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Understanding the contact between rough surfaces undergoing plastic deformation is crucial in many ap-
plications. We study the effect of plastic deformation on the surface separation between two solids with
random roughness. Assuming a constant penetration hardness, we propose an iterative smoothing procedure
(akin to elastoplastic “shakedown”) within Persson’s multiscale contact mechanics theory to obtain the average
surface separation by applying the elastic formulation to an effective power spectrum that accounts for plastic
smoothing. Deterministic numerical simulations based on the boundary element method are used to validate the
procedure and show good agreement with the theoretical predictions. The treatment also provides a route to
incorporate plastic stiffening of the roughness as the stress state becomes increasingly hydrostatic at large plastic
deformation.
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I. INTRODUCTION

All solid bodies have rough surfaces. When two solids are
pressed together, only the highest asperities carry the load, and
even under high loading conditions, there will be contact only
at a small fraction of the nominal area. In many cases, the local
stresses in these asperity contacts are sufficiently high that the
solids yield plastically, at least in part of the contact region.
Predicting the real contact area, the distribution of contact
stresses, and the interfacial separation in the noncontacting
regions is, therefore, a central problem in elastoplastic contact
mechanics with relevance to a wide range of practical appli-
cations.

One analytical approach to the elastoplastic contact be-
tween solids is the Persson contact mechanics theory. This
theory, in its simplest form, assumes that the solids yield
plastically when the local stress reaches the penetration hard-
ness σP. The penetration hardness is determined in indentation
experiments, where a very hard object (often diamond) of
well-defined shape (usually a ball or pyramid) is pressed into
contact with the solid. The penetration hardness σP is then ob-
tained as the ratio between the applied load and the projected
area of the plastically deformed indentation. The elastoplastic
contact mechanics theory has been applied to the leakage of
metallic seals [1] and to the leakage of syringes with Teflon
laminated rubber stoppers [2]. In a recent study, Lambert and
Brodsky [3] applied the theory (with a length-scale-dependent
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penetration hardness) to the contact between the surfaces in
earthquake faults.

In Ref. [4], we demonstrated that the predictions of the
Persson contact mechanics theory, for the contact area and
the contact stress distribution for elastoplastic contacts, are
in good agreement with deterministic numerical simulations
based on the boundary element method. Here, we present
some additional results for the pressure dependency of the
elastic and plastic contact area. The main aim of this study
is, however, to show that the Persson theory, with an ef-
fective surface roughness power spectrum for the plastically
deformed surface, can also be used to calculate the interfa-
cial separation between surfaces in elastoplastic contact. We
propose that this treatment may allow for the inclusion of the
plastic stiffening of the roughness as the stress state becomes
hydrostatic at large plastic deformation, see Refs. [5–10]. We
note that the numerical results for the average surface separa-
tion during loading and unloading were recently presented by
Ràfols et al. [11], but no comparison to theoretical results was
given.

II. PLASTIC FLOW IN CONTACT MECHANICS

Plastic flow at interfaces between solids is a complex topic,
but much information has been gained from hardness mea-
surements. Here we briefly review some of the most important
results. For a detailed study see Tabor [12].

Consider a rigid asperity indenting a metal that yields
plastically. It is well known that hydrostatic pressure does not
produce plastic flow, whereas plastic flow is induced by shear
stress. For crystalline materials, this implies that plastic de-
formation is always accompanied by the slip of atomic planes
over one another. A full analysis of the indentation process
shows that nearly two-thirds of the mean contact pressure is
hydrostatic and therefore plays no part in producing plastic
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FIG. 1. (a) The deformation and flow of metal around an indenter
for a work-hardened specimen. For a rigid indenter there is a raised
ridge or pile-up of material near the edge of the indentation. (b) The
deformation and flow of metal around an indenter for an annealed
specimen. In this case the indenter is sinking-in near the edge of the
indentation. The penetration hardness σP = FN/A, where FN is the
applied normal force and A is the projection of the indentation area
on the horizontal xy plane.

flow, while only the remaining one-third is effective in driving
plastic deformation. This gives the classical Tabor relation

σP ≈ 3σY,

between the penetration hardness σP and the yield stress in
elongation σY, with the exact prefactor depending somewhat
on work hardening, indenter geometry, and friction.

For a rigid-perfectly plastic, incompressible solid with
a constant yield (flow) stress, material displaced by an in-
denter flows laterally and upward along the indenter faces,
producing a pile-up ridge around the contact perimeter.
The same qualitative behavior occurs in metals that are
already heavily work-hardened and exhibit negligible ad-
ditional work-hardening over the indentation-strain range.
When interfacial friction is nonnegligible, this pile-up is
most pronounced for weak or vanishing strain hardening.
Figure 1(a) shows the characteristic pile-up at the contact
perimeter.

With highly annealed metals (i.e., those that exhibit pro-
nounced strain hardening), the behavior is different. When
the indenter first begins to sink into the metal, the mate-
rial adjacent to the indenter undergoes large plastic strains
and work-hardens relative to the undeformed metal farther
away. Hence, when the indenter sinks in farther, it carries
the surrounding metal with it, thereby acting as an enlarged
indenter deforming the metal adjacent to it. The result is that
the displaced metal always appears to be moving out farther
and farther away from the indenter itself. This leads to a
depression of the metal immediately adjacent to the indenter
and a slight piling-up some distance away, as illustrated in
Fig. 1(b).

FIG. 2. The relation between stress and strain in uniaxial tension
for the simplest elastoplastic material model. The material deforms
elastically with slope E up to the yield stress σY, beyond which it
flows plastically without strain hardening.

This demonstrates that plastic flow in the contact between
solids depends on both material properties and surface prepa-
ration. In what follows, we will not include these complexities
but consider more idealized plastic flow laws.

III. PLASTIC DEFORMATION: CONTACT AREA

When the stress in the asperity contact region becomes
high enough, plastic flow occurs. In the simplest model, it is
assumed that, in elongation, a material deforms as a linear
elastic solid until the stress reaches a critical level, the so-
called plastic yield stress σY, where it flows without strain
hardening, see Fig. 2. We note that σY and σP ≈ 3σY of
materials often depend on the length scale (or magnification),
which, in principle, can be included in the formalism we use,
see Refs. [3,13].

All solid surfaces exhibit roughness over many length
scales. When a surface is observed at magnification ζ , only
the roughness components with wavelengths λ > L/ζ , where
L is a reference length (such as the linear size of the surface),
can be observed. In the following, we will use the wave
number q = 2π/λ, instead of the wavelength, and we define
q0 = 2π/L so that q = ζq0.

The Persson contact mechanics theory is based on studying
the probability distribution P(σ, ζ ) of contact stress σ as the
magnification ζ increases. When calculating P(σ, ζ ), only
the roughness components with wave number q < q0ζ are
included. This function obeys a diffusion-like equation where
time is replaced by magnification ζ and the spatial coordinate
by the stress σ , and where the diffusivity depends on the sur-
face roughness power spectrum and on the elastic proper-
ties of the solids. To solve the equation, suitable boundary
conditions must be imposed. The influence of plastic flow is
incorporated by requiring P(0, ζ ) = 0 with P(σP, ζ ) = 0. In
Ref. [4], we showed that these boundary conditions naturally
emerge from the numerical model described in Sec. VII.

Assume that an elastoplastic block with surface roughness
is squeezed against a flat rigid surface with the nominal con-
tact pressure σ0 = FN/A0, where FN is the applied normal
force and A0 is the nominal contact area. The fractions of the
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nominal contact area occupied by elastic and plastic contacts,
denoted by Ael(ζ )/A0 and Apl(ζ )/A0, respectively, when the
interface is observed at magnification ζ , are given by

Ael(ζ )

A0
= 2

π

∞∑
n=1

1

n
[1 − (−1)n]sin(snσ0) e−s2

nG(ζ ), (1)

and

Apl(ζ )

A0
= σ0

σP
+ 2

π

∞∑
n=1

(−1)n

n
sin(snσ0) e−s2

nG(ζ ), (2)

respectively, where sn = nπ/σP, and where σ0 is the applied
squeezing pressure. The function G(ζ ), appearing in these
expressions, is defined as

G(ζ ) = π

4
(E∗)2

∫ ζq0

q0

dq q3C(q)S(q), (3)

where E∗ = E/(1 − ν2) is an effective elastic modulus, C(q)
is the surface roughness power spectrum, and S(q) is the
“correction factor”

S(q) ≈ γ + (1 − γ )P(ζ ),

where P(ζ ) = A(ζ )/A0 with A(ζ ) = Ael(ζ ) + Apl(ζ ) (see
Ref. [14]). Physically, G(ζ ) can be viewed as a measure of
how the surface roughness at different length scales ampli-
fies local stress variations: the finer the asperities included
at higher magnification, the larger the fluctuations in contact
stresses become.

In Eq. (3) S(q) is an elastic-energy reduction factor that
accounts for the partial relaxation of interfacial stresses due
to incomplete contact. The factor γ was originally determined
by comparing the average surface separation ū(p), predicted
by the theory with numerical simulation results, and has been
found to be (see Ref. [14]) γ ≈ 0.5. Here we will use the same
value as used in Ref. [4], namely, γ = 0.536. For A/A0 << 1
we obtain S ≈ γ , and this limit is equivalent to setting S = 1
and replacing the effective elastic modulus E∗ by ≈ E∗√γ ≈
0.73E∗.

In what follows, we consider the average surface separation
ū as a function of the instantaneous squeezing pressure p.
First, we increase p from 0 to a prescribed maximum σ0,
sufficient to induce plastic yielding and permanently deform
the rough surface; then we decrease p from σ0 back to 0,
and record ū(p) during unloading. At this stage (and any
subsequent reloading within 0 � p � σ0), we assume a purely
elastic response of the plastically deformed surface profile.

IV. INTERFACIAL SEPARATION: QUALITATIVE
DISCUSSION

We study the interface between an elastoplastic solid with
a randomly rough surface, and a rigid body with a perfectly
flat surface at a magnification ζ . At this magnification, we
only observe the roughness with wave-number components
below q = ζq0, where q0 is the wave number of the smallest
roughness component. We assume that the solids have nomi-
nally flat surfaces and are pressed together with a nominally
uniform stress σ0. The nominal contact area is denoted by A0.
At the magnification ζ , we observe that the fraction Ael(ζ )/A0

FIG. 3. (a) An asperity on an elastoplastic solid with random
roughness. (b) A rigid flat plate pressed against the solid. Some of
the asperities are elastically deformed, while others yield plastically.
(c) The solid after removal of the rigid plate. Asperities that deformed
elastically have fully recovered their original shape, while those that
yielded plastically remain permanently flattened, with partial recov-
ery due to elastic spring-back. (d) In the theoretical approach where
the surface roughness power spectrum is modified, all asperities are
smoothed, i.e., also those which were not in contact with the plate. (e)
When the modified power spectrum is used, the area of real contact
will be larger than for the true situation in (b).

of the surface area is in elastic contact, while the fraction
Apl(ζ )/A0 is in plastic contact. For randomly rough surfaces,
these quantities can be calculated using Eqs. (1) and (2).

Here, we will describe how one can estimate how plas-
tic deformation changes the average interfacial separation
between the contacting surfaces. Figure 3(a) schematically
shows a (relatively) large asperity with smaller asperities on
an elastoplastic solid, with a nominally flat surface. If the solid
is pressed against a rigid flat surface, some of the asperities
deform elastically while others yield plastically. Figure 3(c)
shows the elastoplastic solid after removing the rigid plate.
Some asperities have returned to their original shape, while
other asperities are plastically deformed with partial recovery
due to elastic spring-back. The net effect is a scale-dependent
flattening of the surface roughness profile, which reduces the
average surface separation at a given unloading pressure com-
pared with the original surface.

The Persson contact mechanics theory assumes randomly
rough surfaces. Even if a surface is randomly rough before
plastic deformation, this cannot be the case for the plastically
deformed surface. However, one can estimate the average
interfacial separation using elastic contact mechanics if the
plastically deformed surface is replaced by another (randomly
rough) surface where the short wavelength roughness com-
ponents, which deform plastically, are removed (or reduced)
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FIG. 4. A surface of an elastoplastic solid with roughness on two
length scales. A flat rigid surface will make first contact with the
roughness profile at the top of the smaller asperity on top of the larger
asperity for z = h0. If the rigid flat is pressed against the elastoplastic
solid so that the small asperities (short wavelength roughness) are
smoothed close to the top of the larger asperity, then on a second
approach to the plastically deformed surface the two solids will
make contact at z = h0 − �h where �h is the amplitude of the short
wavelength roughness. Thus, the average surface separation at the
first contact during the second approach will be �h smaller than
for the undeformed surface. The Persson contact mechanics theory
assumes randomly rough surfaces, implying that short-wavelength
roughness must be smoothed everywhere (dashed line) when used in
the theory calculations to estimate the influence of plastic flow on
average surface separation.

everywhere as in Fig. 3(d), i.e., not just close to the top of the
big asperities.

In the theoretical approach that we use to estimate the
change in the surface separation, the surface roughness power
spectrum is modified by reducing the amplitude of the surface
roughness components, which are smoothed plastically during
contact with the rigid flat plate in Fig. 3(b). This corresponds
to smoothing the surface everywhere, including the region
that was not in contact with the rigid plate. As illustrated in
Fig. 3(e), this will result in a larger elastic contact area than
the one shown in Fig. 3(b). Thus, we use a modified power
spectrum to estimate the change in surface separation, while
the contact area can be calculated using Persson’s contact
mechanics theory, which utilizes the power spectrum of the
original (undeformed) surface.

Figure 4 illustrates the discussion above for an elastoplas-
tic solid with surface roughness on two characteristic length
scales. A flat rigid surface will first come into contact (FN =
0+) with the roughness profile at the top of the small asperity
located on the top of the larger asperity, i.e., at z = h0. If the
rigid flat is pressed against the elastoplastic solid so that the
small asperities (short-wavelength roughness) undergo plastic
flattening near the top of the large asperity, a subsequent
approach to the plastically deformed surface will result in first
contact (FN = 0+) at a reduced height z = h0 − �h, where
�h denotes the amplitude of the short-wavelength roughness.
Consequently, the average surface separation at the onset of
contact during the second approach will be �h smaller com-
pared with the undeformed surface.

FIG. 5. Example of a volume-conserving plastic deformation:
When the top of the roughness profile moves downwards, the valley
moves upwards.

In the Persson contact mechanics theory, the surfaces are
assumed to be randomly rough. This assumption is valid only
when the short-wavelength roughness is smoothed over the
entire interface. Hence, in the theoretical treatment of plastic
flow, this situation corresponds to using the dashed profile in
Fig. 4 to represent the modified (smoothed) power spectrum.

The approach used above to include plastic flow conserved
the volume of the elastoplastic solid. Figure 5 illustrates the
type of volume-conserving plastic deformations implicit in the
present theory approach: when the top of the roughness profile
moves downwards, the valley moves upwards. In the boundary
element simulations presented below, surface elements (repre-
sented by grid points) in the contact regions move downwards
so that the maximum stress equals the penetration hardness.
This numerical approach does not conserve the volume of the
elastoplastic solid.

We note that, in reality, it may be nearly impossible
to completely flatten a periodic roughness component, see
Refs. [5,6,8–10]. Thus, Manners [10] used slip-line theory to
show that as complete contact was approached, the pressure
could grow beyond any bounds. This is due to the stress state
becoming hydrostatic and therefore not allowing plastic de-
formation. In actual contacts, the surface pressure will remain
bounded because elastic deformation allows for the surfaces
to be pressed together. The average pressure does, however,
increase relative to the yield strength and appears to have
no upper limit, and also increases with the amplitude of the
sinusoidal surface being flattened [15]. This effect of plastic
strengthening with increasing deformations could, in princi-
ple, be accounted for in an approximate way in the theory
presented below, by the way we reduce the amplitude of the
roughness wavelength components in the smoothing process.

V. INFLUENCE OF PLASTIC FLOW
ON THE POWERSPECTRUM

There are several ways to account for the plastic smoothing
of a rough surface. Let us consider two solids that are pressed
into contact until plastic flow occurs and are then separated.
Experiments indicate that, when such surfaces are repeatedly
reloaded at the same relative position and under the same nor-
mal force, the first few cycles may involve additional plastic
deformation. After a number of cycles, however, the plasti-
cally modified surface adapts, and the subsequent response
becomes purely elastic. This behavior reflects a shakedown
process, as described in Ref. [16], where the contact gradually
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evolves toward a state in which further loading produces
only elastic deformation, albeit of a surface whose effective
properties have been altered by prior plasticity. The iterative
modification of the surface-roughness power spectrum intro-
duced below is intended to mimic this gradual progression
toward shakedown.

We generate the power spectrum of the smoothed surface
in an iterative manner. At a given magnification ζ , the proba-
bility that a point in the contact area belongs to the elastically
deformed region is defined as

p1(q) = Ael(ζ )

Apl(ζ ) + Ael(ζ )
, (4)

where q = q0ζ . We now replace the original power spectrum
with

C1(q) = C(q)p1(q). (5)

Using the modified power spectrum C1(q), we compute
updated values of Ael(ζ ) and Apl(ζ ), from which a new prob-
ability p2(q) is obtained using Eq. (4). Next, we form the
modified power spectrum C2(q) = C1(q)p2(q). This process
is repeated N times to form successive modified spectra

C2(q) = C1(q) p2(q), . . . ,CN (q) = CN−1(q) pN (q),

until the plastic contact fraction becomes negligible, i.e.,
Apl(ζ ) � Ael(ζ ). At this stage, we define the plastically modi-
fied power spectrum as Cpl(q) = CN (q), which is subsequently
used in the Persson elastic contact mechanics theory to calcu-
late the interfacial separation.

If desired, the iteration may be truncated at an earlier N ,
where the plastic contact area remains nonnegligible com-
pared to Ael(ζ ). In this case, we obtain a surface whose
roughness components are not fully flattened, representing a
state of incomplete shakedown or progressive plastic strength-
ening of the roughness, as discussed in Sec. IV.

As a limiting case, if p1(q) = 1 for q < q∗ and p1(q) = 0
for q > q∗, the iterative procedure above reduces to a sharp
cutoff of the power spectrum at q = q∗, such that Cpl(q) = 0
for q > q∗. This limiting behavior is physically consistent, as
it corresponds to complete plastic smoothing of all roughness
components with wavelengths shorter than 2π/q∗.

To illustrate the procedure for deriving Cpl(q), we will use
the surface denoted by 8196–32 in Ref. [4], where the “width”
of the cutoff region is q1/qc = 32 and the total “length” of
the power spectrum is q1/q0 = 8192. Its power spectrum is
depicted in Fig. 6. The original surface topography height
data and the plastically deformed topographies, used to sim-
ulate the unloading procedures with the boundary element
method (BEM), have been made openly available [17]. The
width of the high-wave-number cutoff region qc < q < q1

(here q1/qc = 32) is irrelevant for the theory, but for the
numerical study (using the boundary element method), a long
enough high-wave-number cutoff region is required to obtain
converged results (see below).

In all calculations we use a Young’s modulus E =
250 GPa, Poisson ratio ν = 0, and penetration hardness
σP = 150 GPa (corresponding to a Yield stress in tension of
≈50 GPa). In the comparison between the Persson theory
predictions and the numerical simulation results presented in
Sec. VIII, a range of applied pressures σ0 is considered, but

rms slope = 1

FIG. 6. Surface roughness power spectrum as a function of wave
number (log–log scale) for the 8192–32 surface. The rms slope is
ξ = 1, and the ratio between the largest and smallest wave number
is q1/q0 = 8192. The width, q1/qc, of the high-wave-number cutoff
region is 32. The lowest and highest wave numbers, q0 and q1,
together with the roll-off and cutoff wave numbers, qr and qc, are
indicated.

here we take σ0 = 12.50 GPa. For these parameters and with
the power spectrum shown in Fig. 6, Fig. 7 shows the elastic
and plastic contact area as a function of the magnification
(log-log scale), as predicted by Eqs. (1) and (2).

Figure 8 shows the original power spectrum (red) and
the plastically modified power spectrum after 10 (pink), 90
(green), and 100 (blue) iterations. The power spectra after 90
and 100 iterations are nearly identical, and in what follows we
use for Cpl the N = 100 result.

Figure 9 shows the original power spectrum (red) and the
plastically modified power spectrum (N = 100) for five values

FIG. 7. The elastic and plastic contact area as a function of the
magnification (log-log scale), as predicted by the Persson’s theory.
The true contact areas are obtained at the highest magnification and
are Apl/A0 = 0.0572 and Ael/A0 = 0.0526. The total contact area
A/A0 = (Ael + Apl )/A0 = 0.1099. The results correspond Young’s
modulus E = 250 GPa, Poisson ratio ν = 0, penetration hardness
σP = 150 GPa, and the applied squeezing pressure σ0 = 12.5 GPa.
The elastic energy reduction factor is γ = 0.536.
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FIG. 8. Power spectrum of the undeformed (original) surface
(red), together with the plastically modified spectra after N = 10
(pink), 90 (green), and 100 (blue) iterations. Results are for σ0/E∗ =
0.05.

0 (red), 0.05 (green), 0.1 (blue), 0.2 (violet), and 0.3 (pink),
of the normalized applied squeezing pressure, defined as the
ratio σ0/E∗ between the applied squeezing pressure σ0 and the
effective elastic modulus E∗.

VI. INTERFACIAL SEPARATION

Consider two solids with rough but nominally flat surfaces
pressed together under a uniform external pressure p. As p
increases, the average surface separation ū decreases mono-
tonically. We may, therefore, regard ū(p) as a function of p, or
equivalently, p(ū) as a function of ū. As the load increases,
the asperities deform elastically and, for sufficiently large
p, also plastically, and the elastic deformation energy (per
unit surface area) Uel will be stored in the solid close to the
interface. We can consider Uel as a function of either ū or p,
and since Uel equals the work performed by the external load
in bringing the solids closer together, it follows that

p(ū) = −dUel

dū
= −dUel

d p

d p

dū

FIG. 9. Power spectrum of the undeformed (original) surface
(red), and the plastically modified spectrum after N = 100 iterations
for σ0/E∗ = 0.05 (green), 0.1 (blue), 0.2 (violet), and 0.3 (pink).

or

dū = −1

p

dUel

d p
d p. (6)

As p → ∞ then ū → 0. Integrating Eq. (6), we obtain

ū = −
∫ ∞

p
d p

1

p

dUel

d p
. (7)

The elastic energy can be written as

Uel = E∗ π

2

∫ q1

q0

dq q2C(q)S(q, p), (8)

where q1 = ζ1q0 corresponds to the shortest wavelength com-
ponent in the roughness spectrum included at the highest
magnification ζ1, and

S(q, p) = γ + (1 − γ )P(q, p), (9)

where

P(q, p) = erf

(
p

2G1/2(q)

)
. (10)

Using Eqs. (7) and (8), one can calculate the dependence of ū
on the pressure p. Note that, replacing q1 by ζq0 yields ū(ζ )
as a function of magnification, but here we focus on ū at the
highest magnification ζ1.

The contact stiffness is given by

K0 = −d p

dū
. (11)

For small contact pressures p (or large ū) the equations above
give (see Refs. [18,19])

p = p0e−ū/u0 , (12)

where p0 = βE∗ where β and u0 can be calculated from the
surface roughness power spectrum. Typically, for self-affine
fractal surfaces without a roll-off, see Ref. [18], one finds
β ≈ 0.4q0hrms and u0 ≈ 0.5hrms, where hrms is the root-mean-
square roughness amplitude. Combining Eqs. (11) and (12)
gives the contact stiffness for small pressures

K0 = p

u0
. (13)

The theory above applies to infinitely large surfaces. An in-
finitely large surface with random roughness has a Gaussian
distribution of asperity heights, and thus contains (infinitely
many) infinitely high asperities. This implies that p is nonzero
for arbitrarily large surface separation ū.

For a finite system, however, the maximum asperity height
is finite and depends on the particular surface realization.
Consequently, the maximum height fluctuates from one real-
ization to another, giving rise to what we denote as a finite-size
effect. These fluctuations diminish as the roll-off region of
the power spectrum increases, since wider roll-offs enhance
self-averaging. This property is useful in numerical studies to
reduce statistical variation in the calculated contact properties.
Also in the finite-size regime, the relation between ū and p
can be obtained from Eq. (7), but with an elastic energy Uel

determined as follows. For the details about the calculation,
see Ref. [20].
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First, consider a rigid flat surface pressed against a nom-
inally flat elastic body with a randomly rough surface. The
longest wavelength roughness defines macroasperities. Al-
though shorter-wavelength roughness sits on top of these,
we first neglect it and treat the macroasperities as smooth.
This implies that, for large-enough average surface separa-
tion, the contact between the solids will occur at the highest
macroasperity. The corresponding elastic energy (stored in the
solid close to the interface), will be denoted U0. It can be
calculated using the Hertz contact theory and depends on the
radius of curvature of the macroasperity R0, which, in turn, is
determined from the surface-roughness power spectrum C(q).

Next, we take into account the shorter-wavelength rough-
ness which on the macroasperity. This additional roughness
contributes an elastic response that is, to leading order,
analogous to the Hertzian contribution obtained from the
macroasperity alone. The total elastic energy can, therefore,
be written as Uel = U0 + U1, where U1 represents the con-
tribution from the smaller-scale roughness. Substituting this
expression into Eq. (7) yields the relation ū(p) in the finite-
size regime. In Ref. [20], it was assumed that the surface is a
self-affine fractal, but the theory is valid for surfaces with an
arbitrary surface roughness power spectrum, as is clear from
the derivations in Appendix B in Ref. [20].

If the surface roughness spectrum includes a long roll-off
region, there exists a wide range of separations over which Eq.
(12) holds. However, as the separation increases further, the
solids eventually make contact only at the highest macroasper-
ity. In Ref. [20], we derived an expression for the contact
stiffness in the finite-size regime, which we denote as K1(p).
Using the definition

K1(p) = −d p

dū
, (14)

gives us the increment in

dū = − 1

K1(p)
d p. (15)

If we assume the contact stiffness varies continuously across
the crossover between the roll-off and finite-size regimes, then
Eq. (13) is valid for p > p∗ and (14) for p < p∗, where

K1(p∗) = p∗

u0
. (16)

Integrating Eq. (15) gives

ū − u∗ =
∫ p∗

p
d p

1

K1(p)
, (17)

where, using Eq. (12), u∗ = u0ln(p0/p∗).
Although, the study of the finite-size effect in Ref. [20] was

focused on the contact stiffness, the relation between ū and p
can be obtained either using Eqs. (17) or (7). In the software
we developed, we first calculate the stiffness K1(p) and then
obtain ū(p) using Eq. (17). The implementation does not as-
sume self-affine fractal surfaces; instead, the power spectrum
C(q) is provided numerically and may have an arbitrary form.

VII. BOUNDARY ELEMENT METHOD

In this study, we employ the same BEM as in Ref. [4].
We simulate frictionless contact between an elastic-perfectly
plastic half-space with a rough surface and a rigid flat body.
The surface roughness is represented as a periodic height
field, and deformations are computed in the Fourier space
via convolution with the Green’s function of an elastic half-
space. Plastic deformation is introduced through a local yield
criterion: whenever the local contact pressure exceeds the
penetration hardness σP, the corresponding node is treated
as plastically loaded and constrained to remain in contact
without carrying additional load.

The solver employs a relaxation-based iterative scheme
with residual convergence to enforce global force balance.
This BEM framework has been applied in several earlier
works; see Refs. [21–28].

VIII. COMPARISON OF THEORY
WITH NUMERICAL RESULTS

In this study, we use the 8192–32 surface introduced in
Ref. [4], where the “width” of the cutoff region is q1/qc = 32
and the total “length” of the power spectrum is q1/q0 = 8192.
This randomly rough surface was generated by superposing
plane waves with random phases. We also use the same ma-
terial parameters as in Ref. [4], but in the present analysis,
we consider several values of the applied squeezing pressure
σ0. In Ref. [4] we used three surfaces, 2048–8, 4096–16, and
8192–32, but here we focus on the largest system since the
theory effectively corresponds to q1/qc = ∞.

The 8192–32 surface exhibits self-affine fractal rough-
ness in the wave-number interval 1 × 105 m−1 < q < 64 ×
105 m−1, with a fractal dimension Df = 2.2 (corresponding
to a Hurst exponent H = 0.8). Its power spectrum contains
a short roll-off region in the range 2.5 × 104 m−1 < q <

1 × 105 m−1, which enhances self-averaging. Moreover, since
most engineering surfaces are designed to be smooth at the
macroscopic scale, they also have a roll-off region in the
power spectra, see Ref. [29].

When comparing numerical simulations with continuum
mechanics theories, it is crucial to have enough grid points
within the shortest roughness wavelength. This requirement
can be met by using surfaces which are generated from power
spectra that have a wide enough cutoff region for the large
wave numbers, as illustrated in Fig. 6 for the 8192–32 surface.
The surface height topography z = h(x, y) has the rms-slope
ξ = 1.

For convenience, we repeat here the material parameters
given in Sec. V, which are the same as those in Ref. [4]:
Young’s modulus E = 250 GPa, Poisson ratio ν = 0, and
penetration hardness σP = 150 GPa.

In elastic contact mechanics, as long as the real contact area
A � A0, it scales linearly with the normalized applied squeez-
ing pressure, defined as the ratio σ0/E∗ between the applied
squeezing pressure σ0 and the effective elastic modulus E∗,
according to

A

A0
≈ 2

ξ

σ0

E∗ , (18)
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where E∗ = E/(1 − ν2) is the effective modulus and ξ the
rms slope. In the present case, E∗ = E = 250 GPa and ξ =
1. Hence, for an elastic contact and the applied squeezing
pressure σ0 = 12.5 GPa (that was used in Ref. [4]), one
finds A/A0 = 0.1. In the present study, in addition to σ0 =
12.5 GPa, we also consider σ0 = 25, 50, and 75 GPa, cor-
responding to σ0/E∗ = 0.05, 0.1, 0.2, and 0.3. The resulting
plastically deformed surfaces employed in the unloading sim-
ulations are openly available; see Ref. [17].

Figure 10(a) shows the original height topography z =
h(x, y) of the 8192–32 surface, Fig. 10(b) shows the in-contact
topography obtained using the BEM for the surface pressed
against a rigid flat body, with the solid modeled as an elastic-
perfectly plastic half-space and an applied squeezing pressure
of σ0 = 50 GPa, and Fig. 10(c) shows the plastically deformed
topography after unloading from σ0 = 50 GPa. Figure 10(d)
shows h(x, y) for the plastically smoothed power spectrum
generated using the same sequence of random numbers as
for the original surface. Note that the highest asperity in the
theory [Fig. 10(d)] is sharper than in the plastically deformed
surface obtained with the BEM in [Fig. 10(c)]. The total
relative contact area is A/A0 = 0.4107, and is composed of the
elastic contribution Ael/A0 = 0.1540 (yellow) and the plastic
contribution Apl/A0 = 0.2567 (black).

Figure 11 shows the relative elastic (Ael/A0) and plastic
(Apl/A0) contact areas as functions of the normalized applied
squeezing pressure σ0/E∗. The theoretical predictions are in
close quantitative agreement with the numerical BEM results.

Figure 12 shows the average surface separation ū as a
function of the logarithm of the normalized squeezing pres-
sure σ0/E∗. The red squares denote the BEM results without
plastic deformation, while the green, blue, pink, and violet
squares are the numerical BEM results, starting from the sur-
faces plastically deformed by σ0/E∗ = 0.05, 0.10, 0.20, and
0.30, respectively. The solid lines represent the Persson theory
predictions neglecting finite-size effects, and the dashed lines
represent the predictions including finite-size effects. Overall,
the theoretical predictions are consistent with the BEM results
and highlight the influence of finite-size effects.

The numerical BEM results correspond to a single re-
alization of the surface, whereas the theory represents
ensemble-averaged behavior. Since the height and shape of
the highest asperity vary from one realization to another, and
since at low squeezing pressures the rigid flat surface makes
contact only with the highest macroasperity, relatively large
finite-size fluctuations in the ū(p) relation are expected. To
test this we generated ten different realizations of the 8192–32
surface using different seeds for the random number genera-
tor. The different surfaces was loaded against the flat surface
with σ0/E∗ = 0.3 MPa after which the pressure was reduced.

The thin lines in Fig. 13 show the relation between the
average surface separation and the applied pressure as ob-
tained from the numerical simulations during retraction. The
black line is the theory result assuming elastic contact (infinite
penetration hardness) and the blue line the theory result using
the same penetration hardness as in the simulations. (The blue
line is the same result as the pink line in Fig. 12.)

Note that the theory gives a larger average separation than
the simulation model. This may be related to the different
smoothing procedures and it is not clear which smoothing

FIG. 10. (a) The original height topography z = h(x, y) of the
8192–32 surface, (b) the calculated in-contact topography for the
elastoplastic solid pressed against a rigid flat surface (transparent),
and (c), (d) the plastically deformed topography after unloading from
the BEM and theory, respectively. The results in (b), (c) are obtained
with the boundary element method (BEM), modeling the solid as
an elastic-perfectly plastic half-space with Young’s modulus E =
250 GPa, Poisson ratio ν = 0, penetration hardness σP = 150 GPa,
and the applied squeezing pressure σ0 = 50 GPa. The calculated
relative elastic contact area is Ael/A0 = 0.1540 (yellow), and the
plastic contact area Apl/A0 = 0.2567 (black), and total contact area
A/A0 = 0.4107.

procedure gives the most accurate description. In the simula-
tion model, asperities can be fully flattened, but this is not the
case in reality: when asperities deform plastically the stress
field approach that of a hydrostatic field and asperities cannot
be fully flattened (see Ref. [24] for experimental results illus-
trating this). This correspond to a larger interfacial separation,
as observed in the theory, for a given applied pressure.
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FIG. 11. The relative elastic (Ael/A0) and plastic (Apl/A0) contact
areas as functions of the normalized applied squeezing pressure,
defined as the ratio σ0/E∗ between the applied squeezing pressure
σ0 and the effective elastic modulus E∗. The results are obtained
using the same 8192–32 surface and the material parameters as for
the results presented in Fig. 10.

By contrast, the real contact area is governed primarily by
the short-wavelength roughness and is therefore much less
sensitive to the particular surface realization. The simulation
results for the ten different realizations gives curves which
cannot be distinguished in a graph and is therefore not shown
here.

IX. DISCUSSION

We compared Persson’s multiscale contact mechanics pre-
dictions for the relation ū(p) with numerical BEM simulations
of an elastic-perfectly plastic half-space. In the simulations,

FIG. 12. The average surface separation ū as a function of the
logarithm of the normalized squeezing pressure p/E∗. For the 8192–
32 system. The red squares are the results of the BEM numerical
calculations without plastic deformation. The green, blue, pink, and
violet squares are the numerical BEM results, starting from the
surfaces plastically deformed by σ0/E∗ = 0.05, 0.10, 0.20, and 0.30,
respectively. The solid lines represent the Persson theory prediction
neglecting the finite-size effect, and the dashed lines represent the
theory prediction including the finite-size effect.

FIG. 13. The surface separation ū as a function of the logarithm
of the normalized squeezing pressure p/E∗. The surfaces are first
loaded against the flat surface with the normalized applied squeezing
pressure σ0/E∗ = 0.3 and thereafter the pressure is lowered. The thin
lines are the BEM numerical calculations for 10 different realizations
of the 8192–32 system. The blue solid line represent the Persson
theory prediction, and the black line the theory prediction assuming
no plastic deformation.

the solid deforms elastically until the local stress reaches
the penetration hardness σP, after which plastic flow occurs
without work (strain) hardening. The comparison shows that
the procedure (where plastic smoothing is represented by an
effective roughness power spectrum within the Persson frame-
work) captures the overall trends observed in the simulations.

The boundary element method uses deterministic surfaces
whereas the theory describes an ensemble average. At low
squeezing pressures, in the finite-size region, the average sur-
face separation ū depends mainly on the long wavelength
roughness, which differ for different realizations of the sur-
face. As a result, ū for low contact pressures exhibit large
finite-size fluctuations (see Fig. 13). In contrast, the real con-
tact area depends mainly on short-wavelength roughness and
is therefore much less sensitive to finite-size variability. The
elastic and plastic contact area predicted by the theory is in
the close quantitative agreement with the BEM result (see
Fig. 11).

The finite-size treatment within Persson’s theory assumes
that macroasperities can be represented as spherical bumps
whose elastic stiffness follows Hertz theory. When plastic de-
formation extends to the macroasperity scale, this assumption
becomes less accurate since plastic flattening increases the
elastic stiffness upon reloading. Numerical indentation studies
confirm that even a small flat region at the top of a spherical
bump increases the elastic stiffness K = dF/dδ, see Ref. [30].
In our simulations at σ0/E∗ = 0.3, increasing K by a factor of
2 in the finite-size model restores agreement with the BEM
results (Fig. 12).

The numerical results presented in our study could be
tested experimentally by squeezing rectangular metal blocks
against flat substrate surfaces and measure the movement
of the top surface as a function of the normal force. Such
studies must take into account the elastic deformations of the
solids and would probably only be possible for systems with
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“large” interfacial roughness. Similar studies have been used
for rubber squeezed against different surfaces, from which
the average surface separation was deduced [31,32]. Another
test was fluid leakage measurements, but the leakage rate
depended not directly on the average surface separation, but
on the surface separation at the most narrow constriction
along the biggest open fluid flow channel [33]. Other indirect
measurements would be measurements of the contact stiffness
[34].

These findings emphasize both the strengths and lim-
itations of the present procedure. The effective-spectrum
approach provides a simple and robust way to incorporate
plastic smoothing into Persson’s theory, yielding useful pre-
dictions for the interfacial separation across a broad load
range. The theory also predicts the contact area, which does
not depend on the smoothed surface roughness profile, in
good agreement with the BEM predictions. At the same time,
both the BEM and the analytic theory should be extended to
include a more realistic description of the plastic flow process
as described in Sec. II. From an applications perspective,
the results highlight that plastic adaptation leads to reduced

interfacial separation, an effect of practical relevance for seal-
ing, leakage, and wear.

X. SUMMARY AND CONCLUSION

We proposed a procedure within Persson’s multiscale con-
tact mechanics theory to describe elastoplastic contacts. The
method accounts for plastic smoothing by applying the elastic
formulation to an effective power spectrum of the plastically
deformed surface. Comparisons with BEM simulations show
close agreement for elastic and plastic contact areas and good
agreement for the average surface separation, with deviations
traceable to finite-size fluctuations and plastic macroasperity
deformation. The approach captures the reduction of sepa-
ration upon reloading (relevant to sealing and leakage) and
offers a basis for incorporating plastic stiffening at large loads.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [17].
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