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We discuss physics-informed renormalization group flows (PIRGs) for general operators. We show that
operator PIRGs provide comprehensive access to all correlation functions of the quantum field theory under
investigation. The operator PIRGs can be seen as a completion of the PIRG approach, whose qualitative
computational simplification and structural insights are now fully accessible for general applications. The
potential of this setup is assessed within a simple analytic example of the zero-dimensional ¢*-theory, for
which the generating functions of the fundamental field are computed within a vertex expansion, using the

one- to ten-point functions.

DOI: 10.1103/zy96-j29¢

I. INTRODUCTION

A novel functional renormalization group approach to
quantum field theories (QFTs) has been put forward in [1],
the physics-informed renormalization group (PIRG). It is
based on the generating functional of the theory, which is
coupled to a general composite operator instead of the
fundamental field. The setup accommodates general rep-
arametrizations of the theory in combination with inte-
grating out degrees of freedom along some RG-scale
formulated for the 1PI effective action I'y in [2].

The novel ingredient of PIRG flows is a change of
perspective. Instead of accessing the physics of the given
theory by computing a generating functional in terms of the
fundamental field ¢, in most cases the effective action,
we split this task into computing the pair of functionals
(Tz[¢]. ). Here, Ty is the target action, and ¢ is the
flowing composite field that describes the change of the
composite field with the RG-scale. This allows us to either
choose the target action or the flowing field in a physics-
informed way for every coupling within the approximation
and leaves us with the task of computing the remaining
components of the composite operator or target action from
the RG flow. Seemingly, this only entails that one moves
the difficulties of computing the effective action of the
fundamental fields by means of the Wetterich flow [3],

“Contact author: ihssen @thphys.uni-heidelberg.de
Contact author: J.Pawlowski@thphys.uni-heidelberg.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/113(7)/076003(25)

076003-1

a functional nonlinear partial differential equation (PDE)
of the diffusion-convection type, to that of computing the
flowing composite field. However, it is far more. First of
all, the composite field satisfies a functional linear ordinary
differential equation (ODE) at every RG-scale, which is
qualitatively simpler than solving the PDE which defines
the effective action. Consequently, the choice of the pair
(T'y. @) or rather the split can minimize the computational
effort. Second, the formulation gives access to novel
structural insights into the theory at hand.

In [1,4], we have put forward the conceptual background
of this novel approach, both for general QFTs as well as for
gauge theories. We have also illustrated its practical
applicability and potential within selected examples. In
particular, we have shown at the example of the anharmonic
oscillator that the PIRG approach gives access to topo-
logical properties of quantum theories [5], which have so
far been elusive within the fRG-approach.

In the present work, we address the pivotal question in the
PIRG approach: the computation of correlation functions of
the fundamental field ¢, including the standard effective
action as well as observables. This has been called the
reconstruction task in [1], and we have provided several
reconstruction paths with practical examples. This task is
fully resolved here with a general reconstruction approach
based on the operator flow for general operators derived in [2]
for respective considerations within the essential RG see
Ref. [6]. We provide this flow in the present PIRG setup in a
concise form and discuss specific physics-informed choices
of the operator dependence of the pair (I'7, ¢). This allows us
to compute general correlation functions of the fundamental
field and other observables with simple linear convection-
diffusion equations of the heat equation type, and completes
the PIRG setup. Among other insights, it gives us full access
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to qualitative computational simplifications, structural
insights, and direct practical means for computing general
correlation functions and observables.

In Sec. II, we briefly describe the PIRG approach, con-
centrating on the relevant aspects for the generalized flow of
general operators. These flows are derived in Sec. III, where
we also discuss constraints for their existence. In Sec. IV, we
apply the generalized operator flows to the one- and two-point
functions of the fundamental field. The mechanisms and
potential of these flows are illustrated within the analytically
accessible zero-dimensional QFT, where we also discuss
different representations of the operator flows. In Sec. V,
we discuss the properties of operator flows in higher dimen-
sions, specifically the distribution of physics among the
different components of the PIRG approach and the imple-
mentation and assessment of systematic expansion schemes.
We close with a short conclusion in Sec. VI.

I1. PIRGS AND THEIR PROPERTIES

The physics-informed RG (PIRG) approach set up in [1]
accommodates general renormalization group flows,
including general reparametrizations of the theory with a
classical action S.[®] and a fundamental field operator §;,
where the index i comprises space-time (or momenta) as
well as Lorentz and internal indices and species of fields
(DeWitt’s condensed notation). While we resort to a real
scalar theory for our examples, the following derivations
are general for theories with an arbitrary field content.

In Sec. IT A, we briefly review the PIRG approach and
specifically discuss the change of perspective that is at its
root. In Sec. II B, we review the generalized flow equation

that governs the pair (I'y, ¢).

A. Flowing fields and target actions

The PIRG approach is based on the regularized gen-
erating functional for correlation functions of a composite

operator ¢, (9],

1 0 B Ji
ZyJ ] ocATk/d@ e—Sd[w]—AS[¢]+¢,-J¢’ (1)

where the subscript , indicates that a composite field bild]
is coupled to the current. Notably, the infrared cutoff term is
quadratic in the composite field g;ﬁ,-,

ASH] = 3 DR, )

Equation (2) depends on the RG-scale k and suppresses
momentum modes in terms of the composite fields. The
quadratic form of (2) in the composite field, together with
the source term for (25, entails that the respective flow
equation is one-loop exact in terms of correlation functions
of the composite (see Ref. [2]). The composite field

operator ¢; may include the fundamental fields ¢, e.g.,

A

$1 = (0(x).0(0)P(). ¢ = (9(x)9(x)). (3)
Note that the index i in (271.1' and g?)z,i sums over different
space-time indices. Moreover, in both cases, diverging
cutoff terms suppress all degrees of freedom, but the setup
also accommodates a partial suppression.

The effective action I'y[¢] is obtained as the Legendre
transform of InZ,[J,] with

Cyld) = supl Ty = Z|1,) = ASlgl. (4)

where the supremum J,[¢] is determined such that the
expectation value of ¢ is the given mean field ¢,

¢ = (Pl9]). (5)

The subscript , in I'y denotes that the Legendre trans-
formation is taken with respect to the current J,. We
emphasize that by definition of the Legendre transform,
¢ is an independent variable and does not depend on ¢ or any
other parameter in the generating functional. The examples
in (3) have been chosen such that the effective action T, is a
variant of the two-particle irreducible effective action. The
effective action I'y, is a variant of the density functional.

Inserting (4) into (1) leads us to a functional integro-
differential equation for the effective action

6F¢

1 S olAS Lt () 2
e 1o = / dp &SP G-D5E (6

which shall be used for the derivation of the generalized
flow equation of the effective action as well as for the
derivation of the generalized operator flows. Equation (6)
makes it evident, that the effective action I',[¢] in general
does not agree with that of the fundamental field,
I',[¢ = o], if not evaluated on the equations of motion.

PIRG flows are obtained by formulating the functional
renormalization group for the pair

(Tylo]. ¢l9)), (7)

where I'y[¢@] is the target action, also called T'z[¢], and
$[¢)] is the expectation value of the flow of ¢,

Plb] = (0dil). (8)

where the RG-time is given by r = log k/ k. with some
reference scale k.. The field ¢ with the flow (8) is
the flowing composite field or emergent composite (5).
We emphasize that d,¢p =0, as ¢ is the variable in the
Legendre transform.
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(a) Target action flows: A large set of target actions is
allowed at &k = 0, including the classical target action
with 9;'r = 0. This extreme choice only illustrates the
generality of the setup and is not optimised, for a detailed
discussion see [1].

d=¢p

olel ¢ deralel

(b) Flowing fields: Cutoff-time integral of the flowing
field, ¢ = ¢ + f: édk' /', corresponding to the target
action flows depicted in Figure la. The non-triviality of
the flowing field is growing with the increasing triviality
of the flow of the target action.

FIG. 1. Schematic depiction of the flows for the rarget action and flowing field pair (I'z, qb) defined in (7). Allowed areas are depicted
in green, whereas prohibited areas are red. Notably, some solutions may exist locally (red arrow) but do not correspond to a valid field
transformation. We show two explicit examples of physics-informed pairs. The standard Wetterich pair (T, [¢], ¢ = ¢) (black) and the
classical target action (S[¢], ¢era) (dashed, black), which is discussed later in Sec. IV around (60) and Appendix Al.

The important change of perspective advertised in [1] is the
following: the flowing field ¢[¢] in the pair (7) is at our
disposal, and so is the target action I'7. This flexibility can be
used to construct a wide variety of target actions with the
corresponding flowing fields. Limitations have been discussed
judiciously in [1,4]. We recall the two important constraints:

(i) Local existence of ¢ [¢] in (8): One has to show that

there is an operator d,¢b[¢] leading to ¢b[¢], which
is an inverse problem.

(i) Global existence of ¢ [@]: Its flow is integrated from

k=A to k=0. The result has to be free of

divergences.
Oy Al#EoM]
k=A
Y 1y
k=0 S

(a) Operator flows: The result at k = 0 is the desired
expectation value (@) for all I'r and global non-singular
#™M) . The straight red line indicates a flow with a flowing
field QS(I) with q'b;l:)O # 0, see Figure 2b: its k-integral
diverges for £ = 0. The dashed red line indicates a flow
where qu exhibits a singularity at a local k.

These requirements and their implications are discussed at
length in Sec. Il in [1] and further comments can be found in
[4]. A schematic visualization of the PIRG pair as well as the
allowed and prohibited choices is provided in Fig. 1. Notably,
different choices of PIRG pairs lead to different results for the
effective action.

In Sec. Il C, we elaborate further the above requirements
in the context of operator flows. Finally, Fig. 2 illustrates
how different PIRG pairs can be inserted into operator
flows to derive the same physical observables.

Finally, we would like to iterate the remark below (6) that
in general, Iy is not the effective action of the fundamental

59 _
5J,

0

5o
6Jo

(b) Flowing fields: the Jo-dependent part ¢V of the flow-
ing field defined in (31b), corresponding to the operator
flows depicted in Figure 2a. The flowing field following
the straight red line does not vanish at k = 0, and hence
its integral diverges for k — 0. Then, Oy k=0 # (O), see
Figure 2a.

0

FIG. 2. Schematic depiction of operator flows of the derived pairs operator and flowing field (O¢,, @) defined in (31). Allowed areas
are depicted in green, whereas prohibited areas are drawn in red. The red arrow indicates a locally existing solution, whose integrated
flow diverges for k — 0, while the dashed red arrow indicates a solution which ceases to exist locally at some RG-scale k.
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field I, rewritten in terms of the flowing field but is a
different generating functional. Still, it carries the same
physics information as I',. Notably, we do not need to
know the underlying transformation 9,¢;[@] (8), or rather
6,&5,( [(;5] for this setup to reconstruct physical observables.
Correlation functions of the fundamental field can directly
be recovered from the pair (T, ¢) using the operator flow,
which is discussed in Sec. IIL.

B. Generalized flows

The pair (7) of a target action and the respective flowing
field satisfies the generalized flow equation [2],

S 1

where 9, In V', originates in the normalization of the path
integral and adds to the constant part of the effective action.
It plays an important role for the definition of cumulants-
preserving flows (see Ref. [1] or Appendix A). The
generalized flow equation (9) is governed by the propagator

G;{ of the flowing field ¢,

ij

, (10)

Pl + R,

with the nth derivative of a functional F[¢] with respect to
the fields (or any other function),

8" Fy|d]

(n)
F . . = - _ ) 1 1
Diyiy [¢] 5¢ll e 5¢ln ( )
and the covariant derivative
ij 5¢j
Di(g] =0, +2r4ldl.  rildl= 30 (12)

see Ref. [2]. Equation (12) makes it explicit that y:,f [¢] can
be understood as a field-dependent anomalous dimension.
Equation (9) is based on flowing field operators 0,(25 on the
microscopic level within the notation introduced in [7].
Specifically, this allows us to regularize the flowing
composite degrees of freedom. In turn, transformations
on the level of the macroscopic mean fields have been
considered in [8—11]. Both microscopic and macroscopic
flowing fields can be used in the PIRG setup.

Equation (9) will play a pivotal role in the derivation and
assessment of the generalized operator flow since the latter
can be derived directly from it. Alternatively, the general-
ized operator flow can also be obtained from (6), similar to
the derivation of the generalized flow (9).

For this reason, we briefly review the derivation of (9) by
taking a z-derivative of (6). Then, the left-hand side follows
from the r-derivative of the left-hand side of (6) as well as
hitting the source term leading to <(),$};>6F¢ /8¢)" and using
(8). The right-hand side of (9) follows from the z-derivative
of AS[¢ — ¢] and uses

59,
5,

The last step in (13) follows with the definition of y,[¢] in
(12). Together with the standard flow term 1/ ZG;{ o;R;; and

the derivative of the normalization /. This adds up to the
right-hand side of (9).

This completes the PIRG setup. In short, it allows us to use
the pair (7) in combination with the generalized flow (9) to
simplify the conceptual and numerical tasks at hand. As
already mentioned before, for nontrivial flowing fields ¢, the
target action 'y is not the generating functional for corre-
lation functions of the fundamental field ¢ but that of the
composite field ¢. If the set of composite fields also includes
the fundamental ones, this also gives us access to the cor-
relation functions of the fundamental field as well as the
effective action I', (for the respective discussion, see Ref. [1],
and for explicit examples in QCD see Refs. [12,13]).

Direct access to the @-quantities is lost if the composite
field does not include ¢. This happens if the field basis is
changed, e.g., in an O(N) theory, where a polar basis in the
broken phase is physics-informed as the theory is repar-
ametrized in terms of the dynamical degrees of freedom
(see Refs. [14—16]). This is an example for the ground state
expansion formalized in [1,17]. Finally, the latter expansion
scheme also encompasses expansions about the two point
function [17,18] as well as the minimal essential scheme
within the essential RG [6,19-26].

Consequently, for the computation of correlation func-
tions of the fundamental field or even the effective action
I',, the PIRG approach has to be complemented with a
computational scheme for these correlation functions. In
[1], we have initiated this discussion by constructing
cumulants-preserving PIRGs. In the present work, we
add to the PIRG approach by introducing generalized
operator flows which can be used for the direct computa-
tion of correlation functions of the fundamental fields. This
reconstruction idea has already been proposed in [6] in the
context of the essential RG. While at its core these flows are
provided by the operator flows set up in [2] (see also
[6,27]), the formalism hosts some intricacies related to the
implicit definition of the composite operators. In short, for
expectation values (") of operators @", the generalized
operator flows contain additional terms and the standard
form [2] is only recovered if allowing for additional terms
in the operator itself. These intricacies and the general setup
are discussed in the following section.

(p—@)RJ0,$;) = Gpu—7 R = G¢,i17¢lij;{- (13)
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III. OPERATOR PIRGS AND THEIR PROPERTIES

The physics-informed setup can be used to derive flow
equations for general operators. The derivation uses the
generalized flow equation (9) and follows the one of

general operator flows in [2] for O with

(14a)

and

P —AS) o 6 5
Ok |:,J,/,:| =e AS[N"']O[ ,J(/,:| eAS[M'?"].

14b
81, 51, (14b)

The regulator term AS is defined in (2), for more details
on the general setup (see Ref. [2], Sec. III). Moreover, we

restrict the following derivations to 7-independent O with

9,1, O0ldil@). 74 = 0. (15)

A

Equation (15) ensures that (0, ¢O> is absent in the operator
flow 0,0[¢]. For the general case, we refer to [2]. The
restriction (15) can be reformulated as follows: all considered

operators O are cutoff-independent, if considered as func-

tions of the fundamental field ¢ (seen as a functional of (2))
and the current J,. Hence, in a slight abuse of notation
we write

. . R 1)
0= O[(P’qu]v P _(ﬂ{fﬁ_ﬁ}, (16)
¢

where the equation on the right-hand side is used for (14b).

We remark that the construction in [2] is general and
also accommodates operator flows with flowing fields.
However, the operator flow with flowing fields for
J4-dependent operators (16) is complicated. This general
setup will be considered elsewhere, and we shall only
consider generalized operator flows with J-independent
operators (16) in the following.

In the applications to date, operator flows in terms of the
fundamental mean fields ¢ have been computed (see in
particular in [28-31]) but also for machine learning
applications of operator flows [32]. The general setup with
16)) gives us access to the correlation functions of the
fundamental field (¢(x;) - - - @(x,)) and to general observ-
ables of the fundamental field as well as the effective action
I, in terms of the 1PI-parts of the correlation functions.

We start with a brief review of this case in Sec. III A,
which serves as a benchmark and point of reference. As
such, it is used to illustrate the differences to the operator
PIRGs. In Sec. III B, we discuss the general case of
operator flows and their physics-informed properties.
Finally, we discuss existence criteria for operator PIRGs
in Sec. III C.

A. Operator flows with fundamental fields

We initiate our discussion with a brief review of operator
flows for (14), with éﬁ = @. Note that this case readily
extends to general composites ¢, with ¢ = 0. The respec-
tive relations are obtained by simply substituting ¢ — ¢ in
the reminder of this section. For (2) = {, the flow of a
general operator Olg| is given by

00l] = 3G, (ORGPl (17a)

with d,In N, = 0. In particular, this includes the choice

o= J,,» which is explicitly discussed below around (19).
For the derivation, we defer the reader to [2]. We will also
recover it as a special case of the derivation in the PIRG
setup, though only for operators O[@] = O[¢, 0] without a
J 4-dependence.

Equation (17a) entails that the total t-derivative of the
operator O on the left-hand side has the representation

2
ij 6_

— . 17b

1
at = _E [G(p(atR(p)G

The operator flow (17) holds true for a large set of
composite operators, including the expectation values
O, = (@, d,). This set spans the space of operators
in the given quantum field theory. We emphasize that the
O, are the complete n-point functions, including their
connected and disconnected parts with respect to (;’) = .
The necessity of including the disconnected parts is readily
seen at the example of the two-point function

O =Gl + ¢ ¢, (18)

Inserting (18) into the operator flow (17) leads us to the
flow of the propagator which can be also derived from
the flow equation of the effective action. Note that the
disconnected term ¢'g’/ drops out on the left-hand side of
(17a) as its flow vanishes. One may be tempted to extend

(17a) to connected correlation functions, and specifically
Gf/{ . However, on the right-hand side of (17a) the dis-
connected term leads to -G,0,R,G,, which is the trivial
flow of the regulator insertion. Furthermore, the addition of
J ,~dependences includes the flow of the effective action or

rather its derivative with

O'[p.J,] = Ji,. (19a)
and
PN ij A ol [4’]
Ole.J,)=J,-Rjp;, — Olpl=—2—. (19b)
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Inserting (19b) into the operator flow (17a) leads to the
@-derivative of the Wetterich equation.

Note also that the operator flow (17) is at the root of
functional optimization as proposed in [2,33]. It can be
understood as an optimization principle of (17b). In a given
approximation the total r-derivative property of the right-
hand side is lost, and optimal regulators minimize the
distance to the total z-derivative, in the best case restoring it.
A first nontrivial computational application to an expect-
ation value of a given composite operator is given by the
computation of the Polyakov loop expectation value in
Yang-Mills theory in [28]. The Polyakov loop is an infinite-
order correlation function of the gauge field, or rather a
series of correlation functions of the gauge field. The
numerical result of its operator flow is in quantitative
agreement with the respective data from lattice simulations.
This result is an impressive benchmark test for the potential
of the operator flows.

We close this brief review with the remark that the
derivation of the operator flow (17) can be simplified
considerably for operators o [@]. First of all, this restriction
implies @k = O. Moreover, (17) is readily derived from the
flow equation of the effective action (see Refs. [27] and
[34,35]). We simply couple O[@] with a respective current
Jo to the theory and take a Jo-derivative of the flow
equation for the effective action.

B. Operator flows with flowing fields

In the following section we restrict ourselves to
Jp-independent operators with O = O[], which are also
t-independent [see (15)]. As already mentioned below (16),
the general case (14a) has been considered in [2]. Both the
t- and the J,-dependence lead to significantly more
involved expressions and potentially higher loop terms.
Moreover, the derivations are far more involved. While
being interesting in particular for structural investigations
as well as functional optimization, we do not consider it
further in the present work and only consider operators
O = @[60} The general case will be discussed elsewhere.

The restriction leads to the simple relation @k =0 by
inserting O[@[p = 8/8J4]] in (14b). Moreover, we can
derive their flows concisely from the generalized flow
equation for I'y[¢,Jo| as it is still given by (9). This is
readily seen by augmenting the generating functional (1)
with a source term for @

1 SO ASIH . T O,
Zyl . dol & 5 / dip e SIASUI D0 (20)

Note that the (multi-) indices i and j may run over different
sets. As discussed around (3), the sum g?),»] fp may include

different field species. In the case of the operators, the sum
may include one over different operators,

n
Jo0;=>_J;, O, (21)
m=1
with O = (0;...,0,) and i = (iy,...,i,). This will be
important in the discussion following (69) and in Sec. IV C.
For now, we restrict ourselves to a single operator species.

The normalized expectation value (14) of the operator @[fo]
is given by the J-derivative of InZ,

oln Zd’ N
= 22
=10, (22)

where we have assumed a J»-independent q?ﬁ and normali-
zation N ;. The latter corresponds to

N
5o 0, (23)
which mirrors the cumulants-preserving constraint in [1].

In our quest for simple or optimized operator, flows we
want to fully exploit the flexibility of the setup. Hence, we
shall generalize the setup above and consider J»-dependent
field operators

¢ =9 Jo). (24)

If only considering linear terms in Jp, this changes the
operator that is coupled to the current. Then, the relation
(22) turns into

511’124, .

o [
5o _<O>+<

dlo

Uy —Rf,{f,->>, (5)

where we have used the J»-independence of the normali-
zation N .

1. Generalized operator flow equation

We proceed by deriving the flow equation for a general

operator O within this setup. First, we remark that the
relation (25) translates into a similar one for the effective
action I'y[¢,Jo]. This effective action is obtained as the
Legendre transform of InZ, with respect to J, while
keeping J as a variable,

Lyld-Jo] = sup(¢i Ty —InZlJy. Jo]) — AS[H). (26)

Inserting (26) into (20) leads to the integro-differential form
of the effective action,

R . . Ty i on
Ty — /\Lf / dip &~ SAI-AS-I+B-DE350; (57
k
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with ¢ = ¢[(. o], as discussed around (24). Then, (25)
turns into

5T, T
Oyl o] = =480 (8

The subscript 4 indicates the underlying Legendre trans-
form with respect to J,, as well as the additional terms in
(25), sourced by the possible Jo-dependence of ¢.
Importantly, the effective action I'y[¢,Jo] satisfies the
generalized flow equation (9). This follows by taking a
t-derivative of (27) and using the t-independence of O [see
(15)]. The flow of the correlator Oy is given by (minus) the
J o-derivative of the generalized flow as the derivatives with
respect to ¢ and J» commute,

o 5
0,0, = =0,

= - 9or,. 2
5lo  SJp 7 (29)

and 9,'y is given by (9). We are led to

.5 1 )
<6, + b 575) Oy = ~3[G(DR)GIY O —Fo. (30a)
with
¢ .. 8¢, T
Fo =G, J_Rii T4 30b
O i sT 0o, 51 8¢, (30b)

In (30), we dropped the subscript 4 in the propagators and
the cutoff function for better readability. We also drop-
ped the arguments ¢,Jo of the functionals in (30).
Equation (30) constitutes the generalized flow equation
for operators and is a main result of this work. Its schematic
visualization is provided in Fig. 2, including further
explanations. The figure is the analog to the illustration
of the underlying PIRG pair in Fig. 1.

We shall see that the set of operators that satisty (30b)
includes all order correlation functions of ¢ (at k = 0), and
hence spans the complete set of operators in the given QFT.
In Sec. I C2, we also show that this set even directly

A

includes the correlation functions O = (O[@]). We close
this section with a few final remarks.

If compared with the operator flow (17) in terms of the
fundamental field and effective action I'j,, or, more gen-
erally, for composite fields ¢ with ¢» = 0, they differ by the
term F in (30a). Additionally, due to the derivation of (17)
as a Jp-derivative of the generalized flow (9), it also
inherits the ¢-terms in (9). We emphasize that F # 0 is
required for a Jo-independent field ¢[@p]. In turn, a
Jo-dependent flowing field, (24), is required for Fp = 0.
Consequently, F, can be removed by a suitable choice of ¢
or rather its Jp-derivative. Then, however, O cannot be

identified with the expectation value of O for all cutoff
scales k and mean fields ¢ or ¢.

The careful assessment of this choice or rather the implicit
one of the respective operator $ is done in the following two
sections, Sec. IIIB2 and Sec. III B 3, in the context of
general operator PIRGs.

Finally, we note, that in contradistinction to the standard
operator flow discussed in Sec. IAII A, the respective result
does not generalize to operators O[@, J, [/,}. In the latter case,
there are additional terms (see Ref. [2]). While being
specifically interesting for structural insights and for func-
tional optimization, we defer the discussion of this general
case to future work.

2. Operator PIRGs

With (30) we are now fully prepared for extending the
PIRG approach to flows of general operators such as
correlation functions of the fundamental field. Specifically,
we shall use the generality of the flowing field (]5 that is, that
of general choices of the composite operators (?), to unlock the
full potential of the generalized operator flows. Similar to
the use of PIRGs for the effective action in [1,4,5,36], we use
them for either optimizing the computational simplicity or the
physics content of the operator flows as well as gaining
structural insights.

In the spirit of the PIRG approach, we consider derived
operator pairs

(Oyld]. dl. To))r,.a) (31a)

for a given PIRG-pair (7). Here, ¢[¢, J] is defined via

Db Jo) = Pld) + T4 [pTo). (31D)
where the second term on the right-hand side vanishes for
Jo = 0. Moreover, for linear perturbations, ¢! is nothing
but the J-derivative of ¢ at vanishing current J. As the
full flowing field ¢, its Jo-dependent part (31b) is
implicitly defined via the underlying operator $[@,J o]
with

Dilo.Jo) = bilg) + L [0, Jol. (32)

In most cases, we only consider linear perturbations
with ¢V[(.Jo] = ¢V[p.0]. Then, ¢V is simply the
Jo-derivative of (}5 at vanishing current. Note that for both
the linear perturbations (32) and the general case, the field
¢ is Jp-independent as it enters as the independent variable
of the Legendre transform. However, the expectation values
of Jp-derivatives of g@ are in general J»-dependent due to
operator correlations.

With the general (;5 in (32), the effective action satisfies
the Jp-‘flow’ equation
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sT sC . 89,
Ly 9, —L=—(0,) +RIG;— 33
5J,é+¢nm5¢m < n>+ ¢ 116¢l7 ( )
with
5$m (1
ol do) = <W > = (D). (34)
O

The last equality in (34) only holds true for linear
perturbations (32), while in general, the right-hand side
is given by the expectation value of ) + Jo5¢") /81 . In
short, the second terms on both sides of (33) are the price to
pay for a Jp-dependence of ¢, which is required for the
operator PIRG setup.

We have cast (33) already in a form that emphasizes its
similarity to the generalized flow (9). Evidently, the implicit
definition of ¢®[¢,Jp] mirrors that of ¢[¢] in (8), and it
leads to the form-equivalent terms to those proportional to
@[] in (9). Similar to the latter, ¢© can be chosen freely,
subject to an underlying operator &5(1) whose expectation
value provides it. For (ﬁ this has been discussed compre-
hensively in [1,4], and for ¢© as well as the J-dependent
parts of ¢ this assessment is done in Sec. III C.

The first term on the right-hand side of (33) originates in
the source term of O, while the other terms follow similarly
to the cj’;—terms in the generalized flow (9) derived in (13).
The last term in (33) originates in the J-derivative of g?) in
(2351“(/) /6¢, while the terms proportional to Ry originate in

. ;i O, B 5P, i
(G-0rigy) =GuSERL (9

In (35), we have inserted (34), which leads to the term
proportional to Ry in (33).

Equations (33) and (28) entail that the operator O, is
given by the desired correlation function as well as addi-
tional terms,

. or Y
0,=(0 0% _RiG,—M. 36
[ < n> + ¢nm 5¢m ¢ il 6¢l ( )

Equation (36) contains more terms than we bargained for.
However, at the physical point, the regulator vanishes and
R4 = 0. Then, the operator (36) reduces to

o Tyl Jo]

Ot,‘f),n kb’ JO] = <@n> [¢’ ‘]O] + ni 5¢ (37)

The second term on the right-hand side of (37) is propor-
tional to the equation of motion (EoM) of ¢ with the
solution ¢gan,

o yp,J
olé- Jo] =0. (38)
¢ d=dEom
Hence, we conclude with (38) that
O¢.k:0[¢E0M7O] = <@> [¢E0M70]’ (39)

which is the desired expectation value of the composite

operator O. We note that (39) also holds for J» # 0 with the
solution ¢gom[Jo)-

This concludes the derivation of the operator PIRGs. We
have extended the change of perspective, which is at the
root of the PIRG approach, to the flow of operators.
The generalized operator flow is given by (30) for O,
which is accompanied by the derived PIRG-pair (31) with
the generalized J-flow (33) or definition (36) of O,.

3. Simplified operator PIRGs

As a first application of the operator PIRG, we consider
the choice

Folg.Jo] =0 (40)

in the generalized operator flow (30) with F defined in
(30b). This choice was already alluded to at the end of
Sec. III B 1. With choice (40), the generalized operator flow
reduces to a variant of the operator flow (17a) with the
effective action I, of the fundamental field. It is explicitly
given below in (43a), and the only remaining difference to
(17a) is the occurrence of the qb—terms which mirror the
respective ones in the generalized flow of the effective
action.

Before we discuss its explicit form, we want to
emphasize some intricacies of choice (40). A seemingly
trivial way of obtaining (40) is by simply demanding a
Jo-independent ¢|¢],

3
8Jo

0. (41)

Note, however, that (41) necessitates a J»-dependent c}ﬁ
This is readily proven by assuming g?ﬁ is Jp-independent.
Then, ¢© = 0 with (34) and we are led to

Sbm  ~ : 5p 50,
5],,(9 <0n t¢m> On¢m G(/),U 5¢j 5¢1 ’

(42)
where O = () is 0, for Jp-independent @. In general,
the right-hand side of (42) is nonvanishing, and we
conclude that (41) requires a Jo-dependent ¢, and the
Jo-derivative of the effective action is governed by (33).
This does not invalidate (39), and the simplified operator

076003-8



PHYSICS-INFORMED OPERATOR FLOWS AND OBSERVABLES

PHYS. REV. D 113, 076003 (2026)

A

flow provides us, upon integration, with (O). Only the
initial condition at a large cutoff scale may change.

Such an implicit choice of the operator ¢ comes with
constraints, and not all ¢[¢,J o] are allowed. These con-
straints have been comprehensively discussed for the
flowing fields ¢[¢] in [1,4], and we shall extend the
discussion there to ¢[¢h, Jo] in Sec. I C.

For the time being, we simply assume that (40) is a
nontrivial but allowed choice of ¢[¢, J]. Inserting it into
the operator flow (30), we arrive at

) 5 1 ..
(a, +¢; 575.) 0y = =3 [GDRIGIIOF),

(43a)
analogous to the operator flow (17a) for ¢ = 0. As for (17a),
the operator flow (43a) implies an operator identity,

(at T i) — oo, L. ()

5, 2 Yopiop;”

on the set of operators {O,[¢]} with (28). At k = 0, this set
of operators includes all order correlation functions of ¢ and
spans the complete set of operators in the given QFT. Note
also that the right-hand side of (43b) may be interpreted as
a total t-derivative in a given coordinate system ¢ in a
configuration space with (9,¢)[¢p] = ¢[¢]. This interpreta-
tion will be discussed in more detail in Sec. IV D. In any
case, with and without this interpretation, (43b) is at the
root of functional optimization for PIRGs. It can be used to
maximize the physics content of an operator flow within a
given approximation while also providing a bridge to
machine learning applications of the PIRG setup. This will
be discussed in more detail elsewhere.

We close this section with a few comments.
Equation (43a) is implicit in the general operator flows
in [2] and also can be found in [6]. In both, the discussion of
the key constraint (40) is missing. In [2], the analysis does
not go beyond the derivation of the equations themselves.
In [6], (40) or rather (41) is assumed implicitly, together
with O = (O). Equation (41) requires a vanishing right-
hand side of (42), which, however, leads to O # (©> for
k # 0 and ¢ # ¢ppom- While these intricacies have no direct
consequences for practical implementation of the flows,
they are of key importance for the existence of the
respective flowing fields as well as for the initial con-
ditions. Finally, they are relevant for the optimization of the
flows and, specifically, for the split of the operators O in
connected and disconnected parts. An optimal split is
chiefly important for the rapid convergence of the results
within a given approximation. This discussion will be
picked up in Sec. IV and in [37].

We also repeat that both operator flows, (30) and (43), do

not hold true for the general operators @[@,J(/,]. This is
readily seen by using @[(fo,]ﬂ =J, and comparing the

flow of Fl(ﬁl) following from (9) and by simply assuming
(30) and (43a) being valid for O =T',’. The case with
operators @[@, Jy] is mostly interesting for conceptual
applications and will also be considered elsewhere.

This concludes the derivation of the PIRG for operators.
The general case is given by (30) with the reduction (43)

that is form-equivalent to the operator flow with the
fundamental field (30). This choice is obtained with (40).

C. Constraints, existence, and initial conditions

We have already mentioned below (42) that the choice of
@@, J o] comes with constraints. In the present section, we
analyze the constraints on the set

{¢lo. Jol} (44)

in the derived PIRG-pair (31). In the following we restrict
our analysis to linear perturbations in (31b),

Db Jo] = ] + 5 bV (9. (45)

for the sake of simplicity.

Now, we extend the structural analysis of the implicit field
$[p] in [4,13] (see Sec. IT A) to ¢V [, J ). The analysis is
also connected to assessing the nature of the difference
between O = (O) and O, defined in (28). The respective
constraints limit the choices of Fn in the generalized
operator flow (30). Evidently, this assessment is of crucial
importance for the operator PIRG setup, beyond being
relevant for the existence of specific choices such as (40)
used for the derivation of the simplified operator flow (43a)
in Sec. III B3.

1. Local and global existence

In the following, we discuss constraints on the first-order
contribution ¢(!) in (45). The restrictions mirror those on ¢,
which were put forward in [1,4]. We have recalled them
below (8) in Sec. I A. The additional constraints are
labelled accordingly:

(i) Local existence of éﬁ,il) [¢] in (45): One has to show

that there is an operator dt(},(cl)[(}b,J@] leading to
(}5,&1) [¢]. This inverse problem has to be solved
minimally for J» = 0.

(ii) Global existence of qb,((l) [, Jo]: Its flow is integrated
from k = A to k = 0. The result has to be free of
divergences.

The analysis of the constraints (i) and (ii) has been done in
[1,4]. Still, due to their importance for the operator flows,
we briefly review them.

The first one, (i), constrains flowing fields ¢ to those
that can be generated by an underlying operator ¢, with
(0,04[9]) at a given cutoff scale k. We consider this
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constraint as a relatively weak one. It accommodates the set
of local (in field and momentum space) functionals as
discussed in [1].

The second requirement, (ii), ensures the global exist-
ence. Put differently, it ensures the existence of a non-
singular operator

d@).  kelo.Al (46)

with the initial cutoff scale A. Not every choice ¢! [¢] can
be integrated over all cutoff scales without experiencing a
singularity, and in the presence of the latter, the existence of
(46) is at stake. This is depicted in Fig. 2.

We close this discussion by proving the presence of the
constraints following from (i) and (ii) within a simple
counter example. Assume that the requirement (ii) is
always satisfied. Then, ¢[¢, Jo] and hence F is globally
unconstrained. Consequently, we could use it to cancel the
whole right-hand side of (30a) for all cutoff scales k. This
renders the operator flow of (9¢ trivial for all k, and the
operator does not collect any quantum fluctuations. This is
obviously incorrect and invalidates the global existence of
such a transformation.

2. Integrability constraint

While the global requirement (ii) is far more restrictive
than the local one, (i), the latter is still very helpful. A
minimal consistency constraint that follows from (i) is the
integrability of the transformation

53| Talpd0] =o. @)

The use of (47) and its violation is twofold. To begin with,
approximations will lead to a violation of (47), and
restoring integrability or rather the total derivative nature
of the flow operator (43b) for flows of the effective action is
one of the cornerstones of functional optimization. The
second use is related to the divergences in the integrated
flow. They may also leave their signatures in violations of
the integrability condition (47).

The flow (30) provides us with (3F¢, and the

t-derivative of (33) provides us with a . The latter

4 51
representation of the operator flow reads

S (9
R”G
il 5¢

oy

d
! 51"

-0,(0,) +

[cbm 5F¢]

6pm

(48)

With (30) and (48), the integrability condition (47) reads

7 5F l ¢n
0,0 + 0,50 302 - 0| RY G A
1
:_E[G(DIR) ]ljoqﬁjt
5, i '
oy 5¢1R 5Jo [d’l 5¢,] (49)

Before we dissect (49), we remark that it constitutes yet
another flow for the composite operator as 0,(@) survives
in the integrability condition. Loosely speaking, the two
flows provide us with the different sides of the flow of (O)
in the simplified flow equation (43a). Equation (48) pro-
vides us with d,(®) on the left-hand side and (30) provides
us with the right-hand side.

For the following detailed analysis, we only consider ¢¢
in (34), which are perturbations of ¢[¢]. With this con-
straint, we have ensured their local existence, if ¢ exists
locally. Let us first discuss two leading order terms: d,(O)
and the standard operator flow term proportional to 05/)2).
We have already argued that ¢(!) cannot be used to
eliminate one of them [see the discussion below (46)].
However, we may eliminate their difference.

We proceed with the two terms proportional to the EoM,
the first ¢-derivative of I';,. We find

|8 55e] =375 [#55]

sk | 6Jg |V 60
. 6T 8¢, ] T 50,I"
= _¢i / t¢nm - 7 + ¢S)m w4t . (50)
oJ 05¢l oJ O 5¢m 5¢m

The first term in the second line is potentially a first-order
correlation order or even tree-level, if basis rotations are
considered. In turn, the second and third terms are second-
order correlation terms. The square bracket vanishes if

there are no correlations between g?ﬁ and O, and both terms
are already correlation terms. The second term is a product
of the first-order correlations and hence is at least of the
second order. We conclude that only the first term on the
right-hand side of the equation is a potentially leading-
order correlation term.

Now, we apply this correlation order counting to the
remaining terms in (49). We readily conclude that they
are at least of second order. They are loop terms and hence
of at least first order. They are proportional to ¢© or the
Jo-derivative of ¢, and both are first-order correlations.
There are even additional cancellations between the terms
that increase the correlation order of some parts. We do not
study these cancellations explicitly as the terms are
subleading. A

In summary, only 9,(0O), the standard operator flow term,

and the qﬁ =’_term in (50) are of the first order. The first
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consequence is that there is no first correlation order choice

g?ﬁ(l) that removes either of them from (49), but of course,
we can remove the sum of them. More importantly, the
other terms are of the same (second) order. This mirrors the
similar statement about F in Sec. III C 1. We may simply

choose &5(') such that they cancel each other as well as the

A

difference between (O) and (minus) the J»-derivative of T',,
in (33). This leads us to yet another simple form of the
operator flow,

(0,+ 4155 )10) = =3 G RGO (51)

Equation (51) is form-equivalent to (43a) but applies
directly to O instead of O,4. While this is seemingly
surprising, it simply entails that with appropriate choices
of (}5(1), (43a) holds true for all composite operators that
only differ by subleading correlation orders. This concludes
our analysis.

3. Nontriviality of trivializing flowing fields ¢V

We close this section with an analysis of operator flows
with trivializing flowing fields ¢(!). They are defined by a
vanishing right-hand side of the generalized operator flow
(17), leading to 9,0, = 0. The target operator is the one at
k = A. This may be seen as the analog of a classical target
action. There, the flowing field accommodates all quantum
physics and the flow was preserving all information. It is
one of the target actions for which the computational task is
significantly reduced. The task of solving a rather com-
plicated PDE is reduced to solving a linear ODE. It is
therefore tempting to extend this example to the operator
PIRGs, hoping for the same significant simplification. As
we are finally interested in the solution on the EoM, we
restrict this analysis to ¢ = gy Then, the second term
in Fy in (30b) is missing. For linear perturbations (45),
we are led to

3¢ &%'l) ) m

— = =0 Gy(D,Ry)—1| . (52
8lobp; Sy 4’”’"{ o2 ¢>R¢] ;%

A seeming problem of (52) is the presence of 1/R, but the

product (D,R[};)R%) is not problematic for a large set of

regulators R. The right-hand side is #V-independent and
hence, ¢! is simply given by its ¢-integral. This ensures
the local existence of ¢!).

For the present purpose of a structural discussion we
simplify this case even further by using ¢[¢ 0] =0 for all
k, i.e., we are considering the Wetterich flow for the
effective action. Then, ¢ = ¢ and with ¢[¢, 0] = 0 we fall
back to the operator flow (17a) in terms of the fundamental
field. However, for ¢ = ¢ and (52), we are left with

9,0 4[@gom] =0, ke [0, Al, (53)

with the initial cutoff A and O, [@g.\] follows from (33),

? ij 5¢
O(b{(ﬂEoM] = <On> - Ry G(p.ili’ (54)
0@
with ¢© given in (34). With (53) we conclude
.Y/ SN
RyG i =(On) = (Ogn)n (55)
o,

For R, — 0 the left-hand side vanishes for regular #°.

Thus, we conclude that ¢© develops a singularity for k — 0
if we attempt to implement 9,0, = 0. Still, we may use

A

(55) in the limit £ — 0 for computing (O) at k = 0. This
requires ¢© or rather its flow. A t-derivative of (55) leads
us to

. . 5%
at<on> = at |:Ri/{G(p,il ]:|

27
. Sp0 . 50,9
= [at(Rf/"]G(p,il)] 5(!’1] + R(Z’]Glﬂ,il (St(pl ! . (56)

Equation (56) is nothing but (48), evaluated on-shell. This
follows readily with the definition of O, in (28) and (53).

Consequently, the trivializing choice of ¢(!) satisfies the
integrability condition on-shell, and the flow is locally well
defined.

The only unknown in (56) is ¢©[¢]. It does not follow
directly from ¢!, which is determined by (52). It is
tempting to use the integrated flow of the latter for

A

computing (O) as it is (minus) the integrated flow of the
standard flow term proportional to O,4. However, for
trivializing flows, the latter is proportional to O, , and
cannot yield the full result. This is proven by considering a
perturbative expansion of the integrated flow. The respec-
tive diagrams always carry at least one propagator at k = A.
A minimal and illustrative example is given by the two-
point function @ = §(x,)@(x,), which we have also solved
numerically for d = 0 (see Fig. 3).

A

In short, the flow of (O) is now partially buried in the
standard flow term and partially in F . The above structure
begs the question of whether we can infer 9,¢° from .
Both contain (9,¢") and differ by further terms triggered
by the Jp— and t-dependences of the cutoff and source
terms. With (42) and similar relations the difference

between 9,¢° from gbm can be provided in a closed form.
Structurally it reads

0,0° = 'V + AZ[g°. ¢V, O,). (57)
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FIG. 3. RG-time dependence of the two-point function on the
equations of motion: We compare the standard operator flow
(17a) (blue) with the trivializing flow (56) using the assumption
0,¢° = ¢!V (red). The plot illustrates that the assumption does
not hold true, and we have (57). The results are obtained from a
zero-dimensional computation of the Wetterich flows with the
classical action (59) and with AZ # 0.

While this relation can be recast in terms of a recursive
relation for 0,¢©, the latter takes a rather complicated form.
We refrain from discussing it further here, as such an
application is safely beyond the scope of the present work.
Moreover, at present, the seeming initial promise of a
further structural simplification does not hold. In view of
this nontriviality, we shall stick to the already impressively
simple operator flows (43a) for general applications. Note,
however, that the simplicity of the operator flow is not the
only criterion. Subject to the theory and operators at hand,
other choices of ¢ in the generalized operator flow (17)
may be better suited.

IV. APPLICATIONS

In this section, we illustrate the potential of the operator
PIRGs at the example of correlation functions O,, of the
fundamental field with the operator

Oniiy = Wiy = Py (58)
as well as ¢[¢]. While the derivations are general and the
results hold true for a general QFT, we will exemplify them
with a scalar ¢*-theory in d dimensions with the classical
action

slol = [ a0+ g + 0| 9)

The respective composites O, are given by (33) and reduce

to the n-point functions at k = 0 and on the EoM [see (39)].
An analytic benchmark case is provided by d = 0, where

the theory reduces to a simple one-dimensional integral,

1

Z0g) =5 [ dpes b, (6o
¢

where all functionals reduce to functions, indicated by the
parentheses, e.g. Zy[J 4] = Z;(J ;). In this example, we use
the classical target action

I'7(p) = Sa(ep) + Cr, (60b)

where C; is a constant. The PIRG flow for the flowing
composite field ¢ reads with Ry =K,

. A 1+¢
¢<m3,,¢+3"’¢3> —¢

; +6,lnN¢ —0,Ck.
| 4 mat 2

(60c)

For more details, see Appendix Al. Equation (60c) is a
simple linear ordinary differential equation for gb[(,b} and is
qualitatively simpler than the nonlinear, nonalgebraic con-
vection-diffusion type equation for the effective action I',,
of the fundamental field. This example was already used
in [1] in the context of the reconstruction of correlation
functions of the fundamental field. We emphasize that this
example is sufficiently complex to illustrate the structure
and potential of the approach. Needless to say, a Euclidean
quantum field theory is qualitatively different from a one-
dimensional integral, but any finite approximation carries
the same structural properties. Here, finite approximations
encompass lattice formulations on a finite lattice or
approximations to functional flows with a finite number
of operators for the effective action. In the latter case, this
includes fully momentum-dependent dressings for these
operators. We hasten to add that this statement does not
concern the computational complexity, which is qualita-
tively higher in a quantum field theory, but only the
structure. In short, the zero-dimensional example can be
used to illustrate the implementation of the approach and
also provide a computational proof of the relations.

We shall explicitly derive the expressions of the flow of
Oy, O, in general theories in Sec. IVA and Sec. IV B,
respectively. There, we also provide solutions in the
analytic zero-dimensional example theory with the classical
action (59). The structure of the flows for O, , also allows
us to discuss the general structure and relations for the
flows of general O,. The flow of an n-point function is
iterative, in the sense that it only requires the knowledge
of the lower- order ones, with m < n. This is exemplified
with the four- and six-point functions in Sec. [V C, and we
show the full reconstruction of generating functionals in
terms of ¢ in Sec. IV D.

A. Flow of the fundamental mean field @ [@]

We initiate the discussion with the computation of the
expectation value
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Ol,i[¢] - <¢i>[¢}v JO] = qu (61)

The respective current is that of the fundamental field of the
theory, and this flow is only nontrivial if g?’) # ¢. In the latter
case, we can generate n-point functions by n-derivatives
with respect to J,,. The total derivative operator flow (43)
reads

.0 1 L
o)+ b " = 16D R )G of}). (62
with
52
oL =S (63)

We use the trivial initial condition at J, 0= 0,

o = ¢ (64)

Equation (64) entails that all nontrivial terms in (33) are
missing at k = A. Moreover, it leads to

NN [Cb] = (bA' (65)

It follows from (62), that the field ¢;[¢] differs from that
obtained by inverting the map ¢, [¢], defined by the simple
integration of ¢[¢]. This functional underlies the interpre-
tation of the left-hand side of (43b) as a total ¢-derivative.
We find, see Ref. [1],

bl =0 [ il (66)

The underlying map between the two fields is defined by
the operator ¢ [@]. If the two agree, the left-hand side of
(62) vanishes, and so does the right-hand side. This entails
a linear relation between ¢ and éﬁ and reflects the trivial
case we have discussed in the introduction of this section.
For nonlinear relations the right-hand side is nonvanishing,
and the two functionals differ, in short,

ol prle)] # ¢ (67)

We have computed both functions ¢;[¢] and ¢;[¢] within
the zero-dimensional example theory with (60). The results
are displayed in Fig. 4, where ¢[¢p] = ()" (red) and
¢ilp] (blue) for k = 0, together with the solution of (83)
(black dashed line) discussed in Sec. IV D. These maps
all differ from each other, and their relevance for the
reconstruction of the 1PI effective action I',,[¢] is discussed
further in Sec. IV D.

We close this section with a discussion of higher
correlation functions. The operator flow (62) is readily
extended to that of a general n-point correlation function of

1.2F
1.0t
. 0.8}
4 0.6¢
0.4}
0.2}
0.0L!

=== QOperator flow |}

— ¢=(p+fd.>dt-

= = Standard flow |

FIG. 4. Different definitions for the map of the field trans-
formation, discussed in Sec. IV D: Reconstruction by direct
integration (66) (blue), as derived from the operator flow (62)
(red) and the aimed-for map which produces the 1PI effective
action in terms of ¢ (83) (black, dashed).

the fundamental field. We use that a Jp-derivative of O,
provides the two-point correlation function at k = 0, if
evaluated on the EoM ¢g,. For k# 0 and general ¢,
we find

_5_01_52F¢:<¢2>+... (68)

Oy = =

C "5, oI
where the dots - - - stand for the other terms in (33) that
vanish at k = 0 for ¢g,\- The initial condition is derived
from (64) with a further derivative with respect to J,,. Note
however, that the operator O and O, agree for k = 0, if
evaluated on the EoM: the first term in (33) agrees for both
operators. For k # 0 and general ¢, the additional terms
are different, which leads to different flows and initial
conditions.

B. Flow of the propagator G, [¢]

With the result for the one-point function ¢[¢], we can
compute the full propagator of the fundamental field. For
this purpose, we consider the flow of the two-point function
of the fundamental field

O g) = OF. [#] + o' [¢le’ 9] (69)

The subscript ¢ stands for the connected part of the

operator in terms of ¢-connectedness at k = 0 and on the
solution ¢y of the equations of motion. Indeed, we find
that the propagator of the fundamental theory is given by

G;{ = Ogcq) [Peom] = [Oéj [Peom] — (/)EOM(p{;ZoM]k:O’ (70)

where @gom = @[Peom|- The split (69) requires the knowl-
edge of ¢'[¢] as computed in Sec. IV A with the simplified
operator flow (43). This is accommodated by considering
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the simplified operator flow for the operator O, =
(0, 0,), as introduced in (21).

We also emphasize that (69) is not a split into
@-connected and disconnected parts for k # 0, which follows

already from (36). Hence, calling Olz’ . [¢] a @-connected
part is a slight abuse of the notation for k # 0. The
respective total derivative operator flow (43) for (’)2,% in
(69) is given by

nm

. 2,¢c,
atogfgw + ¢i 5¢l
. .5¢”
= —Kaz(ﬂ" +¢1575,-)(Pm + (n < m)]

1 i 2),nm
~5 (Gy(DiRy)Gyl" x (Og,])'i

1),n Jm 2).n m
+ 0" QD 4 (o m))), (71)

where (n <> m) denotes the addition of the previous terms
with switched indices. The second line in (71) is nothing
but the right-hand side of (62), multiplied by ¢[¢]. The
second line in (71) and the last term in the third line

proportional to 2405-?) cancel out, and we arrive at the final
expression,

50,.,

o
1 .
=5 [G4(D,R;)G 4V

at 02,c¢ + 4.51'

x (022" 4 MgV 1 g0, (72)
which reduces to the standard flow of the propagator G, for
¢ = @. In the general case, (72) requires the knowledge of
@[] and hence the solution of (62). This already illustrates
the iterative structure for all correlation functions. The flow
of the connected or even 1PI-parts of O, requires the
knowledge of the flow of the O,, with m < n. While this
certainly enlarges the computational effort required to
compute O,, it has the potential of improving a given
approximation. We emphasize that while (43) for O, and
(72) are formally identical, they do not agree if approx-
imations are applied. Equation (72) uses the exact flow of
@ = Oy, which is then cancelled on the left and right-hand
sides of (71). At k = O this separation is that in the connected
and disconnected parts with respect to ¢ [see (70)], and we
expect that such a flow leads to better results in comparison
to, e.g., no split. Indeed, first computations in quantum field
theories hint at this scenario, a detailed analysis shall be
published elsewhere, including a first discussion of func-
tional optimization of operator PIRGs, [37]. In summary, this
suggests that the split (69) is the natural one.

However, we may also use a split that is guided by
computational convenience. For the latter, we notice that

the flow operator (43b) is proportional to two derivatives
with respect to ¢. This reflects the fact that connectedness
in the generalized flow equation is defined with respect to
correlation functions of the composite field q?) Hence, it is
computationally more advantageous to split the correlation
function O, in terms of 1PI and the connected and
disconnected parts in ¢. In the present case of the two-
point functions, this split reads as

OY(p] = O[] + b (73)

where the subscript .. ) indicates éﬁ—connectedness. We note
in passing that for k # 0, O, is not just the expectation

value of (¢?). Hence, subtracting ¢'¢/ from O, may in
general not give us a ¢-connected part of ©,. However, the
additional terms in (36) are 1PI, so in contradistinction to
the split (69) with the fundamental field, the operator O, . ”

is the ¢-connected part of ©,. Finally, we emphasize that
this split is purely done for computational convenience and
provides the same results as no split in any approximation.
In contradistinction to the ¢-split, no exact flow is divided
out. In summary, we expect that this class of operator flows
(no split) works best for physical composite fields such as
those used in the ground state expansion. In turn, for
extreme choices such as the classical target action, (73) or
similar choices may require good approximations in order
to work. These arguments are supported by explicit results
in nontrivial quantum field theories [37].

With the split (73), the flow equation for O, . " takes the
form

nm
602,C(/,

o

ij 2).nm n Sm m Sn
(Gy(DiRy)G I [OFN 1 + 5187 + 6762, (74)

+ (@"p™ + ¢ ™)

0,08+,

1
T2
The solution of (74) does not require the knowledge of
@[¢], but the computation of the propagator G, does for
nonvanishing solutions of the EoM [see (70)]. We rewrite
(70) in terms of (912] ey to wit,

Géﬂj = OIZJQ/; [¢EOM] + (¢{EOM¢]{ZOM - (proM(p{;ZoM)' (75)

For ¢pgom = 0 = @gpom, We do not require the knowledge of
@eoMm» While for nonvanishing mean fields we do.

We have computed the flow of O, ) in the zero-
dimensional example (60). The result for ¢ = 0 is depicted
in Fig. 5 for different implementations of the operator flow
as well as the result obtained from the cumulants-preserv-
ing flows of the effective action:

(i) Composite fields (}5 with J »-dependence, chosen such

that (31b) holds true. This leads to the simplified
operator flow (74) for O, (straight blue line in Fig. 5).
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3.0}-

Exact mass

2.5}
2.0t
1.5¢

O2,¢,[Peom]

S 4
1.0fjmm=  57¢=0
s 4
55, 0
0.0l|™== Cumulant flow ]
-10 -8 -6 -4 -2 0 2 4
RG-time

0.5 [ m—

FIG.5. RG-time dependence of the composite operator flow for
different J»-dependences of ¢.

(i) Composite fields (} without Jp-dependence, i.e.
(A8) for all k. This is a special case we can derive
easily in d = 0 (see Appendix A3). Then, (30) holds
true (straight red line in Fig. 5).

(iii) Two-point function obtained from an mi—derivative
of the cumulants-preserving effective action (see
Ref. [1] or Appendix Al, dashed black line in Fig. 5).

All results agree at k = 0 as no approximation has been
applied. Moreover, the flows (ii) and (iii) agree which each
other at all scales. The numerical calculation and an
explanation of this last finding are given in Appendix A.
Finally, in Fig. 6, we compare the ¢-dependence of the two
operator flows (i) and (ii). The operator flow for the
Jo-independent composite field (ii) agrees with the
mé—derivative of the cumulants-preserving effective action
and has no field-dependence. In turn, the operator flow
(i) provides the full ¢-dependent two-point function.
However, the operator flow (ii) is hard to access for a
quantum theory in d > 1, and the easy access here is a
particularity of d = 0. In general, we deal with flows of the

type (ii).

3f
Exact mass
2.
— 1
5
S of
e)
-1t
-2t
2 4 6

(a) Standard choice with operator flow (74), fulfilling (40).

We conclude this section with a remark on the con-
struction of a further effective action that may prove useful.
Equation (72) can be seen as the master equation for an
effective action Ii,,,

I [0lg]] = 0y — o).

We refrain from splitting up the regulator term as it is not
quadratic in the fundamental field. We also remark that f¢

does not satisfy the Wetterich equation but a multi-loop
(2)

(76)

equation. Multiplying (72) from both sides with I:(,, leads
us to
(2)
@, 50y 1
oLy’ + i sp 2 [Gy (D Ry)Gyl,;
(22) _ Hi(2.1) (2.1
x (P07 —2r5" 6, - Ty,
+ 20T D). (77)

The mixed derivatives T/ originate in the derivatives

T2 with n > 0 of T'® defined in (76). We define

(1)
=(n,m "l =(n o i =(n
g OTE ey Hapenn
5¢m Pl lns] 5¢, Pl Tt
and the mixed derivative 1:4(01‘./1) in (76) is given by
(1.1 1)#(2.0
F((/u/) = ;,./‘)Ff/z.il)' (79)

It is illustrative to reduce (77) to the operator flow (17) with
¢ = @. For example, the last term simply collapses to d,R,,
and originates in hitting the explicit regulator contribution
in 1/G,, in (76). In turn, the general form accommodates
the transformation of the regulator term.

3.0F

Exact mass

2.5¢

2.0¢

1.5¢

02,6,[9]

1.0t

0.5 mem k = 50

0.0_— k = - . . |
-6 -4 -2 0 2 4 6
¢

(b) Field independent flow of the composite operator using
(A11).

FIG. 6. Field dependence of composite operator flows of the connected part of the two-point function (92_% for different

Jo dependences of the flowing field.
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Similar relations can be derived for higher correlation
functions. Note that the structure of (72) persists, and the
explicit flow terms of the lower correlation functions drop
out. It is worth emphasizing that we cannot use the short cut
and simply use further g-derivatives of the effective action
I » or G, for computing the higher correlation functions as

the mean field ¢ is defined from the current term of g@ This
will be discussed in Sect. IV D.

C. Flow of higher-order correlation functions

The flows for the higher-order correlation functions
follow analogously to those of the propagator. We first
consider the generalization of the @-split (69) for an n-point
correlation function @n with (58). Then, we have to
consider the operator flow of

0,=(0,...,0,), (80)
as the computation within the split requires the knowledge
of all lower-order correlation functions. As discussed in
Sec. IV B for the case of the two-point function, within this
split the flows of the lower correlation functions are divided
out, hence guaranteeing exact relations and projecting on
the connected part of O,,. The split is readily implemented
as it simply uses the relation of a full n-point function and
its connected and disconnected parts. We illustrate this
explicitly for the four-point function

04 = 04,%, - 401,%03,%

2 2 4

- 3(’)2’% + 12(’)1‘%(’)2% - 6(’)1‘%. (81)

This concludes our discussion of the ¢-split and its iterative
structure.

In the present work, we concentrate on the zero-

dimensional case without any approximation. Then, the

Exact value

8 6 -4 -2 0 2 4
RG-time

(a) ¢-connected part Ou,c,, of the operator Oa, see (36).

computation is facilitated by using the split in g?)—connected
correlation functions. It lowers the redundancies within the
computation, as the flow is one-particle irreducible in the
¢ field. This also improves the numerical convergence.
However, as discussed in Sec. IV B, it should only be
considered for the physical choice of ¢ such as underlying
the ground state expansion.

In the present benchmark example, both the numerical
challenges as well as those related to approximations, are
absent, and the computation has been performed without
any split in connected and disconnected parts. Still, we
showcase the split for the four- and six-point functions to
provide a glimpse of the systematics. The split of the four-
point function is given by (81) with ¢, — ¢y, and the split
of the six-point function is given by

Og = O, = 60,05, — 150,04,
+30(03,, + 01, O4,) — 1005,
+120(0 05,05, = O Os, = Of )

+36001, 0, —2700%, O

2,{24)'

(82)

The odd numbered operators vanish on the equations
of motion due to the ¢ — —¢@ symmetry. Note that the
c4-splits also require the input of the lower-order correla-
tion functions, that is, O, ’ for (81) with ¢, — ¢, and
Os.¢,+ Oy, for (82). Results for the RG-time dependence
of the connected parts Oy ., and O , on the equations of
motion are depicted in Fig. 7. These showcase results use
the simplified operator flow discussed in Sec. III B 3. We
have also computed further correlation functions up to the
order Oy, and they also agree with the full numerical
results. We shall use them in the next section for the

100F

Exact value

80}

O ¢,[Peom]

8 6 -4 -2 0 2 4
RG-time

(b) ¢-connected part Oé,c,, of the operator Os, see (36).

FIG. 7. RG-time dependence of the operator flows for the @—connected four- and six-point functions. We show results for the
simplified operator flow in Sec. IIl B 3. This corresponds to the blue curve in Fig. 5. At k = 0, the ¢-connected parts agree with the
¢-connected ones, as at k =0 we have O, ., = ("), due to @gom = Prom = 0.
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reconstruction or rather the vertex expansion for the
effective action I, and the Schwinger functional W ,.

D. Reconstruction of the @-generating functionals

Finally, we discuss the reconstruction or computation of
the generating functionals Z,, or rather the Schwinger
functional W, ~log Z ,, and T',,. The latter is the key object
of interest with the least redundancies, and we consider it first.

It is suggestive that the map ¢;[¢] or rather its inverse
@|@] can be used for the reconstruction of the full 1PI
effective action I'[¢] of the fundamental field from the
effective action I, [¢]. However, we shall see that in general
the required map is not ¢[@]. What we would need is the
functional $[g] at k = 0 with

Ty lp] = Tylole]]. (83)

The existence of such a field ¢[g] has been judiciously
discussed in [38]. Together with the two maps ¢;[¢] from
the operator flow (62) and ¢;[¢] from (66) we are left with
three different maps from the fundamental mean field to a
composite mean field:

(i) @|g]: this functional is obtained by simply integrat-
ing the flowing field ¢[¢)], see (66) and [1], see also
the discussion below (43b).

(i) ¢[¢]: this functional is derived from the operator
flow (62) in Sec. IVA.

(iii) @[gp]: this field is simply defined as the aimed-for

map in (83) (see Ref. [38]).

We have computed all three functionals within the zero-
dimensional example (60), where they are one-dimensional
functions. They are depicted in Fig. 4, where we show the
maps ¢[p| obtained from the definitions (i)—(iii) below
(83). They all differ from each other, and we conclude that
the effective action I'y[¢] is not the effective action I,
Evidently, in most practical applications it is possible to
find a potentially singular functional (;5[(/)] that satisfies (83).
However, (,7)[(,0} is not directly related to the underlying map
$i[@]. Note also that (83) does not satisfy the Wetterich
equation for any cutoff R,. This is explicitly seen by
inserting it into the generalized flow equation for the given
['y. This leads us to

. PN DY R
OTyl] + (¢ = 0i) 550 = 3G (D Ry)yy & 0N
(84)

Assume now that I, solves the Wetterich equation,

1 i
G,Fw[q)] = EG,,{@,RW] + 6, ln./\/(/,. (85)

Then, the combination (84) and (85) can be solved for 9,¢;,
to wit,

~ oI ol 1
¢ _ ¢ i
0I¢i 5¢l — ¢i 5¢l +§G¢/01R(/71]
1 N
tj ¢
=Gy (DRy),; + 0, lnN¢. (86)

On the equation of motion of ¢, the left-hand side vanishes
and so has the right-hand side. This induces a specific
choice of the flow of the normalizations. As for (83), we
can solve (86), but it is not related to the underlying
operator relation ¢[@]. This concludes our discussion of the
direct reconstruction of I',, from T'y. It will be discussed
further elsewhere.

For the remainder of this section, we consider the
reconstruction of the 1PI effective action I'j[p] from
1PI-correlation functions. The respective expansion of
the effective action in the n-point functions reads

1 1PI i i
Lylo] = Zmoi,ir?-in @, (87)

n>0 """

where OS}”’ are the 1PI-parts of the correlation functions O,,,
and we have used

ry =05 and 1y =0, >3 (89)

Equation (87) is the vertex expansion of the effective action
and is the standard expansion scheme for quantitative
applications in higher-dimensional quantum field theories.
If augmented with full effective potentials for emergent
composites, it is the expansion scheme used for quantitative
applications in QCD (see, e.g., the recent works [13,39]).

The relation between the complete correlation functions,
the connected ones, and their 1PI parts is provided by the
functional identity (see, e.g. [2]),

A N . g
(@i, ¢i,) = H [Gi,m S0 + (Pi/], (89)
j=1 (pm
and
2 Gy =G, G 90
5(ﬂ1 nm — — Ynit ¢ ilj Y jm> ( )

with the relation (88). Hence, the O;IPI) can be computed
from the set {O,,,} with m < n. In the explicit compu-

tation, we have considered (’)g?)m. They are constructed

with (89) from the connected correlation functions (’)m,%
with m =2n and n=1,...,5, computed in Sec. IVA
to IV C.

Furthermore, the Om‘cw can be used directly for the
expansion of the Schwinger functional W, ~logZ,,,
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(a) Vertex expansion of the Schwinger functional.
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(b) Vertex expansion of the effective action.

Reconstruction of the generating functionals of the correlation functions of the fundamental field, the 1PI effective action I',

and the Schwinger functional W, from the results for the correlation functions O, = (¢") at k = 0. The expansion uses the operator

flows for (’),A‘% with i =2, 4, 6 and (87) and (91).
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FIG. 9. Relative error AF;?I, (92), of the effective action I',, of

the fundamental field in the nth order of the vertex expansion,
including terms up to the order (,172". We depict n =4, 6, 8, 10.
The reference solution is computed numerically from (60).

| B
1/1[‘]1/7] = ZEOH]‘%U J‘Nl o 'J!/Li,,’ (91)

n>0 """

and as for the effective action, we use the correlation
functions (92,,!% with n =1,...,5. The results are dis-
played in Fig. 8. In Fig. 9, we depict the relative error Al"f;l
of the vertex expansion for the effective action,

Ty o] = T, [0l

AT o] = Tl ,

(92)

where ') is the effective action within a given order of the
vertex expansion. We see a rapid convergence of the vertex
expansion for fields || < 2. For these fields, the relative
error is already in the permille regime and below for
2n = 10. The exact reference solution is obtained by a

numerical evaluation of the Zj -integral (60) and the
subsequent numerical Legendre transform.

For larger field values, the effective action converges to
the classical one, which is not well described by the vertex
expansion. This regime does not carry any ‘physical’
significance and the convergence for |¢| <2 indicates a
lower estimate for the respective convergence radius.

V. PIRGS AND OPERATOR PIRGS IN HIGHER
DIMENSIONAL FIELD THEORIES

This section discusses the use of operator PIRGs in
quantum mechanics and quantum field theories. The zero-
dimensional examples so far have illustrated the structural
properties of operator PIRGs. In particular, we have dis-
cussed the need and computational validity of the operator
dependence of the field transformation for the concise form
(43a) as well as the potential use of the general operator flow
(30). In Sec. VA, we discuss systematic expansion schemes
(SES) and their implementation within the PIRG setup. This
continues and extends the respective detailed discussion in
[1,4]. In Sec. V B, we discuss the distribution of physics
properties between the components of the two PIRG-pairs

(T[], dlg]) and (Olg).dl¢.Jo]) in (7) and (31,
respectively.

Before analyzing these different aspects, we would like to
issue a statement of caution. The generality of the PIRG
approach is both a blessing and a curse: Its inherent maximal
flexibility allows for fRG-applications that qualitatively go
beyond those considered so far. This generality is important
both on the conceptual level as well as on the computational
one. On the other hand, using this maximal flexibility for the
first time implies that many properties of the resulting
fRG-flows and, in particular, the systematics and conver-
gence of systematic expansion schemes have to be re-
assessed. However, this simply means that applications
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come with an increased necessity of a systematic error
analysis in comparison to the standard fRG-approach. The
two following sections should be read while keeping this
in mind.

A. Systematic approximations schemes
in the PIRG setup

In all examples above, flows were computed without
approximations as both the flow of the effective action and
the operator flows, which are exact within LPA. In higher
dimensions, d > 0, the flows are generally subject to
approximations. Importantly, standard approximation
schemes, such as the derivative expansion or the vertex
expansion, have to be re-assessed for both parts of the
PIRG approach.

1. Systematic expansion schemes for the PIRG-pair

Firstly, within a given level of a specific SES the
computation using an underlying PIRG-pair (T'[¢], ¢[¢)])
in (7) leads to different results than the same approximation
level used in the standard approach with ¢ = 0. Moreover,
the generality of the PIRG approach gives access to novel
expansion schemes like the ground state expansion [36] or
the feed down flows [1], which have no counter part in the
standard approach. These properties and further ones have
been discussed at length in [1], and we defer the reader to
this paper for more details. Roughly speaking, PIRG flows
outperform standard flows in a given approximation level
of a SES if one can show that the information contained in
the standard flow is completely accommodated within the
PIRG-pair. If this is the case, PIRG-flows typically also
accommodate further terms in the standard effective action
beyond the approximation level used there. Moreover,
SESs such as the ground state expansion aim at optimizing
the convergence for general SESs. While this optimization
idea does not guarantee better results within a given order,
nontrivial evidence has been collected, which show the
convergence is already qualitatively better in low levels of a
given SES. The PIRG approach has been used for the
analysis of the instanton-dominated regime of the anhar-
monic oscillator for small anharmonicities within the
ground state expansion. In [5], the exponential scaling of
this regime has been confirmed within the fRG approach
for the first time. We emphasize that, while the standard
flow approach also offers results in this regime, it is fair to
say that the numerical instabilities carried with the standard
flow for small anharmonicities do not allow for even a
qualitative analysis of the exponential behavior. Moreover,
the results for small anharmonicities even indicate a
polynomial scaling of the energy difference between the
ground state and the first excited state AE. In turn, the
PIRG computation in [5] provides the exponential decay
constant of AE (by means of a new observable) and agrees
with the exact one on the percent level.

2. Systematic expansion schemes for
the operator PIRG-pair

We now proceed with the discussion of the operator-
PIRG pair (O[], p[¢.J]). First, the operator flows (17)
and (43) are closed, i.e., they do not feed back into the
PIRG-pair. This facilitates the discussion of the level of a
given SES within these flows. In particular, if the pair (31)
is resolved such that (17) and (43) contain all terms used in
the PIRG-pair (I'[¢]. ¢[¢]), the operator is consistent with
this expansion-level. A further beneficial property of the
operator flows, and specifically their simplified form (43),
is their form of a (generalized) heat or Fokker-Planck
equation. This form makes it more amiable towards the
numerical implementation of more sophisticated approx-
imations in comparison to the standard flow equation. This
complements the advantages of computations with the
underlying PIRG-pair, where specific target actions can
leave us with a simple first-order partial differential
equation for ¢ (see Ref. [1]). In addition to these qualitative
computational advantages, the two-step procedure of the
setup allows to go beyond the level of the SES used for the
PIRG-pair. For example, one may resolve the PIRG-pair in
a given order of the derivative expansion, say the first order.
Then, the operator flow of the two-point function of the
fundamental field (¢@(p,)@(p,)) can be solved with its full
momentum-dependence (as well as the dependence on
constant fields ¢.). In particular, this provides us with the
propagator G,,(p. ¢,) of the fundamental field. For a scalar
field theory this leads to

1 1
Z,(pe. p) P>+ mi(p.)’

G(l,(q)c,p) = (93)

with

Gy(9ep.q) = Gyloe. p)(27)'6(p —q).  (94)

Similar flows have been used in the standard fRG approach,
where full Euclidean and real-time momentum-dependences
of propagators and vertices can be read-out from the flows
of vertices computed with less momentum-dependences. For
an early analysis of the convergence of this procedure (see
Ref. [40]), and for further examples and further analyzes see
Refs. [13,41,42].

3. Applications

Both aspects of SESs in operator PIRGs are currently
used in a computation of correlation functions of the
fundamental field for the anharmonic oscillator (aiming
at the incorporations of topological effects in the PIRG
setup) and higher dimensional scalar field theories (aiming
at the study of optimized convergence). These computations
go far beyond the scope of the present, mainly conceptual,
work and will be presented elsewhere.
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B. Physics distribution in the PIRG approach

We close this section with a discussion of the distribution
of physics among the different components of the PIRG-pair.
This concerns, for example, physics properties such as the
occurrence and location of phase transitions in the physical
parameter space spanned by relevant couplings and external
parameters such as temperature and density. Furthermore, it
concerns the emergence and properties of bound states and
resonances, important examples being QCD with its very
rich hadron spectrum, but also condensed matter theories
with their intricate and dynamical Fermi surfaces, e.g., in the
Hubbard model. These important properties have already
been discussed in the literature with an emphasis on different
aspects

These properties have been discussed in the context of
generalized flow equations and the PIRG approach in
[1,4,17,36] with an emphasis on the generality of field
transformations that also allow for mapping different
theories onto each other. In particular, this possibility also
underlies the recent application of PIRGs to sampling tasks
for lattice field theories and beyond with physics informed
kernels (see Refs. [43,44]). Similar to standard machine
learning architectures, such as normalizing flows and
diffusion models, the efficiency of this generative RG-
architecture is based on the map from the original sampling
task to that with a simple distribution (or theory) that allows
for efficient sampling.

The properties have also been discussed in the context of
the essential RG [6,20,38,45]. By definition, the essential
RG restricts the mappings to those ¢ that leave the mass-
shell or the equations of motion unchanged. Accordingly,
essential RG-transformations have the physics property that
they leave the resonance spectrum of the theory unchanged.

Finally, a comprehensive discussion has been put for-
ward in [7] with a focus on microscopic transformations
$[®] underlying the generalized RG [2] and hence the
PIRG approach, as compared to macroscopic transforma-
tions that are only defined on the level of the mean field
variables ¢ and their flows.

The latter two investigations have in common that they
concentrate on specific aspects of transformations while
the PIRG approach emphasizes and uses the generality of
transformations. Roughly speaking, the reliability assessment
of the PIRG approach and its implementation in a specific
SES certainly benefits from these analyzes. However, we
would like to emphasize that it is the generality of the PIRG
approach which underlies its successful applications beyond
the restrictions of the essential RG and the caveats voiced in
[7]. In our opinion, this is very transparent in its use with
physics-informed kernels (PIKs) in [43,44] and their relation
to standard machine learning architectures.

In the following sections we discuss two specific proper-
ties of general quantum field theories: (emergent) reso-
nances and (dynamical) Fermi surfaces. These are but two

important examples, and the general structure extends to
further important properties.

1. Physical resonances and their flow

We proceed with a discussion of the evolution and storage
of resonance properties in the PIRG approach. Respective
comments can also be found in [13] in the context of an
investigation of the systematic error estimate of expansion
schemes in the fRG approach with emergent composites,
the latter being a specific implementation of PIRGs. To
begin with, any momentum space RG with fixed physics
parameters (couplings and external parameters) leads to a
change of the resonance spectrum of the theory and the
Fermi surface of all fields involved. Indeed, it is one of the
redeeming properties of momentum space RGs, that they
lead from simple (in most cases classical) theories to full
quantum field theories. The PIRG approach only redistrib-
utes this physics change between the generating functional
at hand and the flowing fields. While this typically does not
involve the flow or emergence of singularities in the
Euclidean or imaginary time branch of the theory, except
that of massless composites such as Goldstone modes, it
definitely comes with the flow and emergence of singular-
ities in the complex frequency plane of the theory at hand. It
cannot be emphasized enough that this is a feature of
RG-flows. Still, these flows may be difficult to incorporate
in practice (for respective discussions see in particular [17]).
However, as is also discussed there, the PIRG approach
does not add to the problem but, rather, it facilitates the
implementation of the flow of singularities and that of
emergent resonances. Indeed, the fRG approach with
emergent composites [2,9-12,46] was developed precisely
to accommodate emergent composites (resonances) and
their flow. Its most general form, the generalized flow
equation [2] underlies the PIRG approach for the effective
action, while the Wegner equation [19] underlies the PIRG
approach for the flow of probability distributions as used for
PIKs [43,44].

2. Fermi surfaces and their flow

Finally, we discuss the fate of (dynamical) Fermi surfaces.
Respective theories such as the Hubbard model are currently
under investigation within the PIRG approach, both within
fRG studies but also within the PIK-approach. Naturally,
fRG-studies use the ground state expansion as set-up in [36]
and is used in [5]. In its simplest form in a scalar theory, it
uses a trivial wave function Z[¢] = 1 as suggested in [6]. If
naively implemented in fermionic theories, it suggests the
use of a classical dispersion for the fermionic flowing field.
This overlaps with the definition of renormalization-group
invariant fermionic fields y;, sometimes also the misnomer
renormalized field is used. For relativistic fields they are
defined with
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70T Py = w(p)TP (P, (95)

where 1:1({2) (p) =~ S (p). Such a rescaling of the fields is a
trivial flowing field. The advantage of (95) and the respective
transformations for bosonic fields lies in the RG-invariance
of fields and n-point functions T, In case of a smooth and
mildly varying momentum dependence of the two-point
functions I'®), this facilitates and optimizes SESs with only a
partial momentum-dependence such as the derivative expan-
sion or expansions, where the full momentum dependence of
vertices is approximated by that of momentum channels or
the symmetric point (for a comprehensive discussion of this
scheme see Ref. [13]).

This smoothness property already hints at the problem
with Fermi surfaces. They have an intricate momentum
dependence and may even include cuts and singularities.
Moving these structures from the propagators to the vertices
is possible but not advisable (see also the discussion in [7]).
Note however, that this is a feasibility argument and not a
conceptual one. Still, the proper implementation of the
ground state expansion forbids such a rescaling as the Fermi
surface of the ground state should not be trivialized. The last
argument emphasizes the systematic use of optimized
expansion schemes which, in our opinion, is qualitatively
facilitated by the PIRG approach, as different aspects of
such an optimized expansion can be and are naturally spread
between the different components F¢,¢,O of the PIRG
approach. The price to pay for this advantage is the
necessity to solve not only one but two or more differential
equations. However, since these differential equations are
qualitatively simpler, this comes as a benefit and not a price.

3. Upshot on physics with PIRGs

We have comprehensively argued that the PIRG approach
allows for more general and optimized expansion schemes
by trading the solution of the flow equation for the effective
action for solving a larger, but far simpler, set of differential
equations. This is akin to recasting a second order differ-
ential equation into two first-order ones, which is commonly
used within the solution of differential equations. These
clear and structural advantages come with the necessity of
re-assessing standard expansion schemes, such as the
derivative expansion and vertex expansion schemes, in
the context of the PIRG-approach.

VI. CONCLUSION

In the present work, we have completed the physics-
informed RG (PIRG) setup to quantum field theories, [1,4],
with a systematic and computationally accessible approach to
correlation functions of general composite operators defined
by (28). In particular, this gives us access to all correlation
functions of the fundamental field, which span the space of
correlation functions of local operators. The respective
operator PIRG flow for correlation functions is given by

(30) and (43). In terms of a vertex expansion, this gives us
access to the standard effective action of the fundamental
field. In short, it offers direct access to all observables of the
quantum field theory at hand in the PIRG setup with its
qualitatively simpler numerics and structural insights.

We have illustrated the potential of the setup within the
analytical example of the zero-dimensional field theory. This
example was chosen as it allows us to benchmark the PIRG
approach with exact results. Moreover, while not being a
physical example, it is a showcase for any truncation with a
finite number of operators, including a full effective poten-
tial and vertices with general momentum dependences. This
paves the way for novel insights and qualitatively improved
numerics in strongly correlated systems ranging from
condensed matter systems over QCD to quantum gravity.
We illustrate this potential by briefly discussing two of the
many applications.

The first one concerns the embedding of approximate
flows in exact PIRG ones with a flowing field that accom-
modates the missing fluctuations. This embedding has been
discussed in [4], following the classification scheme in
complete and consistent flows suggested in [47] and extended
in [4] to PIRG flows. Specifically, this allows us to elevate the
background field approximation in Wetterich flows or more
generally proper time flows to target actions in an exact PIRG
approach. This completes the evaluations started in [47-49].

These flows are of soothing simplicity, specifically in
non-Abelian gauge theories and quantum gravity, where
they are seemingly even gauge or diffeomorphism invariant.
Consequently, despite their approximate nature they are still
in common use. For respective works, see the review [50]
and, e.g., [51-55], for their potential embedding in or
interpretation as exact flows (see, e.g., [56—64]). Hence,
the present embedding within PIRGs has great potential
(see Ref. [4]). Still, it left us with the reconstruction task for
observables, as they are formulated in terms of the funda-
mental field. The operator PIRGs discussed here allow us to
not only compute these observables but also to minimize the
computational costs by chosen optimal operator PIRGs
(30). Note that this may or may not lead us to (43). Such an
evaluation goes beyond the scope of the present work and
will be considered elsewhere.

The second application concerns the computation of
correlation functions of observables in a given expansion
scheme within the PIRG approach. Here, we consider the
ground state expansion as advertised in [1,4,36] as well as
the minimal essential scheme [6]. In the ground state
expansion, the composite field ¢p may include transforma-
tion of the field basis to one anchored in the (dynamical)
ground state of the theory, a simple example being the
rotation from the Cartesian field basis in a scalar theory to a
polar one in the broken phase, as discussed in [14—16]. In
both schemes, the ground state expansion and the minimal
essential scheme and the field-dependent wave function can
be absorbed in the composite field. This leaves us with the
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zeroth order of the derivative expansion, or local potential
approximation (LPA), in the given field as the target action,
if formulated with feed-down flows [1], even without
feedback from the higher-order terms. The respective flow
for the effective potential is of the diffusion-convection type,
and its solution has been studied extensively in the past
decades (for a review see, e.g., [50]). A treatment with
modern solvers based on Galerkin methods as used for
hydrodynamical applications has been suggested in [65] (for
further developments and applications see Refs. [65-73]).
Then, the embedding of the LPA approximation in the PIRG
approach provides us with a far more sophisticated approxi-
mation at a numerical cost that is close to that of the LPA
computations. This has been demonstrated in [5] at the
example of topological scaling of the energy gap AE in the
anharmonic oscillator for asymptotically small anharmo-
nicities. However, the topological scaling was extracted
from a novel observable based on the flowing fields instead
of directly accessing AE. In combination with the present
operator PIRGs and also the latter observable, AE, with
direct physical relevance is accessible as well as others. This
is but one of the many applications of the operator PIRG.

In conclusion, the present work complements the PIRG
approach to quantum field theories with a practical com-
putational tool giving access to all correlation functions and
hence the generating functional in a comprehensive way. It
comes with a qualitatively reduced numerical cost as well
as offering many structural insights relevant for optimal
formulations of theories. This also is a natural link to novel
machine learning approaches to quantum field theories,
including generating models for lattice simulations. We
hope to report on all these exciting applications in the near
future.
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APPENDIX: BENCHMARK COMPUTATIONS

In this Appendix, we provide the details on the numerical

benchmark computations of the operator flow for the two-

point function ($?) in the zero-dimensional scalar theory

with the classical action S.[¢] defined in (59) and with
A, = 0.1 and m,, = 0.01. The computations are done with
the classical target action (cTA) TI'z[¢p] = Sqlp] + Ck
defined in (60b). In [1], the cTA was used as an extreme
case for the PIRG flow in which the whole dynamics of the
theory is stored in the flowing field ¢(¢). In the zero-
dimensional case (d = 0), the zeroth order derivative
expansion (local potential approximation) is exact. This
allows us to confront the results with those obtained by
simply integrating the path integral, which reduces to a one-
dimensional integral for d = 0. In summary, this example is
a perfect nontrivial benchmark case: it illustrates the
potential of the PIRG approach and its impressive flexi-
bility. Note, however, that in most practical applications the
selection of the target action is guided by a maximization of
its physics content while still keeping numerical simplicity.
For example, in the quantum mechanics computation in [5]
(anharmonic oscillator) the target action was chosen such
that the zeroth order derivative expansion is computed from
the Wetterich flow, as this action is readily computed, and
the first order of the expansion scheme is absorbed into
the field.

Our results from the operator flows are also compared
with those obtained from the cumulants-preserving flows
discussed in [1]. In particular, we discuss different choices
for the J» dependence of ¢ at the example of the operator
flow of the two-point function. Note also that the cTA
reduces the resolution of the PIRG flow from solving a
PDE of convection-diffusion type for I'y(¢) to that of
solving a linear ODE for ¢ (see also the discussion in
Appendix Al). There, we recapitulate the computation of
cumulants of the fundamental fields via cumulants-pre-
serving flows and solve the ODE for ¢.

In Appendix A2 and Appendix A3, we use the general-
ized operator flow (30) for the computation of the two-point
function. We use two different versions of the generalized
operator flow. In Appendix A2, we use the simple version
(43). In this representation, the total 7-derivative structure of
the flow is most apparent [see (43b)]. This representation is
achieved with a J»-dependent c}ﬁ, whose J»-dependence
is used to eliminate the terms induced by correlations of

the operator ® and the composite field operator q?b In

Appendix A 3, we use a Jp-independent (27 We show that
this case reduces to the cumulants-preserving flow.

1. Cumulants-preserving computation of (¢?)
For the classical target action (60b) the flow of the

effective action reduces to a simple shift,

o'r(¢) = 9Cy. (A1)

Then, the generalized flow equation provides a linear ODE
for ¢p(¢) (see (60c)). This leaves us with two constant
degrees of freedom that need to be fixed: the flow of the
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constant C;, and the integration constant of the linear ODE.
They are fixed by the constraints

lim ¢(¢p) - 0 and ¢H(0) = 0.

Jim (A2)
The first constraint ensures that the flowing field is well
defined for large values of ¢ and the latter implements the
cumulants-preserving property. This ensures that nth order
derivatives of the effective action with respect to the
classical couplings mj and 4, provide the (subtracted)
expectation values of powers of »? and ¢*, respectively, the
cumulants. For further details see Ref. [1].

Using this setup, the cumulants can be reconstructed
from any target action by simply taking derivatives
with respect to the classical couplings in the effective
action, i.e.,

L4 (eon)

d(mg)"

(@) =—(-2) (A3)

The superscript () denotes the cumulants-preserving
property, which requires that the normalization of the
path integral is independent of the classical couplings,

an(‘7)

d"N)
d(mg)"

0 )
d(4,)"

Y n. (A4)

In summary, for a cumulants-preserving classical target
action, the computation of the two-point function is done
by simply integrating

do,C
9,0 M) =2——, A5
t 2,k(¢E M) d(m%,) ( a)
with the initial condition
O (i) = (ASH)
2. A\ PEoM _A2+m$,'

This was successfully done in [1] for mé > (. This yields
the flow of the two-point function on the equations of
motion, which is depicted in Fig. 5 as a dashed black line.

2. PIRG operator flows with total derivative flows

We compute the flow of the two-point function from the
total derivative flow (43). As discussed in Sec. [V B, we may
use different splits of the operator O,, such as (69) or (73).
Here, we use

0, =0y, + 7 (A6)
in (73), leading to the representation (74) of the total
derivative flow. Its solution requires ¢ and ¢’, which are

readily computed from (60c). With these preparations,
we integrate the resulting convection-diffusion equation (43)
starting from the initial condition

O =5 (A7)

N+l + e

We emphasize that the numerical effort of this computation is
significantly lower as the respective one with the Wetterich
flow. The present total derivative operator flow is a linear
convection-diffusion equation. Moreover, the nontrivial input
functions ¢ and ¢’ are computed from a linear ODE. Indeed,
it can be even solved with a low numerical cost, using
standard, readily available tools provided in, e.g., NDSolve of
Mathematica [74].

The explicit computation is started at an initial scale A =
exp(4) ~ 50 and solved until k, = exp(—10). Throughout
the flow, O, develops a nontrivial ¢» dependence, depicted
in Fig. 6(a), but its result on the equations of motion
corresponds to the physical expectation value (see Fig. 5).

3. PIRG operator flows with J,-independent
composite operator qAﬁ

In case one shies away from yet a further implicit
definition for the operator ¢, which was used for the
derivation of the total derivative in Sec. III B 3, we may use

a Jp-independent composite operator g;b with

9 =0 (A8)
oJ o
Then, we have to resort to the generalized operator flow
(30) as (A8) induces a Jp-dependence for ¢(¢.,Jp). We
emphasize that such a choice is intricate in d > 0 dimen-
sions and may not give access to general correlation
functions but only integrated correlation functions, the
cumulants. In this context, we note that this choice indeed
reproduces the cumulants-preserving flow in Appendix Al.
We begin with the observation that J, couples to ¢* and
hence is just a shift of the mass, m3 — m2% — 2J,. This
allows us to simply identify Jo, = —m(%, /2. Hence, taking
an m?,,—derivative of the defining equation for the cTA (60c)
corresponds to the composite operator flow for the two-
point function,

dl—*(0>
Oru(h) =2 dg’mgf) (A9)
»
We may also choose

aJ O dm(%,
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Using the ¢-connected split (A6) already used in Appendix A2, the remaining flow for the ¢-connected part 0,0, . " is

simply the constant C;, and we recover (A5a). This can be also verified numerically by integrating the flow

2 (1) - op (1) _
0[02,% + ¢02’% + 2¢¢ + 25(””5) Fd) -

which is shown in Fig. 6(b).

2 5¢
[Gy(DiRS)GOF) +2]+2G,~~ Ry,

ey (Al1)
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