider each case of
Ry individually. We begin with Ry > 1 such that the EE is
globally asymptotically stable, and the DFE is unstable. First,
we look at just the dependence of D on §; there are two parts
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EE

1 ( " )
Ro \v+p

FIG. 1. Phase diagram for the “wedge” where the black dot indi-
cates the EE and arrows indicate the direction of the flow.

of the D = 0 manifold (on either side of SP = % we will label

D™, D™). We need to show where % > 0 along D% as, with
the EE being globally asymptotically stable, the trajectory will
then eventually cross over D~ (note this is due to the EE
being to the right of the intersection point). We note that as
the EE is a stable spiral (in this Ry regime), the trajectories
that do cross over DV will continuously cross over DT and
then D~ every time they oscillate inwards to the EE. However,
since g—f =0 << S = RLO > SP, there is a wedge where the
trajectory cannot cross upwards across D™ (see Fig. 1).

We can see that this is infinitesimal in size for y >> u such
that for diseases where the natural demography is on a much
larger timescale than outbreaks, system trajectories are still
likely to cross over D, For diseases that do start close to this
trapping region, or in populations with similar u, A, the EE
behaves more like a stable node and trajectories starting close
to this wedge will not cross D (from below).

Turning to the Ry < 1 case, a similar derivative analysis
shows that

% =1y + RS =D <y + )Ry —1) <0, (28)
where the last inequality comes from Ry < 1. So, regardless
of the value of %, we expect no crossings unless the system
starts above the D = 0 manifold (which is unlikely for most
real-world systems).

We note that the relationship between I? and I* = %
(Ry — 1) was not considered as, apart from the behavior near
the wedge, whether a system trajectory crosses the manifold
can be almost purely determined by the above analysis unless
the system starts in a biologically unreasonable area with / ~
1. Even in this case, the symmetry of the manifold with respect
to S and 7 leads to identical conclusions on the relationship
between the number of crossings and Ry.

To illustrate this analysis numerically, we plot the SI phase
plane in Fig. 2 for the parameter values given in the top
row of Table I. The coloring of the heat map corresponds
to the discriminant of J(¢), with the curved and dotted line
representing the D = 0 manifold such that we expect normal
mode growth in fluctuations as it is approached from the red
region.

We can see that the trajectories (shown by the black lines)
indeed cross the manifold at least twice for this set of param-
eter values, as expected from the theory. Although the wedge
width is negligible for these specific contagion parameters,
it is still noticeable between S? (the vertical black line) and
S* = Rlo (the vertical red line). In Fig. 3, we can see the effects

0.036

0.018

0.000

-0.018

Proportion Infectious
Discriminant of J

—0.036

—0.054

-0.072

0.4 06 08
Proportion Susceptible

FIG. 2. Phase plane of the SIR model with Ry =4, 1/u = 80 yr
and heat map denoting the discriminant of the Jacobian. The curved
dashed black line shows the D = 0 manifold, the vertical dashed
black line corresponds to R, = 1, and the near collinear vertical solid
red line indicates the S coordinate of the endemic equilibrium. The
solid yellow dot indicates the endemic equilibrium.

of having a biologically unreasonably high p value; the wedge
is much larger and for many reference trajectories we would
not expect asymptotic growth in perturbations.

Finally, we plot the phase plane for the case where Ry < 1
and p is biologically reasonable in Fig. 4. The trajectories also
clearly do not cross the manifold unless they start above it, so
perturbations are expected to eventually decay unless there is
a high disease prevalence.

We now turn to the conditions for non-normal or transient
growth in the perturbations and associated variance. As stated,
non-normal operators can lead to transient growth in transient
fluctuations of dynamical systems. As previously stated, non-
normal matrices are matrices that do not commute with their
Hermitian transpose. For infectious disease compartmental
models, this corresponds to a non-normal Jacobian, where the
transient dynamics relate to the symmetric part of the Jacobian
(H) as analyzed in the previous section.

Indeed, if we look at this simple model, we find that the
commutator, [J, JT], is

[ BAS? — 1)

—(BS + BD(BI + BS — V)]
—(BS +BD(BS + Bl —y) ’

B - §7)
(29)
and is nonzero unless S =7 = 0.

We now consider the eigenvalues of H to assess the possi-
bility of nonmodal growth in transient dynamics too. We first

TABLE 1. Parameters for varying Ry and u.

Ry B(days™) 1/y(days) 1/u(yr)
High Ry, low 1t 4 0.2859 14 80
High Ry, high 4 0.2859 14 1/73
LowRo,low . 0.840  0.06 14 80
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FIG. 3. Phase plane of the SIR model with Ry =4,1/pn =
1/73 yr and heat map denoting the discriminant of the Jacobian.
The curved dotted black line shows the D = 0 manifold, the vertical
dotted black line corresponds to R, = 1, and the vertical solid red
line indicates the S coordinate of the endemic equilibrium. The solid
yellow dot indicates the endemic equilibrium.

have

o [—(ﬁl + 1)

BU—$)/2
BU—$)/2 } 30)

BS—y—w)

which, from the Sylvester criterion, cannot be positive definite
for positive parameters. Thus, the eigenvalues have either
opposite signs or are both negative. H has eigenvalues

_BS-D-Quty)EJa

AT 5 (31)
: — 0.006
1
1
1
1
\ +0.004
1
\
\
084 1
B +0.002
\
\
\
\
[ ) 0.000
\
o -~
5 06 \ 5
v \ -
2 N\ F-0.002 ©
=4 \ ©
= % o
5 \ £
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g 041 N Ral
R a
o N,
<4 N
& % L -0.006
\\
N
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R 0.008
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] N
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Sl -0.010
0.0 v t - ZZ{ == -0.012
0.2 0.4 0.6 0.8
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FIG. 4. Phase plane of the SIR model with Ry = 0.840, 1/ =
80 yr and heat map denoting the discriminant of the Jacobian. The
curved dotted black line shows the D = 0 manifold and there is no
endemic equilibrium.

where

a=[BU—=8)+2u+yP+pU+S)
—4u(u +y)+ Buld —S)+ ByI]. (32)

We note that, as the first leading minor is negative, A~
is strictly negative. The sign of AT is then given by the
relationship ATA~ = det H so that sgn(A") = —sgn(det H).
Transient growth in fluctuations is possible for AT > 0. We
can conduct a similar analysis as for the D = 0 manifold by
considering where Hp = det H = 0. Again, restricting to the
I = 0 case we have the intersection given by

g . HBE V(1/B)* + 4i1/Ro
DH -— 2 )

(33)

where one root is always negative, and we can show that the
other root is always less than or equal to $* = Rlo. Indeed, we

can show that if S > Rlo thendet H < Oandso S < Rlo on Hp.
Considering det H again, we have

;—S(detH) =—Bu—pBXS+D/2<0,

Ay
4

so det H is strictly decreasing for S € [0, 1] and det H | 5= <
0

det H|s1/r, = (1—1Ry)* <0, (34

0 such that the Hp manifold does not exist past S = Rio. Al-
though not necessarily illuminating, we can also find that the
optimal perturbation (the normalized eigenvector associated
with this eigenvalue) is given as

NG BU —S)

where x = [B(S + 1)+ y + Jal*> + B*(I — S). Returning
to the manifold analysis, we have that Spy < S* and, similar
to the analysis of the D = 0 manifold, we would expect trajec-
tories to cross Hp at least twice if the system starts sufficiently
away from the EE for Ry > 1. Notably, if the system crosses
Hp at all, it must cross again via the above bound on its S
domain.

This is illustrated in Fig. 5, where trajectories starting
with a sufficient proportion susceptible or infectious cross the
manifold twice. We note that in the following phase planes,
a red coloring indicates that det H < 0 such that AT > 0 and
transient growth in fluctuations is possible.

Trajectories that do not cross the manifold start close to the
stable EE and indicate that transient growth in fluctuations is
always possible. The trajectories indicate that transient growth
in perturbations is not possible just after the epidemic peak has
been reached (the vertical line). More interesting behavior can
be seen when u >> 0, as shown in Fig. 6. Now, the number of
crossings is dependent on the initial state of the system, with
a large initial infected population required to cross twice. The
system must have a high proportion susceptible for transient
growth in fluctuations to be possible.

For Ry < 1 we observe phase planes similar to Fig. 7 where
a sufficiently high initial infectious population is required to
have det H > 0. Again, this behavior is expected from the
arguments used when considering the D = 0 manifold.
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FIG. 5. Phase plane of the SIR model with Ry =4, 1/u = 80 yr
and heat map denoting the determinant of H. The curved dotted
black line shows the Hp = 0 manifold, the vertical dotted black line
corresponds to R, = 1, and the vertical solid red line indicates the S
coordinate of the endemic equilibrium. The solid yellow dot indicates
the endemic equilibrium.

B. Theoretical covariance evolution

Having analyzed the geometry of the SIR model and
conditions for both asymptotic and transient growth in time-
dependent fluctuations from the mean-field solution, we can
now investigate the behavior of the time-dependent covari-
ance matrix of detrended fluctuations under the linear-noise
approximation.

We simulate three outbreaks of a disease shown in
Figs. 8-10. These pathogen dynamics and initial conditions

0.112

0.096

0.080

0.064

o
o

0.048

r 0.032

°
Y
Determinant of H

Proportion Infectious

r 0.016

r 0.000

r—0.016

0.4 0.6 08 10
Proportion Susceptible

FIG. 6. Phase plane of the SIR model with Ry =4,1/u =
1/73 yr and heat map denoting the determinant of H. The curved
dotted black line shows the Hp = 0 manifold, the vertical dotted
black line corresponds to R, = 1, and the vertical solid red line
indicates the S coordinate of the endemic equilibrium. The solid
yellow dot indicates the endemic equilibrium.
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r0.0000

f —0.0005

—L —-0.0010

0.2 0.4 0.6 0.8
Proportion Susceptible

FIG. 7. Phase plane of the SIR model with Ry = 0.840, 1/ =
80 yr and heat map denoting the determinant of H. The curved
dotted black line shows the Hp = 0 manifold and there is no endemic
equilibrium.

were chosen to best demonstrate the theoretical variance de-
composition and are not supposed to represent any previous
or current real-world pandemic.

We work with the covariance matrix in the J eigenbasis
(with coordinate transformation given by the matrix of eigen-
vectors, V) and denoting the unit vector in the I direction
by e;, and we also define g = V*¢; the projection of I into
the eigenbasis. Then we can consider a decomposition of the
Var (/) dynamics as

Var(I) = ] VE,V*e; = ' %, (36)
= Z|gi|22yii+zg_izijgj 37
i i#]

where the second line comes from splitting the contributions
into diagonal and off-diagonal elements. So we can see that
the instantaneous variance in / comes from the diagonal and

0.40 S

0.35 4

Population proportion
=] =] [=] [=]
- N N w
w o w o

o

=

o
L

0.05 4

0.00 T T T T
0 50 100 150 200 250

Days

FIG. 8. Proportion susceptible and infectious for Ry =4, 1/ =
80 yr and initial conditions (S = 0.4,/ = 0.05, R = 0.595).
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FIG. 9. Proportion susceptible and infectious for Ry =
0.840, 1 = 80 yr and initial conditions (S = 0.9,/ =0.1,R = 0).

off-diagonal terms in ¥, weighted by the projection of each
compartment in the eigenbasis. More intuitively, we can also
consider the explicit time evolution of Var(/).

Returning to Eq. (14) and substituting it into the expression

for % yields
d Var(/) o e e
—a ¢ Yg+gEg+g g (38)
=g"(AZ, + S, A* + B, — MX, — 5, M*)g
+&ME, g+ g X ,M"g (39)
=g"(AZ, + Z,A* + B))g (40)

— Z 2Re()\i)|gi|22)’ii

+ ) i+ A)BiSy; 8 + &' Byg (41)
i#]

where we use the fact that ¢ = V*e; = M*g for simplification.
Now, this somewhat unwieldy equation says that the evolution

1.0

0.8

0.6

0.4

Population proportion

0.2 1

0.0 T T T —
0 20 40 60 80 100

Days

FIG. 10. Proportion susceptible and infectious for Ry =
4,1/pn = 80 yr and initial conditions (S = 0.95,1 = 0.05, R = 0).

of Var (/) has a diagonal contribution scaled by the real part of
the eigenvalues and the alignment of / with the eigenvectors
of J. The off-diagonal contributions are defined similarly but
with additional scaling from the alignment or rotation of the
eigenvectors and then the injected noise (as expected). Thus,
we expect the variance to increase as the real part of the eigen-
values becomes positive like in standard critical slowing-down
theory, and if the eigenvectors are rotated in the [ direction.

Using these equations, we can now consider the theoretical
evolution of Var(/) for the mean-field results summarized in
Figs. 8 and 9.

We observe two peaks in variance in Fig. 11 (bottom plot,
blue line). It is clear that the first increase is mainly caused
by the initial diagonal contribution in the J eigenbasis as well
as a rotational contribution after the eigenvalues first become
complex conjugates. This increase on approach to the change
in complexity is expected from standard critical slowing-down
theory; we can see that the variance first peaks just before
the real part of the complex conjugate Jacobian eigenvalues
becomes negative. As for the second peak, this is explainable
by time-dependent effects in the Jacobian eigenbasis. The
fourth row in the plot shows how on approach to this second
smaller peak, there is a sharp increase in the derivative due
to rotational or cross-coupling terms of the eigenbasis. This
indicates that, even though we would expect an asymptotic
decrease in fluctuations due to the negative real part of the
Jacobian eigenvalues, geometric effects can cause signals in
standard early warning statistics. The second transition in
eigenvalue complexity, from complex conjugate to real, does
not lead to a second increase in variance as the real part of the
eigenvalues is still negative and rotational effects are largely
dampened by diagonal or modal effects in the eigenbasis.

We also consider the Ry < 1 theoretical results in Fig. 12.

Unlike the Ry = 4 case, the initial increase in variance is
purely due to the noise injection (noting that the maximum
eigenvalue of H is positive such that transient growth in per-
turbations is possible).

Finally, we also consider the theoretical evolution of Var (/)
when Ry = 4 but with a much higher initial susceptible pro-
portion and infectious proportion in Fig. 13, for the mean-field
results shown in Fig. 10.

Comparing the two Ry = 4 results with different initial
conditions (Figs. 11 and 13), we still see qualitatively iden-
tical behavior in the eigenvalues and variance but on a much
faster timescale when we start with no recovered individuals.
Further, the numerical abscissa of H is negative from about
t = 20 days until the end of the simulation period. This may
explain why the second peak in variance associated with the
rotating Jacobian eigenbasis is slightly smaller than with a
lower initial susceptible proportion. Nonetheless, the qualita-
tive behavior is still similar and matches what we expect from
the intuition developed when analyzing the S-I phase plane.

IV. SIMULATION RESULTS

In order to test the limitations of the LNA when applied
along a trajectory, we conducted a set of Gillespie simulations
with parameter values and initial conditions as in the previ-
ous section. Each experiment used 10000 simulations and
we aggregated the jump process to daily values so that the

044205-10



CRITICAL-LIKE GROWTH IN NONCRITICAL ...

PHYSICAL REVIEW E 114, 044205 (2026)

Modal stability (eigenvalues of J(t))

—— Re (A1)
@ —— Re (Ay)
~< -==-1m (A;)
e -—-- Im (Ay)
Q 5 .
8 ~0.01 \\\ _ L ///
B .02 T I ﬁ‘¥
~0.03 - [ .
-0.04 1 . ’
i Eigenbasis rotation rate
— VI,
) 0.8
g
c
0.6
C |
ke) ! :
E 0.4 ] ]
o
o 0.2 4
0.0 T T T T
Transient amplification and noise projection
— max(A(H)(t))

ma

Decomposition of dVar(l)/dt

0.020 T T
! —
0.015 i i i l'. dYar(I)/dt
0.010 R ---- Diag growth term
.010 \ !
AR ---- Cross coupling term
(] 007 ---- Noise injection
+—
2 L U & e W S S S ——
~0.005
~0.010 A
-0.015 4
-0.020
2
c 044 — Var(l)
g ---- Diagonal contrib.
O 0.2 o ib.
=4 Cross contrib
O o0
v}
!
c -0.2
©
5 0.4
fU =0
>

Time

260 250

FIG. 11. Theoretical eigenvalues of J, the rotation rate of the eigenbasis, the numerical abscissa of H, and the modal decomposition of
Var(/) for the SIR model under the LNA with Ry = 4, 1/u = 80 yr and initial conditions (S = 0.4,/ = 0.05, R = 0.595). Vertical dashed

lines show a change in eigenvalue complexity.

044205-11



JOSHUA LOOKER, KAT S. ROCK, AND LOUISE DYSON

PHYSICAL REVIEW E 114, 044205 (2026)

0.03

Modal stability (eigenvalues of J(t))

0.02 A

0.01 A S~

0.00

—0.01 A i

Jacobian As

—0.02 1

—0.03

— Re (M)
—— Re(A)
== Im (A)
———- Im (A)

Eigenbasis rotation rate

1.0
0.8 q
0.6

1
0.4 :
0.2

0.0

Rotation rate

— VW,

Transient amplification and noise projection

0.0130 A

0.0125 A

0.0120 1 !

0.0115 4

max(A(H))

0.0110 A

0.0105 A

— max(A(H)(t))

0.020

Decomposition of dVar(l)/dt

0.015 4

0.010 4 S~

0.005 4 LA ol TS

0.000 =

Rate

—0.005 - ~

—0.010 1

—0.015 4

-0.020

— dVar(l)/dt

---- Diag growth term
---- Cross coupling term
---- Noise injection

Modal decomposition of Var(l)

— Var(l)
---- Diagonal contrib.
---- Cross contrib.

Variance components

1.")0
Time

260 250

FIG. 12. Theoretical eigenvalues of J, the rotation rate of the eigenbasis, the numerical abscissa of H, and the modal decomposition of
Var(/) for the SIR model under the LNA with Ry = 0.840, 1/ = 80 yr and initial conditions (S = 0.9,/ = 0.1, R = 0). Vertical dashed lines

show a change in eigenvalue complexity.

044205-12



CRITICAL-LIKE GROWTH IN NONCRITICAL ...

PHYSICAL REVIEW E 114, 044205 (2026)

Modal stability (eigenvalues of J(t))

0.15 T
| | — Re(h)
0.10 A
y s N —— Re(Ay)
< 0051 N e -==-Im (A7)
5 /' ~~~~~~~~~~ —m(Ay)
= 0.00 —
0 e mE—T
: e T e
8 —0.05 \\\ S o /
—0.10 A .
-0.15 T T
i Eigenbasis rotation rate
i — VW
o %81 |
=
o
0.6
C
o
E 0.4 1
[e)
o 0.2
0.0 T T T T
Transient amplification and noise projection
— max(A(H)(t))

e o
N N
o a

o
=
[

max(A(H))

o
o
a

o
=3
S

-0.05

I e eesh

Decomposition of dVar(l)/dt

-

—0.10 A

—-0.15

P

-0.20

— dvar(l)/dt

---- Diag growth term
---- Cross coupling term
---- Noise injection

15

osition of Var(l)

=<

o

=4

Q

Q|

®

0

o
{3

— Var(l)
---- Diagonal contrib.
---- Cross contrib.

Variance components
o
o

\

20

2
Time

60

8‘0 100

FIG. 13. Theoretical eigenvalues of J, the rotation rate of the eigenbasis, the numerical abscissa of H, and the modal decomposition of
Var(/) for the SIR model under the LNA with Ry = 4, 1/ = 80 yr and initial conditions (S = 0.95, I = 0.05, R = 0). Vertical dashed lines

show a change in eigenvalue complexity.

044205-13



JOSHUA LOOKER, KAT S. ROCK, AND LOUISE DYSON

PHYSICAL REVIEW E 114, 044205 (2026)

1000 individuals 10 000 individuals

100 000 individuals Var(l)

0.08

0.06 0.06

Proportion infectious
Proportion infectious

Proportion infectious

—— Simulations
—— Mean-field solution

—— LNA Variance

=== 1000 individuals
=== 10 000 individuals
=== 100 000 individuals

0.10

0.08

o
°
&

Scaled Var(l)

0.06

14
°
8

0.04

50 100 150

Days

200 250

Days

0 50 100 150

Days

200
Days

FIG. 14. First three columns: proportion infectious from the results of 1000, 10000, and 100 000 Gillespie simulations with simulation
average and mean-field values overlayed for the SIR model with Ry = 0.840, 1/ = 80 yr and initial conditions (S = 0.9,1 = 0.1, R = 0).
Last column: empirical and theoretical variance in the fluctuations of infectious individuals from the mean-field solution, with empirical

variance calculated between the simulation results at daily intervals.

variance could be taken between simulations at shared sam-
pling intervals. We note that births and deaths are uncoupled
in our simulations, as coupling these events adds extra corre-
lation structure into the dynamics. The codebase can be found
at Ref. [35].

Explicitly, for Ry = 4, the initial conditions were set as
[Sinits finit> Rinit] = [0.4, 0.005, 0.595]N and for Ry = 0.840 as
[0.9, 0.1, O]N. The initial covariance matrix for S, / fluctua-
tions is the zero matrix as all simulations start at the same
initial state.

Results for Ry = 0.840 are presented in Fig. 14. There is
clear concordance between the theoretical and empirical vari-
ance across all population sizes tested with larger population
sizes leading to greater agreement.

For Ry = 4 results (Fig. 15) there is also good concor-
dance between simulations and theory for higher population
sizes. However, the N = 1000 simulations have a qualitatively
different variance curve to what the theory predicts. The simu-
lation average does not match the mean-field or ODE solution,

1000 individuals 10 000 individuals

likely due to the the increased impacts of stochastic effects
with a lower population size. More simulations are seeing
delayed takeoff which is widening the variance curve and
smoothing out the secondary peak expected from the theory.
When we instead took the subset of 9013 simulations that
observed a “large outbreak” [which we defined as max I(¢) >
21(0)], the simulation average is closer to the mean-field solu-
tion and the first peak in the empirical variance is qualitatively
similar to the theoretical prediction as seen in Fig. 18. The
smaller peak is due to increased correlation in the simulations,
as previously analyzed in Ref. [3], but there is still a large
difference in the variance curves with respect to the second
theoretical peak.

We also tested how the size of the initial fluctuations from
the mean-field solution may impact the resulting observed
variance. The initial conditions for each compartment were
sampled from independent truncated discretized normal dis-
tributions, with expected total population size of N = 10000
and o2 € [1000 x 0.1%, 1000 x 0.2%, 1000 x 0.3%] and the

100 000 individuals Var(l)
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FIG. 15. First three columns: proportion infectious from the results of 100000 Gillespie simulations with population sizes of N = 1000,
10000, and 100 000 with simulation average and mean-field values overlayed for the SIR model with Ry = 4, 1/ = 80 yr and initial conditions
(S =04,1=0.05,R = 0.595). Last column: empirical and theoretical variance in the fluctuations of infectious individuals from the mean-
field solution, with empirical variance calculated between the simulation results at daily intervals.
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FIG. 16. First three columns: proportion infectious from the results of 100 000 Gillespie simulations with simulation average and mean-
field values overlayed for the SIR model with Ry = 0.840, 1/« = 80 yr and initial conditions given by a truncated normal distribution with
mean (S = 0.9, = 0.1, R = 0) and variances given by o>/N = 0.12,0.2%, and 0.3%. Last column: empirical and theoretical variance in the
fluctuations of infectious individuals from the mean-field solution, with empirical variance calculated between the simulation results at daily
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mean of each compartment equal to the mean-field initial
conditions. The minimum number of initial susceptibles, in-
fecteds, and recovereds were set as [1,1,0] for the Ry = 0.84
simulations and [1,10,1] for the Ry = 4 simulations. We note
that we would only expect the lower truncation to be reached
in the Ry = 4 simulations and only in the infectious compart-
ment due to the small mean number of initial infectious. As
the truncation and discretization changed the initial variance
and mean (of infectious individuals), when solving the ODE
for the theoretical results we took the initial condition to be
the empirical mean and variance at day zero. These results are
summarized in Figs. 16 and 17, respectively.

The LNA clearly matches the empirical variance curve for
the simulations with Ry = 0.84 for all initial variances tested
(Fig. 17). This may also be due to how close the simula-
tions are to the mean-field solution regardless of the starting
conditions. However, the simulations with variance in initial
conditions (empirical initial variance) and Ry = 4 show the

02=0.1 02=02

same qualitative behavior as predicted by the LNA but with
later secondary peaks. This is likely because the LNA does
not capture how skewed the truncated normal distribution is
for the initial infected. The mean-field solution has a higher
and slightly later peak than the average of the simulations,
skewing the residuals distribution and thus the empirical vari-
ance. Nonetheless, the qualitative similarities between the
predicted and empirical variance curves indicate that the LNA
and the time-dependent variance can be used in an EWS
context.

We also changed the initial sampling distribution to
a multinomial distribution with means equal to the
mean-field initial conditions. Explicitly [Sinit, Zinit, Rinit] ~
Multinomial(N, p) where p = (ps, pr, pr) are the expected
initial proportions in each compartment (the mean-field initial
conditions). The initial covariance matrix for the fluctuations
was then set using a normal distribution to the multinomial
distribution such that Xy = [diag(p) — pp”1/N. The results
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FIG. 17. First three columns: proportion infectious from the results of 100 000 Gillespie simulations with simulation average and mean-
field values overlayed for the SIR model with Ry = 4, 1/ = 80 yr and initial conditions given by a truncated normal distribution with mean
(S =0.4,1=0.05,R = 0.595) and variances given by o>/N = 0.12,0.22, and 0.32. Last column: empirical and theoretical variance in the
fluctuations of infectious individuals from the mean-field solution, with empirical variance calculated between the simulation results at daily
intervals. Empirical variance is shown in dashed lines and theoretical in solid lines.
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are presented in Appendix B in Figs. 19 and 20 for the
Ro = 0.840 and 4 results respectively. We again see that the
empirical variance matches the LNA predictions.

We note that in both sets of results with multinomial initial
conditions, and especially so for the Ry = 4 simulations, it
was required to use the full system representation with all
three compartments when calculating the covariance matrix
evolution. This is because starting with Rjni # 0 leads to a
possibly high correlation between the / and R compartments
which then follows through to the evolution of Var(7).

V. DISCUSSION

We have investigated the evolution of the time-dependent
covariance matrix of fluctuations in linearized dynamical sys-
tems. Our work suggests that the geometry of such systems,
in terms of the spectra and pseudospectra, provides a mecha-
nistic explanation for transient critical-like behavior observed
away from dynamic equilibria.

We have shown that the covariance evolution of the fluctu-
ations can be understood from the spectra and pseudospectra
of the nonautonomous Jacobian. The intuitive relationship
between the criticality of the spectra and “time-dependent”
critical slowing down was derived, and further effects from
the evolution of the eigenbasis itself were discussed. However,
there are possible limitations when applying this theory to
data. When estimating the distribution of residuals around
a fixed point of a dynamical system, as in standard EWS
analysis to anticipate a bifurcation, ergodic theory suggests
that we can use the time average of the data. This is no longer
true in the nonautonomous or time-dependent case. Indeed
ergodic theory has also failed with simulation- or data-driven
EWS analysis around a steady state [6,36,37]. Nonetheless, it
may be possible to robustly estimate the fluctuation statistics if
the mean-field solution is sufficiently well behaved or if time
series from similar processes exist [3,6,37].

We note here that our framework does not propose a novel
EWS metric, but adds to the literature on the underlying ge-
ometric mechanisms that generate CSD-like signatures away
from bifurcations. The non-normality itself may not change
on approach to a tipping point, but a system trajectory may
evolve in areas of the phase plane where the local Jacobian
exhibits varying degrees of non-normality. To leverage this
geometric understanding in practice, the non-normality must
be measurable from observational data with recent advances
in the literature indicating that this is possible [10,38]. Consid-
ering these indicators alongside traditional EWSs could help
modelers identify whether an observed statistical signal is
caused by true asymptotic critical slowing down, or transient
amplification driven by time-varying non-normal geometry.

Another clear limitation of the linearized theory is that
fluctuations will only satisfy the linearized dynamics if they
remain sufficiently close to the mean-field solution. This be-
comes a failure point near a tipping or bifurcation threshold
(such as Ry — 1). As the system approaches criticality, the
leading eigenvalue of the Jacobian approaches zero and the
linear restoring force vanishes. Because the continuous-time
Lyapunov equation relies solely on this linearized drift, it
predicts that the covariance will diverge to infinity. In the true
stochastic system, higher-order nonlinear drift terms (which

the linearized approximation truncates) become the dominant
restoring forces and bound the actual variance [9,22,25,39].
Therefore, while our linear evolution of covariance perfectly
captures transient, geometry-driven EWSs in stable regimes, it
is not quantitatively faithful to the actual fluctuation dynamics
in the immediate asymptotic vicinity of a true bifurcation.

Further, in the Ry > 1 parameter range, where analysis of
the variance in the infectious population is arguably most
useful, this was only true in the large population limit and
was also dependent on the initial fluctuation distribution. We
also note that population sizes above N = 100000 were not
considered as fluctuations would track the mean-field solution
closely (as seen in the N = 100 000 results) and deterministic
compartment modeling is likely sufficient to anticipate possi-
ble bifurcations or transient behavior.

Apart from the N = 1000 with Ry = 4 simulations, the
initial prevalence was high enough that stochastic elimination
did not skew the fluctuations distribution. There are papers
in the literature that have analyzed how lower prevalence
and stochastic die-out lead to less normally distributed resid-
uals and correlated results. Future work could consider the
effects of using the quasistationary distribution of the con-
tinuous fluctuation process. We note that it is common in
epidemic modeling to tie birth and death processes together
in stochastic simulations (i.e. in the Gillespie algorithm, a
death is always replaced by a new susceptible birth at the
same time). This introduces correlation structures that might
not be present in real-world systems; however, the effect is
proportional to p and so has minimal impact on models of
most infection systems. Future work could also investigate
how different modeling choices of transition functions and the
noise-covariance matrix impact observed covariance trends.

This study can also help explain recent results in the epi-
demiological EWS literature where bifurcations in COVID-19
time series were anticipated using EWS analysis [3,12,13].
The efficacy of EWSs was found to vary with COVID-19
waves and whether authors were anticipating extinction or a
reinfection wave. Our analysis indicates that this is likely due
to the geometry of the epidemic system around R, = 1 obscur-
ing possible Ry = 1 bifurcations from intervention measures
and new variants. This also explains why the overlapping
timescales of R, < 1 as the epidemic goes through the peak
can reduce the early warning of increasing infection from
the introduction of new variants or relaxation of intervention
measures. Future work should consider how transient changes
in Jacobian spectral criticality may influence signal trends
when trying to anticipate bifurcations in general dynamical
systems. We expect the assumption of a steady-state mean
field would vary in applicability depending on the modeled
infection due to differences in timescales.

In this paper, we have investigated the linearized dy-
namics of fluctuations away from the mean-field solutions
of non-normal dynamical systems. We derived relationships
showing how the geometric properties of the system gov-
ern the evolution of the covariance matrix under the linear
noise approximation. These relationships were then applied
to the SIR infectious disease model to show that related early
warning signals can anticipate epidemic waves and extinction
even without the presence of a bifurcation, with these results
extendable to all non-normal dynamical systems of interest.
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FIG. 18. First three columns: proportion infectious from the results of 100000 Gillespie simulations with population sizes of N = 1000,
10000, and 100 000 with simulation average and mean-field values overlayed for the SIR model with pathogen dynamics in row 1 of Table I and
initial conditions (S = 0.4, 1 = 0.05, R = 0.595). Last column: empirical and theoretical variance in the fluctuations of infectious individuals
from the mean-field solution, with empirical variance calculated between the simulation results at daily intervals. The quasistationary
distribution was used for the N = 1000 results corresponding to the subset of simulations that did not die out before the end of the simulation
period.
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FIG. 19. First three columns: proportion infectious from the results of 100 000 Gillespie simulations with population sizes of N = 1000,
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FIG. 20. First three columns: proportion infectious from the results of 100000 Gillespie simulations with population sizes of N = 1000,
10000, and 100 000 with simulation average and mean-field values overlayed for the SIR model with pathogen dynamics in row 1 of Table I
and initial conditions given by a multinomial distribution with means (S = 0.4, 1 = 0.05, R = 0.595). Last column: empirical and theoretical
variance in the fluctuations of infectious individuals from the mean-field solution, with empirical variance calculated between the simulation
results at daily intervals.
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