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Reentrant transitions and temperature chaos are two unusual properties of spin glasses. We recently established
a general logical relation between these two phenomena [Phys. Rev. E 112, 044140 (2025)]. In the present
paper, we provide an explicit example of this logical relation in the fully connected Ising p-spin glass with
a ferromagnetic bias. By expanding the free energy around the triple point, we show analytically that the
ferromagnetic-spin glass boundary is reentrant in the vicinity of the triple point throughout the examined range
of finite p > 2. It then follows from the above logical relation that there exists at least one pair of distinct
temperatures in the spin-glass phase for which the overlap of spin configurations vanishes. This is a necessary
condition for temperature chaos, but it would be quite unusual for the overlap to vanish only for selected
temperature pairs but not for others within a single spin-glass phase. These results therefore strongly suggest
the existence of temperature chaos in the sense that the overlaps of spin configurations vanish for all temperature
pairs throughout the spin-glass phase. Independent evidence for this behavior is provided by a two-temperature

replica calculation.
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I. INTRODUCTION

Spin glasses are among the most challenging problems in
statistical physics, and their applications extend far beyond the
original context of disordered magnets [1-6]. The theoretical
framework has also become an important tool for problems
beyond the traditional boundaries of physics [5-7].

The present paper concerns two unusual properties of
spin glasses: reentrant transitions and temperature chaos.
A reentrant transition occurs when a phase boundary
bends backward as the temperature is lowered. Near the
ferromagnetic-spin-glass phase boundary, this means that
cooling can destroy ferromagnetic long-range order and drive
the system into the less ordered spin-glass phase. This behav-
ior is counterintuitive because cooling usually promotes order.
Nevertheless, numerical studies of the Edwards-Anderson
model [1] have found evidence of reentrance in finite dimen-
sions [8-15].

Temperature chaos is a different type of unusual behav-
ior. A small change of temperature can lead to a completely
different equilibrium spin configuration, so that typical con-
figurations at two distinct temperatures become uncorrelated
in the thermodynamic limit for all temperature pairs in the
spin-glass phase. In other words, the distribution function of
the equilibrium spin-state overlap at two temperatures be-
comes a § function concentrated at the origin, that is, at zero
overlap. This phenomenon has been predicted and studied
by droplet, scaling, mean-field, and numerical approaches
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[16-33]. Its numerical detection is difficult because the
asymptotic behavior often appears only at very large system
sizes. Rigorous results have also been obtained for certain
mixed p-spin models under suitable conditions [34,35], al-
though these results do not directly apply to the pure p-spin
spin glass studied in the present paper. Reentrance and tem-
perature chaos therefore arise in rather different settings and
have mostly been studied as separate problems, with the ex-
ception discussed below.

A direct logical relation between the two was recently
established by Nishimori, Ohzeki, and Okuyama (NOO) [36].
Using a model with correlated disorder [37], they proved that
if a spin-glass phase exists at finite temperature and tempera-
ture chaos is absent in that phase, the ferromagnetic (FM)-spin
glass (SG) boundary cannot be reentrant. The contrapositive
of this statement is that if the FM-SG boundary is reentrant,
then either no finite-temperature SG phase exists or there is
at least one pair of distinct temperatures in the SG phase for
which the distribution of the overlap of spin configurations is a
6 function at the origin, a necessary condition for temperature
chaos. Thus, a reentrant property of the phase diagram im-
poses a constraint on the relation between equilibrium states
at different temperatures.

The converse is not necessarily true: temperature chaos
does not by itself imply reentrance. The Sherrington-
Kirkpatrick (SK) model provides an example in which
temperature chaos exists [27], whereas the boundary of the
ferromagnetic phase is not reentrant [38,39]. For the contra-
positive of the NOO proposition to have nontrivial content,
one needs a standard model of spin glasses in which a reen-
trant FM-SG boundary can be established with sufficient
analytic control, so that a necessary condition for temperature
chaos follows from reentrance. The fully connected Ising p-
spin glass with a ferromagnetic bias introduced by Nishimori
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and Wong [40] is a natural candidate. Its FM-SG boundary
below the triple point, at which the paramagnetic, FM, and
SG phases meet, had been drawn as almost vertical [40,41],
and both reentrance and temperature chaos have in fact been
observed in this model for p = 3 by Krzakala and Zdeborova
[42,43] in a study whose main subject was the adiabatic evo-
lution of Gibbs states. They developed a generalization of the
cavity method that follows a Gibbs state as the temperature is
changed slowly (the state-following method), and showed at
the level of one-step replica symmetry breaking (1RSB) that
temperature chaos exists in the model without ferromagnetic
bias: Below the static SG transition temperature, the states
that dominate the equilibrium distribution at one temperature
are overtaken in free energy by other states as soon as the
temperature is changed.

They also pointed out a correspondence with the biased
model. Between the dynamical transition temperature and the
static SG transition temperature, the model without bias is
paramagnetic in the thermodynamic sense, but its equilibrium
distribution is already split into exponentially many Gibbs
states; if a state is taken from equilibrium at a temperature
T, in this range, including the static transition temperature
itself, following it is equivalent, through a gauge transfor-
mation, to analyzing the ferromagnetic state of the biased
model at the point of the Nishimori line (NL) [5,44] with
temperature 7, and then changing the temperature at fixed
bias. In the numerical solution of the 1RSB equations for the
biased model, they noticed that the FM-SG boundary below
the triple point bends slightly toward larger bias as the tem-
perature is lowered, and interpreted this small reentrance as a
consequence of the level crossings: the state in equilibrium at
the triple point is overtaken by other states upon cooling, so
that at the bias of the triple point the ferromagnetic phase gives
way to the SG phase [43]. They further remarked that chaos
disappears as p — oo, where the boundary becomes strictly
vertical.

The present paper treats the same model from the oppo-
site direction and for a different purpose. We first establish
the reentrance analytically by expanding the free energies of
the FM and SG phases around the triple point; this quanti-
fies the observation of Ref. [43] for p = 3 and extends it to
more general values of p. We then derive a necessary con-
dition for temperature chaos from the reentrance through the
contrapositive of the NOO proposition. The argument from
chaos to reentrance in Ref. [43] relies on two ingredients.
One is the above mapping of state following onto the biased
model, which is valid only for states taken from equilibrium in
this paramagnetic temperature range, although such states can
then be followed to lower temperatures. The other is the first-
order nature of the FM-SG transition, with a finite jump of the
magnetization at the triple point. The SK model shows that
this direction of argument does not hold in general. The NOO
proposition, in contrast, is based on exact gauge identities
and requires neither a mean-field treatment nor state follow-
ing; it applies equally to finite-dimensional Ising spin glasses
with the gauge-compatible disorder distributions considered
in its derivation. The two routes are therefore complementary:
Refs. [42,43] computed the level crossings directly and read
the shape of the boundary from them, whereas we estab-
lish the shape of the boundary and infer a constraint on the

two-temperature overlap from it. The two conclusions agree
for p = 3, and the two-temperature replica calculation pre-
sented later, which is independent of both routes, is consistent
with the level crossings of Refs. [42,43] and extends the
evidence for chaos to p up to 12.

A related situation is found on hierarchical lattices, where
the Migdal-Kadanoff renormalization recursion relation is
exact. Reentrant phase diagrams [8,45,46] and temperature
chaos [17,21,26,47] have both been found there, although in
separate numerical studies of the recursion relations, and the
NOO proposition applies to that case as well, as discussed in
Sec. V.

The model of Nishimori and Wong is well suited to this
purpose. It has a gauge symmetry compatible with the p-body
interaction [40,41], and so the exact identities associated with
the NL can be used as powerful tools in the analysis. The
model is also interesting as it approaches the random energy
model (REM) in the limit p — oo [48,49], where temperature
chaos is known to be absent [50].

To achieve our goal, we use the explicit forms of the free
energies of the FM and SG phases and expand them around
the triple point at which the paramagnetic, FM, and SG phases
meet. The leading term representing curvature of the phase
boundary near the triple point is then expressed in a closed
form in terms of the difference between the specific heats of
the SG and FM phases at the triple point. The calculation is
analytical apart from one-dimensional Gaussian quadratures
and the solution of a single scalar equation. The specific-heat
difference is found to be positive, meaning reentrance, for all
integers 3 < p < 12 and throughout the continuous range of
p examined numerically. The same quantity is also proven
analytically at leading asymptotic order to be positive for p
sufficiently close to 2 and for sufficiently large p. Thus, the
FM-SG boundary is now established to be reentrant in the
vicinity of the triple point.

Combining this result with the p-body extension of the
NOO proposition, we conclude that there is at least one pair
of distinct temperatures in the SG phase for which the dis-
tribution function of the two-temperature spin-state overlap
is the § function at the origin. The logical reasoning itself
guarantees only the existence of at least one such temperature
pair. Nevertheless, it would be physically quite unusual for
the overlap to vanish for some temperature pairs but remain
finite for others within a single SG phase. The present result
therefore strongly suggests temperature chaos in the usual
broader sense that the overlap distribution is the § function
at the origin for all temperature pairs in the spin-glass phase.
To support this conclusion, we carried out a two-temperature
replica calculation, unrelated to the analyses around the triple
point, and found it to be consistent with the above-mentioned
conclusion.

The rest of this paper is organized as follows. In Sec. II,
we state the NOO proposition and define the two-temperature
overlap distribution, introduce the model, summarize the exact
constraints from gauge symmetry, and characterize the triple
point. In Sec. III, we expand the FM-SG boundary around the
triple point, derive its curvature, and determine its sign, in-
cluding the limits p — 2% and p — oo. Section IV discusses
the consequence for temperature chaos and the independent
two-temperature replica calculation. Section V summarizes
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the results and their limitations. The list of symbols follows,
and details of the calculations are given in the Appendixes.

II. FORMULATION OF THE PROBLEM
AND THE TRIPLE POINT

In this section, we formulate the problem that underlies
the subsequent analyses, and then derive the properties of the
triple point, which will serve as the reference point for the
expansions in the following sections.

A. NOO proposition and the overlap distribution

Before introducing the details of the model, let us state
the proposition of NOO [36] that forms the starting point
of the present paper. Consider an Ising spin-glass model
with a gauge-invariant Hamiltonian H, and prepare two real
replicas {Sl.(l)(z +1)} and {Sl.(z)(z +1)} at inverse temper-
atures B and B,, respectively, under the same realization
of disorder. The two-temperature overlap distribution is
defined by

Py(x | B1, B2)
_ Zsm,sw 5()‘ B zlv vazl Si(l)Si(Z)) e PHET) o= PaH(S™)
Z(B1) Z(B2) ’
Z(B)y=Yy e, (1)
S

where N is the total number of spins in each system and [- - - ]
denotes the configurational average over the disorder in the
couplings. The relation

Py(x | B1, f2) = 8(x) (N — 00) 2

for B) # B, means that the spin configurations at the two
different temperatures become completely uncorrelated in the
thermodynamic limit. If this relation holds for all temperature
pairs within a spin-glass phase, it means that temperature
chaos exists in that phase.

In terms of this distribution function, the proposition of
NOO and its contrapositive can be stated as follows.

Proposition. If a spin-glass phase exists at finite tempera-
ture and the spin-glass phase does not have temperature chaos,
then the FM-SG phase boundary is not reentrant.

Contrapositive. If the FM-SG phase boundary is reentrant,
then either there exists at least one pair of distinct tempera-
tures in the SG phase for which P,(x | B, B2) = §(x), or no
SG phase exists at finite temperatures.

The assumption of “no temperature chaos” in NOO is a
uniform assumption that P»(x | 81, B2) # §(x) for every pair
of distinct temperatures in the SG phase. Consequently, its
contrapositive yields the nonconstructive conclusion that there
exists at least one temperature pair for which P, (x | 81, B2) =
8(x); it does not by itself make a statement about all tem-
perature pairs as required in the definition of temperature
chaos.! This is, however, a limitation of the logical implication

'In the NOO paper, the contrapositive is stated as follows: If the
FM-SG phase boundary is reentrant, then either temperature chaos

rather than a physical argument. Physically, it would be highly
unnatural if P>(x | By, B2) = 8(x) for some temperature pairs
but P>(x | B1, B2) # 8(x) for others within the same SG phase.
It is therefore natural to expect that if P»(x | B, B2) = §(x) for
even one pair, the same property holds for arbitrary distinct
temperature pairs in the same SG phase. We return to this
distinction in Sec. IV. We note that the gauge-transformation
argument used in the proof of the NOO proposition extends
directly to the p-body model discussed in the present paper by
replacing a bond ij with a p-body hyperedge as elaborated in
Sec. IV A.

It is also important to note that the proposition does not
determine the shape of the FM-SG phase boundary in the
reverse direction: temperature chaos may exist even in the
absence of reentrance. The SK model [2] provides such an
example: Temperature chaos exists [27], whereas the phase
boundary is not reentrant [38,39]. The present work provides
an example in the opposite direction, for which the contrapos-
itive has nontrivial content: We establish reentrance, which
yields the existence statement of at least one temperature pair
described above and strongly suggests temperature chaos.

B. Model

We consider a fully connected system of N Ising spins
o; = £1 with p-body interactions,

H=— 3" Jy.o0, 0. 3)

i< <ip

We assume p > 2 in this paper. The couplings are independent
Gaussian variables and, following the convention of Ref. [40],
we take the average and variance as

J? p!
[054) ] = s @

We set J = 1 below. The NL is given by 8 = 2, or equiv-
alently T = 1/(2jy). Under the gauge transformation o; —
0i&i, Jiy.i, = Jiyi6iy -+ &, (6 = £1) the Hamiltonian is in-
variant. Moreover, because the Gaussian coupling distribution
has the standard gauge-covariant form, the various identities
and correlation inequalities known for the p = 2 model extend
to the present model without modification [5,40,41,44].

A schematic phase diagram of the present model derived in
Ref. [40] is reproduced in Fig. 1. In what follows, we abbrevi-
ate the paramagnetic phase as PM and the replica-symmetric
solution as RS. It is useful to summarize three constraints
on this phase diagram: (i) the transition line between the
PM and 1RSB-SG phases is independent of j, and is the
horizontal line T = T;; (ii) the NL does not enter the SG phase
[5,51]; and (iii) the phase boundary between the RS-FM and
IRSB-SG phases below the triple point> M is either vertical
or reentrant in such a way that the IRSB-SG phase bends into
the lower-temperature side of the RS-FM phase, whereas the

Jo p!
o] = ot

exists in the SG phase or no SG phase exists at finite temperature.
Here we state the content in a more precise logical form.

2Following the terminology of Nishimori and Wong [40], we call
the point at which the first-order PM-FM and FM-SG transition lines
and the second-order PM-SG transition line meet the triple point.
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T with the abbreviation
1.2 M 1 ® dz 2
‘ , Di(y= [ e e, )
\\\ I’ / —o0 N2
10f PM \\NL /
1
\\‘ ) 1. General 1RSB functional
08k \\ ! Nishimori and Wong [40] derived the 1RSB free energy of
ARS . ! the present model. In our convention (J = 1), it reads, in terms
A RS-FM of the variational parameters (m, qq, g1, X),
n ~
oor A LI "B D(xgh + (1 —x)q))
! S.o QRSB = — + —(p— Dxgy + (1 —x
1RSB-SG : \ ~ 4 4 p 9o q1
041 | B> o .
03 . . . Ak . —gpar = (p=DBjom” (6)
0 0.2 0.4 0.6 0.8 1.0 1
Jo + - /Du ln/Dv (2 cosh B), @)
X
FIG. 1. Schematic phase diagram of the present model for p = 3 N /A — A . p—1
[40]. Thick solid lines denote equilibrium phase boundaries. The ¥+ ! 0V +pBjom”
horizontal line is the PM-1RSB-SG transition, which is indepen- A = E ,3261 -1 (8)
a ) a

dent of jj; the gently curved line extending upward to the right
from the triple point M is the first-order PM-RS-FM transition;
and the almost vertical line extending downward from M is the
RS-FM-1RSB-SG phase boundary. The thick dashed line is the
Nishimori line (NL), T = 1/(2j,), which passes through the triple
point M and does not enter the SG phase. The thin dashed line is
the metastability limit (spinodal line) of the FM phase. Since only
equilibrium states are considered in the present paper, the spinodal
line will not be analyzed; it is included to indicate correspondence
with Fig. 7 of Ref. [40]. The thin dash-dotted line is the de Almeida-
Thouless (AT) line, below which replica symmetry of the RS-FM
solution is broken and the RS-FM phase (or the metastable FM state
to the left of the equilibrium phase boundary) becomes a mixed
phase (RSB ferromagnetic phase). Its crossing with the equilibrium
phase boundary is at Tar >~ 0.435 (Appendix B). The reentrance of
the RS-FM-1RSB-SG phase boundary to be derived later in this pa-
per is indistinguishable from a vertical line on this scale; an enlarged
view is shown in Fig. 3(b). Below 75 >~ 0.24 the SG phase becomes
full RSB. Since that region is outside the scope of the present analy-
sis, only 7' > 0.3 is shown. The code used to draw this schematic
figure was produced with assistance from the generative-Al tools
described in the Methods section.

opposite shape, in which the RS-FM phase extends into the
lower-temperature side of the IRSB-SG phase, is excluded by
the inequality derived in Refs. [5,44].

The FM phase continues as a metastable state beyond
the equilibrium phase boundaries to the spinodal line shown
as a thin dashed line in the figure. Since we are concerned
only with thermodynamic equilibrium, we do not analyze
the metastable state. As will also be shown below, in the
vicinity of the triple point M, the RS-FM solution is sta-
ble against replica-symmetry-breaking perturbations (positive
replicon eigenvalue; Sec. I C and Appendix B).

C. Characterization of the triple point

In this subsection, we write the free-energy functional and
derive the conditions characterizing the triple point. We write
f for the free energy per spin and define ¢ = —Sf, together

where m and g, q; are the order parameters for magnetization
and spin-glass ordering, respectively, and x is the breakpoint
between g and ¢;. The stationarity conditions are

m= fDu (tanh B), qo = /Du (tanh E),

q1 = / Du (tanh? B), )

together with d¢jrsg/0x = 0. Here (-) denotes the aver-
age over v with weight (2 cosh E)*. We now specialize this
common functional to the paramagnetic, ferromagnetic, and
spin-glass phases.

2. Paramagnetic phase

The solution m = gy = q; =0 (and hence A, =0 and
E = 0) is always stationary, and the dependence on x disap-
pears, giving

/32
epm(B) = s +1n2. (10)

This is the paramagnetic free energy.

3. Ferromagnetic phase

The RS solution is realized by setting go = ¢ = ¢g (and
hence Ag = A; = A). In this limit, the v dependence of E
disappears and the dependence on x also drops out, yielding

prm(m, q: B, jo) = %2 + %q" — (p— DB jom”
— % + /Dz In2 cosh(H + \/Xz).
(1D
The effective field and its mean and variance are
n=H+vAz H=pgjom™. A=Zp¢". (12)
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Variation with respect to m and g gives the self-consistency
equations

m= /DZ tanhn, g¢g= /DZ tanh? 7, (13)
respectively.

4. Spin-glass phase

In the spin-glass phase, the magnetization vanishes, m = 0,
so that the ferromagnetic bias jj, does not contribute to the
effective field (H = 0). In addition, the 1RSB solution for zero
external field has gy = 0 [49,52]. Substituting m = go =0
into Eq. (7), for which E = /A, v, gives

p? 1<_<p— 1B’

¢sg(q1, x; ) =— + = x(x—1) g}
X 4

4

A
_ Tlx+lnsz(ZCosh\/A1z)x),

P _
A =2 F%] ! (14)

for the 1RSB-SG free energy. Variation with respect to g,
gives the self-consistency equation

[ Dz(2cosh /A, 2)" tanh* (VA 2)
B [ Dz (2cosh /A7 z)*
which is the last relation in Eq. (9) specialized to m = gy = 0.

The remaining stationarity condition, d¢sg/dx = 0, is needed
only at the triple point and is derived below.

9 , (15)

5. Conditions at the triple point

We next derive the conditions that characterize the triple
point M = (jom, 7). At the triple point, m = ¢ and j, = 8/2
[40]. Equation (12) then gives H = A. We therefore introduce
the Gaussian field & = A + VA z, whose mean and variance
are both A. Writing A, for the value of A at the triple point,
we denote the field there by h. = A, + +/A. z. For this distri-
bution, the identity

/Dz tanh?*~! . = /Dz tanh* h, (k=1,2,...) (16)

holds [the NL identity; Appendix A 1c].

Let us first consider variation with respect to g;. At the
triple point, the breakpoint reaches x*(7.) = 1 [52]. In the
limit x — 17, the stationarity condition (15) for q; becomes

qic = / Dz tanh? h,. (17)

3We attach the subscript M to the j, coordinate and write it as
Jom to indicate the triple point, whereas the temperature coordinate
is denoted by T, rather than Ty. As shown below, the FM transi-
tion temperature on the NL coincides with the PM-SG transition
temperature 7., which is defined independently in Sec. IIB and is
independent of j,. We therefore use the independently defined 7.
(and B, = 1/T,) throughout.

TABLE I. Quantities at the triple point. Here . = my = gu =
qic, and A(M) is the replicon eigenvalue common to the two
branches.

P T Jom 1 Ac A(M)

3 0.651385 0.767595 0.813518 2.3396 +0.3305
4 0.616883 0.810526 0.948088 4.4789 +0.5743
5 0.606952 0.823789 0.981568 6.2996 +0.7348
6 0.603296 0.828781 0.992590 7.9416 +0.8369

By the NL identity (16) with k = 1, the right-hand side is
equal to [ Dz tanh h.. We denote this common value by s

qic = /Dz tanh? h, = /Dz tanhh. = p.  (18)

We note that & # 0 because the order parameter is discontin-
uous at the transition for p > 2. For a second-order transition
(p = 2), the order parameters vanish at the transition point,
including the multicritical point.

We next consider variation with respect to x. Evaluating the
breakpoint condition d¢sg/0x|=1 = 0at B = B., g1 = qic =
u,and A} = A, [Appendix A2b, Eq. (A23)] gives

A —1)B2
/Dz ln2costh=ln2+_+(p )B: na

2 4 (19)

Equations (17) and (19) are the two conditions characterizing
the triple point, and show that M can be described by a single
scalar u € (0, 1). Here A, = (p/2),33,up’1, T. =1/, and
Jom = Bc/2. The fact that M lies on the NL will be discussed
after Table I. The quantity w is the value of the order parame-
ter at the triple point and should be distinguished from m and
g, which vary with general (8, jj).
Furthermore, defining

A
W(A)E/Dz anCoshh—an—g (20)

and using (p— 1)B2uP/4 = (p — 1)A.1/(2p), the triple-
point conditions (17) and (19) reduce to the following single
equation for A.:

—1
W(A.) = %ACMA». @1)

Here u(A) = sz tanh h, with h = A + /A z, is a known
function of A. Thus, for a given p, Eq. (21) determines
A > 0. Substitution of this root gives u = u(A.), followed
by ﬂf = @2/p)Ap' P, T. = 1/B., and jom = B./2, thereby
determining the triple point completely.

Table I also lists the replicon eigenvalue L(M), which mea-
sures stability at M. The replicon eigenvalue is an eigenvalue
of the Hessian of the free energy in a replica-symmetry-
breaking direction; a positive value means local stability in
that direction. For an RS solution this is the AT eigenvalue
[53], whereas for a 1RSB solution it is the innermost-block
replicon eigenvalue. For the two solutions compared in this
paper, they are given by (Appendix B)

-1
Ars = 1 — % B2q"2 / Dzsech*n, (22a)
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r=1- > Bq)’
N [ Dz (2cosh /Ay z)* sech*(J/A] 2) (22b)
[ Dz (2cosh /A, 2)* ’

for the RS-FM and 1RSB-SG solutions, respectively, where
n=H+ VA 7 is the FM effective field of Eq. (12), and the
average on the SG side carries the same weight as in Eq. (15).
At the triple point, H = A = A, so that n reduces to A..
On the SG side, x = 1 and A| = A, there, and the weighted
average in Eq. (22b) becomes the Gaussian average over
h. by the identity (A22). Expanding sech* = (1 — tanh?)?
and applying the k = 1 and k = 2 cases of the NL identity
(16) gives sz sech*h, =1 — 21+t (Appendix B2). We
therefore find

pip—1) , p-2

MM =1-QUA-2u+71), Q= 7 Ben ",

T = f Dz tanh® h,. (23)

Representative values are shown in Table 1.

It follows that, at the triple point, the FM stationarity condi-
tion (13) reduces to the same equation as Eq. (17), and hence
my = gm = q1c = K. Here g is the innermost 1RSB overlap
q1 of the SG solution evaluated at 7;., whereas my; and gy are
the RS order parameters of the FM solution at the triple point.
They belong to different solutions and coincide only at M; be-
low T, the two branches separate (Appendix B 2). Moreover,
the breakpoint condition (19) is identical to the condition that
the FM and PM free energies coincide on the NL, so that the
SG transition temperature and the FM transition temperature
on the NL coincide identically [Appendix A 2e]. This is the
reason why we use T, rather than Ty, for the temperature
coordinate of the triple point.

The same coincidence holds for the replicon eigenvalues
mentioned above: at M, the AT eigenvalue on the FM side
and the innermost replicon eigenvalue on the SG side take
the common value given in Eq. (23) [see Eq. (B3)]. Over the
range evaluated numerically, A(M) > 0, and the two branches
compared in the vicinity of the triple point are replicon stable.

III. EXPANSION AROUND THE TRIPLE POINT
AND CRITERION FOR REENTRANCE

The purpose of this section is to determine analytically the
shape of the FM-SG phase boundary in the vicinity of the
triple point M and thereby establish whether the transition is
reentrant. A slight bending of this boundary for p = 3 was
noticed in the numerical 1RSB solution of Ref. [43]; the aim
here is to derive the local shape analytically as a function of
p. For p > 3, the FM-SG transition is first order [40], and the
phase boundary is determined by equality of the free energies
of the two phases. We introduce

and expand the free energies of the two phases in the two
deviations b and § from the triple point. The phase boundary
Jo (T') is obtained by equating the two free energies. As will be
shown below, § is of order b2, so it is sufficient to retain terms
through second order in b and first order in §. We present the

structure of the derivation in the main text and give the details
in Appendix A.

A. Vanishing of the first-order term

Let us first fix the notation. The quantity pryv(m, g; B, jo)
in Eq. (11) is a functional, namely, a function of the four
variables consisting of the variational variables (m, ¢) and the
external variables (8, jo). Substituting the stationary solution
gives

Prm(B, jo) = erm(m™ (B, jo). ¢*(B. jo); B, jo),  (25)

which is a function of only the two variables (8, jy). We call
this the on-shell function and distinguish it by a hat. Similarly,
we write the SG on-shell function as $sg(8). Since m =0
in the SG phase, its dependence on j, disappears and it is
a one-variable function. For first derivatives, the stationarity
conditions dgpyv/dm = dgpm/0q = 0 eliminate contributions
from the implicit dependence of the variational variables, so
derivatives of the on-shell function with respect to 8 or jy
coincide with partial derivatives of the functional. The same
observation applies to ¢sg.

We first consider the derivative with respect to jy. Differ-
entiating Eq. (11) with respect to jj at fixed (m, g, B8) gives

00Em
djo

oH
— 0jpr = —(p— Dfm + - / Dz tanh
djo
= —(p— D)pm” + ppm"~" - m = pm". (26)
At the triple point, where m = u, this becomes

9Prm
3j0 M

= Beu’ > 0. 27)

We next consider the derivative with respect to 8. On the
FM side, for the same reason, d@rv/ 08 = 0g@em|m.q> and this
quantity gives the internal energy u = —d¢/d . Immediately
below the triple point the NL passes through the FM phase.
We can therefore use the energy identity on the NL, namely,
the gauge-symmetry result that the equilibrium internal en-
ergy on the NL is u = — /2, to obtain

em| _ Be
0B |y 2

(28)

at the triple point.

On the SG side, this result does not follow from the
same identity because the NL does not enter the SG
phase [constraint (ii) in Sec. II B]. Instead, we use the fact
that the breakpoint reaches x*(7.) = 1 at the triple point
(Sec. IIC) [52]. Setting x =1 in Eq. (14), the identity
[ Dz2cosh(v/Az) = 2172 gives

2
¢sclq1, 1; B) = 'BZ +1n2 = gpm(B) (29)

identically, independently of the values of g; and B [Ap-
pendix A2 a]. Differentiating this identity with respect to g
yields 9¢sg/9B8Im = @py(Be) = Bc/2, the same value as in
Eq. (28). This expresses the absence of latent heat at the
PM-SG transition.
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Collecting these results, we have

Be

_ 0PsG|
M 2

QM IPrm
=Bl (>0), ——| =
M 0B

ajO M 8:3

s

(30)

where the second relation states that the internal energies of
the two phases coincide at the triple point (i.e., the latent heat
vanishes). As seen above, however, the origins of this equality
are different on the two sides.

To examine the behavior of the phase boundary, let us
introduce the function

F(b,8) = @pm(Be + b, jom +68) — Psc(Be +D).  (31)
The implicit function theorem states that if F'(b, §) is of class
C! in a neighborhood of the origin and satisfies

oF

F0,0)=0, —
0,0 55

#0,
0,0
then, in some neighborhood |b| < ¢ of the origin, the equation
F (b, §) = 0 determines § uniquely as a function of b. In other
words, there exists a C' function 8(b) with §(0) = 0 such that
F (b, 5(b)) = 0 identically. Differentiating with respect to b
gives

aF /3b
IF /93

§'(b) =

(b, 5(b))

If F is of class C¥, then § is also of class C¥. Since we use
the expansion through second order with a remainder O(5?),
we assume k > 3. Smoothness of ¢ follows from smoothness
of the stationary branches in the vicinity of the triple point.
For the FM branch, the stationarity conditions d¢gy/0m =
dprm/0q = 0 for the functional (11) determine m and g as
smooth functions of 8 and jj, because the 2 x 2 matrix of
the second derivatives of gpy with respect to m and g has
a nonzero determinant at the triple point for the values of p
studied (Appendix A 4); this matrix is the Hessian H defined
in Eq. (47). For the SG branch, smoothness follows from the
implicit function theorem applied to regularized stationarity
conditions in Appendix A3b'.

Let us verify the hypotheses. As discussed in Sec. IIC,
the free energies of the two phases coincide at the triple
point, so that F (0, 0) = 0. The first relation in Eq. (30) gives
0F /98|00y = Bcu? # 0. Hence, there exists a unique smooth
phase-boundary curve §(b) through the triple point, whose

slope is
oF /9b 1 a¢ ¢
5(0) = — / __ < PFM <PSG> =0,
dF /98 o) Be P \ 9B B Ju
(32)
and is therefore quadratic near the triple point,
5 =0, (33)
or, equivalently,
djg
So| _ (34)
dT |y

Thus, the FM-SG phase boundary is tangent to the tempera-
ture axis, i.e., to the vertical direction, at the triple point.

B. Formula for the phase boundary
1. Expansion to second order and determination of the boundary

Since the first-order term vanishes, the phase boundary
is determined by the second-order coefficients. We first fix
Jo = Jjom and Taylor-expand the on-shell functions of the two
phases with respect to § through second order around the
triple point.

The first-order coefficient is B./2 for both phases [Eq. (28)
and the second relation in Eq. (30)], and hence we can write

A ~ ,Bc 1 82@80 2 3
= )+ —b+ = b*+ 0’),
¢sc(B) = @sa(Be) + S b3 8 |\, + 0(%”)
N . N . /gc 1 82(;‘\JFM 2
k) = Cr ~ b ~ b
Prm(B. jow) = @rm(Be. Jow) + b+ 5 28 |,
+ 0®). (35)
We define the following quantities:
1 9% 1 9%
Asg=5— =20 | A= g2 (36)
B* Im 2 0B% v

The common constant 1/2 is the curvature ¢py, = 1/2 of the
PM free energy [Eq. (10)], and therefore Asg and Apy mea-
sure the deviations of the curvatures in the two phases from
the PM value. This common term drops out of the difference
Apm — Asg which appears in the formula derived later.

It is useful to clarify the role of these two expansions.
Both are expansions with respect to 8 alone around the triple
point, with jy fixed at jo = joum rather than varied along the
phase boundary. The quantity § = j; — jom therefore does not
appear here. On the SG side, @sg is independent of jj in the
first place and is thus a one-variable function unrelated to §.
On the FM side, @pm(B, jom) is likewise evaluated at fixed jo
and contains no §.

We next subtract the two relations in Eq. (35). The zeroth-
order terms cancel because the free energies coincide at the
triple point. The first-order terms also cancel because the coef-
ficient B./2 is common to the two phases [the second relation
in Eq. (30)]. Consequently, at fixed jy = jom, the free-energy
difference starts at second order. In the notation of Eq. (36),

A — A
SM T R4 o0, (37)

Prm(B, jom) — @sc(B) = — 3

which will be used below.

The deviation & enters only at the stage where this dif-
ference is inserted into the phase-boundary condition. The
boundary is determined by @rm(B, ji) = @sc(B). Let us write
both sides explicitly to order b*. For the left-hand side
@rm(B, j§), with j§ = jom + & on the boundary, we use

00EM

Prm(B, jom +8) = Prm(B, jom) + 5 8+ O(bs, %)
0

M
(38)

for the difference from the value at fixed jo = jom. The term
of O(bd) comes from the difference between 9@y /0 jo eval-
uated at a general B and at the triple point (8 = B.) as will
be explained later. One point concerning Eq. (38) is worth
emphasizing. Although the left-hand side appears to be a two-
variable function, in the present application § is the phase-
boundary displacement §(b) determined by the boundary con-
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dition as a function of B, so the left-hand side is a one-variable
function restricted to the phase boundary. Equation (38)
is a Taylor expansion with respect to the second variable
performed before substituting § = 8(b) to evaluate this one-
variable function. As shown in Sec. IIT A, § = O(b?), so the
correction B.u”$ [Eq. (27)], the second term on the right-hand
side, is of order »*>. We now verify in turn that the remaining
second-order Taylor terms do not contribute at this accuracy.

First consider the 8% term. Its coefficient is the second
derivative 8?@pm/d jg|m, which is finite by the smoothness of
the stationary branch discussed in Sec. IIT A. Since § = oH?),
we have 8> = O(b*), and this term can be omitted at order b.

Next consider the cross term. In Eq. (38), the coefficient
of the second term was replaced by its value S.u” at the
triple point [Eq. (27)], whereas strictly speaking it should be
evaluated at a general 8. The difference is

3% Prm
9B 3 jo |y

The second term on the right-hand side, multiplied by §,
is the cross term. It is proportional to b§ with coefficient
02Prm/ (3B 3jo)|m. Since 8 = O(b*), we have bs = O(b?),
and this term also drops out at order b

Thus, to order 42, the only term containing § that remains is
B.uPs. Using Eq. (37) for the difference between ¢pv (8, jom)
and @sg(B), the phase-boundary condition therefore becomes

0@EMm

. b+ O?). (39)
8]0 (B, jom)

= ,Bcﬂp +

A — A
_FMTSG b+ Beu’ 8 = O0"), (40)
which is solved for § to give
A — A
=M 86 2 o). 1)
2Bk

Hence, the coefficient of 5 in § is determined by the second-
order coefficient of the free-energy difference at fixed jom
[Eq. (37)], namely by the difference Apy; — Asg between the
deviations of the two curvatures from the PM value.

2. Second-order coefficients in closed form

As shown in Appendixes A 3 and A 4, both coefficients Agg
and Agm can be expressed entirely in terms of moments of the
Gaussian distribution b, = A, + /A, z at the triple point:

2
(pxﬁ /gc Mp
Asg = . g = ,
Px ’ 2
— 182
o=V — ww, (42)
2
V = /Dz (In2cosh i) — ([ Dz ln2coshhc> ,
(43)
p A2
Ay = % + IB—ZCB—FvTH’lv, B=1—3u+2r,
T = / Dz tanh?® A, (44)
_ Omm + 2¢0mg + ¢
v H v =g}, —H (45)

Here ¢, and ¢y, on the SG side are the second partial deriva-
tives of the 1RSB functional (14) with respect to x and S,
evaluated at the triple point:

3%¢sG
oy = ———| . 46
@ 2 |y, (46)

_ Pgs
~ axdB

D B

M
On the FM side, H is the 2 x 2 Hessian with respect to (1, ¢)

and v is the vector of mixed second derivatives in the 8
direction, defined by

9% PrM
Ha = T ) b S ) ) V= mp s Tv
b= Gadb |, (a,b € {m,q}) (Omp> Pap)
3%
up = ——r| @7)
0adp |y
respectively.

As shown in Eq. (A58) of Appendix A4b, 9,3 = —@,p at
the triple point. Hence, v = ¢,4(1, —1)7, with component
QA

Be
Here Q= p(p— 1)B>nP~2/2 has already appeared in
Eq. (23). In addition, as shown in Eqgs. (A52)—(A54) of Ap-

pendix A 4 a, the elements of H are also given in closed form
in terms of the same small set of quantities (€2, u, 7):

Omm = Q((1 — ) — 1),

Omp = B. (48)

Pmg = _QZ(M - 1),

Q
Vgg = 3(1 — Q1 —4p +31)), (49)

with detH = @unpyq — (p,%u].

The coefficient Agpm can therefore be evaluated from
Egs. (44), (45), (49), and (48). The quadratic-form expression
in Eq. (45) follows by inserting v = ¢,4(1, —1)T and the
2 x 2 inverse matrix

H—l 1 ( (pqq —(pmq) (50)

- det H\ —@mq DPmm

as detailed in Appendix A4d.
The phase boundary is therefore

Jo(@) = jou = K, b? + 0(b*) = K1 + 0(t),
Apm — A
K, = FM SG

2B wp
The difference of the coefficients has a direct thermodynamic
interpretation. The common 1/2 in Eq. (36) cancels, giving
Apm — Asg = (0%@sG/0B% — 0%Ppm/0B%)|m. Using the spe-
cific heat C = B2 32 /382, we obtain
_ B (Csg — Cem)Im
2 uP ’

., K=K, (51)

K

(52)

Thus, the condition that the SG specific heat immediately be-
low the triple point exceeds the FM specific heat, Csg > Cgu,
is precisely the criterion for a reentrant transition, K > 0. The
gauge-symmetry constraint [constraint (iii) in Sec. Il B] guar-
antees K > 0 in advance, provided that the phase boundary
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defined by equality of the free energies of the two solutions is
the physical equilibrium boundary. It is therefore sufficient to
establish that Csg — Cgy is strictly positive.

It is worth noting that the factor B.u” appearing in the
denominator of Kj, in Eq. (51) is the discontinuity in 3¢/ jo
across the phase boundary [Eq. (27)], or equivalently 8. times
the discontinuity A(m?”) = u”, and thus measures the strength
of the first-order transition. The factor 2 originates from the
factor 1/2 in the second-order Taylor coefficient.

3. Determination of the parameters

For completeness, we summarize how the parameters ap-
pearing in the above formulas are determined. Although
Eqgs. (42)—(52) contain several quantities, u, T, V, A, B¢, €2,
and B, the only independent input is p. All quantities are de-
termined by the numerical solution of a single transcendental
equation and a small number of Gaussian integrals. We collect
the defining equations here, at the expense of some repetition.
With & = A + +/A z, the one-variable condition [Eq. (21)] is

p—1
W(A) = T A p(h),
p
A
W(A) = /Dz In2coshi —1n2 — 7

w(A) = /Dz tanh & (53)

and its positive numerical root gives A, (A, = 2.339642 for
p = 3). The Gaussian averages over the local field 7, = A, +
+/A. z at the triple point then determine

n= /Dz tanhh,, 1= /Dz tanh® he,

2
V= / Dz (In2cosh h.)? — ( / Dz In2 cosh h) . (59

The quantity u is itself the order parameter at the triple point:
myv = gm = g1 = M3 see Sec. IIC. All remaining quantities
follow from the algebraic relations

2A. _ 1 . Be
B: = W To=—, =5
p Be 2
—1
Q= %ﬁfup—z, B=1-3u+2r. (55)

The first relation is obtained by solving the defining equation
A. = (p/2)B2uP~" at the triple point for B. Substitution into
Eqgs. (42)-(49) gives Asg and Apy, and Eq. (51) then yields
K, and K. In short, the required numerical work consists only
of a single one-dimensional root search and four Gaussian
quadratures (u, T, W,V); no large-scale numerical calcula-
tion such as Monte Carlo simulation is involved. Below, the
term “numerical” refers to the evaluation of these closed-form
quadratures.

C. Positivity of K

The results obtained by evaluating Eqs. (42)-(52) are
shown in Table II. We find Csg — Crm > 0, and hence K > 0,
to all quoted digits for all integers 3 < p < 12. The decay
is approximately geometric. The ratio upon increasing p by

one decreases slowly from about 2.3 to 2.1; for p =6 — 12
the successive ratios are 2.31, 2.22, 2.17, 2.13, 2.11, 2.10.
Furthermore, since the reduction to the one-variable equa-
tion (21) allows p to be treated as a continuous variable, we
can scan Csg — Cry continuously in p. It remains positive
throughout the range examined and has a broad maximum of
approximately 0.035 near p ~ 2.66. The result is shown in
Fig. 2.

The smooth behavior over the scanned range, together with
the analytically established positivity of the endpoint asymp-
totic expansions (Sec. III D), strongly suggests that K > 0 for
every finite p > 2.

We therefore conclude, within the standard RS-FM/1RSB-
SG replica mean-field description, that the FM-SG phase
boundary is reentrant immediately below the triple point for
all integers 3 < p < 12. The scan over noninteger p strongly
suggests the same behavior throughout the range covered.
For a fixed small € = jy — jom > 0, the local boundary € =
Kt? + O(t?)is crossed at t = /€/K + O(¢), so cooling along
this vertical line produces the sequence PM — FM — SG.
As discussed in Sec. IIC, this conclusion is based only on
the free-energy expansion in the vicinity of the triple point
along the stationary branches for which both solutions enter-
ing the comparison, namely the AT-stable RS-FM solution and
the replicon-stable 1RSB-SG solution, are replicon stable. In
principle, comparison of two replicon-stable solutions leaves
open the possibility that a third solution intervenes. As regards
a continuous instability, Fig. 7 of Ref. [40] shows that the AT
instability of the RS-FM solution occurs only at temperatures
a finite distance below the triple point, so the RS-FM solution
is stable in the vicinity of M (Fig. 1 of the present paper, Tar =~
0.435; Appendix B). An intervening discontinuous 1RSB-FM
solution also appears unlikely. According to the classification
of the p-spin model with an r-body ferromagnetic term by
Gillin, Nishimori, and Sherrington [41], the present model
with p = r (for p = 3, r; >~ 2.92 < r) lies in the region where
no discontinuous 1RSB transition line appears inside the fer-
romagnetic phase.

A numerical continuation of the phase boundary be-
yond the immediate neighborhood in which the second-order

TABLE II. Second-order coefficients of the expansion around
the triple point. Here Csg — Cem = B*(Apym — Asc) is the specific-
heat difference at M, K is the curvature of the phase boundary
(& — jom = Kt?), and A(M) is the replicon eigenvalue common to
the two branches at the triple point; a positive value means that both
branches being compared are replicon stable.

p As Apm Csg — Cem K A(M)

3 0.402977 0.415872 +0.030392 0.0433296 +0.3305
4 0.469474 0.474478 +0.013149 0.0131910 +0.5743
5 0.488151 0.490126 +0.005364 0.0048492  +0.7348
6 0.494915 0.495745 +0.002280 0.0019756  +0.8369
7 0.497698 0.498062 +0.001007 0.0008556  +0.9009
8 0.498925 0.499090 +0.000457 0.0003849 +0.9406
9 0.499489 0.499565 +0.000212 0.0001774 +0.9648
10 0.499754 0.499790 +0.0000995 0.0000831 +0.9794
11 0.499881 0.499898 +0.0000472 0.0000394 +0.9881
12 0.499942 0.499950 +0.0000225 0.0000188 +0.9932
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FIG. 2. p dependence of the driving quantity for reentrance and of the curvature. (a) Specific-heat difference Csg — Cpy at the triple point.
It approaches zero at both endpoints, p — 2+ and p — co. As shown in Sec. III D, the behavior is (27/32)(p — 2)* for p — 2% and RYNGZ
for p — oo (Appendixes A 5 and A 6). The maximum is 20.035 at p =~ 2.66. (b) Curvature K of the phase boundary. It is positive throughout
the range scanned; as shown in Sec. III D, it approaches the finite value 3/16 (with logarithmic corrections) as p — 2% and tends to zero
as p — oo. The numerical data and plotting code used to generate this figure were produced with assistance from the generative-Al tools

described in the Methods section.

expansion around the triple point is valid is presented in Ap-
pendix C. For p = 3, the phase boundary can be determined
directly from equality of the free energies of the AT-stable
RS-FM solution and the replicon-stable 1RSB-SG solution.
Throughout the stability window 0.435 < T < T, the bound-
ary remains monotonically reentrant and joins smoothly onto
Eq. (51) (Fig. 3). This is consistent with the slight bending
toward larger bias noticed in the 1RSB phase diagram of
Ref. [43]. In addition, the curvature (second-order coefficient)
near the triple point extrapolated from the numerical boundary
agrees well with the analytical result in Table II: for p = 3,
K = 0.04333 numerically versus 0.043330 analytically, and

for p =4, 0.013192 versus 0.013191. See Appendix C3 for
details.

D. Limiting cases: REM and SK models

The purpose of this subsection is to show that the second-
order coefficient, or equivalently the specific-heat difference
Csg — Crum, can be obtained analytically at the two endpoints
p — oo (REM) and p — 2% (SK), and to clarify the special
nature of the two limits. Detailed derivations are given in
Appendixes A 6 and A 5; here we state the results and discuss
their implications.

(@) (®)
0.9 - 0.65 =@ ==mmmmmmmmmm =
N PM analytical (2nd order)
0.8 \\\\ 0.60 1 numerical
\\\\
~
~ 077 RS-FM . 0.5
0.6 1 1
- 0.50 ...
IRSB-SG RO : .,
0.5 - NL 7 0454 i °
[ ]
Ll Ll 1 1 1 1 1 Ll 1 1
0.6 0.7 0.8 0.9 1.0 0.00 025 050 0.75 1.00 1.25 1.50
Jo (o —jom) X 10°

FIG. 3. Phase diagram for p = 3. (a) Overall phase diagram. All solid lines are phase boundaries. This is a quantitatively calculated
version of the schematic diagram in Fig. 1, with the spinodal line (thin dashed line) and the AT line (dash-dotted line) omitted. Horizontal
line: PM-SG transition (7. = 0.651385). Almost vertical line extending downward from M: FM-SG phase boundary. Line extending upward
to the right from M: first-order PM-FM transition line. Dashed line: Nishimori line 7 = 1/(2 ). Black dot: triple point M. On this scale the
FM-SG boundary is indistinguishable from a vertical line. (b) Enlarged view near the phase boundary. The horizontal axis is 10° times the
deviation from jgy. “numerical” (red dots): direct determination from equality of the numerically evaluated free energies of the AT-stable
RS-FM solution and the replicon-stable 1RSB-SG solution (stability window 0.435 < T < T,; Appendix C). “analytical (2nd order)” (solid
line): analytical formula jo + K;(8 — B.)*. The curvature extrapolated from the numerical phase boundary near the triple point agrees with
the analytical value of K, (Sec. III C and Appendix C 3). Vertical dotted line: j, = jom. Dashed line: NL. The numerical data and plotting code
used to generate this figure were produced with assistance from the generative-Al tools described in the Methods section.

044127-10



REENTRANCE AND TEMPERATURE CHAOS IN THE ...

PHYSICAL REVIEW E 114, 044127 (2026)

1. p —> oo (REM)

In the REM, the on-shell free energy in the frozen
phase is exactly ¢sg(B8) = BB./2 [48,49]. Since this is lin-
ear in B, %@sg/dB%> =0, and Eq. (36) gives Asg = 1/2.
On the FM side, the limit Agpyy — 1/2 is not immediate, but
the large-p expansion in Appendix A6 gives Apy = 1/2 —
73p/(161In2) + - - -, where p = e 2/2/ /27 A., and shows
exponential convergence to the same limiting value because
A, — 00 as p — oo [Eq. (A115)]. The numerical sequences
in Table II show that both Agg and Agy approach 1/2 mono-
tonically (both are 0.4999 at p = 12). Consequently, Csg —
Cem = ﬂcz(ApM — Asg) — 0 and K — 0, so the second-order
curvature vanishes in the REM limit. The local expansion
establishes only this vanishing of the second-order curvature
and does not determine the higher-order terms. The verticality
of the boundary itself is known from the exact solution of the
REM with a ferromagnetic bias [5]: below T, the free energies
per spin of the two phases are fiy = —Jjo and fsg = —v/In 2,
so that their equality gives j5(T) = V/In 2 at all temperatures
in this range, independently of the second-order expansion.
The present result is consistent with it. Verticality to all orders
also follows from the absence of temperature chaos in the
REM [50] through the NOO proposition, together with the
gauge-symmetry constraint excluding the opposite bending
of the FM-SG boundary. The same connection between the
absence of chaos and the straight boundary in the REM limit
was pointed out in Ref. [43].

The rate of approach can also be determined. The large-p
expansion in Appendix A 6 gives

e /T 7P

23\ e A2

Csqc —Cem > 47 In2 — — ,
=G (2= )
(56)

so the magnitude, including the algebraic prefactor, scales
as 277/ /p. The approximately geometric decay in Table II,
with a ratio approaching 2, reflects this exponential factor 277
[Fig. 2(a)]. In particular, the positive coefficient of the leading
term (47 In2 > 73/4) establishes reentrance analytically for
sufficiently large p.

2. p— 2% (SK)

For the SK model (p = 2), the FM (mixed)-SG phase
boundary is known to be vertical within the full-RSB
(fRSB) solution [38,54,55]. However, the numerical scan in
Fig. 2 shows that, as p — 2%, Csg — Cpm approaches zero
[Fig. 2(a)] whereas K approaches a finite value [Fig. 2(b)].
There is no contradiction in these behaviors of Csg — Cry and
K: the factor u” in the denominator of Eq. (52) also tends to
zero as p — 21 and compensates the vanishing numerator.

The endpoint behavior can be obtained in closed form from
the small-A expansion in Appendix A5. As p — 2%, the
PM-SG transition approaches the continuous (second-order)
SK transition, and the jump of the order parameter at the triple
point vanishes linearly as u = (3/2)(p — 2) + O((p — 2)?).
The specific-heat difference and curvature then behave as

Csc —Crm = 2Z(p—27(1+0(p-2)), K— %

16°
(57)

with 8. — 1; the logarithmic correction to K is O(u|1n pl).
Since the coefficient 27/32 of the leading term is positive,
reentrance for p sufficiently close to 2 follows analyti-
cally at leading asymptotic order, just as on the REM
side. The numerical scan agrees quantitatively with these
closed forms: w/(p —2) — 1.50 and (Csg — Cpm)/ P —
0.375, corresponding to 3/2 and 3/8, respectively [Table V
in Appendix A 51].

The finite limiting value of K implies that the reentrant
behavior persists all the way to the limit p — 27. This value,
however, cannot be extrapolated to p = 2. As p — 2%, the
common replicon eigenvalue approaches zero from the pos-
itive side as A(M) = u/3 + O(u?) and the 1RSB solution
becomes marginally stable. Exactly at p = 2, the appropriate
description is fRSB, to which the present analysis does not
directly apply. The vertical boundary of the SK model is
obtained by the fRSB treatment made at exactly p = 2, and
is not the limit p — 2% of the present 1RSB curvature. For
the same reason, the implicit-function-theorem argument in
Appendix A 3 b’ is not uniform in p.

In summary, K(p) > O is established analytically by the
asymptotic expansions at both endpoints and numerically
from values close to p = 2 through approximately p = 12.
This strongly suggests that the boundary is reentrant for every
finite p > 2. The vertical boundaries at the two endpoints
themselves are not derived here; they are known indepen-
dently, and the present results are consistent with them in
different ways. In the REM, the curvature itself smoothly
tends to zero, and the model indeed has no temperature chaos.
The absence of both reentrance and temperature chaos is
consistent with both the NOO proposition and its contrapos-
itive. On the SK side, the 1RSB description ceases to be
applicable while the curvature remains finite (K — 3/16),
with A(M) — 07, and at exactly p = 2 the phase boundary
is vertical within fRSB. The contrapositive used in Sec. [V
therefore has no implication in that limiting case. It provides
a sufficient condition, whereas the (weak) temperature chaos
of the SK model [27] is established by other means.

IV. TEMPERATURE CHAOS

In this section, we connect the reentrant transition estab-
lished in the previous section with the proposition of NOO
described in Sec. I A and derive the consequence that there
exists a temperature pair in the SG phase for which the dis-
tribution of the overlap of spin configurations becomes a &
function at the origin, P>(x | 81, B2) = §(x), a necessary con-
dition for temperature chaos. We then test this consequence
independently using a two-temperature replica calculation
that is logically independent of the proposition and its
contrapositive.

A. Existence statement from the contrapositive and its scope

In Sec. III, we established that, for all integers 3 < p < 12,
the FM-SG phase boundary of the present model is reentrant
in a neighborhood immediately below the triple point, where
both solutions are replicon stable. The analysis for noninteger
p from values close to 2 through approximately 12 leads to the
same conclusion.
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The proposition of NOO was formulated for two-body
interactions, but the gauge-transformation argument used in
its proof extends directly to the present model by replacing
a bond ij with a p-body hyperedge A = (i1, ..., i,). Under
Si — Si& and Jy — Ju&a, with &4 = [ [, &, the interaction
term Jy [[;., Si is invariant. The interaction order p enters
through the definition of &4, but it does not alter the alge-
braic structure of the gauge-transformation argument. The
contrapositive of the extended proposition then states that,
if the phase boundary is reentrant, then either there exists at
least one temperature pair in the SG phase for which P;(x |
B1, B2) = 8(x) in the thermodynamic limit, or no SG phase
exists at finite temperature. In the present model, within the
standard replica mean-field analysis, a replicon-stable 1RSB-
SG phase exists in the window T < T < T, between the
Gardner temperature 7, where the innermost replicon eigen-
value of the 1RSB solution vanishes, and the equilibrium SG
transition temperature 7, [40,52] (T ~ 0.24 and T, ~ 0.6514
for p = 3). It is widely accepted that this replica solution
represents the physical equilibrium state, and hence the sec-
ond alternative in the contrapositive, namely the absence of
a finite-temperature SG phase, is excluded. Subject to the
additional condition that the RS-FM/IRSB-SG free-energy
crossing identified above is the physical equilibrium phase
boundary, we obtain the following observation.

Observation. Within the standard replica mean-field de-
scription, for each p for which reentrance has been established
(all integers 3 < p < 12 and sufficiently large p), there must
exist at least one pair of distinct temperatures (77, 7>) in the
finite-temperature SG phase such that P»(x | 81, 82) = §(x) in
the thermodynamic limit, provided that the RS-FM/1RSB-SG
free-energy crossing is the physical equilibrium boundary and
that the finite-temperature 1RSB-SG solution represents the
physical equilibrium SG phase.

The existence of the replicon-stable 1RSB interval T <
T < T, is used only to guarantee the existence of a finite-
temperature SG phase and thereby exclude the second
alternative in the contrapositive; it does not imply that both
temperatures of the pair whose existence is established lie
within this interval. Note that the stronger statement of tem-
perature chaos in the strict sense, that the §-function collapse
occurs for every pair of distinct temperatures in the SG phase,
does not follow automatically.

The contrapositive gives only this nonconstructive exis-
tence statement and does not identify which temperature pair
in the SG phase exhibits the §-function collapse. Nor does it
specify at which disorder condition (bias jj) the SG phase
containing that pair is located; in particular, temperature chaos
in the symmetric model (jp = 0) does not follow directly from
the contrapositive. In the present mean-field model, however,
Jo drops out exactly at the SG saddle point (m = 0), so at
the level of the replica description P, in the SG phase is
independent of the bias. Consequently, if a temperature pair
satisfying P>»(x | B1, B2) = 8(x) exists in the SG phase for one
value of jj, then the same statement carries over to any j, for
which both temperatures lie in the equilibrium SG phase.

As emphasized above, the contrapositive does not specify
which temperature pairs exhibit the §-function collapse. This
is again a limitation of the logical implication, and physi-
cally it is natural to expect a stronger statement. It would be

unusual for temperature pairs with P»(x | 81, f2) = §(x) and
those without this property to coexist within the same SG
phase; temperature chaos is naturally regarded as a property
of the phase rather than of individual temperature pairs. Nu-
merical studies of the finite-dimensional Edwards-Anderson
model support this view by mutually independent approaches
[29-31,33]. Thus, although a mathematical proof is diffi-
cult, it is physically plausible that P»(x | 81, B2) = 8(x) holds
for arbitrary distinct temperature pairs in the SG phase. For
p = 3, the state-following calculation of Ref. [43] exhibits
free-energy level crossings for states in equilibrium at several
temperatures spread over the interval 7g < T < T, which
supports this uniform picture at the 1RSB level. The two-
temperature replica calculation in the next subsection is also
consistent with this uniform picture.

The same logic is not restricted to mean-field models.
Since the proof of NOO relies only on gauge symmetry and
not on details of the lattice, the proposition also applies to
hierarchical lattices, on which a reentrant FM-SG bound-
ary [45,46] and temperature chaos at the symmetric point
[17,21,26,47] have been established in independent lines of
work. That case is discussed in Sec. V.

B. Independent test by a two-temperature replica calculation

To test the logical consequence described in the previ-
ous section independently, as in Refs. [27,56], we performed
a two-temperature replica calculation in which two replica
species at different inverse temperatures (n replicas at 8, and
m replicas at B,) are placed under the same disorder realiza-
tion and [Z]Z3'] is evaluated by the saddle-point method. No
coupling between the two species is added to the Hamiltonian.
In Refs. [27,56], a term proportional to Zi 0;7; is added, and
its coefficient acts as a Lagrange multiplier that fixes the over-
lap between the configurations at the two temperatures; the
free energy at fixed overlap is then studied. Here, for a fixed
disorder realization the two species are statistically indepen-
dent, and the cross overlap is treated as a variational parameter
determined by stationarity. An effective coupling between the
two species, the last term of Eq. (60), appears only after the
disorder average, and its strength is fixed self-consistently by
the cross overlap rather than imposed from outside. Here and
in Appendix D, m denotes the number of replicas at 8, and
is distinct from the magnetization m used elsewhere in this
paper. The full formulation is given in Appendix D. Here
we summarize the main results, reproducing the principal
equations from Appendix D so that the logic of the calculation
can be followed.

1. Two-temperature replica action and overlap distribution

For the replicas ¢ at inverse temperature §; and 7% at
inverse temperature (,, we take as variational variables the
within-temperature overlaps g, for 1 and r,g for B, and the
cross overlap s, = (1/N) Zi o't

It is useful to display the structure used below before
writing the formulas. The overlap matrix is of size (n+
m) x (n+ m) and consists of g, (n X n), rep (M x m), and
the cross overlap s,, (n X m) together with its transpose.
An example of the overlap matrix, with the replicas at the
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two inverse temperatures arranged consecutively (n =m =
6, all block sizes equal to 3, and one matched pair with
§1 = Saa), 18

0 41 q s1S1S)
g 0 4 0 s1o81 8 0
g 4@ 0 S1S1S1
0 a1 @
0 q 0 q 0 0
@1_q O
S1 51 S1 0 7'1 71 ’
S1 S1 S 0 71 0 71 0
S1 S N 7’1 7‘1 0
0 r r
0 0 0 rt 0 rt
rt ry 0
(58)

where all blank entries are zero. The upper-left 6 x 6 block
iS gap, the lower-right 6 x 6 block is r,g, and the upper-right
block separated by the double line (together with the lower-
left block) is the cross overlap s,,. The 3 x 3 block of s; has
no zeros on its diagonal, because ¢ and t* belong to different
replica sets. Each diagonal block is a 1RSB cluster, and only
the first cluster at inverse temperature 8; and the first cluster
at inverse temperature 3, are connected by s; # 0. This con-
nected pair is referred to as a matched pair; it is the replica
representation of a one-to-one correspondence between pure
states at the two temperatures. The values inside the pair
are denoted by tildes because they generally differ from the
equilibrium values g; and r; of unpaired clusters. The equal
block sizes and the single pair are chosen only for illustration.
In the calculation, the unpaired clusters keep the block sizes
of the single-temperature 1RSB solutions, whereas the sizes
X| and X, of the two blocks forming a pair are variational
parameters that may differ from them and from each other.
At fixed n and m, a change of ¥; changes the number of
unpaired clusters rather than their size, and the stationarity
condition for the size of an unpaired cluster coincides with
the single-temperature one. The number k of matched pairs
is not fixed either: it is not a variational parameter, but all
admissible values of k are summed over in Eq. (71). If s
remains finite, then configurations at the two temperatures
retain a correlation; if the weight associated with s; vanishes,
then the necessary condition for temperature chaos is satisfied.
We restrict below to the SG sector, in which the mag-
netizations vanish at both temperatures (m, = i, = 0). The
terms containing jo then drop out (the replica representation
of constraint (i) in Sec. II B), and the replica action becomes

1
G = (nB} +mp3)

p—1
S (B A B Dl 288 Y sl
a#b a#fB a,a

+ InTr esr, (59)

where E’ is the one-site exponent containing the conjugate
fields,

 _ Pl a2 p—1 b 2 p—1

- _Z '3] anb oo +'32 Tap v’

ab ap
p _
+2hiB > bl (60)
a,o

In this representation, the two-temperature overlap distribu-
tion to be diagnosed is the histogram of cross overlaps,

. 1
P(¢) = lim — ;ja(c ~ Saa). (61)

The condition P»(¢) = (¢ ) means that the overlap of a pair of
configurations independently drawn from the Gibbs measures
at B and B, is zero with probability one in the thermodynamic
limit, or equivalently that the weight of the normalized overlap
distribution is concentrated at { = 0. Thus, typical spin con-
figurations at the two temperatures are uncorrelated, which is
a condition for temperature chaos. Since this is a statement
about the weight of a distribution, the mere existence of a
stationary sector with nonzero overlap whose weight vanishes
in the thermodynamic limit does not contradict P»(¢) = §(¢).
The calculation below is designed precisely to diagnose the
weight of such a sector.

If only the replicas at inverse temperature 8, are retained
and the 1RSB ansatz is substituted, then the action separates
into a term proportional to n and a term proportional to the
number of blocks n/x, the coefficient of the latter being the
contribution per cluster,

g1(x) = —Mx(x — Dg? +Infi(x),
Ii(x) = e M2 / Dz (2cosh /A 12)", (62)
where
A= %‘ﬁ_]. (63)

We call a solution (g;, x;) (i = 1, 2) of the single-temperature
IRSB equations at inverse temperature B; the equilibrium
values, and a block containing them an equilibrium cluster;
gi(x;) denotes g; evaluated at these values.

2. Matched pairs and the diagnostic quantity

A matched pair is written generally as a pair of blocks B
and B,, consisting of X; replicas at inverse temperature 8; and
X, replicas at inverse temperature f,, respectively. Within the
pair, we set

gar = G1 (@ # b € By),
rap =1 (@ # B € By),
Sae = 81 (@ € By, o € By) (64)

and all overlaps with replicas outside the pair are set to zero.
Tildes indicate variational values defined only inside the pair.
All five quantities (§;, X1; 71, X2; s1 > 0), including the block

044127-13



HIDETOSHI NISHIMORI

PHYSICAL REVIEW E 114, 044127 (2026)

sizes, are varied. The action of one such pair is
__p—l 2% (G — Da? 29 (% — Di?
g1 = ) (Bix1 (%1 — D} + B3xa (%2 — DF

+ 2B1Box1%ps)) + Inl, (65)

where InT is the contribution of the paired trace with a two-
dimensional Gaussian measure,

[ = e~ Rinthom)/2 / DIlh1, ] (2 cosh hy Y (2 cosh y) ™,
(66)

and D[hy, hy] is the zero-mean two-dimensional Gaussian
measure whose covariance matrix is given by the conjugate
fields inside the pair,

2 ~p—1 2~p—1
PBiq, _ ppbyry A

1= — =7 AZ—— 12

_ PﬁlﬁzS{Fl
2 9 2 9 - .

2

>

(67)

Thus, the one-dimensional Gaussian integral in g; is replaced
by a two-dimensional Gaussian integral coupled through the
cross overlap, with correlation coefficient

A < s1 )p_l
p = —— = — . (68)
VAN, V41T
Taking the difference of the actions before and after form-

ing the pair cancels all terms proportional to n and m, leaving
the action difference per matched pair,

X1 Xn
A=gpn——gix)— — gn). (69)
X1 X2

The subtraction terms on the right-hand side are the contribu-
tions from the equilibrium clusters to which the replicas used
in the pair originally belonged. Thus, A is the cost relative to
the reference state in which the two temperatures are treated
independently, without forming a pair.

The way in which A enters the overlap distribution is as
follows. In the matched-pair ansatz, every cross-overlap com-
ponent is either s; or 0, so Eq. (61) reduces to two § functions,

PZ(;) = (1 - wpair)a(é‘) + Wpair 8(§ —51),
Wpair = lim ~— (k), (70)

where k is the number of matched pairs, (k) is its average, and
Wpair 1S the weight of the nonzero-overlap peak. Within the
present matched-pair ansatz, the action is linear in k. If M (k)
denotes the number of ways of choosing k pairs, then we can
write

[Z123] ~ " M(k) VOO, (71)
k

and the distribution of k is weighted by e¥*4. Within the
present ansatz and the usual saddle-point interpretation, if the
stationary value of A (to be denoted as A*) is negative, then
we identify the leading exponential dependence as wpyir X
eV2". The contribution from k > 2 is then exponentially small
compared with that from k£ = 1, and an exponential suppres-
sion of wp,;r with rate A* follows. The diagnostic criterion is
then as follows. If a stationary point with s > 0 and A* =0

TABLE III. Stationary points in the matched-pair sector for p =
3 (reproduced from Table IX). For unequal temperatures, A* < 0 is
obtained systematically.

T1 T2 SY A*

0.45 0.40 0.92029 —6.79 x 107¢
0.45 0.35 0.92569 —2.20 x 1073
0.50 0.35 0.91356 —5.71 x 1073
0.55 0.35 0.89932 —1.15x 10
0.60 0.40 0.87972 —1.59 x 10
0.60 0.35 0.88273 —2.03 x 107

exists, then wpgr is not exponentially suppressed. If A* < 0,
then the weight of the nonzero-overlap peak vanishes expo-
nentially in the thermodynamic limit; in the latter case, within
the present ansatz, the weight of P»(¢) becomes concentrated
at ¢ =0, and spin configurations at the two temperatures
become uncorrelated.

The results are as follows. For unequal-temperature pairs,
a high-overlap stationary point with s > 0 exists, but its
cost is systematically negative, A* ~ —107>—~10~*, increases
in magnitude with |77 — 7|, and connects continuously to
zero in the equal-temperature limit (Table III; p = 3). As p
increases, A* decreases in magnitude toward 0~ (Table IV).

Thus, for every pair of temperatures in the SG phase ex-
amined here, the weight of the most natural matched-pair
peak representing the absence of chaos is exponentially sup-
pressed as ¢¥2" — 0. This provides evidence consistent with
the §-function collapse required as an existence statement by
the contrapositive of the NOO proposition. It is also in line
with the explicit level crossings found for p = 3 by the state-
following method [42,43], which computes the free energy of
the state in equilibrium at one temperature when the temper-
ature is changed and finds it to lie above the equilibrium free
energy; the negative A* is qualitatively consistent with this, as
it expresses, within a different formalism, a thermodynamic
suppression of a one-to-one correspondence of states at the
two temperatures. The suppression is, however, extremely
weak. A rough estimate for the disappearance of the peak is
N > 1/|A*| ~ 10*-10° for p = 3.

As p — o0, the present model reduces to the REM, which
is known to have no temperature chaos; equivalently, the
nonzero peak of the two-temperature overlap retains an O(1)
weight [50]. For finite p, A* approaches 0~ monotonically as
p increases and s7 — 1 (Table IV), continuously connecting
to this nonchaotic REM limit.

TABLE IV. p dependence of A* at fixed reduced temperatures
(\/T., T,/T,.) = (0.70, 0.50) (reproduced from Table X).

p A*

3 —-3.35x107°
4 —2.13 x 1073
5 -9.83 x 107°
6 —4.42 x 1076
8 -9.29 x 1077
10 —2.05 x 1077
12 —4.65 x 1078
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If the present ansatz had produced, at finite p, a legitimate
zero-cost A* = 0 structure of finite weight for every pair
of distinct temperatures in the SG phase, then the no-chaos
assumption would have held and, through the forward direc-
tion of the proposition, would have contradicted the reentrant
transition found in Sec. III. No such structure was found. The
limitations of the ansatz are discussed in Appendix D4, in
particular the absence of hierarchical cross-block structures,
splitting and merging of states, and fluctuations of block sizes.

V. DISCUSSION AND CONCLUSION

In the present paper, we have determined analytically the
shape of the FM-SG phase boundary in the vicinity of the
triple point M for the fully connected Ising p-spin glass with
a ferromagnetic bias, and have connected the resulting reen-
trance to the question of temperature chaos.

We first expanded the location of the phase boundary as
a function of temperature around the triple point. The first-
order term vanishes exactly. The phase boundary is therefore
tangent to the temperature axis, i.e., vertical, at the triple point.
Its local shape is consequently determined by the second-
order coefficient, the curvature. We obtained a closed-form
expression showing that this curvature is proportional to the
difference between the SG and FM specific heats at the triple
point. The geometrical question of whether the phase bound-
ary is reentrant or vertical is thus reduced to the sign of a
single thermodynamic quantity, the specific-heat difference at
the triple point. It therefore remains only to establish that the
specific-heat difference is positive.

We found that the specific-heat difference is positive for
all integers 3 < p < 12, and a numerical evaluation treating
p as a continuous variable is consistent with positivity from
values close to 2 through approximately 12. Also, analyti-
cal results are available at both endpoints. In both the REM
limit p — oo and the SK limit p — 27, the leading term of
the specific-heat difference is positive; it approaches zero as
277/ /p, with exponential factor 277 and algebraic prefactor
p~ /2 in the former limit and as (p — 2)? in the latter. These
results strongly suggest that reentrance occurs for every finite
p > 2. For p = 3, this reentrance is the slight bending of the
boundary noticed in the numerical 1RSB solution of Ref. [43],
now characterized by a curvature in closed form; the vanishing
of the curvature as 277/, /p also makes quantitative the remark
in that reference that the boundary becomes strictly vertical
in the REM limit. A uniform analytical proof over the entire
range would require error bounds on the two endpoint asymp-
totic expansions together with analytical control of the sign
over the intervening finite-p interval, and remains an open
problem. The two endpoints have different meanings. In the
REM limit, the curvature itself tends to zero, consistently with
the vertical boundary known from the exact solution of the
REM. In the SK limit, by contrast, the specific-heat difference
and the order-parameter discontinuity both vanish, leaving a
finite limiting curvature. At the same time the replicon eigen-
value approaches zero and the appropriate description changes
from 1RSB to fRSB at p = 2, so our finite-curvature result
cannot be extrapolated to the SK model itself.

The second result is obtained by connecting this reentrant
transition with the contrapositive of the NOO proposition. The

proposition states that the phase boundary cannot be reentrant
in the absence of temperature chaos. If the RS-FM/1RSB-SG
free-energy crossing identified above is the physical equilib-
rium boundary and the finite-temperature 1RSB-SG phase
of the present model is accepted as a physical equilibrium
solution, then the second alternative in the contrapositive,
namely the absence of a finite-temperature SG phase, is
excluded. There must then exist at least one pair of temper-
atures within the finite-temperature SG phase for which the
two-temperature overlap distribution collapses to a § func-
tion. Temperature chaos has long been a difficult problem
for numerical investigations; the present results provide a
concrete example showing that a nontrivial constraint on
two-temperature overlaps can instead be inferred from the
thermodynamic shape of a phase boundary. This reverses the
direction of the argument in Ref. [43], where the level cross-
ings of Gibbs states obtained by the state-following method
for p = 3 were used to interpret the bending of the bound-
ary. Both approaches exploit gauge symmetry, but the present
route does not require following individual Gibbs states or the
mapping of state following onto the biased model, which is
limited to states taken from equilibrium in the paramagnetic
phase between the dynamical transition temperature and T,
and it applies to every p for which reentrance is established.

This consequence is nevertheless nonconstructive. The
contrapositive of NOO alone determines neither which tem-
perature pair exhibits the collapse nor at which disorder bias
Jjo the corresponding SG phase is located, and it does not
imply temperature chaos for every pair of distinct tempera-
tures in the SG phase. Physically, it is difficult to imagine
that the presence or absence of chaos depends on the choice
of temperature pair within the same SG phase, and it is
natural to interpret the result as applying to arbitrary dis-
tinct temperature pairs. This interpretation, however, is not a
logical consequence of the contrapositive. The independent
two-temperature replica calculation performed to test this pic-
ture finds that, for every unequal-temperature pair examined,
the stationary matched-pair structure corresponding to the
absence of temperature chaos has a negative action difference
A* relative to the independent sector. This means that the
matched-pair sector with nonzero overlap is thermodynam-
ically disfavored and provides evidence consistent with the
existence of temperature chaos. For p = 3, this is in line with
the explicit level crossings of Ref. [43]. The magnitude of
the cost is small. Using only the exponential factor eV as
a guide, the suppression is very weak for system sizes acces-
sible to ordinary numerical calculations, so finite systems may
appear nonchaotic.

Several qualifications accompany these conclusions. The
evidence for a positive coefficient of the curvature K > 0 is
analytical at the two endpoints and numerical in the inter-
vening range. The numerical part, however, involves only a
finite set of quadratures rather than a large-scale computation
such as Monte Carlo simulation, and there is no ambiguity
at the level of the numerical errors. The present analysis
also does not independently prove that no additional global
equilibrium branch intervenes immediately below the triple
point between the RS-FM and 1RSB-SG branches compared
here (Appendix C). The contrapositive gives only an exis-
tence statement and does not locate the temperature pair. The
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replicon-stable 1RSB interval used to establish the existence
of a finite-temperature SG phase is restricted to 7o < T < T¢;
at lower temperatures the SG phase itself becomes fRSB,
and a different framework is required to follow the phase
boundary. A similar qualification applies on the FM side. For
p = 3, the 1RSB mixed phase becomes replicon unstable at
low temperatures T < 0.435, so a more general RSB mixed
phase would have to be constructed to determine the boundary
in that region. Finally, the two-temperature replica calculation
is based on a restricted matched-pair ansatz and does not in-
clude hierarchical cross structures or splitting and merging of
states. Our analysis should therefore be regarded as supporting
evidence for the main conclusion rather than as a definitive
proof.

Even with these reservations, the two main results of the
present work are separately well defined. The closed-form
reduction of the phase-boundary curvature to the specific-
heat difference at the triple point completely characterizes the
local FM-SG boundary through second order near the triple
point. The logical implication from reentrance to the existence
of a temperature pair with a collapsed overlap distribution
connects the phase diagram of a mean-field model with a
general proposition based on gauge symmetry. Hierarchical
lattices provide another setting in which this connection can
be tested beyond mean-field theory. The Migdal-Kadanoff
recursion is exact there, and reentrant FM-SG boundaries
have been obtained in models with a finite-temperature SG
phase. In particular, Giiven et al. showed for an anisotropic
d = 3 model that this boundary is always reentrant when
the multicritical point terminating it lies on the Nishimori
line [46]; a related multicritical-point relation was obtained
in Ref. [45]. Temperature chaos at the symmetric point has
also been established independently [17,47]. Since the NOO
proposition does not depend on details of the lattice, whenever
a finite-temperature SG phase and a reentrant phase boundary
coexist in the same hierarchical model, the same logic applies
and provides another arena in which the two phenomena are
linked.

Another point of interest concerns finite-dimensional mod-
els in which the FM-SG boundary is expected to be a
first-order line, such as short-range spin glasses with p-body
(p = 3) interactions. The ingredients of Sec. III A are then
essentially the Clausius-Clapeyron relation combined with the
exact internal energy on the NL, both of which remain valid in
finite dimensions for the corresponding gauge-compatible dis-
order. Thus, provided that the coexisting free-energy branches
are sufficiently smooth and that the discontinuity of the
p-body correlation conjugate to jo does not vanish at the mul-
ticritical point, the vertical tangency and the relation between
the local curvature of the phase boundary and the specific-
heat difference have direct finite-dimensional analogues. For
continuous transitions, the comparison of two free-energy
branches is no longer available, and the local shape of the
boundary near the multicritical point would have to be ad-
dressed by different methods.

A further implication concerns dynamics. Temperature
chaos is conventionally defined as an equilibrium property, but
it has long been discussed in connection with the rejuvenation
and memory effects observed when a spin glass is aged under
temperature cycling [25,57]. More recently, dynamic tem-

perature chaos was identified directly in the off-equilibrium
dynamics of the three-dimensional Edwards-Anderson model
[33], and subsequent simulations reproduced memory and
rejuvenation effects and found that strong temperature chaos
correlates with full rejuvenation [58]. For fully connected
p-spin models, a classic analytic treatment of off-equilibrium
dynamics was developed for the spherical p-spin model [59].
For the Ising case, the adiabatic evolution of an individual
Gibbs state under slow temperature changes has been de-
scribed by the state-following method of Refs. [42,43]; for
p = 3, it gives IRSB lower bounds on the limiting energy of
a slow annealing and the temperatures at which a followed
state melts upon heating or undergoes a further replica-
symmetry-breaking transition upon cooling. Also for p = 3,
Billoire et al. studied equilibrium dynamics numerically and
found that the correlation times grow as Int o< N [60]. Their
simulations used an unbiased binary coupling distribution,
corresponding to zero ferromagnetic bias (the analog of jy, =
0 here), and the correlation-time measurements reported at
T = 0.48 and 0.54 both lie in the replicon-stable interval T; <
T < T,. The fully connected p-spin glass therefore offers a
setting in which equilibrium statics is analytically controlled
and the response of individual Gibbs states to temperature
changes can be computed. It would be interesting to inves-
tigate temperature-shift protocols in this model in light of the
present results and of the state-following description.

VI. METHODS: USE OF GENERATIVE-AI TOOLS

Generative-Al tools were used extensively as research
assistants in carrying out the analytical and numerical cal-
culations reported in this work. The author determined the
physical questions to be addressed, the detailed strategy of the
analysis, and the calculations to be performed. Claude Opus
4.8, Claude Opus 5, and Claude Fable 5 (Anthropic) were used
primarily to carry out analytical derivations and numerical
calculations under detailed instructions from the author.

For the analytical calculations, the author examined and
independently verified each step of the Al-generated deriva-
tions. GPT-5.5 and GPT-5.6 Sol (OpenAl) were additionally
used to independently examine the derivations and identify
possible errors or inconsistencies. Issues found either by the
author or through this cross-checking process were fed back
to the Claude models for correction, after which the revised
calculations were again examined by the author. This iterative
procedure was repeated throughout the analytical develop-
ment.

Numerical calculations were cross-checked by having the
Claude and GPT models independently generate implemen-
tations of the relevant calculations and by comparing their
results. The numerical results were tested by the author and
the Al tools against independently established analytical re-
sults where applicable. All decisions concerning the physical
approach, the acceptance or rejection of Al-generated results,
and their interpretation were made by the author, who takes
full responsibility for the scientific content of this work.

VII. LIST OF SYMBOLS

The symbols used repeatedly in this paper are summarized
below together with the places where they are defined.
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Model and conventions (Sec. II)

Symbol Meaning and definition Defined in

p Order of the interaction Sec. IIB

Jo Ferromagnetic bias specifying the mean coupling Eq. 4)

NL Nishimori line j, = B/2,ie., T =1/(2jo) Sec. IIB

1% —Bf, where f is the free energy per spin Sec. IIC

f Dz Standard Gaussian average Eq. (5)

Functionals and stationary solutions (Sec. II C)

PIRSB IRSB functional of Ref. [40] (variational variables m, qo, g1, X) Eq. (7)

8, A, 1RSB effective field and variance, A, = (p/2),62qfl’_] Eq. (8)

X 1RSB breakpoint; x*(7.) = 1 atM Below Eq. (8);
above Eq. (17)

vsG(q1, X3 B) 1RSB functional in the SG phase Eq. (14)

Ay (p/2)ﬁzqf7l (field variance on the SG side) Eq. (14)

g Numerator in ¢sg = B2/4 + g/x Eq. (A1)

orma(m, q; B, jo) RS functional in the FM phase (variational variables m, q) Eq. (11)

n, H, A FM effective field n = H + ~/Az, H = pBjom?~", A = (p/2)p>q"" Eq. (12)

©pM Functional in the PM phase 82/4 + In2 Eq. (10)

Triple point M (Sec. I1 C)

M = (jom, I2) Triple point; 8, = 1/T. and jom = B./2 (on the NL) Sec. IIC

" Scalar characterizing M; my = gy = q1c = 1 Eq. (18); below
Table 1

q1c Innermost 1RSB overlap ¢g; of the SG solution at 7, Eq. (17)

mM, gm RS order parameters of the FM solution at M Below Table |

A, (p/2)B2pr! Below Eq. (19)

e Local field at M, A, + /A, 2z Above Eq. (16)

T [ Dz tanh® h, = [ Dz tanh* i, Egs. (23) and (A10)

Q p(p— DBZuP~2/2 (Ag at M) Eq. (23)

A(M) Common replicon eigenvalue at M [general forms in Eqgs. (22a) and (22b)] Eq. (23)

W(A) sz In2coshh —In2 — A/2, with h = A + v/Az Eq. (20)

Expansion variables and coefficients (Sec. III)

b,1,8 b=B—B,t=T.—T,5=j;— jom Eq. (24)

Prm (B, Jo)» On-shell free energies, obtained by substituting the stationary solutions into the functionals Eq. (25) and below

@sc(B) ¢rm and @sg

F(b,$6) Function defining the phase-boundary condition, @pm — @sg Eq. (31)

Asg, Apm Quadratic coefficients of the deviations from @py Eq. (36)

\%4 Variance of In 2 cosh /.. Eq. (43)

B 1-3u+27 Eq. (44)

H,v Hessian in (m, g) and vector of mixed derivatives in the 8 direction Eq. (47); Eq. (49)

K,, K Phase-boundary curvatures in the 8 and temperature variables, with K = K;,,Bf Eq. (51)

o Thermodynamic specific heat 82 9% /382 Above Eq. (52)

Auxiliary quantities in Appendix A

h General NL-type local field A + +/A z Beginning of
Appendix A

0, A Generic notation in Appendix A 1d (variational-variable vector and external variable) Appendix A 1d

A, N1 = p(p—1)B*q"2/2 Above Eq. (A25)

() Normalized Gaussian average with weight (2 cosh v/A1z)* Appendix A2c¢

(g, x, B) (tanh®(v/A12))x (right-hand side of the g equation) Eq. (A29)

v @g/(x — 1) (regularized g stationarity condition) Eq. (A39)

J Jacobian with respect to (g, x) of the regularized system (¥, ¢,) Eq. (A40)

q,x Responses to B along the stationary branch Appendix A3 b and
3
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p — 2% asymptotic expansion (Appendix A 5)

Symbol Meaning and definition Defined in

s p—2 Beginning of Appendix A5

L uP~2 (— 1, with logarithmic corrections) Beginning of Appendix A5

G(n) (Apv — Asg)/L = (3/8)i” + O(1?) Eq. (A92)

Large-p asymptotic expansion (Appendix A 6)

p e 21 2 A, Beginning of Appendix A 6
r(h) In(1 + e=?*) (In2 coshh = h + r(h)) Appendix A6a
81, 83 l—p,1—1 Appendixes A6a, 6¢
1,[G] [ e'n"G(h)dh Eq. (A111)
Stability (Appendix B)
ARS AT (replicon) eigenvalue of the RS-FM solution Egs. (22a) and (B2)
M Innermost replicon eigenvalue of the 1RSB solution Egs. (B1) and (22b)
Two-temperature calculation (Appendix D)
P Two-temperature overlap distribution [36] Eq. (1)

X1, %2, G1, F1, 81

A, A* Cost per matched pair and its stationary value

Internal parameters of a matched pair (all variational)

Eq. (64) and below
Eq. (69); below Eq. (71)
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APPENDIX A: EXPANSION AROUND THE TRIPLE POINT

This Appendix gives the details of the expansion presented
in Sec. III. The main symbols used throughout the paper and
the places where they are defined are summarized in the List
of symbols above. We set J/ = 1 and ¢ = —Bf, with f the
free energy per spin. For a general A > 0, we write an NL-
type local field as & = A 4 +/A z. Under [ Dz, h is Gaussian
with both mean and variance equal to A. The field at the triple
point (A = A.) is denoted separately by h. = A, + +/Acz.
We also write the general FM effective fieldas n = H + VA z
[Eq. (12)] and distinguish it from A.

1. Functionals, stationarity conditions, and the NL identity

We first collect the formulas that will be used repeatedly
below. We write the free-energy functionals and stationarity
conditions on the SG and FM sides, derive the NL identity for
a Gaussian field of the A type, and define the moments u, t,

and V at the triple point. We then summarize the derivatives
with respect to an external variable along a stationary branch.

a. SG side

Setting m = go = 0 in the RSB mixed-phase functional of
Ref. [40] [Eq. (7)] gives Eq. (14) for the variational variables
(g1, x),with0 < g <land0 < x < 1:

ﬁZ
wsc(qi, x; B) = T +

(-
—_——x

8(q1, x; B)

A]X
2 (x — g} — >

+ ln/Dz (2 cosh /A 12)",

(A)

where A = (p/Z)ﬂzqf_l. The stationarity conditions are
0g,9 = 0xp = 0.

b. FM side
The FM functional is Eq. (11):
. B>  (p— DB’ : A
vrm(m, q; B, jo) = T + qu — (p— DB jom” — 5

+ / Dz In2cosh(H + vA 2). (A2)

We derive its stationarity conditions for later use. Let n =
H + Az, H = pBjom?~", and A = (p/2)B%q"~". We use
the standard differentiation formulas for a Gaussian average,
where c is the mean and A the variance,

2 /sz<c+ VA = /sz’,

BiA sz(c—l—«/XZ):%/DZf”, (A3)
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which give
d¢Em
om

oH
= —p(p— DBjom" " + Py /Dz tanh n

=p(p— l)ﬁjom”_2</ Dz tanhn — m), (A4)

5 —1)p? 19A  9A 1
PEM _ p(p B e Rl /Dz sech’n
3q 4 20g  9q 2

_ 182
— qu’z (q - /Dz tanh? 77>~ (AS)

Thus, the stationarity conditions are m = f Dz tanh n and
q = [ Dz tanh® ), as in Eq. (13).

¢. NL identity for the local field

NL identity (Eq. (16) in the main text) Forh = A ++/Az
and every k > 1,

/ Dz tanh*~ 1 p = / Dz tanh* h. (A6)

Derivation.  With the change of variables 1 = /Ay,
where y = z 4+ +/A, we have, for any function f,

/ Dz f(h) = e ™2 | DyeV™ F(VA y). (A7)

Splitting VA = cosh(+v/Ay) + sinh(+/Ay) and using parity
gives

/Dy ey tanh®~' (v/Ay)

= / Dy sinh(+/Ay) tanh®*~' (v/Ay), (A8)

Dy e tanh%* (VAy)

= / Dy cosh(v/Ay) tanh® (v/Ay). (A9)

Since coshx tanh* x = sinhx tanh®*~'x identically, the
right-hand sides are equal. |
We use the following notation for averages over the local

field h, = A. + +/ A,z at the triple point:
w= sz tanh h, = sz tanh? he,

T = / Dz tanh’ h, = / Dz tanh* i,

2
V = sz (IHZCOShhc)Z — (f Dz anCoshhc) . (A10)
This defines u, T, and V.

d. Parameter derivatives at a stationary point

We next prepare the first- and second-derivative formulas
for the free energy along a stationary branch when an external
variable (B or jp) is changed. To keep the structure transpar-
ent, we first write the formulas component by component for
the FM side, with variational variables m, g and external vari-

able g at fixed jy, and then give the general form in Eq. (A17).
On the SG side one simply replaces (m, g) by (g1, x).

We follow the notation introduced in Sec. Il A, Eq. (25).
Thus, ¢ denotes the functional before imposing stationarity,
whereas ¢ denotes the on-shell function obtained after substi-
tuting the stationary solution. The derivative 9 /9 8 is taken at
fixed value of the other external variable (jy here). By contrast,
dge and subscripts such as ¢,, = d¢/dm denote derivatives
of the functional with the variational variables and the other
external variable held fixed. In particular, 99/d8 is not a
derivative along the phase boundary.

First derivative. The stationary solution (m*(8), g*(8))
satisfies @, = ¢, = 0. Differentiating the on-shell function

P(B) = @(m*(B), ¢*(B); B) gives

A

0 o+ ot + 0y 4" = o dmt 3¢
= m M = m = y = .

(Al1)

The last two terms vanish by stationarity. Hence, the implicit
B dependence of the variational variables does not contribute
to the first derivative, and 99 /08 = dg¢.

Response of the stationary point. At second order this
cancellation no longer occurs, and the responses r* and ¢* are
needed. The stationarity conditions hold identically along the
branch (m*(8), g*(B8)), so differentiating them with respect to

B gives

d
0= ﬁ (pm(m*(ﬂ)v q*(ﬁ), /3) = Qmm m* + Dmg q* + DPmp s

0

0= % Pg = Pam " + ©gq 4" + Pqp-

This is a pair of linear equations for (7%, ¢*), whose solution

1S
(I’I’l*) - _H! <§0mﬁ)’ H= <(pmm gomq)_ (A13)
q Pqp Pmg  Paq

Here H is the 2 x 2 Hessian with respect to the variational
variables, and we assume det H # 0 so that it can be inverted.
Equation (A13) gives the displacement of the stationary point
under a change in f.

Second derivative. We now differentiate 9¢/df =
dge(m*(B), g*(B); B) once more along the stationary branch.
Since dg¢ itself depends on (m*, g*),

(A12)

2 A
¢ . .
ap2 o + o+ g4 (A14)
and substitution of Eq. (A13) gives
3% B
g7 = 8~ > 0ap (H " a 0ip. (A15)

a,be{m,q}

The first term is the explicit second derivative at fixed vari-
ational variables. The second term is the contribution from
the response of the stationary point and is a quadratic form
involving H=!.

General form. The preceding calculation does not depend
on the names of the variational variables. Let 6 be the two-
component vector of variational variables [(m, ¢) on the FM
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side and (g, x) on the SG side], and let A be an external vari-
able (B or jp; this generic symbol is unrelated to the replicon
eigenvalue A(M)). Denote the stationary branch by 6*(1), its
response by 6* = 30* /3, the vector of mixed derivatives by
®e:., and the Hessian by H = ¢yy. Equations (A11), (A13), and
(A15) then become

A

1)
— = 8,0 + (0p9) 0" = B0,

o (A16)

9* = _H_l(pek’
029
A2

Here (39<,0)T9* is the scalar product @,,m* + ¢,q*, while
©g, H ' @g;. is the quadratic form

= @i — @0, H ' a5 (A17)

T -1 ~ % P
H™! gy, = H )
Yo T 9o ]X::] 26r0% 9 50 an

(A18)

Since A is a scalar, ¢;; is also a scalar. Equation (A17) will
be used explicitly in Appendix A4 on the FM side, with
0 = (m,q) and A = B, where the three components of H
and the vector ¢y; = v are evaluated. On the SG side, how-
ever, setting x = 1 allows the Gaussian integral in Eq. (14)
to be performed exactly and gives ¢sg(qi1, 1; 8) = ¢pm(B),
independent of ¢;. Since the triple point lies on this x = 1
slice, 4,4, = O there. At the triple point, ¢,,, = 0 also holds,
as shown in Appendix A 3 a; hence, the Hessian is singular
(det H = 0). Equation (A17) therefore cannot be applied di-
rectly. The SG side is treated separately in Appendix A 3.

2. Exact identities at the triple point

We derive the two conditions that characterize the triple
point M in the main text, namely the ¢, stationarity condition,
Eq. (17), and the breakpoint condition, Eq. (19), and estab-
lish several exact relations that hold there. We start from the
degeneracy identity at fixed x = 1, show that the x derivative
gives the breakpoint condition, and then show that the regular-
ized g equation reduces to g, = 1 asx — 17. We also verify
that the FM solution on the NL obeys the same equation and
that 7yy = T is an identity.

a. Degeneracy at fixed x = 1
Setting x = 1 in Eq. (A1) and using szZcosh(«/Alz) =
2eM1/2 gives
2

os6(qr, 15 B) = % +1n2 = gpu(B). (A19)

This identity holds for arbitrary ¢; and B. Differentiating it
with respect to ¢; and B while keeping x = 1 therefore gives,
at the triple point,

N/ |
Wﬁﬁ|x:1 =¢pMm = 3>

(A20)

¢q|x:l = ‘qu|x:1 = ¢qﬁ|x:l =0,

where the subscripts denote partial derivatives. We henceforth
write ¢ = q.

b. x derivative and the breakpoint condition

From ¢sg = B>/4 +g/x, we have ¢, = (x¢ —g)/x’,
where the prime denotes differentiation with respect to x. At

x=1, ¢, = g(1) — g(1). Differentiating g with respect to x
gives

—1)8? A
¢ (x) z_w(h —)g? — 21

sz [(2 cosh /A z)" In2 cosh(x/A z)]
J Dz (2cosh /Ajz)*
At x = 1, the Gaussian average with weight 2 cosh(/Az)

eVMT 4 emvV A1z cap be converted into a shifted Gaussian av-
erage. For an even function f,

J Dz[2cosh(vAz) f(v/A12)]
J Dz2cosh(v/Aiz)

(A21)

/ Dz f(A1 + /A 2).
(A22)

Therefore, at x = 1,

Ay 2
Oxlx=1 =/Dz IHZCOShh——_ﬂ In2
2 4
(p— D~ 1),32

=W(A) — —

(A23)

Here,

W(A):/Dzancosh(h)—1n2—A/2, h=A++Az
(A24)

The breakpoint condition ¢,|,—; = 0 is Eq. (19) of the main
text. Using (p — 1)B%¢?/4 = (p — 1)A1g/(2p) reduces it to
the one-variable form Eq. (21).

c. The q equation as x — 1~

We first clarify the logical role of this step. At the triple
point, x = 1 and g¢ = 0, so the thermodynamic overlap in the
SG state, [(S;)?] = xgo + (1 — x)g; in 1RSB notation, van-
ishes. Thus, the gauge-symmetry identity m = ¢ is trivially
satisfied as 0 = 0 in the SG state and does not constrain the
intracluster order parameter ¢ .

We now derive the ¢ stationarity condition for gen-
eral x. The g dependence of g in Eq. (Al) occurs in
two polynomial terms and in the logarithmic term Inl/,
with 1(g, x) = [ Dz(2cosh/A1z)* and Ay = (p/2)B*q"~".
Writing Aé’ = 9,A1 = p(p — 1)B%q"7%/2, and using A,q =
p(p — 1)B*qP~" /2, the derivatives of the two polynomial
terms are

_1\R2
8{—%)6()6— l)qp:| = —%X(X— Dg,

Aix X
84[‘7} =3%

The derivative of the integrand in the logarithmic term with
respect to A is

dr,(2cosh/A12)" =

(A25)

tanh(y/A2),

(A26)

XZ
2J/AL
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which brings down a factor z. We remove it by Gaussian
integration by parts. For convenience, define

F = (2cosh /A 2)" tanh(y/A z2).

Then
F'(z) =+/A; (2cosh /A z)* (x tanh® (/A 2)
+ sech?(v/A12)). (A27)
If (:)y denotes the normalized average with weight

(2cosh 4/ A1z)", then this gives

d,Inl = %(1 + (x — 1) (tanh®> (/A 12))). (A28)
‘We use the abbreviation
0(q, x, B) = (tanh>(\/A12), (A29)

below.

Adding the three contributions, i.e., the derivatives of the
two polynomial terms in Eq. (A25) and the logarithmic con-
tribution in Eq. (A28), the first term A x/2 on the right-hand
side of Eq. (A28) cancels exactly against the second polyno-
mial derivative —xA,/2. The remaining terms factorize as

Ayx
0,8 = (—x—Dg—-1+1+x—-10Q)
A
=L x-DE-9. (A30)
Since ¢, = (9,8)/x, we obtain
Ay
$g= > (x—1)(Q(q, x, B) — q),
x 2
0. 5. ) = [ Dz (2cosh /A z)" tanh (\/A_lz). (A3D)

[ Dz (2cosh /A z)*

For x # 1, the 1RSB stationarity condition ¢, = 0 is therefore
the self-consistency equation ¢ = Q, i.e., ¢ = (tanh?), with
the (2 cosh)* weight. At x = 1, Eq. (A22) gives Q(q, 1, B) =
[ Dz tanh? h, with h = A; + /A z. Hence, the g equa-
tion becomes ¢ = [ Dz tanh® 4. By the NL identity, Eq. (16),
this is identical to the FM equation on the NL, p =
J Dz tanh h. It follows that g1, = L.

d. FM solution on the NL

In Appendix A2c, the gauge-symmetry identity m = g
was trivial in the SG state and did not determine ¢;. Here
we instead verify that the RS ansatz on the FM side satisfies
the same requirement m = ¢ for an equilibrium state on the
NL. On the NL, j, = /2, so H = (p/2)B*>mP~!. Setting
m = q gives H = A, and the FM effective field n has the
same distribution as the NL-type field h = A 4+ /A z. The
stationarity conditions, Eq. (13), become m = f Dz tanh h
and g = [ Dz tanh? &, which are identical by Eq. (16). Thus,
the FM solution on the NL forms a one-parameter family
m = g = u(A), and at T, it reduces to the same equation as in
Appendix A 2c¢: my = gm = g1 = I, as stated in Sec. II C.

e. TM ETt

We next evaluate the difference between the FM and PM
free energies on the NL for the solution m = g = . Substi-

tuting jo = /2 into Eq. (11), the polynomial terms become
(p— D B, (p=DF
4 ke 4
so that

w—(p—-10g- n (A32)

YEMINL — @PM

A —1)pB?
:/Dz 1n2coshh—ln2—5_¥up

2
=W(A) — %u”. (A33)
The right-hand side is identical to ¢,|,—; in Eq. (A23), with
q = . Thus, the condition for equality of the FM and PM
free energies along the NL is the same equation as the IRSB
breakpoint condition x*(7.) = 1. It follows identically that
Tm = T, as stated in Sec. IIC.

3. Quadratic coefficient Asg on the SG side

We evaluate the second derivative along the SG branch
(q*(B), x*(B)), with x*(B:) = 1 and x* < 1 for B > f..

a. Structure of the degeneracy

Equation (A20) gives ¢4, = ¢4p = 0 at the triple point. We
first show that the mixed derivative ¢, also vanishes there.
The quantity ¢.|,—; in Eq. (A23) is a function of g, with
Ai(q) = (p/2)p*q"~" and 3,A1 = Q = p(p — 1)B*¢"~*/2.
Since the Gaussian field has both mean and variance equal to
A1, both parts of the differentiation formula (A3) contribute:

d

— | DzIn2cosh(A + VA7)

1
= /Dz tanh i + 3 /Dz sech’h. (A34)
Using [ Dz tanhh, = p, [ Dzsech*h. =1 — p, and p(p —
DB%qP ' /4 = (p — 1)A /2 = Qu/2, we obtain at the triple
point

l—p 1 (p— DA,
v = L
Dy Im <M+ ) 2) )
Qu Q
_ R KR, (A35)
2 2

Again the NL identity, Eq. (16), is essential for this
cancellation.

b. Second derivative of the on-shell function

Differentiating the stationarity conditions ¢, = ¢, =0
with respect to 8 gives

Pag  Pax q — _(%ap
Oxg  Pxx X Dxp '

At the triple point, the first row degenerates to 0 = 0 in the ¢
direction. This is not a singularity of the 1RSB branch itself.
Rather, setting x = 1 in Eq. (14) allows the Gaussian integral
to be carried out exactly and gives ¢(q, 1; 8) = B>/4 +In2 =
opm(B), independent of g. Thus, the degeneracy is a degener-
acy associated with the flat g direction on the x = 1 slice. As

(A36)
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shown in Appendix A 3 b/, removing the known factor x — 1
from ¢, regularizes the stationarity equations; the implicit-
function theorem then guarantees a unique smooth branch
through the triple point and a finite g. Moreover, g drops out of
the second derivative below, and the expression for Agg does
not depend on the detailed motion of the branch. The second
row gives

i= 2t (A37)

wXX
The second derivative is then
*Psg 1 ‘/’?,3

2 = 9B T ped T opkX =5 — —.
aﬂz BB Ba B 2 Orx

Here @gg = 1/2 and ¢, = 0 follow from Eq. (A20); the ¢
term vanishes because its coefficient ¢g, is zero. Therefore,
from the definition (36), Asg = 1/2 — 8%(sg/dB> = (p)%ﬁ/wxx,
with 1/2 = 8%ppy /9.

(A38)

b'. Regularization of the degeneracy
and the implicit-function theorem

The purpose of this step is to justify the smooth branch
and the finiteness of ¢ assumed in Appendix A 3b. As
shown in Appendix A2c, Eq. (A31), the ¢ stationarity con-
dition factorizes exactly as ¢, = (A,/2)(x — 1)[Q(q, x, B) —
q]. Removing the known factor x — 1, define

Pq

Vg x, )=

Ay
= (Q(g.x, B) — q). (A39)
This function extends smoothly to x = 1. The SG branch can
therefore be defined by the regularized system W = 0 and
¢ = 0, which removes the apparent degeneracy at x = 1.
Only the g equation is replaced by its regularized form: ¢,
vanishes identically at x = 1 because of the factor x — 1,
whereas the x equation remains nondegenerate and is kept
unchanged. Its value at x = 1 is precisely the breakpoint equa-
tion (A23).

For fixed B, regard these two equations as a map (g, x) —>
(W, ¢,). Its Jacobian is

J= (aq\p axlp> _ (wq \yx).
dg@r  Orpx Pxg Pux

The first row contains the derivatives of the regularized g
equation W, and the second row those of the x equation ¢,
both with respect to (g, x). We evaluate the matrix at the
triple point, where ¢ = u, x =1, and 8 = B.. At x = 1, the
average with weight (2 cosh /A z)* becomes the Gaussian
NL average over h. = A. + +/A.z by Eq. (A22). Hence,
O(u, 1, B:) = 1, so W(M) = 0 and the triple point is indeed
a solution of the regularized system. Expanding the 2 x 2
determinant in Eq. (A40) and using ¢.,(M) = 0 from Ap-
pendix A 3 a, Eq. (A35), gives

\Ijxwxq)lM = qjq(M) (pxx(M)y

which is the desired simplification.

The derivative W,(M) is directly related to the repli-
con eigenvalue. Differentiating Eq. (A39) with respect to
q gives W, = (A;/2)(0,0 — 1) + (9,74/2)(Q — q). At the
triple point, the second term vanishes because Q — g = 0.

(A40)

detJy = (W 0, — (A41)

With A,lm = R, as defined in Sec. II C, we obtain ¥,(M) =
(£2/2)(9,Q|m — 1). It remains to evaluate d,0|wm.

Since x is held fixed at 1, we may first use Eq. (A22)
to write Q(q, 1, B) = [ Dz tanh? h, where h = Ay + VA z,
and then differentiate with respect to g. The g dependence
enters only through Ay, so 9,0 = A, dx, Q. Because both the
mean and variance of h are A, differentiation with respect
to A; changes both simultaneously. Applying Eq. (A3) to
f = tanh? therefore gives

da, f Dz tanh®> h = / Dz (tanh?) (h) + % / Dz (tanh?)” (h).
(A42)

The derivatives are (tanh?) = 2 tanh sech? =
2(tanh —tanh®) and  (tanh?)” = 2(1 — 4 tanh? 43 tanh*).
At the triple point, & has the NL distribution h.. Using
the k =1,2 cases of Eq. (16), namely sz tanh h, =
[ Dz tanh* h, = o and [ Dz tanh®h, = [ Dz tanh*h. = 1,
we find

A OM=2(n—1)+1—-4pu+3t)=1-2pn+r.
(A43)

Together with 9,Q|m = Ag4lm 9a, Qlm, this gives

00
99 |m

QU —2u41) = W,(M)

Q Q
E(Q(l —-2u+1)—1)= -3 AM).  (A44)
Thus, the replicon eigenvalue in Eq. (B3) appears directly, and

detdy = —% AM) @ (M). (A45)
If A(M) # 0 and ¢, (M) # 0, then the implicit-function theo-
rem gives a unique smooth local branch (¢(8), x(8)) through
the triple point. For the integers 3 < p < 12 evaluated numer-
ically, A(M) > 0 (Tables I and II) and ¢,,(M) > 0 [Eq. (A48),
consistent with Agg > 0], and hence the nondegeneracy con-
dition is satisfied.

To make this conclusion explicit, differentiate the regu-
larized conditions W = 0 and ¢, = 0 with respect to . In
addition to x = —¢@,p /., from Appendix A 3 b, one obtains

Wy 4 W, &

v, (A46)

The denominator in the first expression is W,(M) =
—(2/2)A(M) # 0 by Eq. (A44), and the denominator of x is
¢ (M) # 0. Both responses are therefore finite. These con-
ditions are precisely equivalent to det Jy; # 0. This justifies
the omission of the ¢ contribution in Appendix A 3 b, where
its coefficient @g,(M) vanishes in Eq. (A38), and establishes
Asg = ¢§ﬂ/<ﬂxx~ The argument is not uniform as p — 27,
because both A(M) and ¢, (M) tend to zero. It is nevertheless
valid for every fixed p > 2 satisfying the nondegeneracy con-
ditions, in particular for all integers 3 < p < 12 considered in
the main text.
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c. Evaluation of ¢.p

Differentiate Eq. (A23) with respect to 8 at fixed ¢ = .
Using dg A1 = 2A1/B and Eq. (A34),

o= e 1)t

Be 2 2

Ac -1 c c -1 c
A G Dyl WZDb,
_ Ben®
= (A47)

where we used A.p/Be = (p/2)Beu’.

d. Evaluation of ¢,

For ¢ = B?/4 + g/x, the second derivative with respect
to x is (g/x)" = g'/x — 2¢'/x* + 2g/x>, which at x = 1 be-
comes g’(1) — 2¢'(1) 4+ 2g(1). The identity (A19) at fixed x =
1 (Appendix A2a) gives g(1) = 1In2. In addition, ¢,|,—=; =
g (1) — g(1) (Appendix A2b) and the breakpoint condition
@xlx=1 = 0 at the triple point, Eq. (19), imply ¢'(1) = g(1).
Hence, ¢ (1) = g(1) = In2, the last two terms cancel, and
¢uclm = £'(1). The second derivative of the logarithmic term
In [ Dz e, with L = In2cosh(y/A1z), is the variance of L
under the (2 cosh)* weight. At x = 1, Eq. (A22) converts this
to the Gaussian variance V. The first term in g contributes
—(p — 1)B%g" /2. Therefore,

(p— 1B} .
2
Using the breakpoint condition (21), this may also be written
as @ = V(A:) — 2W(A,). Thus, on the triple-point mani-
fold, ¢, is a function of A. alone.
Combining Eqs. (A47) and (A48) gives

(Ben?/2)
V — %MP

(pxx|M =V - (A48)

Asg = (A49)

4. Quadratic coefficient Agy; on the FM side

The equilibrium FM solution is obtained by variation with
respect to the two variables (m, ¢). The Hessian at the triple
point is nonsingular for the values of p studied numerically
(det H # 0; for example, det H = —4.010 at p = 3), and con-
sequently Eq. (A17) applies:

V= (Pmp Pap) >

H= <"’mm """‘1). (A50)
Pmg  Paq

All partial derivatives below are evaluated at the triple point,

where m=q=u, H=A = A., B =8 and jo = jom is

held fixed. The NL identity (16) gives the following useful

averages:

/Dz sechzhc =1—-u,

/ Dz sechzhc tanhh. = u — 71,

/Dz (1 — 4tanh? h. 4+ 3tanh*h.) = 1 — 4 4+ 37. (A51)

In this subsection, derivatives are taken through the FM effec-
tive field n [Eq. (12)], which depends on (m, ¢, ) through H
and A. All Gaussian averages after differentiation are evalu-
ated at the triple point. Since H = A, there, n has the same
distribution as /., and we write the field inside the evaluated
averages as h..

a. Hessian

We start from Eq. (A4). At a stationary point the factor
(/ Dz tanh —m) vanishes, so derivatives of the prefactor drop
out:

9 [ Dz tanhp .
om

Omm = P(p — DBcjom 1” ‘2(

- sz(sz /Dz sech?h, — 1) = Q1 — -1,
(AS2)

d [ Dz tanh Q
Omg = w =Q. — /DZ (tanh)//(hc)
aq 2
= —Q*u—1), (A53)
Q 3 [ Dz tanh?
wo=o\'m "y
q
— $2 Q AN/
=3 (1 > /Dz(tanh ) (hc)>
Q
= 3(1 — Q1 —4p +31)). (A54)
Here, because jom = B./2,
. (p—1) _
P(p = Dfecjonn’ ™ = =2 = 2. (AS9)

We have also used 0H/om = Q, 0A/dqg = 2, and Eq. (A3).
In the last equality of each line, (tanh)” = —2 sech? tanh and
(tanh?)” = 2(1 — 4 tanh? 43 tanh*) were substituted and the
three Gaussian averages were reduced using Eq. (A51). In
@qq» differentiation of the prefactor drops out because the
stationarity factor (g — f Dz tanh?) = 0 in Eq. (AS).

b. Mixed-derivative vector and its symmetry

We now show that ¢, = —¢,,5. We again use Egs. (A3)
and (A51), together with H = A, at the triple point. At fixed
(m, q, jo), 9gH = H/B and 0gA = 2A /B, so

3/ Dz tanhy
9B
_E/D hn, + 22 lfpa h)’ ()
=3 zsech®h, B2 < (tan ¢
Ay au—ry=Lep (A56)
_ﬂc 125 n _ﬁc
8D anhin _ Ac p,oyp 2R (g s
T =5 2w . w
_ 2, (AS57)
B
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where B=1—3u + 2t was defined in Eq. (55). Equa-
tions (A4) and (AS) then give

8 [ Dz tanh QA,
Pmp = Q f < A = - B,
B Be
Q 9 [ Dz tanh? QA,
(p = —— — —
®TT2 9 B.

Thus, v = ¢,,(1, —1)T.

B=—gus. (AS8)

c. Evaluation of ¢gp

We first compute the first derivative. Differentiating
Eq. (A2) with respect to B at fixed (m, q, jo), and using
0gH = H/B, 0gA = 2A /B, and Eq. (A3), gives

B, (p—1B

dgopm = — +

A
P _ — Diom?P — =
2 >4 (p—1)jom 5

H A
+ F / Dz tanhn + E/DZ sech’y.  (A59)
Differentiate once more with respect to 8 at fixed (m, g, jo).

Note that H/B = pjom?~' is independent of B, while
ds(A/B) = A/B%. We obtain

@ﬁﬁ=%+$“1) %Bngﬁtanh’?
LA / Desechh, 1 & 2L Pzseeh®n A o)
52 Y 2
Z% Q n_A_gu_A_ch (A61)

In the second equality, Eq. (A56) was used for the third
term, the first identity in Eq. (A51) for the fourth, and
Eq. (A57) together with sech? = 1 — tanh? for the fifth, giving
dp [ Dzsech? = —3g [ Dz tanh? = —2AB/p..

d. Assembly and simplification

Substituting Eq. (A61) into Eq. (A50) and using Agy =
1/2 — 3%@pm/d8? [definition (36); 1/2 = 9%ppp/0 %] gives

1
AFM = - — @ﬁﬂ + vTH’lv

2
(p—1 A A _
= - P + i + EB+ v H v, (A62)
Using A, = (p/2)B>nP~!, which implies A.u/p2=

(p/2)u?, the first two terms combine as —(p — 1)u?/2 +
puP /2 = u? /2. We therefore obtain Egs. (44) and (45) of the
main text,

P A? _
AFM: 7+FB+vTH ]U,
mm 2 m
v H v =g, ¢ +de‘f|j + Pag (A63)

The quadratic form follows from v = @,g(l, -7
[Eq. (A58)] and the inverse of the 2 x 2 Hessian, H™! =

(detH)='( % " #m), which gives (1, —DH™'(1, —)T =
(@gq + 20mg + @mm)/ det H. Since the FM solution and the
PM solution have the same ¢ and the same first derivative
at the triple point [Sec. IIC and Eq. (30)], it follows that

Prm(B, jom) = @pm — (Apm/2)b* + O(b?).

5. p — 2* asymptotic expansion

The purpose of this subsection is to determine how the
triple point M approaches the SK limit as p — 2% and to ob-
tain the first nonvanishing term in the specific-heat difference
that controls the reentrant curvature. We use the abbreviations

s=p—2, L=up"? A=A, B=B (A6d)
and find
3
w=3(p=2+0(p- 2)%),
27 s
Csg — Cem = 3—2(17 —=2)y"(1+0(p —2)), (A65)
_ M 2 3
rM) = 37 o), K— T (A66)

Thus, for finite p > 2 sufficiently close to 2, Csg — Cpm > 0
and hence K > 0.

a. Small-A expansions
Applying standard Gaussian moments, [ Dz (v/Az)* =
(2k — 1)!! A¥, together with Taylor expansions to h = A +

+/ Az, gives the two functions that characterize the triple point:

5
w(A) = /Dz tanhh = A — A> + §A3 +0(AY), (A67)

A
W(A) = /Dz In2coshh —1In2 — bl

A2 A3+5A4+0(A5)
4 6 24 ‘

Only these coefficients are needed below.

(A68)

b. Expansions of V and t

Expanding V = Var(In 2 cosh /) in the same way, the +A*
contribution from the variance of 4%/2 cancels the —A3 con-
tribution from the covariance of h?/2 with —h*/12. Apart
from this nontrivial cancellation, the calculation is direct and
gives

2 4

A2 A S
V(A) = = — =+ 0(AY),

> 3 (A69)

T(A) = /Dz tanh® h = 3A% — 14A% + O(A*Y)  (A70)
as required.

c. Softening on the SG side

On the triple-point manifold, ¢, =V —2W [Ap-
pendix A 3d]. Using Egs. (A68) and (A69),
A3 4 5

O = — — =A"+ O(A”). (A71)

3 4
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The O(A?) terms in Egs. (A68) and (A69) cancel, so ¢,, starts
only at order A3. Since ¢, is the curvature of the free energy
in the breakpoint direction x, the SG free energy becomes
unusually flat in this direction. This softening determines the
leading term of Agg in Appendix A 5h.

d. Change of variable from A to p
Inverting Eq. (A67) gives

u
=+ 1+ =+ o),

A
3
A w? 5
—=1l4u+—+0W),
nw 3
M3
X5=uu—2u+0w%» (A72)

We henceforth organize all expansions in the small order
parameter [L.

e. Relation between p — 2 and

Dividing the one-variable triple-point condition (21) by
Ap and substituting Eqgs. (A68) and (A72) gives

2

I w u 3

-+—=—-=+4+0 . AT3
oy YT (”) (AT3)
Expanding the left-hand side in s = p — 2 and matching coef-
ficients yields

2 w?
s=p=2=3Ju— "5 +0W)

= u= ;s + gsz + 0(s*). (A74)
Thus, the jump of the order parameter vanishes linearly
with p — 2. The inverse temperature also approaches the SK
value. Solving the triple-point definition A = (p/2)B*ur~!
for B gives B2 = 2Au'~?/p [Eq. (55)]. With A = u + O(u?)
from Eq. (A72), u>*~? — 1, and p — 2, one obtains 8> — 1.
Hence, 8. — 1, continuously connecting to the SK transition
temperature.

[. Separation of the logarithmic factor L

Although L = p* = ¢*™* — 1, it contains an O(u1n )
correction. To keep this nonanalytic factor separate from the
ordinary power series in u, we factor L out of both Agg and
Apm and expand A/L. For this purpose we use the relations
that follow from the triple-point definition A = (p/2)B*u?~':

A, 2A
Q=(p-D=, pL=-=,
n pu
A2 ApPL
N R g (A75)
B2 2p

These relations will be used below.

8. Basic quantities needed below

Using Egs. (A72), (A74), and (A70), together with B =
1 — 3u + 27 defined in Eq. (55), we obtain

5 8 3
Q=14 -p+-pu”+0W),

A76

3 9 (A76)

T =37 — 8’ + O(uh), (AT7)
B=1-3u+6u*+ 0@,

1—2p+t=1=2u+3u>+ 0>, (A78)

l—4pu+3t=1—4u+9u>+0u),
=1 =p—3u*+ 0w,
Por+ B vow (A79)

2 3

for the required quantities.

h. Quadratic coefficient on the SG side

Substituting Eqgs. (A71), (A72), and (A75) into Asg =
92/ Pux gives

3
@=M=§M<1+ (_1_24_2)“_’_0(“2)),

L Oux 4 3 4
(A80)
and hence
Asc 3 1z 3
— =—ull - — (0] . A8l
e = u(1-5) +ow (A81)

i. Hessian on the FM side

Substituting the expansions in Appendix AS5g into
Egs. (A52)-(A54), we find to the required order

Pum = 2+ 107+ O(W?), (A82)
Pgq = Tp+ 3+ 0w, (A83)
Ong = =1 — 17+ O(L). (A84)

The combinations entering the numerator and denominator of
the response term in Eq. (45) are therefore

"
Sz%m+wm+%frg+0w% (A85)
_ 2, Ik 4

detH = —Zp (1 +Z) + o). (A86)

Each component in Eqgs. (A82)-(A84) is O(u), whereas
det H = O(u?). Thus, the FM side also develops a soft direc-
tion. The ratio needed below is

S 3
Q—ﬂ)+0wx WB=1+§+OW%

detH ~ 4u 4
(A87)
and consequently
S 3 17
1+Q°B——=—(1+— o). A88
BT 4M(+12”>Jr ) (A438)
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TABLE V. Numerical check of the p — 2% asymptotic forms. Each ratio is normalized by the corresponding leading term.

p w/13/2)(p - 2)] (Csc — Cem)/[(27/32)(p — 2)*] K AM)/(1/3)
2.05 1.0043 0.796 0.18413 0.907
2.02 1.0036 0.909 0.18980 0.956
2.005 1.0012 0.976 0.18980 0.988
2.002 1.0005 0.990 0.18891 0.995

J- Quadratic coefficient on the FM side

Dividing Apy in Egs. (44) and (45) by L and using
Eq. (A75), we obtain

A p*p 1p S
— = — 4+ =-AuBl1+Q°B—— ). A89
L 2 T MU TR (A89)
Here
p 2 3 M 3
—AuBl 1+ Q°B =—ull—-= A90
M ( + detH) 4“( 4)+0(“ ), (A%0)
so that
Apm 3 Su 3
—=—ull+ — 0] . A91
2 4M( + 12>+ () (A91)

k. Main result
In Egs. (A81) and (A91), the leading terms 34 /4 are iden-
tical and cancel. The first nonvanishing difference is

Arm — Asg

3
G(p) = — = p’ + o).

L 8

Using the thermodynamic relation Csg — Cpy = B (Apm —
Asg) and B°L = (2/p)(A /), we find

(A92)

2 A 3,
Csg — Cpmlm = —— G(p) = s (1 4+ 0O(w))
pHu 8

27 X
= 3—2(17 -2 (1+0(p—2))>0. (A3

The factor L disappears in the combination 2L, and no term
of the form w In u remains in the specific-heat difference.

The same expansion gives the common replicon eigenvalue
at the triple point as

5
A(M):I—Q(1—2M+z)=%_§M2+0(M3)_)0+’
(A94)
while the curvature is
K = P A~ Aso)
2up
3 (24N -3/2 3
=—|-—) L770+0w) — —.  (A%)
16\p 16

Here we used u? = u?L. Since L3> = 1 + O(u|1n p]), the
curvature contains a logarithmic correction but has a finite
limit. This occurs because both the specific-heat difference
and the first-order jump p” vanish as O(u?).

I. Numerical check

The numerical evaluation clearly approaches the asymp-
totic coefficients derived above. Representative values close

to the endpoint are listed in Table V. The order parameter p,
the specific-heat difference, and the replicon all approach their
predicted leading forms, while K approaches 3/16 = 0.1875
with the expected logarithmic correction.

m. Significance of the SK limit and range of validity

As p — 2%, the thermodynamic driving force of reen-
trance, Csg — Cpm, and the strength of the first-order transi-
tion, u”, both vanish as O(u?), leaving their ratio and hence
the curvature finite at 3/16. In contrast, the replicon stability
margin vanishes as O(w). The limit is therefore singular, and
the curvature cannot be extrapolated to p = 2 itself. At p = 2,
the 1RSB stability window closes and the fRSB solution
controls the phase boundary, as discussed in Sec. III D. The
behavior of the replicons along the two branches away from
the triple point is summarized in Appendix B 2.

What has been established analytically in this subsection is
the leading specific-heat difference in Eq. (A93), including its
positivity, together with the limiting forms of w, A(M), and K.

6. Large-p asymptotic expansion

The purpose of this subsection is to determine how rapidly
the triple point M approaches the REM limit as p — oo and
to use the first nonvanishing correction to determine the sign
of Csg — Cgm. We write

oA/
he=Ac++Acz, p= m (A96)

for later use. The calculation proceeds in three steps.

(1) We first show from the triple-point condition that
A, —>ooand A, =2pIn2[1 4+ o(1)].

(2) We then use an asymptotic expansion in 1/A to obtain
the quadratic coefficients on the SG and FM sides,

3

Aso =+ — 75+ A L=
= — — 7 cee —_ — =
6= TP M= T Ton2

Pt
(A97)

respectively.

(3) Finally, we convert their difference into the specific-
heat difference.

The result is

23\ A2
Csg—Cem=4mIn2 — — | ———=(1 4+ O(n A./A.)).
s¢ — Cem ( 4>m( ( /Ae))

(A98)

The coefficient on the right-hand side is positive. Hence,
Csg — Cpm > 0 and therefore K > 0 for all sufficiently large
but finite p.
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a. Proof of A, — o©
Dividing the one-variable triple-point condition (21) by
A gives
W) 1 1
Acp(Ae) B E - 5

Write In2 cosh i = h + r(h) with r(h) = In(1 + e~2"). Then,
forany A > 0,

(A99)

W(A) = % —In2+R(A), R(A)= /Dzr(A +/A2)

(A100)
holds. Introducing §;(A) = 1 — u(A), Eq. (A99) becomes
A A6
2“ —1n2—R(A,) — =2 (A101)
p

in exact form.
Define F(A) = R(A) + AS1(A)/2. The triple-point con-
dition is then equivalent to
1 W(A, In2 — F(A, 1
day= L W) m2-F( 1
2 Acp(Ac) Acp(Ae) 2]?
as written above.
We now use the differentiation formula for a Gaussian
variable 1 = A + +/Az whose mean and variance are both A
[the combined form of the two identities in Eq. (A3)]:

(A102)

d / 1 1/
-~ | pfin = sz(f W+ f (h)). (A103)

Since ' = tanh & — 1 and r” = sech?h, while the NL identity
(16) gives [ Dzsech’h = 1 — p = §;, we obtain

R'(A) = /Dz ¥+ lr” = -8+ 18 = —18 (A104)
5 1+ 50 50t
Applying the same formula to f(h) = tanh i gives

w(A) = /DZ sech’h (1 —tanh k),  8)(A) = —/(A).
(A105)

Differentiating F, the two terms proportional to §; /2 from R’
and (Aé;/2) cancel, and we obtain the monotonicity relation

/ A /
F'(A) = Z8)(A)

A
=-3 /Dzsechzh(l —tanhh) <0 (A > 0).

(A106)
|
biGi] hiGl="". nG1=""
= ]'[’ = —, = -,
o[G1 »[Gi ) 4[G1 T
3 373
blG3] = - bL[G3] = e +m, L[G3]=

3

lrl = 7, Mﬂ=%+h,

3 )
Llhrl = —m, bLlhr]=- T +6m ), Ilr']=4mx1n2.

On the other hand, as A — 07, R(A)— In2 and
AS81(A)/2 — 0,30 F(0") = In 2. Therefore, F(A) < In2 for
every A > 0, and hence ®(A) > 0. In addition, the small-A
expansion in Appendix A 5, Egs. (A67) and (A68), gives

2 3

w(A) = A — A2+ 0(A%), W(A) = AT - % + O0(AY),
(A107)
and therefore
W(A) = l 4+ 0(A), DPA)= 1 + O(A). (A108)
Au(A) 4 4

In particular, ®(0") = 1/4. Since @ is continuous on (0, 00)
and u = [ Dz tanh? h > 0, its positivity together with the
positive limit at the origin implies that ® has a positive lower
bound on every finite interval 0 < A < Ag. The right-hand
side of Eq. (A102), however, tends to zero as p — oo. Thus,
a solution of the triple-point equation cannot remain in any
finite interval, and

Ae —> 0 (p— ) (A109)

follows.

b. Asymptotic formula for the Gaussian averages
and the scale of A,

Changing variables from z to 1 = A 4 +/Az, the Gaussian
density becomes

Az _2pn 4 _pjea)
e =pcle dh,
21
A2
= (A110)
T

For fixed A, h runs over the entire real axis. Let G be such that
e"W"G(h) is integrable for every m > 0. Then

_ (—1)F
DzG(h)=p ) ——— Iu[G],
/ g(; kI AK

1,[G] = / dh """ G(h). (Al11)

o0
This is an asymptotic expansion in 1/A, and only the required
orders will be retained below.
Let G, = 1 —tanh 7 and G3 = 1 — tanh® h. With the sub-
stitution u = e”, integration by parts using ' = —G, and
standard beta-function integrals, the required moments are

L[G] = B[G1] =0,

1573 N 373
32 2’

3
(A112)
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The odd moments I,_;[G] vanish by antisymmetry under # — 1/u. Applying Eq. (A111) to G = r and using Iy[r] = 7 and
bL[r] = n3/4 4 27 from Eq. (A112), we find

3
R(A) = p(lo[r] _EM 0(A2)> _ p(n _ T AT, 0<A2)) — Pl +0(A ). (AL13)

2A 8A

An exponential bound also holds for §; = 1 — . For all real 4, 1 — tanh i = 2/(1 + €?") < 2¢72", while trivially 1 — tanh /1 <
2. Split the Gaussian average at h = 0 (z = —\/X). On the negative side, the second bound gives 2d>(—\/X) < e M2 where @

is the standard normal cumulative distribution and ®(—u) < e~/ /2. On the positive side, the first bound and completion of

the square, e~/ = = HWA/2 give the same upper bound, 2®(—~/A) < e~*/2. Combining the two regions gives

81:l—uszz(l—tanhh)<2e_A/2, (A114)
and hence §; = O(e=*/?).
Substituting Eqgs. (A113) and (A114) into Eq. (A101) yields
A, = 2pln2(1 — JmAcp + O(p)) =2pIn2(1+0(/p27")), e 2/ =271+ 0(p**277)). (A115)
Only at this stage do we evaluate the limit of uP L Equations (A115) and (A114) imply 6; = O(277), so
(p—D|lnpul < p=Dar _ o277y =0, -1, pg= %MI—P — 41n2. (A116)

Thus, the known REM value 8. = 2+/In2 is recovered from
the triple-point condition itself, without assuming the REM
result in advance.

¢. Required moments

We now set A = A, for brevity. Withé; = 1 — pand 3 =
1 — 7, Eqgs. (Al11) and (A112) give

_ m? 5

(37[ 373 4+ 87

5
3 2 16A

+ 0(A2)>. (AL17)

Il
el

It follows that B = 1 — 3u + 27, defined in Eq. (55), is

T 373

B=38-28=p—=—-=— +0(A7D). Al18
1 3 P(A 8A2+( )) ( )

The constant term cancels, 37 — 37 = 0, and therefore B
starts at order p/A. This cancellation is crucial on the FM

side.
Using In2 cosh i = h + r(h), we also write

V=Var(h+r)=A+2Cov(h, r)+ Var(r) (A119)

and evaluate the terms successively from Egs. (Al111) and
(A112):

3
/Dz r(he) = ,Z)(n — % n O(A‘2)>, (A120)

373 + 247

Dz h.r(h,) = p| —
/zr()p(n—i— A

+ 0(1\_2)>,
(A121)

sz r(he) =4nIn2p + O(p/A). (A122)

(
Since [ Dzh. = A, the first two equations give

Cov(h, r) = /Dz her(he) — A/Dz r(h.) (A123)

3

T
= —TAD+ 5D+ O0(/N).  (Al24)

Furthermore, ( f Dzr)? = 0(p?) is exponentially smaller, so

Var(r) = 47 In2p + O(p/A) + O(p>). (A125)

Combining these results in V' gives

o 73+ 8 .
/Dzr(hc) = ,0<7t T TR + O(A )>,

3
V=A—27Ap+ (% e ln2>,<') +0(B/A).
(A126)

Intermediate terms of order Ap appear, whereas the final
specific-heat difference is only of order p. We therefore keep
track explicitly of the cancellation of these larger terms on
both the SG and FM sides. Terms of order O(A2p?) are
exponentially smaller and will be omitted.

d. Corrections to B2 and p” from the triple-point equation

Combining Eq. (A101) with 82 = (2A./p)u'~7 gives

2 — ( Ac81
B =4u"r an—/Dzr(hc)— 5 ) (A127)

Using ji” = 1+ p8 + O(A25?) and ps; = A.8,/(21n2) +
O(A?p?), the Ap terms cancel and we obtain

gt =4tn2—4 [ Derho) + 002

681

2In2

wh=1- + O(A*p?) (A128)

as required.
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e. Quadratic coefficient on the SG side
We use Eq. (42), namely Agg = (pfﬂ /@, With @ =
BeuP/2 and @ =V —2W =V —A.+2In2 -2 [ Dzr,
where the last form follows by substituting Eq. (A100) into the

identity ¢, =V — 2W of Appendix A 3 d. Equations (A126)
and (A128) give
oy =2 b~ [ Derop (129

3
Qo =2In2 — 2w Ap + <% + 4r 1n2—271>[)+0(,5/A).

(A130)

Using A.8; = Ap — (13/8)p + O(p/A), the terms of or-
der Ap cancel in the ratio, leaving

Asg =3 —7mp+O0(@InA/A,) (A131)
as claimed.
[ Quadratic coefficient on the FM side
We separate Eq. (44) into the three contributions
H’p c T-1
AFM_7+ B+ H v (A132)

and evaluate them individually.

First, the response term does not contribute at leading
order. Indeed, ¢, = (QA./B:)B, and 2 = (p — 1)A./u, so
Omp = O(A%D). Matching the scale of the Hessian then gives
v 'H v = O(A2p?).

For the remaining two terms, Eqs. (A117), (A118), and
(A128) give
3

» _
-y BN Y) SRR INES)
A? TAp 373 _
ﬁ_f. =12 mp 4+ O(p/A). (A134)
Again the two A p terms cancel exactly, and hence
A=t T o ioGpmAsA) A
2  16In2 '
follows.

g. Specific-heat difference, curvature, and range of validity

Taking the difference of Eqgs. (A131) and (A135) gives
3

~ 161n2
Csg — Crm = B2(Arm — AsG)

Using 2 = 4In2 + O(p) reproduces Eq. (A98) stated at the
beginning of this subsection. Thus, K > 0 for all sufficiently
large but finite p, and the curvature behaves as

3
7o\ e
K~+~/In2(47In2 — —

( 4 > V2T A,
and tends to zero in the REM limit. Equation (A115) shows
that the exponential factor is 277 and that the full scale, in-
cluding the algebraic prefactor, is 277/, /p. Therefore the ratio
of successive terms when p is increased by one approaches 2

Apm — Asg = (n )p +0(GInA /AL,

(A136)

—A:/2

(A137)

asymptotically. This proves the nearly geometric decay ob-
served in Table II.

Numerically, one also finds (1/2 — Asg)/p — &, (1/2 —
Apwm)/p — 7°/(161n2), (A — Asg)/p —> 7w — 73/
(16In2) = 0.34581 ..., in agreement with the asymptotic
result.

What has been established analytically in this subsection
is the leading asymptotic term (A98) and its positivity. We
have not derived a uniform bound on the error O[(In A.)/A.]
or an explicit threshold for “sufficiently large p.” The posi-
tive coefficient 477 In2 — 773 /4 = 0.9588 . . . is the difference
of two comparable terms, 8.7103... and 7.7516..., and is
therefore reduced by a factor of less than one order of mag-
nitude by cancellation. The smallness of Csg — Cry at finite
p is governed primarily by the exponential factor 277/, /p;
the cancellation in the prefactor provides an additional, but
secondary, suppression.

APPENDIX B: STABILITY: REPLICON EIGENVALUES

This Appendix summarizes the basis for the statements
about replicon eigenvalues and stability in Sec. II C, using the
compact form of Eq. (41) of Ref. [40].

1. AT eigenvalue of the RS-FM solution

Equation (41) of Ref. [40] gives the innermost-block repli-
con eigenvalue of a IRSB solution, which reduces to the AT
eigenvalue in the RS limit, in the form

_prp—1

2
where E is the effective field of the corresponding block and
(-) denotes the Gaussian average with the appropriate block
weight. For the IRSB-SG solution (m = gy = 0), E = /A v
and Eq. (B1) reduces to Eq. (22b). Since the RS solution is
contained as the degenerate limit gy — ¢, the AT condition
for the RS-FM solution is simply

=1 B2q"* (sech*E), (B1)

—1
Ars = 1 — % B2qP2 / Dzsech*n. (B2)

This is the p-body version of the de Almeida-Thouless con-
dition [53], with the notation of Eq. (12). This expression is
Eq. (22a) of the main text.

2. Value at the triple point and equality for the two solutions

At the triple point M, the field becomes the Gaussian vari-
able h, = A, + /A, z. Using sech* = (1 —tanh®>)? =1 —
2 tanh? 4 tanh* together with the NL identity (16),

/Dz sech*h, =1 =2+ 1=2AM) = 1 — Q (1-21 + 1),

— w '33 w2,
which is Eq. (23) of the main text. For the SG-side 1RSB so-
lution, the innermost replicon in Eq. (22b) has, as x — 1, the
same Gaussian distribution by Eq. (A22). It therefore takes the
same value (B3) at the triple point. This is the equality stated
in Sec. II C. As shown in Tables I and II, .(M) > 0 throughout
the range evaluated numerically (integers 3 < p < 12 and the

Q (B3)
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TABLE VI. FM-SG phase boundary for p = 3, shown as the deviation from joy = 1/(27.) = 0.767595. On the FM side we use the
RS-FM branch for 7 2 0.435 and the 1RSB mixed-phase branch at lower temperatures. The portion below T =~ 0.435 is provisional because

the mixed-phase solution is replicon unstable (Appendix B).

T 0.28 0.30 0.33 0.36
(& — jom) x 10° 1.37 1.35 1.32 1.26

0.40 0.44 0.48 0.52 0.56 0.60 0.63
1.14 0.97 0.75 0.50 0.28 0.10 0.02

continuous-p scan), with A(M) = 0.3305 for p = 3. These
results strongly suggest positivity for every finite p > 2. As
p — 2%, A(M) approaches zero from above, as discussed in
Sec. III D, consistent with marginal stability in the SK limit.

This equality concerns only the value at the single point
M and does not imply that the stability structures of the two
branches are the same.

For T < T,, x* < 1, and q; # m, and the correspondence
used above is immediately lost: The (2 cosh)® average is no
longer the same Gaussian average as the FM effective field on
the NL. The two replicon eigenvalues therefore split. For p =
3,atT/T. = 0.95 the IRSB-SG value is A; = 0.325, while the
RS-FM value on the NL is Ags = 0.486; at T /T, = 0.70 the
values are 0.270 and 0.903, respectively. The SG-side replicon
decreases slowly and reaches zero only at the lower Gardner
temperature T (T =~ 0.24 for p = 3; Sec. 1V), whereas the
FM-side replicon on the NL increases and the solution be-
comes more stable. The latter behavior is consistent with the
absence of RSB on the NL discussed in Sec. II B.

3. Stability along the phase boundary and provisional
low-temperature continuation

Evaluating Eq. (B2) along the phase boundary for p = 3,
the RS replicon changes sign at Txr 2~ 0.435. Thus, the RS so-
lution on the FM side becomes unstable a finite distance below
the triple point. The 1RSB solution on the SG side remains
replicon stable down to the Gardner temperature Tg ~ 0.24.
Consequently, both solutions entering the comparison are sta-
ble only for T 2 0.435, and both the expansion in Sec. III and
the numerical comparison in Appendix C are self-contained
within this stability window.

As shown by Nishimori and Wong [40], the RS solution
on the FM side becomes unstable at the AT line. One may
provisionally continue the phase boundary below T =~ 0.435
by using the 1RSB mixed-phase solution of Ref. [40] and
equating its free energy to that of the 1RSB-SG solution.
However, the innermost replicon (B1) of this mixed solution
is also negative along the resulting boundary. This continuous
instability is of the same type as that below the AT line in
the SK model [53-55], in the mixed phase [38,39], and at the
Gardner transition of the Ising p-spin model [52]. It suggests
that higher-step RSB and ultimately a marginal fRSB solution
are required. The 1RSB phase diagram of Ref. [43] for p = 3
draws this boundary down to zero temperature and likewise
regards the low-temperature mixed phase as requiring an
fRSB description. What is established here is only that the
continuous 1RSB mixed-phase branch of Ref. [40] followed
in this work is replicon unstable near the low-temperature part
of the boundary and therefore cannot be the stable physical
solution. We do not exclude other 1RSB stationary branches.
The RSB structure of the stable mixed phase and the corre-

sponding low-temperature phase boundary remain open. The
main conclusions of this paper, Secs. III and IV, do not depend
on this low-temperature continuation.

APPENDIX C: NUMERICAL DETERMINATION OF THE
PHASE BOUNDARY FROM FREE-ENERGY COMPARISON

In this Appendix, we determine the FM-SG phase bound-
ary directly by numerical comparison of the two free energies
and compare it with the analytical result of Sec. III. The
boundary is followed not only close to the triple point but
throughout the range in which both branches are replicon
stable.

1. 1RSB free energies of the two phases

We use the 1RSB functional as a common variational
framework for comparing the two phases. The SG phase is
simply the specialization m = gy = 0 of the same functional,
as explained in Sec. II C; the RS solution is included as the de-
generate limit go — ¢;. The phase diagram of Ref. [40] (their
Fig. 7) contains an RSB ferromagnetic, or mixed, phase at
lower temperatures. However, the RSB mixed-phase solution
of Ref. [40] adjacent to the IRSB-SG phase is replicon unsta-
ble and cannot be regarded as a stable equilibrium branch. We
therefore do not use it in the main comparison near the triple
point. It is referred to only for the provisional low-temperature
continuation below 7 =~ 0.435 discussed in Appendix C2;
Appendix B 3 explicitly notes that this continuation does not
affect the main results. Near the triple point, the stable ferro-
magnetic phase adjacent to the SG phase is the RS solution,
as shown by the stability analysis in Appendix B. This is
consistent with Sec. II C, Sec. III, and the treatment of the
stability window in Appendix C 2.

2. Numerical phase boundary: Monotonic reentrance

For each T e (Tg,T.), we solve —Bfem(T, jo) =
—Bfsg(T) for j5(T). The results for p =3 are listed in
Table VI.

The boundary has three clear properties: (i) j; = jom
throughout, (ii) j; — jom as T — T, and (iii) j; increases
monotonically upon cooling, reaching a deviation of 1.37 x
1073 at 7 = 0.28. This small, monotonic bending is con-
sistent with the slight bending toward larger bias reported,
without quantitative detail, in the 1RSB phase diagram of
Ref. [43]. This is precisely the reentrant shape allowed by
gauge symmetry, and it is fully consistent with constraint
(iii) of Sec. IIB. For a fixed jy in the interval jou < jo <
Jom + 0.97 x 1073, comparison of the two stable branches
alone gives the sequence PM — FM — SG upon cooling.
Within the stability window T 2 0.435, the FM branch is the
AT-stable RS solution and the SG branch is a replicon-stable
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TABLE VII. p dependence of the FM-SG phase-boundary devi-
ation at fixed reduced temperature 7' = 0.70 T,.(p). Here Ags is the
AT (replicon) eigenvalue of the RS solution on the FM side and Asg
is the innermost replicon eigenvalue of the 1RSB solution on the SG
side. Both are positive at every point shown.

4 T.(p) Jom = 1/QT) (i — jom) X 10°  Ags AsG

3 0.651385 0.767595 0.885478 +0.05 +0.27
4 0.616883 0.810526 0.305201 +0.41 +0.53
5 0.606952 0.823789 0.115729 +0.64 +0.71
6 0.603296 0.828781 0.047815 +0.78 +0.82

1RSB solution. This comparison by itself does not prove that
no other globally stable branch intervenes. The numerical
phase boundary in this stable window joins smoothly onto the
analytical formula (51) derived in Sec. III; see Fig. 3(b). A
quantitative comparison is given in Appendix C 3.

Below T ~ 0.435, the RS-FM solution is AT unstable,
and we use the RSB mixed-phase solution for a provisional
continuation. Since that solution itself is replicon unstable
(Appendix B), the low-temperature part of Table VI is pro-
visional. None of the main conclusions of the paper depends
on this part.

The same stability criterion can be applied to p > 3. Using
accurate values of 7.(p) and fixing the reduced tempera-
ture at T = 0.70 T.(p), we locate the boundary by equating
the free energies of the AT-stable RS-FM solution and the
replicon-stable 1RSB-SG solution. The results are shown in
Table VII; the replicon eigenvalues were checked explicitly
at every point. The boundary deviation at this fixed reduced
temperature decreases monotonically as 0.885 — 0.305 —
0.116 — 0.048 in units of 1073 for p =3 — 6, showing a
clear trend toward the exactly vertical boundary of the REM
limit, p = oo (Sec. III D). This is consistent with the decrease
of K(p) in Table II.

This is the boundary deviation at a fixed reduced tem-
perature, not the maximum deviation, or the full width of
reentrance, for each value of p.

3. Quantitative comparison between the direct boundary
calculation and the analytical formula

Within the stability window, we follow the point ji(T') at
which the free energies of the AT-stable RS-FM and replicon-
stable IRSB-SG solutions are equal as 7 — T.. We compare
8/t%, where § = ji — jom and t = T, — T, with the analyti-
cal curvature K in Eq. (51). The p = 3 results are listed in
Table VIII.

For p=4, the same procedure gives §&/t> =
0.013139, 0.013086, 0.012982 at t = 0.002, 0.004, 0.008,
respectively. Extrapolation to t — 0 gives 0.013192, in
agreement with the analytical value K = 0.013191 in Table II.

APPENDIX D: TWO-TEMPERATURE REPLICA
CALCULATION

This Appendix independently tests the logical consequence
obtained in the main text, i.e., the existence of a pair of distinct
temperatures in the finite-temperature SG phase for which

TABLE VIII. Comparison for p = 3 between direct numerical
determination of the phase boundary and the analytical formula. The
last column is normalized by K = 0.043330 from Table II. A linear
extrapolation to + — 0 gives K = 0.04333, in agreement with the
analytical value to five digits. The ¢ dependence of the residual, with
slope >~ —0.12, is the contribution from the cubic term.

T t=T.—-T  §=j;— jou 8/1? 6/t*)/K
0.650 0.001385 8.281 x 1078 0.04316 0.9961
0.648 0.003385 4.917 x 1077 0.04291 0.9903
0.644 0.007385 2313 x 107° 0.04241 0.9788
0.635 0.016385 1.109 x 1073 0.04132 0.9536
0.630 0.021385 1.862 x 1073 0.04073 0.9400
0.615 0.036385 5.162 x 1073 0.03899 0.8998

Py(x | B1, B2) = 8(x), by placing two species of replicas at
different temperatures in the same disorder realization, as in
Refs. [27,56]. Whereas Refs. [27,56] study a constrained free
energy at fixed cross overlap, we impose the structure of
matched pairs as an ansatz. This distinction is discussed in
Appendix D4 (iv). A different approach to the same question
is the state-following method of Refs. [42,43], which com-
putes by a generalized cavity method the free energy of the
state in equilibrium at one temperature when the temperature
is changed, and compares it with the equilibrium free energy
at the new temperature. Here, instead, the two temperatures
are treated symmetrically within the replica method, and the
cost of a one-to-one correspondence of states is evaluated.
We translate the physical picture required by the absence
of temperature chaos, a one-to-one correspondence between
pure states at the two temperatures, into a replica saddle-point
structure and evaluate its cost.

1. Two-temperature functional and matched-pair sector
a. General two-temperature replicated action

For the same realization of the disorder {/}, introduce repli-
cas 0 (a=1,...,n) at inverse temperature 8; and replicas
t* (¢ =1,...,m) at inverse temperature S,. In this Ap-
pendix, m denotes the number of replicas at temperature 2 and
is unrelated to the magnetization m used in the main text. The
disorder average of the replicated partition function for the
Hamiltonian (3) is

[z1zy] = [T @i, P(Uii) | Tros
i <-<ip
xexp| Y Jii i, |- (D1)
i <-<ip
Aipiy =B1 Y ol -0l + By T8 (D2)

The Gaussian integral over each p-tuple of couplings can be
performed independently, and the distribution (4) gives

[Zl Z5 ] =Trs . expi ;i prlAil“"‘P + 4Np1Ailwi”>.
| <<ip

(D3)
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We next expand A and A? and carry out the sum over p-
tuples. Define the overlaps

my, = %Xi:aﬁ, My = ]%Xi:fia’ qab = ]%/ Xi:oi“aib,
]%Xi:fiafﬁ S = ]%Xi:ai”ri"‘.

Then, for large N, the exponent per spin in Eq. (D3) is

(D4)

raﬂ =

1
7 (1 +mB3)

BT sy, +25152 YL,

a#b a#B
+ j0<,31 > oml+ ﬁzzmé’)
a o

In A%, terms with a = b give (ojf -0 )> = 1 and hence the
constant n; terms with o = § similarly give m. By contrast, o
and 7 belong to different replica sets, so there is no diagonal
component in the cross term and all nm pairs (a, @) contribute
nontrivially. In the SG sector the magnetizations vanish, m, =
iy = 0, and the last term in Eq. (D5), containing jj, drops
out.

The quantities gup, 7op, and s, in Eq. (D5) are still
functions of the spin configurations. We promote them to
independent variational variables by inserting § functions for
every pair,

(D5)

(Do)

1=N / dqa 8 (Nqab -> oﬁaf’)

and similarly for r,g and s,,. Their Fourier representations
introduce conjugate variables A7, A wps and Ay, . Taking the

conjugate term in the form Y_,_, A%, (3", 0f'0? — Nq.) and
analogously for the other sectors (with ), for the cross
term), the full exponent is proportional to N and can be eval-
uated by the saddle-point method. Stationarity with respect to
the overlap variables g, 74g, and s4q, i.e., differentiation of
Eq. (D5) with respect to them, gives

pﬁz 1
A =P A

2
)\q _ pﬁl p—1
otﬂ - 2 01;3 ’

ab — 2 & bap >

_ PP s
- 2 ao
(D7)

for the conjugate fields. The trace over spins factorizes
over sites, so the terms containing A produce InTreZ per
site, where Tr is over the n + m one-site replica variables.
At the same time, the subtraction terms — ) _ Ag remove p
times the polynomial contributions through Eq. (D7); conse-
quently the coefficients of g”, r”, and s” change from 1 to
1—p.

Collecting the terms, the replicated action per spin, after
eliminating the conjugate variables at the saddle point and
treating the intratemperature overlaps g, and r,g and the
intertemperature overlap s,, (hereafter the cross overlap) as

variational variables, is

1 p—1
G= Z("ﬂf +mp3) — I
< B ah+ B 1 42818 st
a#b a#p a.a
+InTre%, (D8)
a#b asﬁﬂ
+ ,31,322s” lgaze (D9)

The two-temperature overlap distribution P, is the disorder-
averaged distribution of the overlap between a configuration
o drawn from the Gibbs measure at 8; and a configuration ©
drawn from that at 3;:

—B1H(0) ,—p2H(7)
e e Y

- = E 0T
Z, (C ! l)

(D10)

h(¢) =

o,T

The factors 1/Z; and 1/Z, in the denominator can be removed
with 1/Z; =lim,_oZ}~" and 1/Z, = lim,¢Zy""", so the
right-hand side can be represented by the same n + m replicas
as Eq. (D1). The overlap in the argument of the § function is
one particular s, say (a, @) = (1, 1). Since replica labels are
arbitrary, we may average over all nm pairs. Therefore,

. 1
P(¢) = lim — ;a(g ~ Saa) (D11)

follows.

b. Independent equilibrium clusters

Before introducing the matched-pair sector, we restrict
Egs. (D8) and (D9) to one temperature and substitute the
1RSB structure to isolate the contribution of a single inde-
pendent equilibrium cluster. This is the standard 1RSB replica
calculation, but we give the steps explicitly to make the com-
parison with a matched pair in Appendix D1 c transparent.

Setting s,, = 0 completely decouples the two tempera-
tures. Keeping only the n replicas at temperature 1 gives the
action

1 —1)8?
G, = Z”ﬁ% _ (p ; )Bi 7,
a#b

+ InTrexp p,31 Zqﬁb loto?
a#b

(D12)

We now impose the 1RSB ansatz in the SG sector: divide the
n replicas into n/x blocks of size x and set

q {ql (a # b in the same block),
ab =

qo = 0 (in different blocks) (D13)

as usual.
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In the polynomial part, there are x(x — 1) ordered pairs
within each block and n/x blocks, so

n D D
Y gl == x(x—1)-q] =n(x—1)q}.
a#b *

For the exponential term, correcting for the diagonal contribu-
tion (6%)* = 1, we write

2

a#b aeB

(D14)

n=Epiar, (D15)
where ), runs over the blocks. The variance A; appears
naturally at this stage as the coefficient of the conjugate field.

Because gg = 0, different blocks are uncoupled. Lineariz-
ing the square in each block by a Gaussian integral, the
one-site trace factorizes completely over blocks:

2
Trexp %Z <Za“> —x

B acB

= H [eA’x/2/Dz(2 cosh \/Alz)x} = (L(x))"*
B
(D16)

as shown.

Substituting Egs. (D14) and (D16) into Eq. (D12), G,
separates into a term proportional to n and a term proportional
to the number of blocks n/x:

I , n
G = —nfi + - g1(x), (D17)
4 X
— 182
@=L g ),
I (x) = e 2%/2 f Dz (2cosh /A z). (D18)

Thus, g;(x) is the contribution of one 1RSB cluster at tem-
perature 1 to the replicated action. In the limit n — 0, the
free energy per spin is ¢ = lim,_o G /n = B} /4 + g1(x)/x,
which agrees with ¢sg in Appendix A la, Eq. (Al). The
corresponding quantity g,(x) at temperature 2 is obtained by
the replacements 8; — B, and q; — ¢».

We call the solution (g;, x;) of the isolated one-temperature
1RSB equations d¢/dq; = d¢/dx = 0 the equilibrium val-
ues, and a block carrying these values an equilibrium
cluster (equilibrium 1RSB cluster). The equilibrium values
are determined independently at each temperature before the
matched-pair sector is varied. The notation g (x;) and g,(x7)
below always refers to these on-shell equilibrium values.

¢. Matched pairs

A matched pair consists of a block B of X; replicas at tem-
perature 1 paired with a block B, of ¥, replicas at temperature
2. We form k such pairs; all remaining blocks stay as unpaired
equilibrium clusters. By the “interior of a pair” we mean the
set of X; 4 X, replicas belonging to one such pair. Extending
the one-temperature 1RSB ansatz (D13), we partition the full
replica set into unpaired blocks and paired block pairs, and
inside one pair set

qga» = G1 (a # b € By),
rep =T (a0 # B € By),

Saw = 81 (a € By, a € By), (D19)
with all overlaps to replicas outside the pair equal to zero
(go = ro = 0 and s = 0). Tildes emphasize that these are vari-
ational values defined only inside a pair and may differ from
the equilibrium values (g1, x;) and (g3, x») of unpaired blocks.
We also allow ¥; # x; and X, # x;. Thus, all five quantities
(41, X1; 71, X2; 1) inside a pair are varied.

The structure is most transparent in the (n + m) x (n + m)
overlap matrix

(SQT ;), Q:nxn, R:mxm, S:nxm, (D20)

where Q contains g, R contains r,g, and S contains the
cross overlaps s,,. Compared with the one-temperature 1RSB
matrix Q, the essential new information is which subblocks of
S are nonzero; these determine which blocks are paired.

As an example, take n = m = 6, all block sizes equal to 3,
and k = 1. Divide temperature 1 into B; = {¢', 62, 6} and
B, = {o*, 03,00, and temperature 2 into B, = {t!, 72, 73}
and B, = {t*, 7%, %}. Pairing B, with B, gives

0 ¢ &
aq 0 4 0
i g1 O
0 a1 aq
0 aq 0 q
91 _q1 O
S S S1
S1 S 8 0
St 8S1 S
0 0

St 51 S
S1 S1 S1 0
S1 81 81
0 0
0o n D21)
/o0 7 0
o0
0 r r
0 rt 0 r
r ri 0
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All blank entries are zero, and the double lines separate Q, R,
and S. The matrix is read as follows.

(1) The upper-left block of Q (inside B;) is paired and
therefore has overlap §; the lower-right block (inside B})
is unpaired and retains the equilibrium value ¢g;; the overlap
between the two blocks is gg = 0. The R sector is analogous,
with 7, r, and ryp = 0.

(2) In S, only the X%, entries in By x B, equal s;; all
other entries vanish. There is no diagonal zero inside this
block because o and 7 are different replica sets: o' and 7!
are independent spin variables. This is the matrix version of
the statement in Appendix D 1 a that the cross term has no
diagonal component.

The block sizes were chosen equal only for illustration. In
general we allow X # x;, Xy # x», and X1 # X5.

An unpaired block is a block such as B} or B) in this
example, for which the corresponding rows or columns of
S vanish identically, i.e., a block with no partner. Since it
is not constrained to match a state at the other tempera-
ture, both its internal overlap and its block size remain at
the one-temperature equilibrium values (g, x;), and g;(x})
from Appendix D 1Db is the contribution of one such block.
By contrast, B is constrained to have a partner at the other
temperature, which biases the state selection and shifts the
internal overlap to §; # g and the block size to ¥; # x;.

Which block is paired with which is arbitrary, and pair-
ings related by a permutation of replica labels have the same
action. Their number contributes only as a multiplicity. The
dependence on this combinatorial factor will appear as a limi-
tation of the criterion (D36) below. Increasing k simply places
k copies of the §; and s; block structure in Eq. (D21); the
action is therefore linear in k. The difference between the
replicated action with k matched pairs and that with no pairs
can be written as kKA. We call A the action difference per
matched pair; its explicit form is derived below in Eq. (D33).

The sign of A is the central quantity in this Appendix.
Since the action is defined per spin, the statistical weight of
a configuration containing one matched pair relative to the
unpaired configuration is proportional to V2. If the station-
ary value A* is zero, then a finite-overlap configuration with
s1 # 0 that pairs pure states at the two temperatures can occur
without an exponential penalty, and P>(¢) may retain a peak at
¢ =57 > 0.If A* < 0, then its weight vanishes in the thermo-
dynamic limit and the cross overlap collapses to ¢ = 0. Thus,
within this ansatz, the sign of A* distinguishes correlated from
uncorrelated configurations at the two temperatures and serves
as a diagnostic of temperature chaos.

The five internal quantities of a pair, (G, %1), (7, %), and
s1, are not prescribed. They are determined self-consistently
by the stationarity conditions derived in Appendix D1d; in
particular, s; is not chosen by hand. In the replica limit
n,m — 0, the number of blocks n/x; itself tends to zero,
and Eq. (D21) is only a formal illustration. The quantity that
survives analytic continuation is the coefficient linear in k.

Setting uy = )_,cp 0% and uy = ), p T and restricting
Eq. (DY) to a single pair, the same algebra as in Eq. (D15)
gives

A A .
2, = Tl(u% —5)+ 72(145 — %)+ Apuius, (D22)

where the coefficients are precisely the conjugate-field coeffi-
cients in Eq. (D9):

x P o x P op— ~ p _
Ay = Eﬁfclf LAy = 5/3227{’ ! A12=§,31,32S1 "

(D23)

The cross term has no factor 1/2 because ), , counts each
pair only once, whereas ), 2, COunts an intratemperature pair
twice.

To linearize this quadratic form, we extend the one-
dimensional Gaussian transformation in Appendix D 1b to
two variables:

1 .
exp [Ewl, uzM(Zi)] = / D[hy, hy] "t

(D24)

The measure is the zero-mean two-dimensional Gaussian
measure with covariance matrix A:

dh;dh,

1 -
Dlhy, hy] = ——— exp |:——(h1,h2)A_l< >:|,
27 +/det A 2 hy
detA = A A, — A%, (D25)
Equivalently, (h;) = (hy) =0, (h3) = Ay, (B3) = A,,

(hihy) = Ap,. Using independent standard Gaussian variables
71, 22, ONE may write

hy =+/Az,
hy =/ Aas(pzi + /1 —p22),

Ap ( 51 )p_l (D26)
P=—F= — ,
vV AlAz AV qir
and [ D[hy,h,] = [ Dz; [ Dz,. The parameter p is

the correlation coefficient between the two Gaussian
fields. Tracing over the spins in B; and B, produces
(2cosh i) (2cosh i), while the terms —A;%/2 in
Eq. (D22) give the prefactor e~ (A1%1+42%2)/2,

For Eq. (D24) to hold, the covariance matrix must be
positive semidefinite: det A > 0, or equivalently |p| < I.
Since Eq. (D23) gives A o (overlap)”~!, this is equivalent to
s%(pfl) < (@)Y e, |s1] < /Gi71. The meaning of this
upper bound is clearer from the definition of the overlaps in
Eq. (D4). If (0;); and (t;), are the site magnetizations within
the two pure states forming a pair, then for replicas inside the
pair Eq. (D4) gives

1 1 1
g1 = N Z(Gi)%’ F1= N Z(m%: Si= Z(Cnh (Ti)2-

l (D27)

The sums run over all N sites, as in Eq. (D4); the factor 1/N
is the normalization per spin and is unrelated to the number
of matched pairs. Applying the Cauchy-Schwarz inequality to
this form of s; gives the same upper bound. We refer to it
below as the Cauchy-Schwarz bound.

The sign of s; may be restricted to the positive branch for
the following reason. For odd p, p — 1 is even, and hence p in
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Eq. (D26) is nonnegative irrespective of the sign of s;; hence
h; and h, are always nonnegatively correlated. The right-hand
side (tanh h; tanh h;) of the overlap equation (D48) is then
nonnegative, so any stationary solution satisfies s; > 0 and
restricting the search to s; > 0 is self-consistent. Moreover,
for odd p the Hamiltonian (3) is not invariant under the global
reversal o — —o, so there is no =+s; degeneracy to begin
with. For even p, solutions with p < 0 also exist, but the
polynomial part of Eq. (D29) depends on s; only through
st and is therefore even in sy, while In/ is invariant under
p — —p because (2coshh,)® is even. Thus, the action is
invariant under s; — —s; by global spin-reversal symmetry,
and the two signs represent the same solution. In either case it
is sufficient to consider

0<s1 <V (D28)
as the allowed range.
The contribution of one matched pair is therefore
pP— 1 ~ [~ ~ ~ [~ ~P
g = — —— (BTG — D/ + frRa( — DF
+ 2,31,325515523‘11)) + In i, (D29)

[ = e Bititham)/2 / D[hy, hy] (2 cosh hy)™ (2 cosh hy ).
(D30)

We call all terms in g, other than In 7, i.e., the algebraic terms
containing powers of the overlaps, the polynomial part.

Because the action is additive over clusters, the action
difference can be obtained by keeping only the pieces that
change when a pair is formed. In the reference state with
k = 0, temperature 1 contains n/x; equilibrium clusters and
temperature 2 contains m/x; equilibrium clusters; the two sets
are independent. The cluster-dependent part of the action is
therefore

G(0) = “-g1(x1) + —ga(xa). (D31)
X1 X2
Now form k matched pairs. The number n of replicas at
temperature 1 is fixed. Of these, k%; belong to paired blocks,
while the remaining n — kX%; belong to equilibrium clusters of
size x;. Thus, the number of equilibrium clusters on side 1
decreases from n/x; to (n — kX;)/x;, a loss of X /x; clusters
per matched pair. The same reasoning gives X, /x; on side 2.
Each matched pair contributes g, so

n X m X
Gk) =kgp+ (— - k_>gl(x1) + (— - k-)é’z(xz).
X1 X1 X2 X2
(D32)

Taking the difference cancels all terms proportional to n and
m, giving G(k) — G(0) = kA with
X X
A=gin——gi(n) = —g(n) (D33)
X1 X2
as claimed.
The subtraction has a simple bookkeeping meaning. If
one merely added g;,, then the replicas used in the matched
pair would be counted twice. Before pairing, those replicas

contributed as parts of equilibrium clusters through g; and g»,
and these contributions must be removed. The factors X;/x;

arise because a pair uses ¥; replicas while one equilibrium
cluster contains x; replicas. Thus, A measures the change in
the action produced by forming one matched pair relative to
the reference state in which the two temperatures are treated
independently. The quantity g, by itself is only the absolute
contribution of one pair; without a reference state, its sign has
no meaning.

Since G(k) — G(0) is linear in &, only the coefficient A
matters and there is no need to specify a particular value of k.
This is the direct consequence of the linearity of the action in
the number of matched pairs.

In terms of states, s; is the overlap between a configuration
drawn from a pure state at 8 and one drawn from a pure state
at B3,. Its relation to the overlap distribution can be followed
directly. Equation (D11) shows that P; is the histogram of the
nm cross overlaps s,,. In the matched-pair ansatz, among the
entries of the S block in Eq. (D21), exactly kX%, are equal to
s1 and all others are zero. Hence,

P()=~10- wpair)a(g) + Wpair (¢ —s1)s

N b)
Wpair = lim ——= (k).
p
n,m—0 nm

(D34)

Here k is the number of matched pairs in a particular replica
configuration and (k) denotes the average with respect to the
sum over k described below. Configurations with all possible
values of k contribute to [Z]Z}'], so k need not be fixed. Since
the action is linear in k as in Eq. (D32), let M (k) be the number
of ways of choosing k matched pairs, a combinatorial factor
independent of N. Then

[Z72] ~ " M(k) N O
k

(D35)

and the distribution of k is weighted by ¢V, For A < 0,
all kK > 1 sectors are exponentially suppressed and (k) ~
[M(1)/M(0)]e¥*. Equation (D34) then suggests the expo-
nential identification wpy ~ eV for the weight of the
nonzero-overlap peak.

This identification concerns only the leading expo-
nential dependence. We do not prove that the prefactor
lim,, ,,—0[M(1)/M(0)] XX,/ (nm) remains finite and nonzero.
For example, a formal block-level counting would choose one
block out of the n/x; blocks at temperature 1 and one out
of the m/x, blocks at temperature 2, giving M(1)/M(0) =
nm/(x1x;). The factors nm then cancel and the prefactor be-
comes the finite quantity ¥;%,/(x;x;). In the replica limit,
however, the block numbers n/x; and m/x, themselves tend
to zero, and thus this counting is formal and requires an
analytic continuation of the combinatorial coefficients M (k),
which we do not justify here. We therefore use A* only as
the exponential suppression rate of the nonzero-overlap peak
within this restricted sector. See also Appendix D 4 (iv).

The criterion within the present ansatz is therefore

51 >0, A*=0 == wpy,r is not exponentially suppressed,

Nar (D36)

A" <0 = wpir ~ € — 0

as written. We call the case A* = 0 zero cost.
If A* =0, then a configuration that pairs pure states at 8,
and B, with a finite overlap s} carries no exponential penalty,
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and the overlap distribution P, can retain a peak at { = s7 > 0.
This is the picture expected in the absence of temperature
chaos. If A* < 0, then the weight of this peak vanishes as
N — oo and, within the present ansatz, the weight of P, is
driven to ¢ = 0, as expected in the presence of temperature
chaos. The conclusion A* < 0, however, excludes only the
peak associated with the particular type of matching explored
by this ansatz. The limitations of the ansatz and of identi-
fying A* with a large-deviation rate for P, are discussed in
Appendix D 4.

Zero cost is a necessary but not a sufficient condition for
the absence of chaos. If A = 0 in Eq. (D35), then all k sectors
have the same exponential weight, and wp,;; is controlled
entirely by the prefactor above, which need not be O(1). The
REM is an explicit example: only when the exact result that
the nonzero-overlap peak has O(1) weight [50] is combined
with A* = 0 in the p — oo limit can one conclude that tem-
perature chaos is absent.

d. Stationarity equations

The stationarity conditions follow by differentiating
A with respect to the five variational parameters
(¢1, 71, 81, X1, X2). For later use, define the unnormalized
integral with respect to the Gaussian measure D[/, h;] and
the normalized average weighted by (2 cosh 411)* (2 cosh h, )™
as

JIF] = /D[hl, hao) F (hy, hy),

2 cosh 11 )* (2 cosh hy Y2 F
(F) = J[(2cos 1)~( cos 2)~ ]' (D37)
J (2 cosh hy)* (2 cosh hy)*2]
The denominator in (-) is the integral in I [Eq. (D30)] with-
out the prefactor e~ (A1 ¥1+42%2)/2 Tn terms of the independent
standard Gaussian variables in Eq. (D26),

[ Dz [ Dzy (2 cosh hy Y"1 (2 cosh hy Y2 F

F) = _ — . (D38
() fDZl fDZz (2 cosh Ay )*1 (2 cosh hy )2 ( )
with iy = VA1z1 and by = v/ Ax(pz1 + /1 — p22).

Consider first the overlap variables (G, 7, s1). The log-
arithm In7 depends on them only through the covariance
parameters (A, Ay, App), because the measure (D25) is spec-
ified entirely by the covariance and the integrand has no
additional explicit dependence on the overlaps. Thus,

8_~A _ 8(polyn01~nial part) 0 lfli 81}1’ (D39)
3G 3G A 94
where the factors are
d(polynomial part) p(p — 1),312 -1
~ =- G -0gq
Bql 4
A

1 P(P )ﬂl ~p— 2’ (D40)

En
and similarly for 7; and s;; the latter enters through A,
Derivatives with respect to the covariance can be evaluated
with Gaussian integration by parts for J:
0JIF) _ 1, ’F1 aJIF] _ 9°F
oA, 27 Lamr ] 8An T Lamdh

]. (D41)

To see this directly, write the measure (D25) in Fourier form.
With b = (hy, h)" and k = (k, k)T,

Dlhy, hy] = dhidh /—de e —1kT1~\k+'k h
o] = X = ik -h|,
1, 2 m o L

k"Ak = A k2 + 28 ok ky + Agk3. (D42)

Th1s is the inverse transform of the characteristic function

e %" Ak/2 of the Gaussian measure. In the exponent, A | appears
only as —Alkf/Z, so 3/dA; brings down —k%/Z, whereas
d2/dh? brings down (ik;)> = —k7. Thus, the Gaussian mea-
sure itself satisfies the diffusion equations

2

2 dh?

2

0
h —DI[hy, h
2] = oh ol [, h2].

0
—DI[hi, h —DI[h, h
e [hy, ho] = [, ho],

(D43)

There is no factor 1/2 for the cross covariance because A
appears in the exponent as —Aakiks. Substituting these iden-
tities into J[F] and integrating by parts twice transfers the
derivatives to F' and gives Eq. (D41). The boundary terms
vanish because the Gaussian measure decays quadratically
in the exponent while F grows at most exponentially. For
F = (2cosh /)" (2 cosh i)™,

OF < 2 22 2
i (x1 sech®h; + X| tanh hl)F,
1
9’F L.
Shan = % tanh iy tanh i, F. (D44)
10/

Dividing by J[F] then produces the normalized averages in
Eq. (D37). Adding the derivative —X;/2 of the prefactor in
Inf = —(A % + Ay%)/2 + In J[F], and using sech® = 1 —
tanh?, gives

dlnl x1+5c1(1 canh? ) 2(t -
— =——+ —(1 — (tan an
A 2 2 2 :
H & -1
_EG =Dk, (D45)

where the X; /2 terms cancel exactly. For the cross covariance
there is no prefactor term, so
dlnil
A1
follows. Substituting Eq. (D45) into Eq. (D39) factors out the

same prefactor from the polynomial and Gaussian terms and
gives

= %1%, (tanh /1, tanh h) (D46)

oA (p— DB _ _p .

2 PP P 5 - 1)@ (tanh ) — 1), (D4T)
8q1 4

The derivatives with respect to 7; gnd s; are obtained in the

same way. Since s; enters through A1,, Eq. (D46) is used; the

common prefactor is then p(p — 1)B foX1%as] -2 /2. The three

overlap stationarity equations therefore close as

g1 = (tanh® hy), 7 = (tanh? h,), = (tanh A, tanh h;).

(D48)
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By contrast, ¥ and X%, appear directly in the exponent and
prefactor of I, not through the covariance, so their derivatives
have a different form. The resulting equations balance the
breakpoint-type derivative of gi, against the subtraction terms
in Eq. (D33). On the temperature-1 side,

1
- (B1a% = DE] + 2B o))
~ A n@eosh iy = 8190 (D49)
2 X1

and the temperature-2 equation is obtained by exchanging
1 < 2. In what follows, only points satisfying all five sta-
tionarity conditions, i.e., the three equations in Eq. (D48),
Eq. (D49), and its 1 <> 2 counterpart, are considered as can-
didates for A*.

The solution s; = 0 is simply the unpaired configuration
itself. Then (g, X1, 71, %2) = (g1, X1, 2, X2), so each block
returns to an independent equilibrium cluster and A = 0 by
definition. For p > 3, 0A /051 & s{’_z also vanishes at sy = 0,
so this is a stationary point. But this configuration corresponds
precisely to uncorrelated states at the two temperatures, i.e.,
to the chaotic situation. Therefore the zero cost at s; = 0 is
not evidence for the absence of chaos. What is required for a
nonchaotic interpretation is a zero-cost stationary point with
nonzero overlap, which is why the criterion (D36) explicitly
requires s7 > 0.

2. Equal-temperature limit
Set 81 = B» and split a single equilibrium 1RSB cluster

into two parts according to

Gi=Ff=s1=q, X +x=nx. (D50)

The covariance saturates and &, = hy, while the spin-trace
weight becomes (2 cosh /1y )¥1 ™% = (2 cosh 21 )* which is the

original one-temperature weight. In addition,
@ — D)+ %GE - D+20%5 =x0—1), (D51)

and consequently the polynomial part also reduces to that of
the equilibrium cluster. Hence,

X1+ X

X1

g2 = gi(x1), A=81()€1)<1 - > =0 (D52)
holds algebraically, and all five stationarity equations reduce
to the ordinary equilibrium 1RSB equations. As long as ¥ +
X, = x; is kept fixed, A = 0 independently of the splitting
ratio ¥; /x1; this ratio is a flat direction of A. Physically, it ex-
presses that assigning the replicas of the same state to the two
replica species in different proportions has no effect when the
temperatures are equal. Since this zero-cost structure requires
X1 + % = x|, fixing ¥; and %, separately to the equilibrium
values x; and x, would fail even in the equal-temperature
limit. It is therefore essential to treat ¥; and X, as variational
variables.

For p = 3, the numerical implementation reproduces this
zero-cost structure with |A| ~ 4 x 107!, This provides a nu-
merical consistency check in the equal-temperature limit. The
values |A*| ~ 107>-10~* obtained for unequal-temperature
pairs at the same p = 3 (Table IX) are more than four orders of
magnitude larger. The negative cost at unequal temperatures

TABLE IX. Stationary points in the matched-pair sector for p =
3. For unequal temperatures, A* < 0 is obtained systematically. The
cross overlap s7 lies just below the Cauchy-Schwarz bound /4, 7.

T T ST N A*

0.45 0.40 0.92029 0.92083 —6.79 x 10°°
0.45 0.35 0.92569 0.92796 —2.20x 107
0.50 0.35 0.91356 0.91828 —5.71 x 107
0.55 0.35 0.89932 0.90721 —1.15x 10~
0.60 0.40 0.87972 0.88716 —1.59 x 10~
0.60 0.35 0.88273 0.89454 —2.03 x 10~

is therefore not a numerical artifact but a finite effect that
separates continuously from the zero-cost equal-temperature
limit.

3. Finite-p results

For p = 3, we choose both temperatures inside the 1RSB-
SG phase and solve the five stationarity equations to residuals
below 107!3, The results are shown in Table IX. A high-
overlap stationary point with s7 > 0 is found for every
temperature pair, and s} lies just below the Cauchy-Schwarz
bound. The stationary cost, however, is always negative and
its magnitude increases with the temperature difference.

According to the criterion (D36), this matched-pair sta-
tionary point has a negative action difference relative to the
independent sector, and the nonzero-overlap peak is exponen-
tially suppressed within the present ansatz. If one uses only
the exponential factor ¢¥2" as a guide, then the system size at
which the suppression becomes appreciable is, for p = 3,

1
N* ~ ~ 10*-10°,
| A*]

(D53)

which is extremely large on the exponential scale. At the sizes
accessible to ordinary numerical studies, the matched-pair
peak may therefore remain almost intact and the system may
appear nonchaotic. The matched-pair sector is nevertheless
on the chaotic side of the criterion, with an exceptionally
small cost |A*|. This is qualitatively similar to the very weak
temperature chaos of the SK model, which first appears at
ninth order in perturbation theory [27].

TABLE X. p dependence of the stationary cost A* at fixed re-
duced temperatures (71 /7., T>/T.) = (0.70, 0.50).

p A

3 —3.35x 1073
4 —213x 1073
5 —9.83 x 1076
6 —4.42 x 1076
8 —9.29 x 1077
10 —2.05 x 1077
12 —4.65 x 1078
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Table X shows the result when p is increased at fixed re-
duced temperatures (71/T;, T>/T,.) = (0.70, 0.50). The value
of A* approaches zero from below, decreasing by nearly three
orders of magnitude over the displayed range, while s7 — 1
(s =0.99997 at p = 12).

The present model reduces to the REM as p — oo [48,49],
and the REM is known to have no temperature chaos [50]. The
trends A* — 0~ and s} — 1 therefore describe a continuous
disappearance of the weak exponential suppression found at
finite p as the nonchaotic REM limit is approached. This
behavior suggests a noncommutativity of the limits N — oo
and p — oo, with a crossover size N*(p) = 1/|A;‘,| that grows
rapidly with p.

The negative cost found here is consistent with temperature
chaos at finite p. The conclusion, however, applies only to
the high-overlap one-to-one matching sector. No zero-cost
point is found even when the low-overlap stationary branch
mentioned below is included, but we have not exhausted all
hierarchical cross-overlap structures.

For cross-overlap structures not explored here, the main
result of the paper gives one further constraint. If one accepts
the phase-boundary calculation of Sec. III together with the
existence of a finite-temperature SG phase, the contraposi-
tive of the proposition requires at least one pair of distinct
temperatures in the SG phase for which P> (x | 1, f2) = §(x).
For that pair, no structure, including hierarchical cross blocks,
can support a nonzero-overlap peak with O(1) weight. Thus,
the main result itself guarantees, for at least one temperature
pair, the absence of any missed zero-cost structure capa-
ble of carrying a finite-weight nonzero-overlap peak. This
is nevertheless the nonconstructive existence statement em-
phasized in Sec. IV: it does not identify the temperature
pair and does not apply to every pair of distinct tempera-
tures. See Sec. IV A for the physically natural, more uniform
interpretation.

4. Limitations and qualifications
of the two-temperature calculation

Four limitations remain concerning the completeness
of the saddle-point search and its interpretation. (i)
Stationary points other than the high-overlap branch exist; for
(T, T,) = (0.50, 0.35), for example, a low-overlap branch
with s; = 0.359 and A* = —1.64 x 1072 is found, but it
is even more strongly suppressed and does not provide a
zero-cost peak. (ii) The present ansatz assumes a one-to-one
correspondence of states; state splitting or merging would
require hierarchical cross blocks. (iii) Fluctuations of the
block size that appear in the exact REM analysis [50] are not
included in the finite-p calculation. (iv) The relation between
A* and P, passes through a formal analytic continuation of
the combinatorial factor for matched pairs, as explained in
Appendix D 1 c, and therefore does not constitute a complete
replica derivation identifying A* with the large-deviation rate
of the nonzero-overlap peak. A direct derivation would require
constructing a constrained two-temperature free energy
at fixed cross overlap and establishing a large-deviation
relation of the form Py(¢) ~ ¢V2®), This remains an open
problem.

Accordingly, this Appendix establishes the following lim-
ited result: for finite p, the most natural matched-pair
stationary point representing the absence of chaos has nonzero
overlap but a negative action difference and is therefore ex-
ponentially suppressed in the thermodynamic limit. This is
numerical evidence supporting the conclusion of the main
text, but it is not a classification of all possible two-
temperature replica saddle points. It is also consistent with the
free-energy level crossings obtained for p = 3 by the state-
following method of Ref. [43]. These qualifications concern
the completeness of the saddle-point search; the existence
statement about chaos itself follows independently from the
contrapositive of the reentrance result, as explained in Sec. IV.

[1] S. F. Edwards and P. W. Anderson, Theory of spin glasses,
J. Phys. F 5, 965 (1975).

[2] D. Sherrington and S. Kirkpatrick, Solvable model of a spin
glass, Phys. Rev. Lett. 35, 1792 (1975).

[3] G. Parisi, A sequence of approximated solutions to the SK
model for spin glasses, J. Phys. A: Math. Gen. 13, L115 (1980).

[4] M. Talagrand, The Parisi formula, Ann. Math. 163, 221 (2006).

[5] H. Nishimori, Statistical Physics of Spin Glasses and Infor-
mation Processing: An Introduction (Oxford University Press,
Oxford, UK, 2001).

[6] P. Charbonneau, E. Marinari, G. Parisi, F. Ricci-Tersehghi, G.
Sicuro, F. Zamponi, and M. Mézard, Spin Glass Theory and
Far Beyond: Replica Symmetry Breaking After 40 Years (World
Scientific, Singapore, 2023).

[7] L. Zdeborova and F. Krzakala, Statistical physics of inference:
Thresholds and algorithms, Adv. Phys. 65, 453 (2016).

[8] F. D. Nobre, Phase diagram of the two-dimensional +J Ising
spin glass, Phys. Rev. E 64, 046108 (2001).

[9] C. Wang, J. Harrington, and J. Preskill, Confinement-Higgs
transition in a disordered gauge theory and the accuracy thresh-
old for quantum memory, Ann. Phys. 303, 31 (2003).

[10] C. Amoruso and A. K. Hartmann, Domain-wall energies
and magnetization of the two-dimensional random-bond Ising
model, Phys. Rev. B 70, 134425 (2004).

[11] M. Hasenbusch, F. Parisen Toldin, A. Pelissetto, and E. Vicari,
Critical behavior of the three-dimensional £/ Ising model at
the paramagnetic-ferromagnetic transition line, Phys. Rev. B
76, 094402 (2007).

[12] FE. Parisen Toldin, A. Pelissetto, and E. Vicari, Strong-disorder
paramagnetic-ferromagnetic fixed point in the square-lattice +J
Ising model, J. Stat. Phys. 135, 1039 (2009).

[13] G. Ceccarelli, A. Pelissetto, and E. Vicari, Ferromagnetic-
glassy transitions in three-dimensional Ising spin glasses, Phys.
Rev. B 84, 134202 (2011).

[14] C. K. Thomas and H. G. Katzgraber, Simplest model to study
reentrance in physical systems, Phys. Rev. E 84, 040101(R)
(2011).

[15] Y. Liu, D. Wang, X. Wang, D.-X. Yao, and L.-H. Tang,
Magnetization-resolved density of states and mixed-order tran-
sition in the two-dimensional random bond Ising model: An
entropic sampling study, Commun. Theor. Phys. 77, 125603
(2025).

044127-38


https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1103/PhysRevLett.35.1792
https://doi.org/10.1088/0305-4470/13/4/009
https://doi.org/10.4007/annals.2006.163.221
https://doi.org/10.1080/00018732.2016.1211393
https://doi.org/10.1103/PhysRevE.64.046108
https://doi.org/10.1016/S0003-4916(02)00019-2
https://doi.org/10.1103/PhysRevB.70.134425
https://doi.org/10.1103/PhysRevB.76.094402
https://doi.org/10.1007/s10955-009-9705-5
https://doi.org/10.1103/PhysRevB.84.134202
https://doi.org/10.1103/PhysRevE.84.040101
https://doi.org/10.1088/1572-9494/ade49d

REENTRANCE AND TEMPERATURE CHAOS IN THE ...

PHYSICAL REVIEW E 114, 044127 (2026)

[16] A. J. Bray and M. A. Moore, Chaotic nature of the spin-glass
phase, Phys. Rev. Lett. 58, 57 (1987).

[17] J. R. Banavar and A. J. Bray, Chaos in spin glasses: A
renormalization-group study, Phys. Rev. B 35, 8888 (1987).

[18] D. S. Fisher and D. A. Huse, Ordered phase of short-range Ising
spin-glasses, Phys. Rev. Lett. 56, 1601 (1986).

[19] D. S. Fisher and D. A. Huse, Equilibrium behavior of the spin-
glass ordered phase, Phys. Rev. B 38, 386 (1988).

[20] I. Kondor, On chaos in spin glasses, J. Phys. A: Math. Gen. 22,
L163 (1989).

[21] M. Ney-Nifle and A. P. Young, Chaos in a two-dimensional
Ising spin glass, J. Phys. A: Math. Gen. 30, 5311 (1997).

[22] M. Ney-Nifle, Chaos and universality in a four-dimensional spin
glass, Phys. Rev. B 57, 492 (1998).

[23] G. Parisi and T. Rizzo, Chaos in temperature in diluted mean-
field spin-glass, J. Phys. A: Math. Theor. 43, 235003 (2010).

[24] R. Mathieu, P. E. Jonsson, P. Nordblad, H. Aruga Katori, and A.
Ito, Memory and chaos in an Ising spin glass, Phys. Rev. B 65,
012411 (2001).

[25] J.-P. Bouchaud, V. Dupuis, J. Hammann, and E. Vincent, Sepa-
ration of time and length scales in spin glasses: Temperature as
a microscope, Phys. Rev. B 65, 024439 (2001).

[26] T. Aspelmeier, A. J. Bray, and M. A. Moore, Why temperature
chaos in spin glasses is hard to observe, Phys. Rev. Lett. 89,
197202 (2002).

[27] T. Rizzo and A. Crisanti, Chaos in temperature in the
Sherrington-Kirkpatrick model, Phys. Rev. Lett. 90, 137201
(2003).

[28] J. Houdayer and A. K. Hartmann, Low-temperature behavior of
two-dimensional Gaussian Ising spin glasses, Phys. Rev. B 70,
014418 (2004).

[29] H. G. Katzgraber and F. Krzakata, Temperature and disorder
chaos in three-dimensional Ising spin glasses, Phys. Rev. Lett.
98, 017201 (2007).

[30] L. A. Fernandez, V. Martin-Mayor, G. Parisi, and B. Seoane,
Temperature chaos in 3d Ising spin glasses is driven by rare
events, Europhys. Lett. 103, 67003 (2013).

[31] W. Wang, J. Machta, and H. G. Katzgraber, Chaos in spin
glasses revealed through thermal boundary conditions, Phys.
Rev. B 92, 094410 (2015).

[32] A. Billoire, L. A. Fernandez, A. Maiorano, E. Marinari, V.
Martin-Mayor, J. Moreno-Gordo, G. Parisi, F. Ricci-Tersenghi,
and J. J. Ruiz-Lorenzo, Dynamic variational study of chaos:
Spin glasses in three dimensions, J. Stat. Mech. (2018) 033302.

[33] M. Baity-Jesi, E. Calore, A. Cruz, L. A. Fernandez, J. M. Gil-
Narvion, 1. Gonzalez-Adalid Pemartin, A. Gordillo-Guerrero,
D. Iiiguez, A. Maiorano, E. Marinari, V. Martin-Mayor,
J. Moreno-Gordo, A. Mufioz-Sudupe, D. Navarro, 1. Paga,
G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J. J. Ruiz-
Lorenzo, S. F. Schifano, er al., Temperature chaos is present
in off-equilibrium spin-glass dynamics, Commun. Phys. 4, 74
(2021).

[34] W.-K. Chen and D. Panchenko, An approach to chaos in some
mixed p-spin models, Probab. Theory Relat. Fields 157, 389
(2013).

[35] D. Panchenko, Chaos in temperature in generic 2p-spin models,
Commun. Math. Phys. 346, 703 (2016).

[36] H. Nishimori, M. Ohzeki, and M. Okuyama, Temperature chaos
as a logical consequence of the reentrant transition in spin
glasses, Phys. Rev. E 112, 044140 (2025).

[37] H. Nishimori, Anomalous distribution of magnetization in an
Ising spin glass with correlated disorder, Phys. Rev. E 110,
064108 (2024).

[38] G. Toulouse, On the mean field theory of mixed spin glass-
ferromagnetic phases, J. Physique Lett. 41, 447 (1980).

[39] M. Gabay and G. Toulouse, Coexistence of spin-glass and fer-
romagnetic orderings, Phys. Rev. Lett. 47, 201 (1981).

[40] H. Nishimori and K. Y. M. Wong, Statistical mechanics of
image restoration and error-correcting codes, Phys. Rev. E 60,
132 (1999).

[41] P. Gillin, H. Nishimori, and D. Sherrington, Multispin Ising spin
glasses with ferromagnetic interactions, J. Phys. A: Math. Gen.
34,2949 (2001).

[42] F. Krzakala and L. Zdeborovd, Following Gibbs states
adiabatically—The energy landscape of mean-field glassy sys-
tems, Europhys. Lett. 90, 66002 (2010).

[43] L. Zdeborova and F. Krzakala, Generalization of the cavity
method for adiabatic evolution of Gibbs states, Phys. Rev. B
81, 224205 (2010).

[44] H. Nishimori, Internal energy, specific heat and correlation
function of the bond-random Ising model, Prog. Theor. Phys.
66, 1169 (1981).

[45] M. Hinczewski and A. N. Berker, Multicritical point relations in
three dual pairs of hierarchical-lattice Ising spin glasses, Phys.
Rev. B 72, 144402 (2005).

[46] C. Giiven, A. N. Berker, M. Hinczewski, and H. Nishimori,
Reentrant and forward phase diagrams of the anisotropic three-
dimensional Ising spin glass, Phys. Rev. E 77, 061110 (2008).

[47] M. Sasaki and O. C. Martin, Temperature chaos, rejuvenation,
and memory in Migdal-Kadanoff spin glasses, Phys. Rev. Lett.
91, 097201 (2003).

[48] B. Derrida, Random-energy model: An exactly solvable model
of disordered systems, Phys. Rev. B 24, 2613 (1981).

[49] D.J. Gross and M. Mezard, The simplest spin glass, Nucl. Phys.
B 240, 431 (1984).

[50] B. Derrida and P. Mottishaw, One step replica symmetry break-
ing and overlaps between two temperatures, J. Phys. A: Math.
Theor. 54, 045002 (2021).

[51] H. Nishimori and D. Sherrington, Absence of replica symmetry
breaking in a region of the phase diagram of the Ising spin glass,
AIP Conf. Proc. 553, 67 (2001).

[52] E. Gardner, Spin glasses with p-spin interactions, Nucl. Phys.
B 257, 747 (1985).

[53] J. R. L. de Almeida and D. J. Thouless, Stability of the
Sherrington-Kirkpatrick solution of a spin-glass model, J. Phys.
A: Math. Gen. 11, 983 (1978).

[54] G. Parisi, Infinite number of order parameters for spin-glasses,
Phys. Rev. Lett. 43, 1754 (1979).

[55] G. Parisi, The order parameter for spin glasses: A function on
the interval 0-1, J. Phys. A: Math. Gen. 13, 1101 (1980).

[56] T. Rizzo, Against chaos in temperature in mean-field spin-glass
models, J. Phys. A: Math. Gen. 34, 5531 (2001).

[57] K. Jonason, E. Vincent, J. Hammann, J. P. Bouchaud, and P.
Nordblad, Memory and chaos effects in spin glasses, Phys. Rev.
Lett. 81, 3243 (1998).

[58] M. Baity-Jesi, E. Calore, A. Cruz, L. A. Fernandez, J. M. Gil-
Narvion, I. Gonzalez-Adalid Pemartin, A. Gordillo-Guerrero,
D. Iiiguez, A. Maiorano, E. Marinari, V. Martin-Mayor, J.
Moreno-Gordo, A. Mufioz Sudupe, D. Navarro, 1. Paga, G.
Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J. J. Ruiz-Lorenzo,

044127-39


https://doi.org/10.1103/PhysRevLett.58.57
https://doi.org/10.1103/PhysRevB.35.8888
https://doi.org/10.1103/PhysRevLett.56.1601
https://doi.org/10.1103/PhysRevB.38.386
https://doi.org/10.1088/0305-4470/22/5/005
https://doi.org/10.1088/0305-4470/30/15/017
https://doi.org/10.1103/PhysRevB.57.492
https://doi.org/10.1088/1751-8113/43/23/235003
https://doi.org/10.1103/PhysRevB.65.012411
https://doi.org/10.1103/PhysRevB.65.024439
https://doi.org/10.1103/PhysRevLett.89.197202
https://doi.org/10.1103/PhysRevLett.90.137201
https://doi.org/10.1103/PhysRevB.70.014418
https://doi.org/10.1103/PhysRevLett.98.017201
https://doi.org/10.1209/0295-5075/103/67003
https://doi.org/10.1103/PhysRevB.92.094410
https://doi.org/10.1088/1742-5468/aaa387
https://doi.org/10.1038/s42005-021-00565-9
https://doi.org/10.1007/s00440-012-0460-1
https://doi.org/10.1007/s00220-016-2585-z
https://doi.org/10.1103/qp1w-qcbs
https://doi.org/10.1103/PhysRevE.110.064108
https://doi.org/10.1051/jphyslet:019800041018044700
https://doi.org/10.1103/PhysRevLett.47.201
https://doi.org/10.1103/PhysRevE.60.132
https://doi.org/10.1088/0305-4470/34/14/303
https://doi.org/10.1209/0295-5075/90/66002
https://doi.org/10.1103/PhysRevB.81.224205
https://doi.org/10.1143/PTP.66.1169
https://doi.org/10.1103/PhysRevB.72.144402
https://doi.org/10.1103/PhysRevE.77.061110
https://doi.org/10.1103/PhysRevLett.91.097201
https://doi.org/10.1103/PhysRevB.24.2613
https://doi.org/10.1016/0550-3213(84)90237-2
https://doi.org/10.1088/1751-8121/abd4ad
https://doi.org/10.1063/1.1358165
https://doi.org/10.1016/0550-3213(85)90374-8
https://doi.org/10.1088/0305-4470/11/5/028
https://doi.org/10.1103/PhysRevLett.43.1754
https://doi.org/10.1088/0305-4470/13/3/042
https://doi.org/10.1088/0305-4470/34/27/305
https://doi.org/10.1103/PhysRevLett.81.3243

HIDETOSHI NISHIMORI

PHYSICAL REVIEW E 114, 044127 (2026)

S. F. Schifano, et al., Memory and rejuvenation effects in spin
glasses are governed by more than one length scale, Nat. Phys.
19, 978 (2023).

[59] L. F. Cugliandolo and J. Kurchan, Analytical solution of the off-
equilibrium dynamics of a long-range spin-glass model, Phys.
Rev. Lett. 71, 173 (1993).

[60] A. Billoire, L. Giomi, and E. Marinari, The mean field infinite
range p = 3 spin glass: Equilibrium landscape and correlation
time scales, Europhys. Lett. 71, 824 (2005).

[61] H. Nishimori, Data and code for “Reentrance and temperature
chaos in the p-spin Ising spin glass”, version 1.0 [Dataset],
Zenodo, 2026, https://doi.org/10.5281/zenodo.22075173.

044127-40


https://doi.org/10.1038/s41567-023-02014-6
https://doi.org/10.1103/PhysRevLett.71.173
https://doi.org/10.1209/epl/i2005-10149-4
https://doi.org/10.5281/zenodo.22075173

