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The Koopman-von Neumann equation describes the evolution of wave functions associated with autonomous
ordinary differential equations and can be regarded as a quantum physics-inspired formulation of classi-
cal mechanics. The main advantage compared to conventional transfer operators such as Koopman and
Perron-Frobenius operators is that the Koopman-von Neumann operator is unitary even if the dynamics are

non-Hamiltonian. Projecting this operator onto a finite-dimensional subspace allows us to represent it by a
unitary matrix, which in turn can be expressed as a quantum circuit. We will exploit relationships between the
Koopman-von Neumann framework and classical transfer operators to derive numerical methods to approximate
the Koopman-von Neumann operator and its eigenvalues and eigenfunctions from data. Furthermore, we will

show that the choice of basis functions and domain are crucial to ensure that the operator is well-defined. We
will illustrate the results with the aid of guiding examples, including simple undamped and damped oscillators

and the Lotka-Volterra model.
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I. INTRODUCTION

In recent years, the field of quantum computing has ad-
vanced rapidly. Exploiting quantum mechanical effects such
as superposition and entanglement, quantum computers are
able to solve certain types of problems faster than their clas-
sical counterparts. More specifically, quantum speedups have
been rigorously established for a limited number of structured
problem classes, most notably integer factorization, discrete
logarithms, and related order-finding tasks [1,2], whereas un-
structured search and several Monte Carlo-type estimation
problems admit at most quadratic quantum improvements
[3.4]. There is currently no evidence that quantum computers
can efficiently solve general NP-hard problems. Moreover,
many other proposed quantum advantages rely on additional
assumptions on data access, sparsity, conditioning, or out-
put representation [5,6]. A natural question thus is whether
quantum computers can be used to speed up the simulation
and analysis of classical nonlinear dynamical systems. One
possible approach is to utilize the Koopman-von Neumann
framework, a quantum physics-inspired formulation of clas-
sical mechanics [7-12]. While Koopman and von Neumann
originally considered only Hamiltonian systems—in this case
the Koopman operator itself is already unitary—the approach
has been extended to arbitrary autonomous ordinary differ-
ential equations. Instead of analyzing the Koopman operator,
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which propagates observables, or its adjoint, the Perron-
Frobenius operator, which propagates probability densities,
it is possible to derive a unitary operator, the Koopman-
von Neumann operator,1 that describes the evolution of
complex-valued wave functions. The corresponding probabil-
ity densities can then be obtained by applying Born’s rule.
Projecting the Koopman-von Neumann operator onto a
space spanned by a set of basis functions allows us to rep-
resent it by a unitary matrix, which in turn can be encoded by
a quantum circuit. It is thus possible to simulate the action
of the Koopman-von Neumann operator on wave functions
using quantum computing. However, there are important dif-
ferences between the behavior of the Koopman-von Neumann
equation and the standard Schrddinger equation as pointed out
in Ref. [10]. Most importantly, the Koopman-von Neumann
generator is just a first-order differential operator unlike the
Schrodinger operator. Furthermore, neither Planck’s constant
K nor a phase is involved in this fully classical theory [12]. We
will analyze the feasibility of Koopman-von Neumann me-
chanics for describing the evolution of deterministic dynam-
ical systems—including non-Hamiltonian dynamics—and
explore relationships with the closely related Koopman and
Perron-Frobenius operators and their infinitesimal generators.
While conventional transfer operators such as the Koop-
man operator and Perron-Frobenius operator are in general

"We will call the propagator for a fixed lag time Koopman-von
Neumann operator and the associated infinitesimal generator of the
semigroup of operators Koopman-von Neumann generator so that
this is consistent with the notation used for the other operators and
their generators.
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well understood and have been used extensively (and suc-
cessfully) in the past, see Refs. [13-21] to name just a
few, the Koopman-von Neumann framework remains largely
unexplored and almost no real-world applications can be
found in the literature. Rigorous functional-analytic studies
of the Koopman-von Neumann equation have emerged only
recently. In particular, the well-posedness of the associated
initial value problem for dynamical systems on bounded
domains has been investigated in Ref. [22], clarifying the
relationships with classical transport equations and trans-
fer operator theory. Further works study the Koopman-von
Neumann framework from an operator-theoretic perspec-
tive and consider structural properties of the corresponding
Liouville operators in specific dynamical settings [23,24].
Another active line of research investigates the Koopman-
von Neumann formalism in an algorithmic setting, addressing
implementations on quantum hardware and in the form of
circuit-based simulations [10,25-27]. These results establish
important theoretical foundations and provide a starting point
for the development and analysis of numerical approxima-
tion schemes. Classical numerical simulation methods and
data-driven techniques for the analysis of the Koopman-von
Neumann equation have received little attention in the litera-
ture so far.

We are in particular interested in spectral properties since
the eigenvalues and eigenfunctions of conventional trans-
fer operators contain important information about dominant
timescales or slowly evolving spatiotemporal modes, but
also in the propagation of probability densities, observ-
ables, and wave functions. Although the Koopman operator
has been known for a long time, its recent rise in pop-
ularity can be explained by the availability of efficient
machine learning algorithms for estimating transfer oper-
ators from data and the abundance of training data. This
allows us to gain insights into global properties of the
underlying system without requiring detailed mathematical
models. One of the most frequently used methods for ap-
proximating transfer operators is extended dynamic mode
decomposition [18,19], which can be regarded as a nonlin-
ear variant of dynamic mode decomposition [28,29]. There
are various kernel-based extensions [30,31], deep learning
formulations [32,33], and methods to directly approximate
infinitesimal generators of transfer operators [34,35]. Closely
related methods have been developed independently by the
signal processing, climate science, and molecular dynamics
communities, see Refs. [36-38]. Comprehensive reviews of
DMD-type algorithms can be found in Refs. [39,40]. Our
goal is to show how variants of these methods can also be
used to approximate the Koopman-von Neumann operator
or its generator. The main contributions of this work are as
follows:

(1) We analyze relationships between infinitesimal gener-
ators of conventional transfer operators and the Koopman-von
Neumann framework and derive Galerkin projections of these
operators.

(2) We approximate the Koopman-von Neumann gener-
ator using data-driven methods as well as finite element
methods, which enables us not only to compute eigenvalues
and eigenfunctions, but also to propagate wave functions and
thus probability densities.

(3) To illustrate the results and to highlight the advantages
and limitations of the proposed methods, we consider simple
guiding examples and benchmark problems, including un-
damped and damped oscillators as well as the Lotka-Volterra
model.

(4) We show that choosing suitable basis functions for the
undamped oscillator allows us to construct a quantum circuit
representation of the propagator of the projected Koopman-
von Neumann generator.

It is well known that Galerkin projections of transfer op-
erators will in general violate conservation laws or cause
numerical artifacts such as spurious oscillations, unless finite-
dimensional invariant subspaces are known. We will show that
at least for simple linear systems with conserved quantities,
such invariant subspaces can be constructed for appropriately
defined domains. It is then possible to analytically com-
pute eigenvalues and eigenfunctions and to correctly predict
the evolution of probability densities, observables, and wave
functions contained in the invariant subspace. For more com-
plicated systems, such subspaces can in general not be easily
constructed. Choosing suitable projections that preserve the
dynamical properties of interest and faithfully simulating such
systems on quantum computers remains an open problem
[12].

While we will focus specifically on deterministic dy-
namical systems given by autonomous ordinary differential
equations, nondeterministic processes governed by stochastic
differential equations would be of immense interest as well.
Under certain conditions, the Koopman generator associated
with a stochastic differential equation can be transformed into
a Schrodinger operator and vice versa. This transformation
was used in Refs. [41,42] to apply data-driven methods de-
veloped for the approximation of the Koopman operator or
generator to quantum systems. In the same way, we could
represent a stochastic process by a Schrédinger equation and
apply numerical methods developed for quantum systems.
Analyzing relationships between these transformations and
the Koopman-von Neumann framework, however, is beyond
the scope of this work.

We will introduce the Perron-Frobenius, Koopman, and
Koopman-von Neumann generators in Sec. II. Furthermore,
we will highlight similarities but also major differences be-
tween these operators. In Sec. III, we will derive Galerkin
projections and in particular data-driven approximations of
the Koopman-von Neumann generator. Linear as well as non-
linear benchmark problems will be discussed in Sec. IV.
Numerical results—using either data-driven approximations
or finite element methods—will be presented in Sec. V.
We will conclude with open questions and future work in
Sec. VL.

II. TRANSFER OPERATORS AND KOOPMAN-VON
NEUMANN MECHANICS

In this section, we will introduce the Koopman-von
Neumann framework, starting from the Koopman operator de-
scription of classical systems. The idea behind Koopman-von
Neumann mechanics is to provide quantum representations
of classical systems, such that the statistics of the classical
dynamics can be recovered by applying the rules of quantum
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TABLE I. Operators and their eigenvalues and eigenfunctions.

Differential operator Eigenvalue Eigenfunction
Koopman generator Lf= b-Vf A fi
Perron-Frobenius generator L'p=—b-Vp—div(b)p nw P
Koopman-von Neumann generator QY =—b-Viy — %div(b) W v v,

mechanics. In what follows, we will use the notation summa-
rized in Table 1.

A. Koopman and Perron-Frobenius generators

We begin by providing a high-level description of the
Koopman operator framework for general autonomous ordi-
nary differential equations.

1. Autonomous ordinary differential equations
Let  C R be the state space. Given an autonomous ordi-
nary differential equation of the form
x = b(x), (1)

withd : Q — R? sufficiently smooth, and an initial condition
x(0) = xp, the semigroup of Koopman operators { ' } is given
by

(K'HHx) = f(D'(x)),
where @' is the flow map defined by ®'(x(0)) = x(r). The

infinitesimal generator £ can then be written as

af

8)6[

d
Lf=b-Vf=) b 2)
i=1

and its adjoint £*—the generator of the semigroup of Perron-
Frobenius operators—as

d

. ) a(b; p)
Lip=—div(bp)=—) o (3)
i=1 !
Using the product rule, we can also write L*p = —b-Vp —

div(b) p. The operator £ describes the evolution of observ-
ables and £* the evolution of probability densities. For a
detailed introduction, see Refs. [13,35].

2. Hamiltonian systems

As an important illustration, consider a Hamiltonian sys-
tem defined by a classical Hamiltonian H : R? x RY — R,
governed by Hamilton’s equation of motion

. oH d i oH
;= — an = ——
qi o Di 34
with i =1,...,d. The vector g € R? contains the gener-

alized coordinates and p € R? the corresponding momenta.
The Hamiltonian formalism is a convenient mathematical
tool to describe conservative mechanical systems [43]. Such
systems—and thus also the associated transfer operators—
have many special properties.

Defining x = [Z] € R%¢, we obtain b = [_gzg] and the
Koopman generator can be written as

[ v.H Vof | & (oHdf  9H of
& = |:—Vqu| ' [foi| =2 (8_19i8_qi - 3_%3_191')'

i=1

Similarly, for the Perron-Frobenius generator, we obtain

V,H 1 /9H dp  9H
E*p:—div P 0 :—Z(__'O___p)
-V,H = \9pidqi  3qi dpi

. . 2
Note that the second-order derivatives 9?;-qu cancel out. It

holds that LH = 0 and L exp(—H ) = 0. Eigenfunctions of £
associated with the eigenvalue A = 0 represent conservation
laws; see Ref. [44] for more details. The crucial observation is
that in this case £* = —L, i.e., L is a skew-adjoint operator
[13]. It then follows that H = iL is a Hermitian operator,
which can be used to define a quantum system mirroring
the dynamical properties of the classical dynamics. We will
show in the next section how to generalize this idea beyond
Hamiltonian systems.

B. Koopman-von Neumann mechanics

Instead of considering the evolution of the probability
density p, Koopman-von Neumann mechanics describes the
system’s state by a wave function i, from which we can
compute the probability density p using Born’s rule, i.e.,
p = Y¥*y. To make the introduction of the Koopman-von
Neumann framework self-contained, we will include a short
derivation. A detailed comparison of the different operators
and their properties can be found in Ref. [12].

1. Autonomous ordinary differential equations

Although Koopman and von Neumann initially focused
on Hamiltonian systems, it is possible to derive an evolu-
tion equation ¢ = Q 1, the so-called Koopman-von Neumann
equation (the letter Q stands for quantum here), for general
ordinary differential equations of the form (1), where

| d 0 1 0b;
QY =—b-Viy — Ediv(b)lﬁ = _Z (b"a_zj. + ng)
i=1 ! l

“4)

see, e.g., Refs. [10,12]. Then p := ¥ *y satisfies the Liou-
ville equation p = L*p. This can be shown using the product
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rule:

. A 1A T
p=-2 (G + 350 )y

i=1

o 10b;
(ot am)

i=1

a *
([¢w+wgﬂ+—ww>

dp  db;
— bi— + —
Z( "3, + ox; )

i=1

|
'Plﬁa

1

QU

=—b-Vp—divib)p = L*p.

Multiplying the Koopman-von Neumann equation by the
imaginary unit 7 results in

iy =iQy = Hy

so that the equation closely resembles the time-dependent
Schrodinger equation, i.e., H is a Hermitian operator and the
corresponding propagator is unitary [12].

Remark I1.1. Defining L; = %(ﬁ + L£*) and L, = %(C —
L*) to be the symmetric and skew-symmetric parts of the
operator £, we have L = L, + L, and L* = L; — L,. It then
follows that

QY =Ly = — L)y = —b-Vy — 3div(D) ¥,

i.e., the Koopman-von Neumann generator is the adjoint of the
skew-symmetric part of the Koopman generator. This decom-
position, along with a so-called warped-phase transformation,
which introduces an additional one-dimensional variable, was
also used in the Schrodingerization approach proposed in Ref.
[45] to solve arbitrary linear partial differential equations on
quantum computers. We only require the skew-symmetric part
in what follows. A complete Koopman-based quantization
procedure, named quantum embedding of classical dynamics
(QECD), for ergodic measure-preserving systems was intro-
duced in Ref. [46]. As we will show in Appendix A, the
Koopman-von Neumann approach described here can be seen
as an extension of QECD to general autonomous ordinary
differential equations.

e

2. Hamiltonian systems

Since the divergence of a Hamiltonian vector field is zero,
we immediately obtain

Q=L"=—-L.

That is, the Koopman generator is in this case already
skew-adjoint and the corresponding propagator automatically
unitary.

C. Properties of transfer operators

The spectral properties of the Koopman operator are well-
understood, see, e.g., Ref. [16]. We include short proofs of the
corresponding properties of its infinitesimal generator for the
sake of completeness. The question now is how eigenvalues

and eigenfunctions of the operators introduced above are re-
lated and whether we can apply numerical methods developed
for the Koopman generator also to the Koopman-von Neu-
mann generator.

Lemma I1.1. Assuming that the functions constructed be-
low are well-defined, the operators have the following
properties:

(1) Product rule for the Koopman generator: It holds that
L(fg)=(LfHg+ f(Lg.

(2) Products of eigenfunctions are eigenfunctions: Given
two eigenfunctions f,, and f,, of £ associated with the
eigenvalues A; and A, respectively, it holds that L(f, fo,) =
(A1 + A2) fu, S,

(3) Smooth transformations retain conservation laws: As-
sume that Lf; = Af, and let g: R — R be differentiable,
then L(go f,) = Afi - ¢ o fi. In particular, if A =0, then
L(go f)=0.

(4) Powers of eigenfunctions are eigenfunctions: For r €
R we have f; is an eigenfunction associated with the eigen-
value rA.

(5) Conservation laws generate additional eigenfunctions
of the Perron-Frobenius generator: Let Lfy = 0 and L*p, =
W Py then L*(fo pp) = e (fo pp)-

(6) Generalized Born rule for the Koopman-von Neumann
generator: We have £*(fg) = (Qf)g+ f(Qg).

(7) Born rule for eigenfunctions: Given two eigenfunc-
tions ¥, and v, of Q corresponding to the eigenvalues v,
and vy, we have L*(Y,, ¥,,) = (V1 + v2) ¥, ¥,.

(8) Eigenfunctions of systems with constant divergence:
Assume div(b) = B, where B € R is a constant. Given
Lfi =Af,, we obtain L*f, =—A+B)fi, and Qf, =
~(+ 38 fi-

The proofs of these properties can be found in
Appendix B. Examples of systems with constant divergence
are Hamiltonian systems, where 8 = 0, and linear differential
equations of the form x = Bx, where 8 = tr(B). Linear differ-
ential equations—including linear Hamiltonian systems—will
be discussed in more detail below.

D. Transfer operators on bounded domains

So far, we only formally introduced the above operators,
but did not specify the domain €2. Koopman and Perron-
Frobenius operators are often defined on L*(R¢), with the
requirement that the observables or probability densities de-
cay to zero for ||x|| — oo. In practice, however, we typically
have to consider bounded domains 2. If the domain is
bounded, we assume 2 to be forward-invariant under the
flow in what follows, i.e., ®'(2) C Q for all t > 0, so that
no boundary conditions are required for the Koopman gen-
erator [47]. A key question then is under which conditions
the Perron-Frobenius generator retains the same analytical
expression as in Eq. (3). The following result shows that
imposing homogeneous Dirichlet boundary conditions on
probability densities is sufficient. This condition is natural
given the forward-invariance of the dynamics.

Lemma I1.2. Given a bounded domain €2, let p satisfy ho-
mogeneous Dirichlet boundary conditions, i.e., p(x) =0 on
9%, then (p, Lf) = (L*p, f), where L*p = —div(bp).
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Proof. We follow the proof detailed in Ref. [13], with the
only difference that we consider a bounded domain 2. It holds
that

0. Lf) zfgp[b~Vf]dx

- / div(bp f)dx — / divibp) fdx = (L*p. 1),
Q Q

since, using the divergence theorem and the fact that p is by
definition zero on the boundary,

/div(bpf)dx:/ (bpf)-nds =0,
Q IQ

where 7i is the outward-pointing normal vector. ]

This result is important since it allows us to define the
Koopman-von Neumann generator Q in terms of the Koop-
man and Perron-Frobenius generators (see Remark II.1),
now restricted to the space of functions satisfying homoge-
neous Dirichlet boundary conditions. The formal definition
(4) is valid for any smooth function satisfying zero bound-
ary conditions. A complete characterization of the domain
of definition for the Koopman-von Neumann generator on
bounded domains can be found in Ref. [22], where Perron-
Frobenius-Sobolev (PFS) spaces are introduced as the natural
function space setting for the bounded-domain case. Rather
than working only with classical Sobolev spaces, the analysis
uses PFS spaces along with an appropriate vanishing-trace
condition to incorporate the boundary behavior in a way that
is consistent with the Perron-Frobenius framework, with the
no-outflow condition providing the boundary-based analog of
forward invariance by ensuring that trajectories do not leave
the domain under the forward flow.

E. Linear dynamical systems and invariant subspaces

To study the Koopman-von Neumann generator and its
properties in more depth, we first consider linear dynamical
systems since a wealth of their properties can be computed
explicitly, see, e.g., Refs. [16,19].

Lemma I1.3. Given x = Bx, where B € R9%4 let w € C?
be an eigenvector of B' corresponding to the eigenvalue A €
C,ie., BTw = Aw. Then f,(x) = x - w is an eigenfunction
of the Koopman generator.”

Proof. Wehave Lf;,(x)=Bx-w=x-BTw=x-(0w)=
Afo(x). |

In what follows, we will call the eigenfunctions given by
the eigenvectors of BT principal eigenfunctions. Note that
these functions are not bounded if we consider Q = R? and do
in general not satisfy the boundary conditions if the domain €2
is bounded. We can now construct infinitely many additional
eigenfunctions by considering products of these eigenfunc-
tions as shown in Lemma II.1. As a special case, we will
analyze Hamiltonian systems.

Definition II.1. Let J € R*?*24 be the matrix given by

0 I
=[]

2We follow the physics convention and define the inner product to
be conjugate-linear in the first variable.

then B € R29%24 ig called Hamiltonian if JB+ B'J = 0.
Note thatJ ' =JT = —J.
Writing B as a block matrix

B B
B = ,
[321 By
it is Hamiltonian if B;rl + By = 0 and By, and B,; are sym-

metric [43]. It then follows that x = Bx is a Hamiltonian
system with

H(q.p)=—5q"Buqg+p Bug+ 3p Biap.

The spectrum of Hamiltonian matrices is symmetric about 0,
ie., A € 0(B) = —A € o(B). If all eigenvalues of B lie on the
imaginary axis, then solutions are purely oscillatory.
Example I1.1. A damped oscillator is given by g + vy q +
w?q = 0, where y is the damping ratio and » the angular

frequency. Defining x = [Z], this can be rewritten as

. [o 1
X = _wz —y X.

—
=B

We obtain the undamped oscillator by setting y = 0. The

Hamiltonian of the system is in this case given by H(g, p) =

% 0 g? + % .

We will now construct invariant subspaces for linear sys-
tems, which enable us to define suitable dictionaries for the
numerical approximation techniques derived in Sec. III. The
first result shows that finite-dimensional subspaces spanned
by monomials up to a fixed order r are invariant under the
action of the Koopman generator.

Lemma I1.4. Let o = (ay, ..., ay) € N¢ be a multi-index

with |a| = Y% | o; and define

V = span{x* =x{" - x§ : |a| < r}

to be the finite-dimensional subspace spanned by monomials
of order up to r. Given a dynamical system of the form x = Bx
and a function f € V, it holds that Lf € V.

Proof. Lete; € Ng denote the ith unit vector. First, assume
that f(x) = x%, with |¢| = g < r, then

af _ {ozix"‘e’,  #0,

ax; |0, otherwise,

is either a monomial of order g — 1 or identical to zero. Thus,

d d 8f
,Cf =Bx- Vf = ZZB,’jan

i=1 j=1

is at most a polynomial of degree ¢ < r and thus contained in
V. For an arbitrary function f € V, we apply the same logic
to each monomial term. |

We can now use this results to construct basis functions that
automatically satisfy the boundary conditions if the domain is
bounded.

Lemma I1.5. Assume that there exists a conservation law
fo, 1i.e., Lfy =0, that vanishes on the boundary, that is,
Jfo(x) = 0 for all x € 92. We define a new function space

V' = span{fof : f € V)

045304-5
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so that all functions satisfy the boundary conditions. Given
S eV itholdsthat Lf € V'
Proof. Using Lemma II.1 and Lemma II.4, we have

L(fof)=(Lfo) [+ fo@ eV.
=0 Y%

]
The same result also applies to the Perron-Frobenius and
Koopman-von Neumann generators as the following corollary
shows.

Corollary II.1. The function space V' is also invariant
under the action of the Perron-Frobenius generator £* and
Koopman-von Neumann generator Q.

Proof. Let ¥ € V', then

QY =—b-Vy — ldiv(b)tp ev.
—— 2_,_4

=LyeV’ =tr(B)y eV’

The proof for £* follows in the same way. ]

Given a conservation law fy, this allows us to define a
suitable domain by choosing the boundary 92 to be a level
set of the function f, provided it generates a valid bounded
domain. Invariant subspaces for the operators £, £*, and Q
can then be constructed as we will illustrate in Sec. IV.

III. APPROXIMATION OF THE KOOPMAN-VON
NEUMANN GENERATOR

Numerical methods for the approximation of the Koop-
man operator and its infinitesimal generator gained a lot of
attention in recent years, see, e.g., Refs. [18,35]. We can
now exploit the relationships between the operators derived
in Sec. II to estimate the Koopman-von Neumann generator.

A. Galerkin projection

Let {¢;}!_, be a set of linearly independent basis func-
tions that, if the domain is bounded, satisfy the homogeneous
Dirichlet boundary conditions. Define V = span{¢;}_, to be
the generated n-dimensional subspace and

dx) = [1(x), ..., d(O]"

We can write any function f € V as a linear combination of
the basis functions, i.e.,

e R".

fE) = "cigix) = p(x),

i=1

where ¢ = [cy,...,c,]" € R". Let P denote the projection
onto V, then the matrix representation L € R"™*" of the
Galerkin approximation L|y := P LP of the Koopman gen-
erator L is given by

L=GA,
where
Gij = (¢, ¢))

We can also write this in compact form as

and Aij = <¢),’, £¢J)

= f dp(x)p(x) dx and A= / P (x) Lop(x)" dx,

where L is applied component-wise. For a function f(x) =
cT¢(x), we then obtain

Lly f(x) = (Lo) p(x).

Since (¢i, L*¢;) = (L¢i, ¢;) = Aji, the matrix representa-
tion L* of the projected Perron-Frobenius generator £*|y is
given by

L*=G'AT.

Similarly, to approximate the projected Koopman-von
Neumann generator Qly, we can compute (¢;, Q¢;) =
Ui, L*¢;) — (B, L&) = 3(Aji — Ayj) so that its matrix
representation is given by

0=1G"AT -A).

The matrix Q is now skew-symmetric with respect to the
G-weighted inner product («, )¢ = ' G B but not the stan-
dard Euclidean inner product (o, ) = «' B. We can enforce
skew-symmetry with respect to the unweighted inner prod-
uct by applying a so-called whitening transformation. Since
the basis functions are by assumption linearly independent,
the matrix G is symmetric and positive definite so that its
eigenvalues are positive. Let G = V DV T be the eigendecom-
position of G and define a(x) =D:VT ¢(x), then

/¢(x)¢(X)de / VT 0)$(0) VD 2 dx

=VTGVD: =1
and
= /$(x)£$(x)de= fD‘%VTqb(x)qu(x)TVD-%dx
=D :VTAVD 2,

ie., the transformed basis functions’vq?i(x) are orthonormal
and 0 = 1 G'(AT — A) = L(AT — A). This shows that it is
always possible to define the basis functions in such a way
that the matrix representation of the projected Koopman-von
Neumann generator is skew-symmetric with respect to the
standard Euclidean inner product so that the corresponding
propagator '€ is unitary.

To compute eigenvalues and eigenfunctions of the pro-
jected Koopman-von Neumann generator Q|y, we have to
compute eigenvalues and eigenvectors of Q. Given Qv = v v,
this implies that ¥, (x) = v p(x)is an eigenfunction since

Qly ¥ (x) = (Qv) ¢(x) = vv ' P(x) = v, (x).

Additionally, the temporal evolution of the coefficients ¢ of a
function v/ (x) = ¢ "¢ (x) can now be described by the system
of linear ordinary differential equations ¢ = Qc. This allows
us to propagate projected wave functions in time.

B. Data-driven approximation

A data-driven approach to approximate the Koopman gen-
erator called generator extended dynamic mode decomposition
(gEDMD), which can be viewed as a Galerkin approximation,
where the matrices A and G are estimated using Monte Carlo
integration, was proposed in Ref. [35]. Our goal is to extend
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this method to the Koopman-von Neumann generator. Given
uniformly sampled training data x), with [ = 1, ..., m, and
the corresponding time derivatives %), which can, for in-
stance, be estimated using finite difference approximations,
we define

. d 3¢
$i(0) = (Lo = Y bil0) 5= ()
i=1 !

and compute the matrices

[¢1(x1) b1 () |
Oy = : : and
_¢n (x1) o (xm)_
[ 1 (x1) b1 () |
dy=| : SR
_(p‘n (x1) ¢'n (Xm )_

The required derivatives of the basis functions can, for ex-
ample, be computed using automatic differentiation. We then
have

1 .
4G = —q)x CDX
m

= 2306 — [ewo ar =G,

=1

- 1 .
A= —dy b,
m X=X

= % > o))" — / $() Lp(x) dx = A,
1=1 =

so that L =G'A is a consistent approximation of the
projected Koopman generator, where * denotes the pseudoin-
verse; see Ref. [35]. Similarly, we can compute empirical
estimates of the projected Perron-Frobenius generator and
Koopman-von Neumann generator using

L*=G'AT and 0=1G*AT -A),

respectively. Using whitened basis functions as described
above, we then obtain a skew-symmetric matrix representa-
tion of the Koopman-von Neumann generator computed from
data.

Remark I11.1. We would like to point out that:

(1) In the derivation above, we implicitly assumed that the
data points x") are uniformly distributed. If we estimate the
operators from trajectory data, then this is in general not the
case and we compute a Galerkin projection with respect to
a weighted inner product; see Refs. [18,19,48,49] for a more
detailed analysis.

(2) A data-driven method for estimating the Koopman
generator that does not require time-derivatives is described
in Ref. [34]. The approximation of the generator is in this case
obtained by taking the logarithm of a matrix representation
of the Koopman operator estimated from time series data.
The method could hence also be used to approximate the
Koopman-von Neumann generator.

IV. BENCHMARK PROBLEMS

In this section, we will introduce and analyze benchmark
problems, namely simple undamped and damped oscillators
and the Lotka-Volterra model. We will in particular illustrate
some of the similarities and structural differences between the
Koopman and Koopman-von Neumann generators that occur
for different systems and boundary conditions. Numerical re-
sults for these systems will be presented in Sec. V.

A. Undamped oscillator

We first consider the undamped oscillator defined in
Example I1.2 and choose w = \/5 so that

o[ 1]

Using Lemma I1.3, the principal eigenvalues and eigenfunc-
tions of the Koopman generator are

M o=iv?2,

1
IX] + —=x2,

V2

1
Ay = —iv2, S, (x) = —ix; + ﬁxz,

with period T = 27’% ~ 4.44. Additionally, any function of

fu ) =

the form f;(x) = f5, (X)X f,(x)* is an eigenfunction corre-
sponding to the eigenvalue . = ky Ay +kyhy = iN2(ki — k).
All these eigenvalues lie on the imaginary axis. Note that
if ky =k, then A = 0. In particular, for k& =k, =1, we
obtain £, (x) = f3, (x) fi,(x) = x{ + 323 = H(g, p) =: H(x),
i.e., the Hamiltonian itself. We now show how to construct
eigenfunctions satisfying boundary conditions in different set-
tings:
(1) Let Q = R2, then the Gaussian-like function

o]

—H(x)) 1
Jo(x) = Z ( k(,X)) = exp (— x% - EX%)

k=0

is a conservation law, which respects zero boundary condi-
tions at infinity. To construct additional eigenfunctions, we
can multiply fy by powers of f;, and f;,. These functions are
bounded and tend to zero for ||x|| — oo.

(2) As an example with a bounded domain, consider Q2 =
{(x e R?:x} + %x% < 1}, i.e., an ellipse with semiminor axis
1 and semimajor axis +/2. Then

fo)=1—x7 — 1x3 (5)

is a conservation law that vanishes on the boundary (i.e.,
Lemma IL.5 applies) and can again be multiplied by powers
of f3, and f;, to obtain additional eigenfunctions that satisfy
the boundary conditions.

A few eigenfunctions of the Koopman generator are shown in
Fig. 1. Since £* = Q = —L here and the constructed eigen-
functions for the bounded domain case satisfy the boundary
conditions, these functions are also eigenfunctions of the
Perron-Frobenius generator and Koopman-von Neumann gen-
erator, associated with the eigenvalues u = v = —A.
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LA
o

w ¢ 00

FIG. 1. Real part (if k; < k») or imaginary part (if k; > k, since the real part would be the same as that of the function with k; and k,
swapped) of the eigenfunctions f; (x) = fo(x) f3, )k S (x)* of the Koopman generator (and hence also Koopman-von Neumann generator)
associated with the undamped oscillator defined on the domains (a) 2 = R? and (b) 2 = {x € R? : x} + 1x3 < 1}, where k;, k> € {0, 1, 2,3}
are the row and column numbers, respectively. The eigenfunctions are plotted for (a) x € [—4, 4]* and (b) x € Q. Red represents positive and
blue negative values. The corresponding eigenvalues are A = i~/2(k; — k»), i.e., multiples of the angular frequency w. All eigenvalues are as

expected purely imaginary.

B. Damped oscillator

Let us now consider the damped case. We again choose
w= «/5, but set y = 2 so that

=[5 1)

Using Lemma I1.3, the principal eigenvalues and eigenfunc-
tions of the Koopman generator are

ro=—l4is fiu)=x+ 50—,
M=—1—i fi,0)=x+31+i)x.

By taking integer powers of these eigenfunctions, the grid of
eigenvalues A = —(k; + k») + i (k; — k2) and eigenfunctions
shown in Fig. 2 can be generated. These eigenfunctions again
grow to infinity with increasing ||x||. Unlike for the undamped
oscillator, we cannot easily find a conservation law in this
case. We can, however, find a bounded domain = {x € R? :
x} 4+ x1x+ $x3 < 1} that satisfies the forward-invariance
condition. The boundary of this domain is a level set of
the eigenfunction for k; =k, =1, ie., fi = f1,(x) fo,(x) =
x} 4 x1x, + 333, with eigenvalue A = —2. The function f;
is not a conservation law, and hence we cannot simply mul-
tiply the Koopman generator eigenfunctions by f; to obtain
eigenfunctions of £* or Q. In fact, an eigenfunction of the
Perron-Frobenius operator would be a Dirac distribution cen-
tered at the origin. However, such eigenfunctions capture only
local information about the dynamics [47]. This example il-
lustrates some of the structural differences of the spectra of £
and Q that can occur.

Nevertheless, we can still use the Perron-Frobenius and
Koopman-von Neumann operators or generators to propagate
probability densities or wave functions. This will be illustrated
in Sec. V.

Remark IV.1. Tt was shown in Ref. [47] that eigenfunctions
of the Koopman operator or generator can be used to ana-
lyze the stability of dynamical systems. Indeed, the domain
2 chosen for the damped oscillator is forward-invariant and
the origin x* = 0 is a stable fixed point. A Lyapunov func-
tion is then an observable V(x) > 0 for x % x* that satisfies
LV (x) < 0 for all x # x*. The eigenfunction for k; = k; = 1
with eigenvalue A = —2 has exactly this property.

C. Lotka-Volterra model

As a prototypical nonlinear dynamical system, we choose
the Lotka-Volterra model x = b(x), with

b(x) = |:xl (1 _XZ)}

X2 —1)

and div(b) = x; — x», which describes the dynamics of two
interacting species, one being a predator and the other its
prey. Both the predator and prey populations oscillate around
a fixed point. Unlike for the undamped oscillator, the period
length now depends on an associated ‘“energy” [50]. The
Lotka-Volterra model can be turned into a Hamiltonian system
by a nonlinear coordinate transformation, but in its original
form the dynamics are not Hamiltonian. A well-known con-
served quantity of the system is

Jo(x) = x1 + x2 — log(x;) — log(xz). (6)

We define the domain Q= {xeR?:x +x — log(x;) —

log(x;) < 3} by alevel set of f, or, equivalently, a closed orbit
of the system. It was shown in Ref. [51] that py(x) = ﬁ is an

eigenfunction of the Perron-Frobenius generator with eigen-
value © = 0 and thus, using Lemma I1.2, also the function

Po(x) = (3 = fo(x))po(x),
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FIG. 2. (a) Lattice structure generated by the principal eigenvalues of the Koopman generator associated with the damped oscillator. The
eigenvalues marked in red correspond to the eigenfunctions shown on the right. (b) Real or imaginary parts of the eigenfunctions f;(x) =
Sa, 0 fo, (x)*2 of the Koopman generator defined on © = {x € R? : x{ +x1x, + 33 < 1}. Note that the eigenfunctions do not vanish on
the boundary. The corresponding eigenvalues are A = —(k; + k) + i (k| — k»), where ky, k, € {0, 1, 2, 3} are the row and column numbers,

respectively.

which now satisfies the boundary conditions. This (unnormal-
ized) density is invariant under the dynamics, which implies
that its square-root is an invariant wave function.

V. NUMERICAL RESULTS

We will now approximate the Koopman-von Neumann
generator using data-driven approaches as well as finite el-
ement methods. We then use the discretized generator to
compute eigenvalues and eigenfunctions or to propagate wave
functions.

A. Undamped oscillator

Let us first consider the undamped oscillator on the
bounded domain €2 defined in Sec. IV. For this example, we
will construct both an analytical discretization using a poly-
nomial basis set and a generic approximation using random
features, and then study their approximation properties. In
addition, we use the analytical discretization to construct a
quantum circuit representation for the Koopman-von Neu-
mann operator e'?.

1. Monomial basis

First, based on Lemma I1.5, we select the basis functions

1

d(x) = (1 —x% — %x%) x% ,

that is, polynomial functions up to degree two multiplied by
the conservation law f from Eq. (5). These basis functions ex-
actly satisfy the Dirichlet boundary conditions on the domain
and, as we have seen, they also define an invariant subspace
for the Koopman-von Neumann generator. The Galerkin ma-
trices G and A can in this case be computed analytically. We
have

r1 1 1
5 0 0y 0 g
0 5 0 0 0 0
1
G=+2n ? 0 % (1) 0 (1) and
x 0 0 5 0
0 0 0 0 5 O
L 0 o L 0 1
12 120 20
0 0 0 0 0 0
0 0 -5 0 0 0
0o L o0 0 0 0
— 12
A=Vamlo G 0 0 -1 o
1 1
0 0 0 4 (1) —35
0o 0 0 0 4% 0

and thus obtain matrix representations of the Koopman-
von Neumann generator for both the original and whitened
polynomial basis sets:

[ e)
—

and

Q
Il
coocococo
cocol
cooconoO
|
ocleocoo
lovwooo
oroo0O0O

045304-9



KLUS, NUSKE, AND GELBR

PHYSICAL REVIEW E 114, 045304 (2026)

107!

—— Q- Q|

—0—‘1’/\1 — I/1|

|y — 1a]

1072

1073 ¢

1074}

1077 L

106 L
103

10* 10° 106

m

FIG. 3. (a) Convergence of the estimated matrix Q to the true matrix representation Q is approximately O(m%] ), which is the expected
Monte Carlo convergence rate. The observed convergence to the analytically computed eigenvalues v; = iv/2 and v, = i2+4/2 seems to be
roughly O(m™"), but there is currently no theoretical justification for the faster convergence. (b) Numerically computed eigenfunctions for
m = 2000, cf. Fig. 1(b). We obtain only approximations of the eigenfunctions f, (x) = fo(x) f3, () S (x)2 with k; + k, < 2 due to the

chosen dictionary, corresponding to the upper left triangle in Fig. 1(b).

0 —v/2 0 0 0 0
V2 0 0 0 0 0
~ | 0 0 0 -z -2 -z
°=1, 0 z 0 0 o | D
0 0 =z 0 0 0
0 0 zz O 0 0

where 71, 22, z3 > 0. The matrix A is already skew-symmetric
since the system is Hamiltonian, but the matrix Q is not as
we still have to orthonormalize the basis functions to obtain
the skew-symmetric matrix Q. As the basis set defines an
invariant subspace for Q, the matrix Q can be used to exactly
propagate wave functions contained in the linear span of the
basis functions, and to compute select eigenvalues of Q.

Indeed, the spectrum of Q is o (Q) = {0, +iv/2, £i24/2),
where the eigenvalue v = 0 has multiplicity two, correspond-
ing to the first six combinations iﬁ(kl — lgz) of the principal
eigenvalues. The resulting propagator ¢/¢ is now unitary.
More precisely, given the coefficients ¢ defining the func-
tion ¥ (x) = cT¢(x) at time 0, we obtain the wave function
v(x) = (€ Cc)Td(x) at time 7.

We also verify the accuracy of numerical estimates of
the Koopman-von Neumann generator based on the gEDMD
approach outlined in Sec. III. We first uniformly sample m
data points x® in Q, define ¥’ = b(x""), and then compute
0 and its eigenvalues and eigenvectors, which then determine
the eigenfunctions.® The numerical errors for different values

3The time derivatives for the training data points could also be
estimated using finite difference approximations if we only have
access to trajectory data. However, since we are interested in the con-
vergence of the method itself, we want to avoid additional numerical
errors.

of m as well as the eigenfunctions obtained for m = 2000 are
shown in Fig. 3.

2. Quantum circuit representation

We also use this example to show how the projected
Koopman-von Neumann operator gives rise to a quantum
circuit representation, which can be realized on a quantum
computer. The matrix Qin Eq. (7) and hence also ¢’ ¢ consist
of a block of size two and a block of size four. The 2 x2 block
of the propagator is

cos(v/2t)  —sin(+/21)
sin(v/27)  cos(v/21)

and can be described by the single-quantum gate Ry(2«/§t).
Additionally, defining r = Vz3 + 23 + 22, s = V2% + 22, and

the angles

0 = 2 arctan (i>, ¢ = 2arctan (Z—2>, B =2rt,
21 3
we can express the 4 x4 block of the propagator as a quantum
circuit consisting only of Pauli-X/NOT gates and controlled
R, rotations. The derivation of the circuit representation can
be found in Appendix C. The overall quantum circuit is shown
in Fig. 4. Note that all preprocessing steps including the
computation of the Galerkin matrices G and A, the whiten-
ing transformation, and the calculation of the parameters are
carried out classically. The quantum part is then restricted to
the unitary time evolution. More precisely, the 2x2 block is
represented by a single R, gate acting on one qubit, while
the 4x4 block requires two qubits, five controlled R, rota-
tions, and two Pauli-X gates. For the discretization considered
here, the circuit size is constant, with the propagation time
entering only through the rotation angles. However, this low
resource count is a result of the specific block structure of the
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FIG. 4. Quantum circuit representation of the propagator e'¢
consisting of two separate circuits. The 2x2 block is represented
by one R, gate acting on a single qubit, while the 4 x4 block can
be decomposed into controlled R, gates and Pauli-X gates acting on
two qubits.

considered example and does not imply a comparable scaling
behavior for other discretizations. While there are algorithms
to decompose arbitrary unitary matrices into quantum gates,
the number of gates in general scales exponentially with the
number of qubits [52]. We do not claim any quantum advan-
tage in the present setting. The purpose of this construction
is rather to illustrate that a simple classical dynamical system
can be encoded within a quantum-circuit framework.

3. Random feature basis

In addition to the polynomial dictionary, we also evalu-
ate numerical approximations of the Koopman-von Neumann
generator by a more system-agnostic basis set. We introduce
a basis of n tapered random Fourier features (RFFs):

¢i(x) = fo(x)cos(w; x + 6;). (8)

The frequencies w; are drawn from a normal distribution with
bandwidth o ~!, which is the spectral measure of a Gaussian
kernel with bandwidth o. Moreover, 0; € [0, 2] are uniform
random phase shifts, and f; is the conservation law defined
in Eq. (5), again ensuring that the basis functions vanish
exactly on the boundary. The random features approximate
the Gaussian kernel in the limit of infinite n.

(a)

-1
1071+ 19

MSE

10? 10° 10*

m

In our experiments, we set the Gaussian bandwidth to
o = 0.5, and use n = 300 random features. In Fig. 5(a), we
verify that gEDMD models trained using this basis can ac-
curately predict the (tapered) system state variables fo(x)x;
and fy(x)x,. To this end, we learn gEDMD models using in-
creasing amounts of uniform training data in 2 and predict the
system state over one period of the system. As expected, the
prediction error decreases with increasing training data size at
a roughly inverse square root rate. We also track the maximal
change of L?-norm of the predicted wave function compared
to the initial condition, thereby verifying that the learned time
evolution is unitary. The deviation remains on the level of
floating point errors for all experiments. Finally, we confirm
that the spectrum of the Koopman-von Neumann generator
can be correctly identified by the RFF models. We see in
Fig. 5(b) that the eigenvalues v € {:I:i\/ik} for0 <k < 5are
accurately recovered. We also notice that the method is now
subject to spectral pollution, but spurious eigenvalues can be
reliably removed by applying the residual score introduced
in Refs. [53,54].

B. Damped oscillator

Let us now consider the damped oscillator. We use this
system as a first example of non-Hamiltonian dynamics,
where the Koopman and Koopman-von Neumann genera-
tors describe genuinely different quantities. To illustrate the
evolution of wave functions under the Koopman-von Neu-
mann equation, we use a high-accuracy PDE integrator, thus
minimizing numerical and statistical errors for this example.
Naturally, this procedure is not scalable to higher-dimensional
systems.

We decompose the domain chosen in Sec. IV with the aid
of Gmsh [55] into 447 triangles and then compute the matrices
A and G using FEniCS [56]. The dictionary in this case com-
prises piecewise linear functions. We define the initial wave
function to be a superposition of two Gauss-like functions
and then simulate its evolution in time. The numerical results
are shown in Fig. 6. Due to the damping, the Gauss peaks,

(b)
0.5 :

0.4+

0.3}

0.2}

0.1¢

residual

0.1+ analytical eigenvalues|
gEDMD eigenvalues
filtered eigenvalues

residual

-0.2+

0.3 s ‘ ‘
-10 -5 0 5
Im (v)

10

FIG. 5. (a) Mean-squared error for the state variables x; and x, predicted by gEDMD models with RFF basis (8) over one period of the
undamped oscillator and L? error as a function of the number of training data points . The error bars correspond to ten independent trials.
(b) Comparison of the imaginary parts of the analytically computed eigenvalues (gray dots), the gEDMD eigenvalues for m = 10° (red dots),
and the filtered eigenvalues (yellow dots) for which the residual score (blue curve) from Refs. [53,54] is less than 1072,
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FIG. 6. (a) Gmsh triangulation of the domain Q = {x € R? : x{ +x;x, + x3 < 1} chosen for the damped oscillator. (b) Initial wave
function v at time ¢ = 0. (c) Wave function ¢ at t = % The black dots, shown for the sake of comparison, represent individual particles.

(d) Corresponding probability density p atz = 0. (e) Density p att =

as expected, quickly spiral toward the origin. At the same
time, the height of the peaks increases and the bandwidth
decreases. The simulation becomes unstable for larger times
t as the wave function cannot be accurately resolved using
the chosen basis anymore. For smaller values of the damping
coefficient y, the spiraling effect would be more pronounced.
The results show that the dynamics of non-Hamiltonian sys-
tems is described accurately by wave functions evolving under
the Koopman-von Neumann equation, whose propagator can,
using again the linear transformation of the basis functions, be
approximated by unitary matrices and hence quantum circuits.

C. Lotka-Volterra model

As a final example, we consider the nonlinear Lotka-
Volterra model introduced in Sec. IV. We track the evolution
of a Gaussian-like wave function centered at @y = [%, %]

with isotropic bandwidth oy = +/0.02.

1. FEM basis

As in the previous example, we compute a high-accuracy
solution of the Koopman-von Neumann equation using finite
elements. We first approximate the boundary 92 by B-splines
and then triangulate the domain. Gmsh generates 3524 nodes
and 6959 elements. The mass and stiffness matrices are again
computed using FEniCS. We then simulate the Koopman-von
Neumann equation from ¢ = 0 to #+ = 7. The numerical re-
sults, shown in Figs. 7(a)-7(d), illustrate that the numerically
computed Koopman-von Neumann wave function faithfully
describes the nonlinear oscillation. From the wave function,
we can recover the corresponding probability density using
Born’s rule.

2. Random feature basis

As for the undamped oscillator, we also compute a data-
driven solution to the Koopman-von Neumann equation using
a random feature basis set. We again use cosine waves with
random frequencies corresponding to a Gaussian kernel with
bandwidth o and uniform phase shifts. This time, each basis

function is multiplied by an exponential tapering function

1

ne = e ( kfo<x>2>’

to enforce the boundary conditions, where fj is the conserva-
tion law (6) for the Lotka-Volterra domain. The exponential
tapering function decays smoothly to zero as x approaches
the boundary. In the numerical experiments, we set o = 0.2,
n = 1000, k = 5000, and use m = 50 000 uniformly sampled
training points. Figures 7(e)-7(h) show the wave function
predicted by the RFF model. We see that the nonlinear rotation
around the domain is correctly captured by the RFF wave
function. The RFF-based solution introduces small scale fluc-
tuations that the FEM-based model does not display. These
artifacts could likely be removed by a more customized basis
set and more training data. Nevertheless, this shows that even
for our quite agnostic basis set, the mean-squared error be-
tween both models at training data size m = 100 000 is only
on the order of 107*, see the referenced code repository for
details.

VI. CONCLUSION

The Koopman-von Neumann equation describes the evo-
lution of wave functions associated with classical dynamical
systems. We analyzed the relationships between conven-
tional transfer operators, such as the Koopman generator and
Perron-Frobenius generator, and the Koopman-von Neumann
framework. The main advantage is that the Koopman-von
Neumann generator is skew-adjoint even for non-Hamiltonian
systems and the corresponding propagator is unitary. This
allows us to represent Galerkin approximations of the oper-
ator by unitary matrices, which in turn can be represented
by quantum circuits. The results show that the definition of
the domain and the choice of basis functions are crucial.
Provided that the basis functions satisfy the homogeneous
Dirichlet boundary conditions, we can compute approxima-
tions of the Koopman-von Neumann generator using either
finite element methods or a generalization of gEDMD. For lin-
ear systems with conservation laws, it is possible to explicitly
construct invariant subspaces and to compute eigenfunctions.
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(b) t =2
(e) t =0 (f) t =2 (&) t =4

FIG. 7. Solution of the Koopman-von Neumann equation associated with the Lotka-Volterra model at different times ¢ using an FEM
basis (top row) and an RFF basis (bottom row). The initial wave function v is distorted by the dynamics and rotates in a counterclockwise
direction. Note that the shape of the wave function will be different after the completion of one cycle since the velocities of the particles
depend on the distance from the fixed point x = [1, 1]T. The black dots again represent individual particles. The RFF basis leads to small
numerical artifacts—even at time ¢ = 0 since the initial condition needs to be approximated by tapered random Fourier features—but remains

stable.

The proposed method also allows us to propagate wave func-
tions associated with nonlinear and non-Hamiltonian systems.
However, if the probability accumulates—for instance in sta-
ble fixed points—and converges to a Dirac distribution, this
cannot be accurately represented by a set of finitely many
basis functions, which then causes numerical instabilities.

So far, we only applied the proposed methods to low-
dimensional benchmark problems. Both the finite element
method and the gEDMD-based approach suffer from the
curse of dimensionality. That is, for high-dimensional sys-
tems, approximating the Koopman-von Neumann operator
and its eigenvalues and eigenfunctions with sufficient accu-
racy would require a prohibitively large dictionary. There
are several commonly used techniques to mitigate this
issue, which can be roughly divided into two different
classes:

(1) Instead of working with an explicitly defined dictio-
nary, kernel-based methods [30,31,57] generate potentially
infinite-dimensional feature spaces and can be applied to more
complex problems. Kernels can also be efficiently approxi-
mated using random Fourier features as shown in Ref. [58]
(and the examples above). Alternatively, the dictionary can
be parametrized by a deep neural network, which is then
trained based on appropriate loss functions that are typically
related to either the reconstruction error or implied timescales
[32,33]. Randomized neural networks, where the weights of
the hidden layers are randomly selected and only the output
layer is optimized, can be used in the same way and are less
computationally demanding [59].

(2) The second frequently used approach, which has
in particular been successfully applied to high-dimensional

protein-folding problems, is to first project the data onto a
dynamically relevant lower-dimensional subspace using, for
example, time-lagged independent component analysis and
to then learn the operators and their eigenvalues and eigen-
functions in the reduced collective-variable space [60-62].
This implicitly assumes that there are only a few dominant
eigenvalues representing the slowest timescales, followed
by a spectral gap, so that the projected dynamics retain
the metastable behavior. Future work includes extending the
aforementioned techniques to the Koopman-von Neumann
operator and applying the resulting algorithms to higher-
dimensional systems. Additionally, it will be necessary to
extend the range of admissible sampling regimes beyond uni-
form sampling, and to derive convergence results and error
bounds akin to Refs. [48,63-65].

Another open question is which steps of the overall
process—defining and evaluating basis functions, construct-
ing matrix representations of the Koopman-von Neumann
generator and operator, and computing eigenvalues and eigen-
vectors or evolving wave functions—should be carried out
on a classical computer and which on a quantum computer.
Closely related to this is the question of how to define ba-
sis functions and discretization schemes that are suitable for
quantum hardware. It remains to be investigated which dis-
cretization methods are most appropriate for a direct quantum
implementation of the Koopman-von Neumann framework,
how the resulting matrix representations can be decom-
posed efficiently into quantum circuits, and which classes of
dynamical systems admit particularly suitable quantum repre-
sentations. Our future research will also include the analysis
of the scaling behavior of such approaches to identify problem
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classes and system sizes for which a quantum advantage over
classical methods might be possible.
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APPENDIX A: COMPARISON
WITH THE QECD APPROACH

The QECD approach described in Refs. [46,67,68] allows
for an embedding of classical states and observables into a
quantum system that faithfully represents the statistics of the
classical system. Here, we show how the approach outlined
in Sec. II B can be understood as an extension of QECD to
systems with a nonunitary Koopman operator.

Recall from Sec. II A that observables are measurable
functions f: Q+ R in a suitable function space, for ex-
ample in L*°(£2). Observables evolve under the Koopman
semigroup f; = K'f = f o ®'. Likewise, states of the sys-
tem are probability densities p € L'(R2), evolved in time by
the Perron-Frobenius operator, i.e., p, = P'p. A quantum
embedding is a representation of the classical system with
the following elements: (1) observables f are identified with
quantum observables (self-adjoint operators) Ay acting on a
Hilbert space H; (2) states p are identified with density opera-
tors p acting on H; (3) observables and quantum observables
evolve in time in such a way that expected measurements
reproduce those of the classical system.

QECD achieves these goals for an ergodic measure-
preserving system on the state space 2 by (i) choosing
H = L*(Q); (ii) representing observables as multiplication
operators on H via A = f; (iii) representing probability
densities with density operators p, = (p%, -) p%, which are
pure states with wave function Y = p% ; (iv) defining the time-
evolution of the state py = p by the von Neumann equation

,O)f — Ptpolct — e_ith()eitH,
where the Hamiltonian H = —iL is the self-adjoint version of
the Koopman generator. Since py is a pure state, this reduces
to solving the standard Schrodinger equation

i = Hin,

and again identifying p, = (¥, - )¥;. For ergodic measure-
preserving systems, the Koopman generator £ is skew-

adjoint, hence the definition H = —iL coincides with our
definition using the Koopman-von Neumann generator Q. We
can read the framework introduced in Sec. II B as using the
same identification of observables and states, with the only
modification that the Koopman-von Neumann generator pro-
vides the correct definition of the Hamiltonian as H = iQ to
define the quantum dynamics for a non-measure-preserving
system.

In both cases, the expected value of any observable can be
recovered by taking the quantum mechanical expectation of a
quantum observable under the time-evolved state:

(o Ap) = (b, Apdn) = /Qlﬂz(X)f(X)%(X)* dx

= fﬂ [ ()2 f(x) dx = EP'[f] = E[f(®))].

The second-to-last equality, i.e., Born’s rule for 1, was shown
in Sec. II B.

APPENDIX B: PROOF OF LEMMA 11.1

(1) We have L(fg)=b-V(fe)=®B:-V[)g+f(b-
Ve)=(Lf)g+ f(LY.
(2) This follows from (i) since L(f3, f2,) = (M fi,) frn +

Fa A2 i) = (M + 22) fi, fs-
(3) Applying the chain rule yields

L(go fi)=(-Vfi)gofi=rfi-gof,

which also implies the second statement.
(4) Using (iii) and choosing g(x) = x", we have

Lff=0f-rf " =rrf].
(5) It holds that
L5 fopp) = ==V fo) pu — fo b+ Vpu) —div(b) fo oy
= fo(L*pu) = 1 (fo pp)-
(6) The product rule implies that
LY(fg)=—b-V(fg) —div(b)fg
—b-Vf)g—fb-Vg) —div(b)fg
(—b-Vf—1idivb)f)g
+ f(—b-Vg— Ldiv(b)g)
=(QfNeg+ f(Qy.

(7) Using  (vi), we get L*(Y, ¥,) = i)Y, +
Yo, 2 V,) = (V1 + v2) Yy, Y,

(8) This immediately follows from the definitions of the
operators since

Lfo==b-Vfi—div(b) f = =rfi, — Bfi = —(L + B) fi.

The result for the Koopman-von Neumann generator follows
in the same way. u
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APPENDIX C: DERIVATION OF THE QUANTUM GATE DECOMPOSITION

We consider a matrix A of the form

S o
ooo,L
ooo,L

[3S)
ooo,L
(98}

with z1, 22, z3 > 0 and define r = ,/z2 + z3 + z3. Since A> = —r?A, the exponential series for exp(t A) reduces to a combination
of I, A, and A2, ie.,

COS(V[) _sin'(ﬁrf)z1 _sin}(ﬁrt)Z2 _sin’(’rt)Z3
. sin(rt 1—cos(rt) _2 1—cos(rt 1—cos(rt
" I sm(rt)A 1-— cos(rt)A2 &5’) 1- c,;;(r)z] —%U)Zﬂz —%0)21&
exp(t ) =1+ r + 72 | sin(rr) 1—cos(rt) 1 1—cos(rt) _2 1—cos(rt)
— —— 2 <22 - 2 o) —— 2 2433
sinirt) _ l—crozs(rt)ZIZS _ l—c;)zs(rr)zzz3 1— 1—c;)2s(rt)Z2

Defining s = ,/z3 + z2 and the angles

s 4)
6 = 2 arctan <—>, ¢ = 2 arctan (—), B =2rt,
21 <3

we can express exp(tA) as VUV, where
V= CR;”_"fl (—G)CR;“_"f2 (®),
and
U=X"Q® IqZ)CR)q,‘*@(,B) X @ I11).

Since all gates are real, V is orthogonal and hence V~' = V* = V 7. Finally, we show that the circuit indeed implements exp(t A).
Define ¢, = cos( %) and s, = sin(%) for o € {0, ¢, B}. The controlled rotation CR;’,Z_)"l (—6) has the matrix representation

1 0 0 O
= 0 Co 0 So
D=1 (_0) —
CRZ=0=19 o 1 of
0 —So 0 Co
while
1 0 O 0
0O 1 0 0
q1—>q2 —
CRy (¢) - 0 0 C¢ —S¢
0 0 S¢ C¢
Hence, V is given by
1 0 0 0
V= 0 «¢g S90Sy  CpSe
10 0 cp =S
0 —Sp CoS¢p CoCyp
and U by
Cﬂ —Sﬂ 0 0
_ Sﬁ Cﬁ 0 0
U=lo o 1 0
0 0 0 1
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A direct multiplication of the matrices gives

(&} —CpSp
VUV — CoSp cécﬁ + sS
So8pSg  CoSeSy(cg — 1)

SeCpSp  CosgCy(cp — 1)

CgSgS¢(Cﬂ — 1)
cé + sé (sgc,g + c(%)

spcy(sgep +c5— 1)

—S684Sp —S89CpSp
CQSQC¢(C,3 — 1)
s¢c¢(s§c,g + cg — 1)

53+ cgsics + ¢3)

Using the above definitions together with elementary trigonometric identities, we have

2 2
2 Vot

Cop = —, S =

3 22

, CpE /e, Sy = —.
r r
Ja+3 Vo +3

Substituting these identities into the above matrix simplifies all entries to

Cﬁ —TSﬂ
. dgg 14 d(ep—1)
V UV = 22 2122
Tsp o sat(eg—1)

Tsp SRep— D

_z
75

AR2(cp— 1)

=7

AR (cp— 1)

14+ 3@p—1)  28(cp—1)

2

28(cs—1) 143 —1)

and with cg = cos(rt), sg = sin(rt) this is exactly the matrix representation of exp(t A) derived above.
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