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We compute hard-region contributions to the fermion self-energy and the off-shell fermion-photon
vertex in massless thermal QED in a covariant R; gauge. The calculation includes the one-loop next-to-
leading-power and two-loop leading-power terms in the expansion in soft external momenta, together with
the zero-temperature counterterms required to remove ultraviolet subdivergences. In the real-time
formalism, we first derive symmetry constraints on the two-fermion-N-photon amplitudes, which lead
to distinct selection rules in the soft-momentum expansion. The fermion-photon vertex is decomposed into
Dirac-vector and axial-vector coefficients. The former satisfies the Ward-Takahashi identity, while the latter
is transverse to the photon momentum. These relations are verified at the integrand level. The hard self-
energy corrections computed here produce no finite contribution to the fermion damping rate. Our results
provide previously unavailable two- and three-point hard-region data for higher-order analyses of fermion
mass shifts and inclusive rates, as well as for the construction of a next-to-leading-order fermionic effective

action.

DOI: 10.1103/zxnj-1vtz

I. INTRODUCTION

A. General framework

Thermal field theory describes relativistic matter, from the
quark-gluon plasma to the early Universe, and provides a
framework for studying thermal-medium dynamics [1-10].
At weak coupling, temperature 7 is usually treated as the
dominant scale, leading to a separation between hard
momenta of order 7 and soft momenta of order 7', where
e is the coupling [11]. More generally, hard momenta,
semihard momenta (e7 < Q < T) [12-14], and soft
momenta probe microscopic, intermediate, and collective
dynamics, respectively. The collective sector governs screen-
ing and linear response, quasiparticle dispersion and damp-
ing, relaxation toward equilibrium, infrared-sensitive
thermodynamic contributions, transport coefficients, and
thermal spectral and particle-production rates [8,11,15-18].

For the collective scale, the dominant one-loop contribu-
tions to gauge-theory self-energies arise from hard internal
momenta and define the leading-order (LO) hard-thermal-
loop (HTL) amplitudes. These amplitudes are gauge inde-
pendent, satisfy tree-level-like Ward identities, and are
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generated by gauge-invariant nonlocal effective actions
[8,15-17,19-21]. In particular, the fermionic sector is
described by [11]

M = [ [ G250, )

where m7 is the fermionic HTL mass parameter, v = (1, v)

with |v| =1, and D, is the covariant derivative. At
vanishing background gauge field, corresponding to
N =0, Eq. (1) reduces to the fermion self-energy. The
replacement v -0 — v - D, which leads to the complete
effective action, has been established through direct hard-
loop calculations and Ward identities [16,19,20], back-
ground-field methods [22], and Dyson-Schwinger and
kinetic theory [17,23,24]. Expanding (v - D)~! in the gauge
field generates the complete leading-order two-fermion-
N-gauge-boson amplitudes.

Beyond LO, thermal corrections can have a large numeri-
cal impact and may occur in successive powers of the
coupling rather than powers of e? [25,26]. At next-to-leading
order (NLO), the thermal-photon rate increases by approx-
imately 20% for a; = 0.3, while low-mass dilepton rates can
increase by up to 30%—40% [27,28]; heavy-quark diffusion
shows poor convergence [29,30]; and the “almost NLO”
shear-viscosity result lowers #/s by more than a factor of
three at physically relevant couplings [31]. Fermionic HTL
structures also appear in the full leading-order production
rate of ultrarelativistic right-handed neutrinos [32], while
relative-O(g) corrections reduce active-neutrino interaction
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rates by about 15%—40% in the high-temperature regime
below the electroweak crossover [33]. These examples show
that corrections beyond LO can be numerically significant
and motivate the systematic determination of higher-order
contributions, including the fermion-sector amplitudes com-
puted here and their future extension to non-Abelian gauge
theories.

When soft internal lines are present, the bare perturbative
expansion contains an infinite series of contributions at the
same parametric order. HTL resummation introduces a
single resummed amplitude that contains this infinite series.
On the one hand, consider the one-loop fermion self-energy
diagram in which all propagators and vertices are replaced
by their HTL counterparts. The resummed soft one-loop
self-energy can then be expanded schematically as

Tt = S5 + s + Spag + oo (2)
where S denotes a soft loop, H a hard HTL subgraph, and
the star the fully resummed contribution. On the other hand,
at two loops, the momentum regions are hard-hard, hard-
soft, and soft-soft. In Feynman gauge and in the limit
q — 0, Ref. [34] showed that the bare hard-soft two-loop
fermion self-energy, which scales as T, coincides with
the Xy term in Eq. (2); it must therefore not be added
independently. More generally, the resummed one-loop
self-energy above contains the infinite series in which the
one-loop contribution is soft and successive subgraphs
are hard. Thus, HTL resummation is mandatory to obtain
the complete set of contributions at the same parametric
order. Most importantly, this reorganization leads to gauge-
independent on-shell results [3,15-17,19-21,35,36].

The soft-soft region likewise belongs to the resummed
soft sector. By contrast, in the hard-hard region, which is
the subject of this study, HTL insertions are suppressed
relative to bare inverse propagators. Therefore, strict
perturbation theory applies here.

B. Power counting and existing gaps

Unless noted otherwise, LO, NLO, and NNLO refer to
the perturbative order of the corresponding observable. For
the HTL effective action, LO and NLO instead label
successive hard matching contributions. Leading power
(LP) and next-to-leading power (NLP) refer to the expan-
sion in external momentum at a fixed loop order. Table I
summarizes these conventions. For the fermion self-energy,
the main hard-region amplitudes scale as follows:

TABLE I. Order and scale terminology.

e’T?
0
eAT?
0
where the superscripts denote loop and power orders. At
O ~ eT, these terms scale as eT, T, and e3T, respectively.
The one-loop LP term generates the LO fermionic HTL
action and determines the leading collective mass. The NLO
fermion mass shift and damping rate instead arise from the
fully HTL-resummed soft one-loop self-energy of order T
[35-40]. The hard one-loop NLP and hard-hard two-loop LP
terms, studied here, first contribute to fermion pole quantities
at NNLO, while they are also necessary building blocks to
construct the NLO fermionic effective action. The gluonic
sector follows the same hierarchy [3,41,42], whereas the

photon sector obeys a different hard/soft ordering [37]. For
the fermion sector, schematically,

2(1;LP)<Q> ZU;NLP)(Q)NezQ,

XC1P) ()~

(3)

P (Mo, 710 = 0},
~eT
*(1

Zsﬁﬂ) — {My10. YNLO )
~e2T

T(LNLP) 4 3 (ZLP) 4 ZgnT) — {6M\NLOs YNNLO }» (4)

~e3T

3
where ZESmT) denotes the additional same-order ingredients

required for a complete pole quantity at the collective scale.
The self-energies X("N'P) and X(31P) are the one-loop NLP
and two-loop LP, respectively. This assignment is specific to
the collective scale. At Q ~ \/ET, for example, the one-loop
NLP term is a relative-O(e) correction to the LP kernel,
whereas the two-loop LP term is relative O(e?). Because the
amplitudes derived here are valid for generic Q < T, they
apply both at Q ~ eT and throughout the semihard win-
dow eT < O« T.

Higher-order hard contributions to gauge-boson self-
energies have been studied through two loops [11,43-47].
The corresponding photon corrections are gauge independent
[46,47], whereas the one-loop NLP and two-loop LP hard
gluon self-energies are separately gauge dependent [45]. This
does not signal an inconsistency, because physical quantities
require the combination of all hard and soft contributions at
the same order. Related Feynman-gauge results have also
been obtained using kinetic theory [48]. The fermionic hard

Expansion in Q/T
Pole/observable hierarchy
Hard-matching hierarchy
External momenta

LP, NLP, ...

LOpotes NLOpoie; NNLOpopes - -

LOy,q: one-loop LP; NLOy,q at Q ~ eT: one-loop NLP and two-loop LP
Generic Q < T, including Q ~eT and eT < Q< T
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sector is less developed. The fermion self-energy was
previously known at one-loop LP and NLP [2,43]; the
NLP term is gauge dependent and contains a local ultra-
violet divergence removed by the zero-temperature coun-
terterm [43]. The hard two-loop self-energy, however, had
not been calculated. Similarly, the off-shell fermion-photon
vertex has mainly been analyzed at one loop in LP [11,49];
to our knowledge, its one-loop NLP and hard two-loop
corrections were not previously available.

These vertex amplitudes generally cannot be recon-
structed from the self-energy. The Ward-Takahashi identity
(WTI) determines only the projection longitudinal to the
photon momentum, leaving transverse structures uncon-
strained [49-52]. This becomes important beyond LP,
where axial-vector coefficients may appear and are them-
selves transverse. The NLO photon-sector effective action
has been constructed in Refs. [43,46], but the analogous
fermionic construction requires systematic matching of the
two-fermion-N-photon amplitudes. Schematically, the fer-
mion-bilinear action may be expanded in the background
gauge field as

[A] = i (=1)" TMkmvA, A, (5)

where the self-energy determines '), the complete off-
shell fermion-photon vertex determines I'"(V#, and the two-
fermion-two-photon kernel determines T'?#*_ The vertex
therefore supplies independent transverse matching data
that are absent from the self-energy. Closure through
quadratic order in the background field additionally
requires the two-fermion-two-photon kernel, followed by
a determination of whether the higher-N amplitudes are
generated by a common gauge-covariant operator, as at LO,
or require additional independent structures.

This work first derives nonperturbative reality, momen-
tum-reversal, and fermion-leg-exchange constraints from
the symmetries of massless QED. Together with chiral
invariance, these properties restrict the allowed vector and
axial-vector structures and yield distinct selection rules in
the soft-external-momentum expansion. Second, the one-
loop NLP and two-loop LP hard-region corrections to the
fermion self-energy and the off-shell fermion-photon vertex
are computed in a general covariant R; gauge, including the
required zero-temperature counterterms. The analysis is
restricted to retarded amplitudes with a single causal a-
index; real-time components with multiple a indices are
outside the scope of the present work. At the integrand level,
the vector sector satisfies the WTI and the axial sector
satisfies photon-momentum transversality, independently in
each statistical and gauge sector. We also show that hard
self-energy corrections yield no finite contribution to the
damping rate. These amplitudes provide hard-region match-
ing data for higher-order fermionic effective descriptions
and serve as ingredients for complete mass-shift and

inclusive-rate analyses. Following the hard/soft matching
logic of Refs. [25,42,53], the analysis also summarizes how
all same-order contributions must be combined to obtain
pole quantities at the collective scale.

The paper is organized at two levels. The first level
consists of the main text, the primary result appendices, and
the Supplemental Material (SM) [54]. Appendix A contains
the dimensional-regularization (DR) integrals, while
Appendixes H-I contain the final and lengthy integrand-
level results. These results, while being among the main
achievements of this work, are too lengthy to include in the
main text. Some of the integrand-level results are even too
lengthy to be incorporated in the appendixes. Therefore, the
complete integrand-level results together with the WTI and
axial-transversality checks are provided in the SM. The
second level contains material that can be skipped on a first
reading. Appendixes B—G provide the full technical der-
ivations, while the final results needed for the physical
argument are given in the main text.

Section II introduces the real-time formalism and con-
ventions. Section III presents the renormalized hard self-
energy corrections. Section IV derives the symmetry
constraints and selection rules for the two-fermion-
N-photon amplitudes. Section V presents the fermion-
photon vertex results. Section VI discusses the matching
analysis for the mass shift and damping rate, and Sec. VII
summarizes the main findings.

II. REAL-TIME FORMALISM AND
CONVENTIONS

We work in massless QED in a homogeneous, isotropic,
equilibrium medium at zero chemical potential y = 0. We
adopt the Schwinger-Keldysh real-time formalism [55-60],
in which the retarded, advanced, and symmetric compo-
nents of self-energies and propagators are related to their
r/a counterparts as [59,61]

Arr Ara As AR
Ao Aw/) \By 0)
I_Irr Hra O HA
= : (6)
Har Haa l—IR Hs
Here R, A, and s denote retarded, advanced, and symmetric

components, respectively. The free fermion and gauge-
boson propagators are

S;(P) = PA;(P),
D' (P) = —gA,(P) — i(1 - P PRV (P),
j=R,A,s, (7)

where & is the covariant-gauge parameter. In the loop
calculations, the contributions associated with the ¢ and
(1 — &)-dependent parts are referred to as the metric and
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TABLE II. Summary of conventions.
Convention/Definition Expression
Metric and four-vector ¢ = diag(1,-1,-1,-1), P* = (p°, p); with p = |p|;

u* = (1,0) is the plasma four-velocity in its rest frame.

1

Tree-level vertex components [45,47,59] ¥, = Y5aa = Yira = Viar = 0, Vira = Vrar = Varr = 7, Yhaa = it

Shorthand notation A = A, Al = =A,, A( ) _ Afi) =A,D=D-2.
Spectral function Ay(P) = 2zsgn(p°)8(P?) = 2[5(p — p°) = 6(p + p°)].
Distribution functions np(p®) = (/T +1)7", ng(p®) = (e?"/T = 1)7', with T being temperature.
Momentum-reversal identities A (P) = Ag(=P), Ay(P) = =A,4(=P), Ng(P) = =Np(—=P), Np(P) = =Np(-P).
longitudinal sectors, respectively. Here, the scalar functions are defined by
i i (n) _
Ap(P) = 5———, Ay(P) = —5——F, AL (P) = [Aga(P)]",
R( ) P2 + ip()'] A( ) P2 — ipol’] R/A( ) [ R/A( )]
APy = AP AP, AV(P)=Np(P)AP(P).  A(P) = Ny(P)A](P). (®)

with 7 — 0". The retarded, advanced, and difference scalar functions are the same for fermions and bosons; the tilde
distinguishes the bosonic symmetric propagator from the fermionic one. The statistical factors are

1 1

Np(P)=5=np(p°).  Np(P)=5+ng(p®).  Np,p(P)=

dNp,p(P)
2 2 '

9
o ©)
For n = 1, the difference propagator is the spectral function, and we write A( ) = = A,. Table Il summarizes the remaining

conventions. The MS scheme and DR are used throughout. We therefore assume D = 4 — 2¢ where € — 0 is the DR
regulator and d = D — 1 is the spatial dimension. For the integrated self-energy, rotational symmetry allows the spatial
integration measure to be reduced by choosing the external spatial momentum as the polar axis. We therefore write [47]

e’EAT\ dDP +oo dp”
[o(E2)" [ [T ] emme
with
o +1 _ 4 e’EA2 e
= [ dpp®! /E/ 1-22)%4dz, N = ( ) . 11
J=f e [= ) e @I \ e "

The azimuthal angular factor has already been absorbed  angular integral to a single variable integration ( [,) requires

into V', and z denotes the cosine of the relevant relative
angle. Here, yr and A are the Euler-Mascheroni constant
and the MS scale, respectively. For d — 3 — 2¢,

%ln(l_\z)e +0(e). (12)

The corresponding radial and angular integrals needed
below are collected in Appendix A. For the fermion-photon
vertex, we retain the full D-dimensional notation ( f p)» since
no loop integration is performed. Indeed, reducing the

checking that no azimuthal dependence remains.

Adopting the Breitenlohner-Maison-"t Hooft-Veltman
(BMHYV) scheme [62,63], we used FeynCalc [64—67] for
the Dirac algebra and scalar products.

A. QED conventions

We use the following QED renormalization convention:

12
Wy = Zz/ v, Af = &y = Z3¢,

e = N2,75' 727 e. (13)

Zl/2AM
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Using Z; =1+40;, one writes the bare Lagrangian,
expressed in terms of renormalized fields and parameters, as

1+6;
4

— eN(1+8)pr'yA,,

1
L= FMDF#U - 2_‘5 (aﬂAﬂ)z + (1 + 52)‘/_”&//
(14)
with the local counterterm insertions
~iC, (P) = idyP.

—ieCpy, = —ieAS,y".

—iC(P) = —iby (P2 — PAPY),
(15)
Here, the WTI gives Z; = Z, or §; = §,. For one massless

fermion flavor, the one-loop zero-temperature counterterms
in DR are

¢ m__e1
167%¢’ 3 1272 ¢’

8y = (16)

where the superscript (1) denotes the one-loop correction

and € — 0. Additionally, the dressed counterterm propaga-
tors are

S;cr(P) = i5,P?PAY (P),
D".(P) = —idy(P2g" — PrP*)AY)(P),

J=R,A,s. (17)
Figure 1 shows the free r/a propagators, where Lorentz
indices on gauge-boson lines are suppressed. Throughout the
appendixes, a cross on an internal fermion or photon line
denotes the insertion of these propagators. The ordinary
QED Feynman rules [68] are used for each r/a assignment.
Each Feynman diagram is replaced by the sum over its
allowed r/a contributions.

We denote virtual corrections by (") and I (1),
Lorentz, temporal, and spatial indices are written before the
parentheses, while (; ) labels the loop order and the order
in the soft-momentum expansion, with /€ {1,2} and
r€{LP,NLP,...}. Before the soft expansion is performed,
the power label is omitted. Subscripts distinguish gauge
sectors, statistical sectors, and topologies when needed. We
use the following gauge sector conventions: the purely
metric sector, corresponding to the ¢"* part of the gauge-
boson propagators, is denoted by the subscript m; sectors
proportional to a single factor of (1 — &) are denoted by the

_r,
SR<P):T+CL
r

—
D%V(P) e %% %% %X

Sa(P) =

FIG. 1.

G —4——7T

—
DZV(P) = a4~ AT

subscript & and the sector proportional to (1 —¢)? is
denoted by the subscript £2.

B. r/a constructions

In the r/a representation, retarded and advanced propa-
gators encode causal propagation, while symmetric propa-
gators carry the statistical factors [45-47,59]. For fixed
external r/a indices, the amplitude is obtained by summing
over all allowed r/a assignments. Here, we first present the
general counting and then consider amplitudes with a
single a-index. A diagrammatic construction is then given
only for convenience.

The corresponding r/a-index counting and graph prop-
erties are derived in Appendix B, while we summarize the
main points here. For a connected amputated graph with
N, vertices and L loops, direct r/a-index counting gives

N1,

Nrr:L_1+Ea_Z(kv,-_1)’
i=1

N,
NC :NU_EG+Z(k1ii - 1)’

i=1

(18)

where E, is the number of external a indices, k,, is the
number of a indices carried by vertex v;, N,, is the number
of symmetric propagators, and N is the number of causal
propagators.

For cubic QED, where three fields interact with each
other, Eq. (18) becomes

N,=L—-1+E,—2N,

NC:N1f_Ea+2Naaa7 (19)
where N,,, is the number of three a-indexed vertices.
Equation (19) therefore provides a direct map between the
external r/a index structure and the internal statistical-
causal decomposition of any connected amputated cubic-
QED diagram. For amplitudes with one external a-index,
E, =1, this becomes

Nrr =L- 2Naua' (20)
At one loop, non-negativity of N,, yields N,,, = 0, so one
symmetric propagator contributes. At two loops, the count-
ing permits N,,, = 0 or 1, corresponding to two or zero
symmetric propagators, respectively. The latter assignment

P

Su(P) =1 —f—r
P
DE¥(P) =1 ~nanfpann

Free propagators in the r/a representation. Lorentz indices on gauge-boson lines are suppressed.
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contains no statistical propagator and therefore is the
temperature-independent sector, excluded from this study.
At three loops, the counting permits N,,, =0 or 1,
corresponding to three or one symmetric propagators,
consistent with the Keldysh counting of Ref. [69].

We now provide a diagrammatic construction for the
sector in which every vertex carries exactly one a-index,
ie., E, =1 and N, =0, yielding

N, . =L, Nc=N,-1 (21)
For an L-loop diagram, we first choose L internal lines to
carry symmetric propagators. These lines are chosen so
that, once separated from the original diagram, the remain-
ing graph has no loops and is treelike. The remaining
internal lines are then assigned retarded/advanced propa-
gators, with a unique causal orientation. The r/a indices
are assigned according to the N-point rules [38,60]. In our
case, the required rules are given in Eqgs. (6) and (7) and
Table II. The complete thermal contribution is obtained by
summing over all such choices of symmetric propagators
and the retarded/advanced tree completions. We refer to
this as the cutting procedure. This sum over allowed
assignments is required by the r/a real-time formalism.

At arbitrary loop order, the construction above applies
only to the E, = 1, N, = 0 sector of N-point functions.
A representative assignment is shown in Sec. III B. In
imaginary time, Gaudin’s method [34,70,71] is the analog
of the analysis above.

III. FERMION SELF-ENERGY

We begin this section with the symmetry constraints on
the nonperturbative fermion spectral function and self-
energy, with derivations given in Appendix C. Chiral and
parity invariance restrict the spectral function to

pr(Q) = a(Q)Q + b(Q)4. (22)

where a(Q) and b(Q) are real scalar functions of the
Lorentz invariants Q% and u - Q. Furthermore, u* = (1,0)
denotes the four-velocity of the plasma in its rest frame.
Their reality follows from the pseudo-Hermiticity relation
of the spectral function. Charge conjugation further enfor-
ces the evenness of the spectral function under momentum
reversal: prp(—Q) = pr(Q). Together with the spectral
representation of the fermion propagator,

. [~do pp(o,q)
Skja(Q) = l/_oogm, (23)

this implies S,(—Q) = —Sz(Q) and hence X,(-Q) =
—Xz(Q). The difference between the advanced and
retarded cases lies in the explicit £in prescriptions, while
their common principal-value part is the same. At the
integrand level, we suppress these prescriptions before

integration and compare the algebraic part. In this algebraic
sense, the relation above becomes

z"alg(_Q) = _Zalg(Q>7 (24)

which gives the oddness of the self-energy up to the
retarded/advanced prescriptions.

In the hard sector, we seek to capture contributions from
internal loop momenta of order P ~ T (hard momenta),
where the distribution functions peak. For soft external
momentum, Q < T, the hard-region integrand is expanded
in Q/T. Throughout, we refer to this expansion as the “soft
expansion.” It is implemented by rescaling Q — aQ,
performing a Laurent expansion in the bookkeeping
parameter a, and then taking the limit a — 1 [45,47].
Following Refs. [46,47], we first perform the soft expan-
sion at the algebraic level and restore the retarded pre-
scription (¢° — ¢° + in) for the external momentum in the
subsequent integrations, which yields the retarded fermion
self-energy. Expanded in the soft external momentum,
Eq. (24) becomes

Te(aQ) = Y a'=(Q), (25)

which implies
[(=1)"+1]20(Q) =0. (26)

Thus, this relation gives a selection rule that forbids even
powers in the soft expansion of the self-energy. For the self-
energy, LP and NLP correspond to the a~! and a! terms in
the soft expansion, respectively.

In the plasma rest frame, the retarded self-energy takes
the form

2(0) =X(Q)r" + Z(Q)r'. (27)

where we have dropped the retarded subscript R. The
temporal and spatial components are then

TEQ). T(Q) =3 T s(Q). (28)

() =

A. One-loop results

The one-loop results, at both LP and NLP, are collected
in Appendix D. Here, we present the final results. At one
loop, the self-energy contains both metric and longitudinal
contributions and takes the form

() == + 3, (29)

with m and £ denoting the metric and longitudinal sectors.
The retarded self-energy at LP is [2,11]
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z(l;LP)(Q) =H(T) Here, the gauge-dependent sector does not contribute, in
X agreement with earlier results in the literature [34,43].

=m*(T) {yOL(Q) + 47 [1- qOL(Q)]] . (30)  Additionally, Qy(¢°/q) denotes the Legendre function of
a4 the second kind, and m?(T) = €I is the (QED) fermion

thermal mass [11]. This LP expression is consistent with

where the momentum-reversal property: under Q — —(Q, one has

0 , o the integrated relations: =} “")(-=0) = —={"*")(Q).
L(Q) = iln (W) = 1 o) (q_) (31) There are two integration formulas frequently used in

2 \q¢°-q+in) q q this study [45,47]:
|
fedp? ) (i)t [redp’ —1 9 1" [=f(p" p)
—— A (P O p) = ——Ay(P)2p°% | —— ————| . 32
J o R e B e VT ET B P e (320)
- f D, 1_5 - f —P, 1_5
[aupp = [LRDZSER) (320)
P P p

The general higher-order difference propagator can equivalently be treated through the residue representation given in
Ref. [45]. Evaluating those higher-order residues explicitly gives the differential form in Eq. (32a). For n = 2, this reduces
to the form used in Ref. [47]. Thus, Eq. (32a) is simply an explicit representation of the same residue structure. Eq. (32b)
follows from the spectral form of A,(P) and vanishes when f(p°, p) is even in p°. Moreover, the spectral function A (P)
puts the loop momentum on shell, p® = +p, so P? = 0. Higher difference propagators are first reduced to A,(P) using
Eq. (32a), after which the on-shell condition is imposed.

After the HTL expansion, the relevant one-loop integrands have the schematic form

[ AdpvyppF(@.P) (33)

Based on Eq. (32b), the contribution above survives only if Ng,r(P)F(Q. P) is odd under P — —P. Since Np/r(P) is odd,
the factor F(Q, P) must be even under P — —P to yield a nonzero contribution. This integrand symmetry is compatible
with the oddness selection rule: it retains only the odd-in-Q terms. The same argument applies to higher difference
propagators after using Eq. (32a), since this reduction preserves the P — —P parity of the factor multiplying the spectral
function.

Since the spectral function sets P> = 0, we first use the reduction of the difference propagator and then set this on-shell
condition. Subsequently, we perform the soft expansion. The NLP corrections are obtained by expanding to order a'. The
NLP corrections take the form

(INLP) €2_Q L BN 50
Zm - 167[2{ € ZIH(Z”T> +1 2q L(Q)}’ (343_)
) 2 1 N 2
SN — (1-¢) 127 {Q {g +2In (Z;;T) ~1+ 2q0L(Q)} + %q-y[l - qOL(Q)]}- (34b)

The divergences appearing in the equations above are ultraviolet (UV) in origin. To see this explicitly, we include the one-
loop local counterterm, Eqgs. (15)-(16), which yields

ESC;EILP)(Q> _ y(LNLP) | Zél;NLP) _ 55”@
2 erEA 0?
— e {0 on(57) - 142000 + 1 -0 Fanti - i) . (35)

The singularities cancel out, yielding a finite result. The second square bracket cancels in Feynman gauge (¢ = 1), whereas
the first square bracket cancels in Landau gauge (£ = 0). Our result agrees with Ref. [43]. For ¢° > ¢, the functions above
are real, so the one-loop NLP gives no damping contribution.
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L
VS
aﬁ»oo_H_or»r
~ 7~ TWT
P

(a) Rainbow diagram (b) Choosing the lines

(c) Tree-like r/a assignment (d) Completed r/a diagram

FIG. 2. The cutting-open procedure for one contribution to the rainbow self-energy.

B. Two-loop organization before the HTL expansion

At two loops, three distinct topologies contribute to
the fermion self-energy: the rainbow, cross-photon, and
bubble diagrams, as shown in Figs. 2 and 6. At this
stage, we focus on the rainbow diagram to illustrate the
r/a assignment using the method explained in Sec. IL
We choose two lines to be symmetric propagators such
that, after separating them from the main diagram, the
remaining graph is connected and treelike [Fig. 2(b)].
We then assign the remaining r/a labels to determine
|

the causality flow [Figs. 2(c) and 2(d)]. Momenta are
omitted in the r/a assignment figures since the corre-
sponding Feynman diagram already fixes them. The full
set of r/a diagrams is obtained by summing over all
possible choices of symmetric propagators and complet-
ing the resulting treelike graphs with r/a labels, as
represented in Fig. 5. The remaining Feynman diagrams
are treated in the same way.

Using Eq. (7) and the propagator conventions of Fig. 1,
this r/a assignment gives

iz ——iet [ [ 6, (pLOIAR (PO S, AP)AL) - (1 - 750, AP (PIAT (L)

441-@[5RQA¢fUAka)4sRﬂAQRP)AAuQ}},

where

P+ PHL+O)(P+ D)
P+OLP+ELE+DO)LP A+ D)7

Here, R denotes the rainbow topology, and the compact
momentum notation introduced in Table II is used. Three
gauge sectors contribute in Eq. (36): the purely metric sector,
the mixed metric-longitudinal sector proportional to
(1—=¢), and the purely longitudinal sector proportional
to (1 — &)2. The metric sector originates from the ¢** part
of the gauge-boson propagators; the mixed metric-longi-
tudinal sector originates from the product of ¢* and the
(1 — &)-dependent longitudinal structure. In the mixed sector,
there are two inequivalent metric-longitudinal contractions,
leading to the two Dirac structures Sg , and Sg, . The two-loop
contributions can then be decomposed in gauge sectors, as
=@ =30 + 37 + 37 (38)
The same applies to the fermion-photon vertex. After the soft
expansions through LP, the corresponding label “LLP” is added.
The symmetric propagators in the curly brackets of
Eq. (36) contain spectral and difference functions, namely

Ay(P) and A(dz) (P); the latter can be reduced to a spectral
function using Eq. (32a). The spectral function then sets

Sr,=PP+O)LP+L+DLP+D)P.
Spy =PP+0)(P+L+D)r.(P+D)P

the corresponding momentum on shell, P> =0, as in
Eq. (32b). For this representative assignment, the other
internal momentum can be put on shell, L> = 0, by shifting
L —- L—P—Q, so that the other symmetric propagator
depends only on L. At two loops, however, the computation
is not that simple. Products such as Agx(PQ)A,(PQ) give
rise to pinch structures in some topologies. These pinch
contributions are removed by using the Kubo-Martin-
Schwinger (KMS) relation

(37)

Np(P)Np(Py) + Np(Py)Ng(P3)

N (PIN£(P) + 5 =0, (39)

with the momenta satisfying P; 4+ P, + P; = 0. This
relation is sufficient for the purpose of this study, while
its generalization is provided in Ref. [59]. Thus, before the
HTL expansion, we perform two reorganizations. First,
we rewrite the full set of r/a contributions in a pinch-free
form. Second, we shift the loop momenta so that each
spectral or difference propagator depends only on one
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internal momentum, either P or L. This sequence allows us
to impose the on-shell condition before the soft expansion.
The detailed implementation of these steps is deferred to
Appendix E; see also Ref. [47] for a more pedagogical
discussion. We refer to these pinch-free expressions, in
which the spectral and difference propagators depend solely
on a single internal momentum, as the pre-HTL expressions.
From Fig. 2(a), the different possible choices of sym-
metric propagators correspond to choosing two photon
lines, one photon line and one fermion line, or two fermion
lines. At two loops, the corresponding statistical factors
therefore fall into the three independent products
Np(L)Ny(P),

Np(L)Ng(P),  Np(L)Np(P).

(40)

Combining this statistical decomposition with the gauge-
sector decomposition g€ {m, &, &}, the two-loop self-
energy is organized as

Q)= Y > Q. (D

ge{m¢&*} se{FB.BB.FF}

The same gauge-statistical organization is used for the
fermion-photon vertex. After the soft expansion, the cor-
responding power label, such as LP, is added. Derivatives of
the statistical distributions generated by difference propa-
gators are not counted as separate sectors; for example,
NNy is included in the NpNp sector.

Readers interested only in the physical results and the
sector-by-sector consistency relations can safely skip the
detailed pre-HTL construction of the self-energy and
fermion-photon vertex given in Appendixes E and F.

C. Two-loop results

We apply the soft expansion to the pinch-free expres-
sions collected in Eqs. (E9) and (E11). The LP metric and
mixed metric-longitudinal contributions are given in
Eqgs. (Hla) and (H1b), respectively. These integrand-level
results provide the self-energy side of the WTI and allow
the identity to be checked separately in each gauge sector
and for each independent statistical sector. The metric self-
energy, in addition to the sector decomposition given
in Eq. (41), separates into terms proportional to D?, D,
and D° = 1, schematically,

S =D )+ D)+ D) (42)

Each of these three sectors satisfies the WTI independently.
At this LP order, the fully longitudinal (1 —¢&)? sector
vanishes by integrand symmetry, in analogy with the
corresponding LP cancellation at one loop. The relevant

terms are odd under P — —P and/or L — —L and therefore
integrate to zero. Consequently, the three fully longitudinal
statistical sectors vanish at LP, while the six nonvanishing
sectors are verified explicitly: three metric sectors and three
mixed metric-longitudinal sectors. At NLP, however, the
fully longitudinal sector no longer vanishes and contributes
to the self-energy. A representative example, together with
its Ward-Takahashi verification, is provided in the SM.
The self-energy integrands and their reductions to the
DR integrals defined in Appendix A are given in
Appendix H. The metric sector contains collinear singular-
ities. Up to overall phases, the relevant terms have the form

NLl%@mﬁﬁ%MMM@%MﬂH

2
) (L~Il)))(}lb,~Q) + Np(L)[Ng(P) = Np(P)]
« | BPL-0) (D> +8)L
{“”@QV<LMP@”' (43)

Here, the collinear singularity comes from the relative angle
between the two hard momenta,

1 11 “

= = -l
L-P pli-g 7P

where the collinear region corresponds to z — 1. Since this
divergence comes from the angular integration, an overlap
with radial divergences can in principle occur. However,
the relevant statistical combinations contain differences such
as Np(P)—Np(P) and Ng(L)— Ng(L). Although the
bosonic and fermionic parts separately contain radial diver-
gences, their divergent parts are the same and therefore
cancel in these differences, leading to a finite result.
Schematically,

1
Ry :/3NF(P)
p P
=R3 +1In2[l + €¢(2In(e’=/22T) + In2)],

&:A%“@’ (44)

where the relation between R; and R4 holds only through
O(e) truncation, sufficient for our purpose. The radial
differences are finite and proportional to In(2). Thus, the
collinear pole is proportional to In(2)/e. As a result, no
radial-collinear double divergence remains.
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After performing these integrations, one obtains

!

27>

S (0) = eHT) [IC - % + %ln (— q—z) [1 - zln(Z)}

) el 2 ()] o o]
-8 T - gior ) (450
224(0) - - 1 - k- T+ 2m2) + (- 4]
Cr-afp[B D g i By gp 20020, )
2805 n) - (- £) + 25 080D oy op) L (4sb)
where
T N T SCT

where A is the Glaisher-Kinkelin constant, and H(7) denotes the one-loop LP self-energy in Eq. (30). All singular terms in
the contributions above are proportional to H(7) and are collected in K. The 1In(2) term arises from the collinear

divergence multiplying the finite radial difference R4

- R3 ~ 111(2)

Let us now evaluate the imaginary part of the corrections above on the timelike branch: ¢° > ¢. With the retarded

prescription ¢° — ¢ 4 i0*, the relevant functions have

Using these relations, the imaginary parts of the metric and
mixed metric-longitudinal sectors cancel separately:

=P (0) = 3= () =0,

Thus, on the timelike branch, the hard two-loop LP
corrections computed here do not generate a finite damping
contribution. This behavior is consistent with the corre-
sponding timelike hard corrections to the photon polari-
zation tensor [47].

At the same parametric order, zero-temperature counter-
term insertions must also be included to remove the UV
subdivergences. These insertions with the one-loop self-
energies are detailed in Eq. (G1). The final results therefore
become

¢ >q. (48

e & e
_ e s YT (4
167r2€+ 1272 €>H( ) (49)

3[A,(Q)] = —229L(Q),

PP
I

The renormalized hard-region contribution is therefore

TGP () = =P () + 5P (@), (50)

The divergent part of the ordinary two-loop self-energy
in Eq. (45) is
&2

487%¢

EP () = (9 + 3¢ - 28In2)H(T). (51)

Adding the counterterm contribution in Eq. (49) then gives

2

(13-28m(2))H(T).  (52)

The &-dependent divergence is removed by the zero-temper-
ature counterterm insertion. After this subtraction, the
remaining singularities are gauge-independent collinear
and hard-region infrared (IR) divergences. The hard-region
IR divergence refers to the radial endpoint singularity of the
hard expansion, where the expanded hard integrals overlap
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with softer momentum regions. In the following sections, we
explain how these singular structures enter the matching at
full parametric order ¢37, assuming that the external
momentum is of order Q ~ eT. The final physical require-
ment is that, after all contributions at the same order are
included, observables contain no uncancelled singularities or
gauge-dependent structures.

IV. TWO-FERMION-N-PHOTON VERTEX

This section summarizes the symmetry constraints on
the amputated two-fermion-N-photon vertex kernel.
Detailed derivations are provided in Appendix C. Chiral
invariance restricts the most general Dirac structure of the
amputated two-fermion-N-photon kernel, with fermion
momenta Q) ,, to

M (0,013 {K/})
= Vc (Qz,Ql»{K })- 7+A

c=(cp,Cpys-ens

(stQl’{K }) - rrs,

Ny CNt1)s ci€{r.a}, (53)
where all photon momenta are taken incoming. Here, the
subscript ¢ denotes the external r/a index string, and the
superscript (N) serves as shorthand for the Lorentz
indices. The N —1 independent photon momenta are
denoted by {Ki}E{Kl,...,KN_I}, while Ky is fixed
by momentum conservation Qz 0, + Zf’ | K. For the

c-number tensors V ) and A “.¢” indicates contraction
with the corresponding Dirac matnces The explicit index
form is given in Appendix C.

The combination of parity P and time reversal 7
invariance yields P7" constraints

[ rev

VEN)(Q% 01;{K;}) =
N)(QZ,Q1;{K1'}) = —[Ac AL

V(0. 0 (K]
(@ 0 KD (54)

Here, “rev” denotes the reversed real-time process and is
distinct from complex conjugation. The rev reverses the
causal prescriptions while leaving the external r/a string
fixed. Consequently, A,, = Az and A, = A, are inter-
changed, whereas the symmetric rr propagators carry no
causal orientation and remain unchanged:

rev: Agp < Ay, A A, = A, A, c—c. (55)
For instance, suppose
| — [AAAAAR o ] [AsAs o ] (56)

Its rev construction then becomes

1 . . . .
We use 7 for time reversal to avoid confusion with temper-
ature and transpose.

er,ym_“ ~ [ARARAA o ] [ASAS o ] (57)

When the retarded/advanced causal prescriptions are
suppressed, Eq. (54) reduces at the algebraic level to

c,alg c,alg

v [Vuv)] ’ Aﬁﬁgz—{Aﬁﬁig] . (58)

This indicates that the vector coefficients and axial coef-
ficients become real and purely imaginary, respectively.
Hermiticity constrains the amplitudes as

V(05,01 {K:}) = (=1)EOH VNV (0, 00 {-K )],
AM(05.013{K}) = (=1)EO AN (0, 053 { K},
E,(c)=#{i:c;=a}, (59)

where E,(c) is the number of external a indices of the
amplitude. Here, ¢ denotes the exchange of the two fermion
endpoint indices:

C = (CN415Cls-er CN+ CQ)- (60)

The combination of P7 and Hermiticity yields the fer-
mion-leg exchange constraints

vV (0, 013 {K })

= <_1)Ea(c)+l VE&V.(N)

ACN)(sz 01;:{K:})
—(=1)fle

Charge conjugation C further gives

(Ql, 0»; {_Ki})’

+1Arev

(01, 0 {-K;}).  (61)

M(0,,01:{K}) = (VY (-0, -0, (K},
M0y 01:{k:}) = (-)VAM (-0, - 051 {K,}).
(62)

Since charge conjugation does not reverse the real-time
evolution, the same relations hold separately within the
reversed process. Combining Egs. (61) and (62), and using
¢ = ¢, one obtains

M(0,, 013 {K}})

_ (_1)N+Eu ox fCV

( 0,.-01:{-K;}), Xe{V,A}L

(63)

A. Selection rules in the soft expansion

Since rev changes only the retarded/advanced causal
prescriptions, suppressing these prescriptions gives
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Xrev.(N)

— yW)
calg X

c,alg*

Thus, Eq. (63) reduces at the algebraic level to

XM (0:.01:{K,})
:( 1)N+E calg( QZ! Ql’{ K}) (64)

Under the soft rescaling Q, = aQ, and {K;} — {aK;},
one writes

X(g(aQs. aQy: {ak})
— Za’XS-],\Q(Qz, 01:{K;}),

rez
Xil\e]];g(_an,_an;{—aK.})
- Z )y ar XN (05, 01 {K}). (65)

rez

Using Eq. (64) and matching equal powers of a gives

[1— (=1)VHEX (0,5, 01: (K, }) = 0. (66)
Thus, for an arbitrary fixed c, a contribution at order a” can
be nonzero only if

r+ N+ E,(c) iseven. (67)

For amplitudes with a single a index, this reduces to

r+N+1 iseven. (68)

Thus, for odd N and single a, only even soft powers can be
nonzero, while for even N, only odd soft powers can be
nonzero. For example, the fermion-photon vertex, N = 1,
can receive contributions from even powers of the soft
expansion, {a=2,d’, ...}. For N = 0, the condition reduces
to r 4+ 1 even, so only odd powers contribute, reproducing
the self-energy selection rule.

As an example, consider the retarded two-fermion-
two-photon vertex, with a single external a index:
" (Q,,0,;K,), where K; is an independent incoming
photon momentum. The one-loop LP HTL contribution
is [11]

(05, 01:Ky)

I dQ, viovy
=) [ (0 1K) ol(02— K1) - 0]
1 1
X{QI'D+Q2'”}’ (69)

where v* = (1,¥), dQ, denotes the solid-angle element
associated with the direction ¥, and the angular measure is
normalized to unity: [ dﬁf = 1. After suppressing the

retarded/advanced prescriptions, this vectorlike result

satisfies the algebraic forms of reality, fermion-leg-
exchange, and charge conjugation constraints, respec-
tively, in Egs. (54), (61), and (62).

Note that Levi-Civita tensor structures are allowed in the
axial coefficients. For a fermion-photon vertex, this implies

eﬂUPUQ Ip QZGYVYS

= —i(1" 010, = 010> + 050, — (O - Q)r*).  (70)
In vacuum, such axial contributions in on-shell matrix
elements i2(Q,)I",(Q,, Q)u(Q;) can be reduced to vector
structures by using the on-shell Dirac equations (see, e.g.,
Ch. 10 of Ref. [72])
Qu(Q) = mu(Q),  u(Q)Q = mu(Q),

so that for m = 0 the right-hand sides vanish. Equivalently,
the renormalized on-shell external states satisfy the free
Dirac equation (up to an overall wavefunction renormal-
ization), which enforces this on-shell reduction. At finite
temperature, however, quasiparticle dispersion relations
and spinors are modified [73-76], so this reduction need
not hold. We therefore keep the full off-shell decomposition
to avoid missing contributions relevant for subsequent
analysis.

V. FERMION-PHOTON VERTEX

We use the vertex component I,-(Q,, Q;), where the
three r/a indices are ordered, from left to right, as the
incoming fermion with momentum Q;, the photon with
momentum K = Q, — Oy, and the outgoing fermion with
momentum Q,. Within our conventions, the WTI reads [77]

K, (05.0)) =

Z(/zr(Ql) _Zar(Q2)v (71)

with the causal prescription imposed at the end,
4%, = q, + ini 5. Other fermion-photon vertices, with
exactly one external a index, differ by the corresponding
retarded/advanced assignments of the external legs [77-80].
Components with multiple external a indices, such as ['**?,
have distinct real-time statistical and causal structures [61]
and are outside the scope of this study. Here, we drop the r/a
indices: I'* =TI%,,. Chiral invariance restricts the vertex
correction to

(0. Q) = VM, + Ay, ys, (72)

with the coefficients given by
v 1 VT U
Vi = T (05, 01)

1
A = — ZTr[y”ySF”(sz 01)l. (73)
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TABLE III.

Pre-HTL results are pinch-free, with spectral and higher-difference functions depending only on a

single internal momentum, allowing the on-shell conditions to be imposed before the soft expansion. Integrand-level

results are labeled by their power order, LP or NLP.

Order Gauge sector Self-energy Fermion-photon vertex
One-loop pre-HTL m, & (D3) (75)
Two-loop pre-HTL m, & & (E9)—(E11) (F2)
One-loop counterterms pre-HTL m, & (G1) (G3)
One-loop LP m (D5)—(D6) (79)
One-loop NLP m, & (D7) InH—(12)
Two-loop LP m, & (H1) (13)—(14), SM [54]
One-loop counterterms LP m, & (G2) (G4)

The temporal and spatial components are read directly from
these covariant expressions. The symmetry constraints
follow from the N = 1 case of the general constraints dis-
cussed above. Contracting Eq. (73) with the photon momen-
tum gives

K,A" « Tr[y*y’y’] = 0, (74)

where Egs. (73), (71), and (27) are used. Thus, A* is
transverse to the photon momentum. The WTI fixes the
longitudinal projection of the vector coefficient, K, V+*, via
the self-energy difference. Below, we compute the one- and

|

two-loop contributions to the fermion-photon vertex and
explicitly verify these constraints.

A. One-loop LP and NLP Corrections

Before proceeding, we mention that Table III summa-
rizes all one- and two-loop contributions computed in this
study, for both the self-energy and the fermion-photon
vertex. As mentioned previously, the complete results are
also provided in machine-readable form in the SM [54].
The one-loop fermion-photon diagram is shown in Fig. 3.
After applying loop-momentum shifts, the vertex contri-
butions become

—ierﬁfl)<Q27 Q) = _ie3/PAd<P)[NF<P>AA(P_ Q1)As(P+ Q2 = Q1)Vi(a,) + Np(P)Ar(PQ1)Ag(PQ2)V,

+NF(P)AR<P + Ql - Q2>AA(P - QZ)Vm(mt)]’

(75a)

—iert"(0,,0)) = & / (1= &)[Ay(P)N(P)AP (P = 0))AA(P + 0y — 0))Via)

+ A512>(P)NB(P)AR(PQ1)AR(PQz)V§

+ Ay(P)Np(P)AR(P + Q) — Qz)Afxz)(P = 02)Ve(m,))>

where

Vm = }/D(P + Ql)yﬂ(lb + QZ)VU?

(75b)

Ve= PP+ 207" (P + 02)P (76)

Here, the labels a,: P - P—Q; and m,: P - P — (Q, indicate that the corresponding shift is applied to the Dirac
numerator. To perform the power expansion in the soft external momenta, we use

Q2
PQ

P K
PQy

Q1

(a) Feynman diagram

FIG. 3.

b

(b) r/a assignments

Feynman diagram and r/a assignments of one-loop fermion-photon vertex.
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K=0,-0, 0, — agQy, Qs — a0y, K — akK, (77)

and rewrite all denominators containing O, — Q in terms of K, together with the corresponding numerator factors. For the
metric Fermi-Dirac sector, this amounts to the replacement

Np(P{AA(P = Q)As(P+ K)[y"Pr*(P + K)1r] + Ar(P = K)As(P = Qo) [y (P = K)r*Pr.]} (78)

The leading nonvanishing contribution scales as a2 and lies in the vector coefficient, while the axial coefficient vanishes by
integrand symmetry. Hence, the LP result becomes
ie’D 2prp
(P-0)(P-Q5)°

which satisfies the WTI; see Table III. We use the same prescription in the remaining cases: denominators involving a single
external momentum are left unchanged, whereas those involving linear combinations of external momenta are rewritten in
terms of the momentum transfer, with the corresponding numerator factors transformed in the same way; see Appendix F
for a two-loop example.2

The NLP corrections arise at order a°. At this order, both vector and axial coefficients receive contributions from both
metric and longitudinal sectors, as given in Egs. (I1) and (I2). The different gauge and statistical sectors satisfy these
constraints independently:

KN (0,,00) =

LieTH (1P (0, 0,) = — / 8J(P)N5(P) = N (P)] (79)

NP0 - (0,),  ge{m.e),  se{Ny(P).Np(P)}, (80)

with

K AZDX NLP) (Qz 0)) = (81)

The SM provides the Mathematica expressions together
with the corresponding WTI and axial-transversality
checks [54]. Notably, the axial coefficients carry an explicit
imaginary factor, consistent with their symmetry proper-
ties. Using Eq. (70), however, the corresponding vertex
contributions can be rewritten in terms of Dirac-vector
structures and products of Dirac slashes. In this represen-
tation, the explicit imaginary factor is absorbed, and the
rewritten contributions contain no explicit overall imagi-
nary factor. The renormalized vertex is also written as

ri(VLP) Zr’“””’ + s ph. (82)

B. Two-loop corrections

At two-loop order, seven distinct topologies contribute to
the fermion-photon vertex; see Fig. 7. The pinch-free pre-
HTL expressions are collected in Eq. (F2), using the
notation of Table IV. In these expressions, the spectral
and higher-difference functions depend only on the internal
momenta P or L, allowing the on-shell conditions to be

“This reorganization rewrites soft combinations that may appear
in different forms, such as P- Q; —P-Q, or P-(Q; — Q,), in
terms of =P - K consistently. This makes the power expansion
transparent.

[

imposed before the soft expansion. We then apply the soft
expansion introduced above.

The nonplanar and self-energy-corrected topologies
occur in two orientations, denoted type I and type II. At
the level of the full amputated vertex at zero temperature,
the type-II contribution is obtained from type I by the
exchange Q; < Q5 [81,82]. However, in real-time formal-
ism and the r/a basis, the fermion-leg exchange given in
Eq. (61) determines the behavior of amplitudes. For
¢ = arr, Eq. (61) gives ¢ = rra and

Vire(Q2. Q1) = Vi (Q1. 02).
(02,00 = ATP(01.0). (83)

with K - —K under Q; <> Q,. For the prescription-sup-
pressed algebraic soft expansion used here, the retarded/
advanced causal assignments are suppressed. For the type-
I/type-1II pairs considered below, the exchanged and directly
constructed expressions have the same momentum routing
and symmetric-propagator assignment, differing only in the
retarded/advanced causal labels. Therefore, the type-I to
type-1I map is implemented algebraically by
0, < 0, K - -K, (84)
with the corresponding additional minus sign in the axial
sector. This approach yields the same algebraic integrand as
obtained by directly determining the r/a construction.
At two loops, in contrast to the one-loop LP vertex, the
axial coefficient contributes already at LP. Moreover, the
mixed metric-longitudinal sector, proportional to (1 — &),
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also contributes, in parallel with the self-energy. The fully
longitudinal sector, proportional to (1 — &), vanishes at LP
by integrand symmetry, but appears at NLP and obeys the
WTI and axial-transversality constraints. In the metric
sector for the Nz (L)Ng(P) statistical sector, the LP results
are presented in Eqgs. (I3)-(I4). Because of the antisym-
metry of the Levi-Civita tensor, the photon-momentum
contraction of the axial Dirac structure, K,A*’y,ys, van-
ishes identically for this configuration. In contrast, the
vector Dirac structure reproduces the corresponding self-
energy difference. The remaining sectors are collected in
the SM [54], and the identities are also checked sector by
sector. In the bookkeeping used here, LP terms scale as a2,
NLP terms scale as a°, and all odd powers vanish, as
required by the selecnon rule for the fermion-photon
vertex. Table III summarizes the explicit self-energy and
fermion-photon vertex relations verified in this study. As an
additional check, we extended the algorithmic expansion to
O(a') for the vector sector. At this order, the expansion
initially generates ~4.9 x 107 terms, which reduce to
roughly O(10°) terms after using integrand symmetries
and contracting with K. The WTT is preserved throughout
this reduction: after contraction, all terms separate into
Q;-only and Q,-only structures, and these isolated struc-
tures reproduce the corresponding self-energy difference.
Each two-loop vertex sector satisfies

2537 (01) - 237 (02),
0, s€{NgNg,NpNp, NpNg},
(85)

K FI!;S (Q27 Ql)

K,A%%(0,,0)

with g€ {m, &} at LP and g € {m, £, £} at NLP and higher
orders, since the fully longitudinal (1 — &) sector does not
contribute at LP. This implies that each distinct sector
satisfies the corresponding constraint independently.

The SM [54] associated with the two-loop vertex
contains the complete LP vector and axial coefficients,
and verifies the WTI and axial transversality sector by
sector. It also demonstrates the preservation of the WTI
through O(a'?) for the Nz(P)Np(L) sector in the (1 — &)
gauge sector.” For the Nz(P)Ng(L) sector, it explicitly
shows that the fully longitudinal (1 — &)? sector vanishes at
LP but contributes at NLP, while maintaining the WTT and
axial transversality. The remaining statistical sectors follow
the same algorithmic procedure. Unlike Nz(P)Ny(L), the
Np(L)Np(P) and Ng(L)Ng(P) sectors are symmetric
under L <> P. For instance, their intermediate Dirac vector
expressions can contain mixed Q; and Q, terms after

To illustrate the WTI constraint at higher orders, we focus on
the Ng(P)Ny(L) sector, where no L <> P symmetry is present,
and the isolation into Q;-only and Q,-only structures is most
transparent.

contraction with K,. However, these terms vanish by
integrand symmetries, leaving a final result depending only
on O, or only on Q,, as shown for the LP cases in the SM.

The one-loop counterterm insertions are given in
Eq. (G3), and their LP contributions are collected in
Eq. (G4). The renormalized LP vertex at two-loop order
is therefore

F;l;(anP Zrﬂ (2 LP (0s, 0))

+ (04, 00), (86)

where the sum runs over the two-loop gauge and statistical
sectors listed in the SM, and

10y, 01) = ( 55" —6‘3”)F”<1;LP>(Q2,Q1). (87)

Comparison with Eq. (49) shows that the counterterm
insertions in the self-energy and in the vertex satisfy the
WTT independently of the ordinary two-loop contributions:

K (0,,00) = 2557(0) = 2547(0,). (88)

VI. SELF-ENERGY REGION MATCHING

We now summarize the region analysis for the fermion
self-energy at the collective scale, Q ~ eT.* Schematically,

2(Q) = ZN(Q) + ZCT(Q) + =€ (Q) +---.  (89)

The first term is the one-loop LP hard contribution,
Eq. (30), which enters the LO pole equation. The second
term is the soft one-loop self-energy evaluated with
LO HTL-resummed propagators and vertices [38]. This
term already contains the leading tower with one soft loop
and N LP hard insertions, with N =0, 1,2, .... At order
e3T, the matched self-energy takes the form

5 (IiNLP) (2;LP)

e T (Q) Ren (Q) + z:Ren (Q>
+ 52 (0) -z (0). (90)

The first two terms are the hard one-loop NLP and hard-
hard two-loop LP contributions, given in Egs. (35)
and (50). The third term denotes the two-loop soft self-
energy in the NzNj sector, with the internal lines and
vertices replaced by their LO HTL-resummed counterparts.
The LO HTL fermion-photon vertex is O(1) at the soft
scale, as follows from Eq. (79). We denote the HTL-
resummed symmetric photon propagator by D?, its spectral
density by pj, and the HTL-resummed fermion propagator

“The same region analysis applies to the vertex corrections.
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by S*. For the representative topology with two symmetric
photon propagators and three retarded/advanced fermion
propagators, the power counting is

T 1
d*Pd*L ~ (eT)S, Np(P) ~ng(P) ~—~~—, (91)
el e
and therefore
- 1 1 1 1
D*(P) ~Ngz(P)ps(P) ~——s ~——, S*(P) ~—,
HP) SNy (PIP) ~ s~ e S
(92)

so the power counting becomes

(Q) ~e*(eT)? (#)2 (}T)3 ~ T, (93)

The other soft statistical sectors are suppressed at this order.
The overlap term is the asymptotic part of the hard and soft
descriptions,

*(2
N

within this matched expansion. Since the soft sector and
overlap subtraction are not evaluated here, the precise
cancellation channel of the hard-region singularities is
not assigned at this stage. Pole observables are obtained
from the zeros of the retarded inverse propagator. For a

massless fermion self-energy, we write
ZR(Q) = Z(Q)r" + Z,(0)G - 7. (95)
where
2,(Q) = Zo(Q) + hZ,(0).
Dy(Q)=¢’~hqg=%,(0). h==£ (9)

The leading pole is obtained by

DLO(Q) = ¢° — hg - =7 (0).
(97)

D;°(0}°.q) =0,

where ZEfT) (Q) is the helicity projection of the one-loop LP

3T . .
Z(()f,eﬂ)ap = (Zhard) soft imit = (ZsoftJhard limit- (94)  self-energy [11]. Expanding the self-energy and pole gives
It is obtaiped by matchiqg the IR limit of the hard—.region 3, = EEIET) + ZEsz) + 22@”) +.ee,
result against the UV limit of the soft-sector calculation. In R ,
the present work, the two-loop soft self-energy and the o, = o0 + 5a),(f D4 5w§f Dy, (98)
corresponding overlap are not evaluated. Once these pieces
are computed, the self-energy at order 3T is complete  and therefore the NLO and NNLO pole shifts are
|
z(ezT) LO,
ol =B W00 g0y g s (990
Z I =0
h
3 2 2 2
D) Z;,e T) + 560516 T)aqozgle T) + % (50)55 T))26202§16T)
ow, " = 0 . (99b)
VA I q":mko
|
Thus, the nonlinear expansion of the pole equation also  the damping rate is
generates iteration terms at order ¢37. Similar collinear
structures have been reported in the leading hard-soft two- N
loop self-energy [34], which is already contained in the 74(q) = =Sdw,(q). (101)

HTL-resummed one-loop soft self-energy. These structures
may provide a natural source for the cancellation of the
hard-region collinear divergence. Until the full matching
calculation is completed, the precise cancellation channel
of the divergence cannot be identified. Moreover, gauge-
dependent hard-region self-energy contributions must can-
cel in the complete same-order pole equation, as required
by gauge consistency.
For a complex pole,

Q,(q) = iru(q), (100)

wn(q)

The imaginary part of the one-loop LP hard self-energy
vanishes on the timelike branch, Eq. (30), so the first
nonzero damping contribution comes from the soft
HTL-resummed sector [38]. The hard virtual corrections
computed here do not generate a finite damping con-
tribution on this branch. Therefore, the two-loop soft
NpNp sector, the corresponding overlap subtraction, and
the pole-iteration terms are among the same-order
ingredients required for the complete damping rate
at NNLO.
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VII. CONCLUSION

We have derived the symmetry constraints of massless
QED. Chiral invariance restricts the off-shell two-fermion-
N-photon vertex to vector and axial-vector Dirac structures,
each of which has definite behavior under momentum
reversal and fermion-leg exchange. With the retarded/
advanced prescriptions omitted, the vector structures are
tensors with real amplitudes, while the axial structures are
pseudotensors with purely imaginary amplitudes. The WTI
constrains the vector structure of the fermion-photon vertex
by relating it to the self-energies. On the other hand, the
axial structure is transverse to the photon momentum. The
self-energy is odd under momentum reversal up to retarded/
advanced prescriptions, while the fermion spectral function
is even. These symmetry constraints further lead to the
selection rules for the soft expansions: at fixed power r, a
contribution can be nonzero only when r + N + E,(c) is
even, where N = 0 corresponds to the fermion self-energy
and E,(c) denotes the number of external “a” indices.

Using DR throughout, we have computed the renormal-
ized one-loop NLP and two-loop LP contributions to the
fermion self-energy and the fermion-photon vertex in a
general covariant R gauge. The insertions of the zero-
temperature counterterms remove the UV subdivergences.
Axial-vector structures are absent in the one-loop LP
vertex, but appear beyond that order, including in the
two-loop LP vertex. The results are organized by gauge
sector, statistical sector, and soft power. Each sector at fixed
soft power is checked to preserve the WTI and axial
transversality, as required by gauge consistency. The
counterterm insertions also obey the WTI independently.
Notably, the fully longitudinal sectors vanish at two-loop
LP, consistent with the vanishing of the one-loop LP
longitudinal sector. As an additional algorithmic test, the
vector sector was extended through O(a'?), for which the
same selection rule and WTI persist. The SM contains the
machine-readable one-loop NLP and two-loop LP coef-
ficients, along with the corresponding WTI and axial-
transversality checks [54]. In addition, for the fully longi-
tudinal contribution in the Nz(P)Ny(L) statistical sector,
the SM shows that all LP contributions vanish. In contrast,
they appear at NLP, where the vector and axial coefficients
satisfy the WTI and transversality constraints, respectively.

For the self-energy, the hard contribution at one-loop
NLP is gauge dependent and contains a local UV singu-
larity, which is removed by the zero-temperature fermion
counterterm. At two-loop LP, the metric and mixed metric-
longitudinal sectors contribute. After the corresponding
counterterm subtraction, the remaining divergence is gauge
independent, Xp;, (Q) = (e*/487%¢)(13 —281n(2))H(T),
where H(T) is the LO self-energy contribution (one-
loop LP). The singularity corresponding to In(2) is collin-
ear, while the remaining singularity is the hard-region

IR singularity. Since the soft sector and overlap subtraction
are not evaluated here, the precise cancellation channel of
these singularities is not assigned at this stage. The
cancellation of the singularities can be checked in the pole
equation, after the iteration terms in Eq. (99b) are also
included. Furthermore, the gauge-dependent contributions
that appear in the hard-region self-energy must cancel out
in the complete same-order pole equation. On the timelike
branch ¢° > g, although individual functions at two-loop
LP contain imaginary parts, these contributions cancel
separately in the metric and mixed metric-longitudinal
sectors. Thus, the two-loop LP terms do not generate a
finite damping contribution. The one-loop NLP hard
contribution is real on the timelike branch and therefore
gives no damping contribution.

At the same order, a complete calculation of quasipar-
ticle observables must combine the hard contributions with
the HTL-resummed soft sector, the appropriate overlap
subtraction, and the iteration terms. Inclusive rates also
require the corresponding real-emission and absorption
contributions according to the Kinoshita-Lee-Nauenberg
(KLN) theorem [83,84]. The present work supplies the
hard-region part of this program, along with its symmetry
constraints, WTI, and axial-transversality checks. These
hard-region amplitudes can also be used for the future
construction of the fermionic NLO effective action.
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APPENDIX A: DIMENSIONAL
REGULARIZATION

We define the on-shell unit vectors »* = (1,p) and
v = (1,1) as well as [47]

1 [¢"+q+in
uo) =g G

=2 (A1)

The relevant radial integrals used in this work are
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Ry E/lN (p)=ﬂ26Tz[ 1 +e(24InA =2 =2y +2¢7)] + O(?),

P
1 272
Ro=— [ —Np(p ~EIn(2)e + O(eY),
p P
1 2 2 2 2
Ri = pNB +25T+8(7f —dyp + 407 = 8yy) + O(e7),

Ry = / SNr(p) = Ry + 121 + €267 +1n2) +O(2),
P

1 dN 1 dN
Rs E/_ 5(P) _ser, Rﬁs/_ 1P _ser, (A2)
P P

p* dp p* dp

Here £ = In(e’# /2zT), while y; and A denote the first Stieltjes constant and the Glaisher-Kinkelin constant, respectively.
The relations for R, and R, are valid only up to O(e?). In addition, the last line follows from an integration-by-parts (IBP)
identity.” The radial integrands also contain vacuum (7 = 0) contributions. Indeed, after performing the soft-momentum
expansion, the vacuum part reduces to a scaleless power integral of the form

(p-independent factor) x A ” dp p®, (A3)

which is set to zero in DR. Therefore, all nonvanishing contributions arise from the finite-temperature part, which is not
scaleless due to the presence of the distribution functions ng,r (Table II).
The angular integrals involving temporal components of »* are

AOE/1—2+46[1—1112]+0(€2),

Z

o el 0 afuan () Lfs(452) (422 o
1

_ _2 4 n(2) — €2
o= [ on = = IQ) - L)+ 0(E),

0> 0*
= 124 2e 5 o o1 — 21 -
A3_/Z(W.Q> (Q2)2+( 22 5 [L(Q)(q” + (¢°)%) + ¢°(1 = 2In(2))] + O(e?), (A4)

with z = .9 = cos 6. Here Li,(x) denotes the dilogarithm,

Liy(x) = —f dtw.

For spatial components, rotational symmetry implies

>The IBP step for Rs = » #de;p) must be applied with care because Ny(p) = % +ng(p) ~T/pas p — 0, so the boundary term

[p?3Ng(p)|3 is ill-defined. To implement IBP within DR, we decompose
T .
Np(p) = » + Np(p).

where Nz(p) = O(p) as p — 0. This yields

B d (T o -
dp p*=— (—) + / dp p*Nj(p).
/0 dp\p) " Jo a(z)

The first term is a scaleless power integral and therefore vanishes, while the second term is well defined and its boundary contribution
also vanishes. Hence, IBP together with the scaleless-integral prescription implies Rs = 2R 5.
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A Ly N S R Y
.Aa_/z(v. ) q /z(U'Q)” 7 (" A, — A,_y).
(A5)

The collinear denominators arise from

with the collinear limit z — 1. Holding » fixed and
integrating over v/, DR gives

1 1
Ci=[ —=—12m2+ 522 - 121n22) + 0(&),
1=z € 6

i
CQE/ = L:77’(61—-"10)’

1-¢ 1=z

(A6)

where the vector relation follows from axial symmetry
about ». The remaining integration is

v-Q

Lv- v

=q" Ay + (C; — Ag)v - Q. (A7)

The slashed notation is also introduced to represent more
compact relations

Aa = Aayo - Aiﬁ/l (A8)

APPENDIX B: r/a GRAPH PROPERTIES

We consider connected amputated diagrams in the real-
time r/a basis. Let N, be the number of vertices, I the
number of internal propagators,

L=I1I-N,+1, (B1)
the number of loops [68], and E, the number of external
a indices. We label the vertices by v; with i =1,...,N,,
and let k,, be the number of @ indices carried by vertex v;.
The total number of a indices is

N,
vert —
Na = E kv,»’
i=1

where E, lie on external legs. Let Nc be the number of
causal internal propagators and N . the number of symmetric
propagators. An rr propagator contains no a-labelled end,
every nonzero ra/ar propagator contains exactly one, and
an aa propagator vanishes. Hence,

(B2)

Ne=N'et—E,  I=N, +Nc  (B3)

It follows that

N,
Nrrzl_zkv,- +Ea
i=1

N,
:L+N1;_1_Zkvi+Ea

i=1

N,

:L_1+Ea_2(kv,-_1)’

i=1

(B4)

where N, = ngl 1 is used. Equation (B3) can also be
written as

N, N,
Ne=Y ky,—E,=N,—E,+>» (k,—1). (BS)
i=1 i=1

For cubic QED, since only vertices with one and three a
indices are present, we can write

N,

Z(kvi - 1) = 2Nuaa

i=1

(B6)

Single a-indexed vertex contributions to the relation above
vanish since k, = 1, while three a-indexed vertices with
k, =3 yield the relation above, with N,,, being the
number of three a-indexed vertices. Thus, Eqs. (B4)
and (B5) reduce to

Nrr:L_1+Ea_2Naaa7
NC:Nﬁ_Ea+2Naaa- (B7)

1. Special case

We now restrict the sector with one external a-index and
one a-index at every vertex:

E, =1, Naaa = 0. (B8)
Equation (B7) then gives
N, . =L, Nc=N,-1. (B9)

Thus, when no I'““ vertex occurs in the assignment, L
symmetric propagators and N, — 1 causal propagators con-
tribute. We choose the L symmetric propagators and remove
them temporarily from the original graph. The remaining
causal graph, denoted by H, contains all N,, vertices because
no vertex has been removed. It also contains the remaining
N, — 1 causal propagators.

2. Acyclicity of the causal subgraph H

Let v, be the vertex attached to the external a-leg. Orient
each causal propagator from its a-labeled end toward its
r-labeled end. The vertex v, has no outgoing internal
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causal propagator because its unique a-index is already
used by the external leg. Every non-v, vertex has exactly
one outgoing internal causal propagator because its a-index
must lie on an internal line.

Suppose that a cycle C passes through m distinct vertices.
A closed path through m vertices contains exactly m causal
propagators, which require exactly m a-labeled ends. If
v, €C, only m — 1 vertices can supply such ends, while the
m causal propagators require m. Therefore, no consistent
r/a assignment exists. If v, & C, all m vertices on the cycle
are non-v, vertices. Since each has exactly one outgoing
causal propagator, all m outgoing propagators must lie on
the cycle. Hence, the cycle can be written

V)= Uy —> - — U, — D). (B10)
In coordinate space, one orientation contains
O(ty = 1,)0(t3 — 1) - - O(t; — 1), (B11)
which would require
<l <:-<t, <. (B12)

This condition is impossible and indicates that every
nonvanishing causal subgraph H is acyclic (treelike),
consistent with Refs. [61,69].

3. Connectivity and unique orientation of H

Suppose that the acyclic graph H has Cy connected
components, and let ; be the number of vertices in its j-th
component. Since the components contain all vertices of H,

(B13)

Each component is connected and acyclic and is therefore a
tree. The j-th component contains n; — 1 causal propaga-
tors, so

Ne=(m—-1)+m=1)+-+(nc, —1) =N, - Cpy.
(B14)

Equating Eq. (B9) with the equation above yields

N,-Cy=N,—1—Cy=1. (B15)
Thus, H is connected. Since H is both connected and
acyclic and contains all N, vertices, it is a spanning
tree [69,85].

Since H is a spanning tree, starting from any vertex
v; # v, and repeatedly following its unique outgoing causal
propagator cannot revisit a vertex. Since H is finite, the
walk must terminate, and the only vertex with no outgoing

causal propagator is v, . Hence every vertex has a unique
directed path toward v, . Thus, H is an in-branching rooted
at v,; see Ch. 1 of Ref. [86]. In conclusion, once the
allowed set of symmetric propagators and v, are fixed, the
causal orientation of H is unique.

APPENDIX C: SYMMETRY CONSTRAINTS
ON BUILDING BLOCKS

In massless QED, with no background source that
breaks the discrete symmetries and chiral invariance, the
Lagrangian and the generating functional are invariant
under P, 7, C. Invariance under 7 is the invariance under
an antiunitary transformation. While the classical action is
invariant under global chiral transformations, this axial
symmetry is anomalous at the quantum level [68]. Since the
anomalous contribution depends only on the gauge field, it
does not affect the two-fermion-N-photon sectors consid-
ered here. Here, “chiral invariance” refers to this perturba-
tive conservation of chirality., We adopt the notation
XPX~! = ®y with X€{P,7,C} and @ a generic field.
In addition,

QT = QP = (qov _q>’

xT = (~t,x),

xP = (t,-x),

(C1)

with Lorentz indices suppressed. A complete basis of Dirac
matrices in four dimension is [68]: {1.y5.7,. 7,75, 0.}

In the BMHV scheme, writing y* =" 4+ $" and
g =g"+g", withg', = 4and ¢, = D — 4, all external
momenta and free Lorentz indices are taken to lie in the
physical four-dimensional subspace, so Qﬁ‘ =i =0.In
the loop integration, odd-rank evanescent tensors vanish
under simultaneous reflection of the evanescent compo-
nents of all loop momenta; schematically,

/ Prf=o,
P.L

where the scalar invariants in f, including L - P, are
unchanged under this simultaneous reflection. Even-rank
evanescent tensors reduce to the symmetric evanescent
metric; for example,

L gfw/ -
PPL°f = P-L)f.
[{L f=p ), P

If such tensors multiply independent antisymmetrized
evanescent gamma structures, as can occur in an enlarged
D-dimensional Dirac decomposition, their contribution
vanishes, e.g.,

FVpie = 0.

Thus no independent evanescent Dirac structure survives in
the physical amplitude, and for four-dimensional external
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momenta and free Lorentz indices the physical Dirac
decomposition closes on the four-dimensional structures.

Evanescent indices contracted internally, however, do
survive and reduce to ordinary four-dimensional structures
with explicit D-dependent coefficients; for example,

77 iy = —(D = 4)7r".

Accordingly, bars are omitted in the displayed physical
decompositions and independent hatted structures are not
shown, purely for notational convenience. The loop algebra
itself remains fully D-dimensional, and all resulting
D-dependent factors, including their O(e) parts, are
retained throughout.

The chiral anticommutation relations are

{rs; 13 =2rs,  Ars;rs}=2,  {rs;vu} =0,
{7/5’ yﬂ}/s} = 0’ {ySv 6/41/} = 26/wy5 ?é 0. <C2)
The Dirac matrices satisfy

Yoo = Nyuvus  vo(rurs)vo = —Nurys,  (C3)

with A¥, = diag(1,~1,—-1,~1). The fermion and vector
fields transform under parity as [68]

wp(x) = row(x").  wp(x) = w(x)yo.

AL (x) = A A (xP). (C4)

The overall fermionic phase is omitted since it cancels
between y and i in bilinears. Similarly, charge conjugation
acts as [68]

wel®) = —ilpOMT. Felx) = My (],
Al (x) = A" (x),
we(Q) = ~ilp(-OMI".  e(Q) = ~ilMy(-Q)I".

(C5)

with M = y,y, and T denoting transpose in Dirac space.
The matrix M satisfies

M (y)"M" ==y, M"(y,y5)"M" =y,ys.

MT =-M, M1 =M. (Co)
Time reversal acts on fields as [68]
wr(Q) =Bw(07),  wr(Q)=-w(Q7)B,
AL (Q) = A, A(Q7). (C7)

with B = y,73 (up to a phase). The required gamma-matrix
identities are

By,B=—Nyy,.  Brys)'B=-N,ys. (C8)
Since 7 is antiunitary, it complex conjugates the c-number

coefficients and the matrix entries of the Dirac structures.

1. Spectral function and fermion self-energy

We start with the fermionic spectral function defined in

position space by pr(x,y) = ({y(x), @ (y)})s, with Fourier
transform py(Q). The Dirac decomposition gives

1
pr(Q) = ST+ Pys+ Viy, + Aly,ys + 2 70 (C9)

Chiral invariance implies S = P = T = 0, yielding

pr(Q) = VH(Q)r, + AQrrs.  (CI0)
We now impose discrete symmetries. Under parity invari-
ance, the spectral matrix transforms as

pr(4”, ) = ropr(4°, —@)ro, (C11)
where we used Eq. (C4). Using Egs. (C3), (C10),
and (C11), one finds that V¥ transforms as a polar vector,
while A# transforms as a pseudovector. For the latter, no
nonzero pseudovector can be constructed from Q* and u#
alone. Equivalently, any Levi-Civita construction built
only from Q% and u* vanishes without an additional
pseudovector/pseudoscalar background. Hence, setting
A#(Q) = 0, we obtain

pr(Q) = a(Q)Q + b(Q)#. (C12)

with real scalar coefficients a(Q) and b(Q) depending on
the invariants Q2 and u - Q. The reality is ensured by Dirac
pseudo-Hermiticity

Pr(Q) = ropr(Q)ro- (C13)

Next, using the charge-conjugation properties in Eq. (C5) and
translation invariance, pr(x,y) = pp(x — y), one obtains’

Pr(Q) = —M"pp(-Q)'M". (C14)
Substituting Eq. (C12) and using Eq. (C6), one obtains
a(=0Q)

which yields

=-a(Q)., b(-0)=0b(Q)., (CI5)

pr(=0Q) = pr(Q). (C16)

®The corresponding position-space relation is pr(x,y) =
~M" pp(y,x)"M".
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The evenness above, together with the spectral representa-
tion [11], yields

. [>do pr(®w,—q)
si-o-i [5Gt

_ _i/md_a)pF(—co, -q)

2 Qo—wtin R

(C17)

where we used pp(—w, —q) = pr(®, q). Using the Dyson
relation Sg), = Sik 4 — Zg/a» One obtains

ZA(=0) = —Zr(Q) (C18)

2. Two-fermion-N-photon vertices

We start with the closed-time-path (CTP) formalism [11],
where the generic fields in the r/a basis are defined by

()G ve=( 2
ba ¢- 1 -1

Here, ¢, and ¢_ live on the forward and backward
branches, respectively; U is the operator that relates them

to the r/a space. In the CTP, interchanges of the forward
and backward branches are introduced by

o ()=a(l) x-(0h)

In the r/a basis, the branch interchange reads as

<¢’>MUXU-1<¢’>, UXU—1=<1 O),
b b 0 -1

(C21)

(C19)

Therefore, the r/a fields behave under interchange of the
two CTP branches as

Intch Intch

¢r — + d)r’ ¢u - - ¢a' (CZZ)

We now determine how the discrete operations act on
the effective action.” Let ¢/, denote the source-dependent
evolution operator and p the density matrix, with p’ = p.
Define

ZlJ I ) =Te(U;, o),

Zrev [J—H J—] = Tr(uj_puj+)- (C23)

The second is the reversed-process functional: the two
evolution operators appear in the opposite order. The

"One can see the details of the generating functional and W in
Refs. [87,88].

generating functional is invariant under (unitary operators)
P and C:

Z[J ., J_) = z[JX,JY],
Zrev[JJr’ J—] = Zrev["i{’ J)—(]’

Xe{P,C}. (C24)
To derive the consequence of antiunitary time reversal for Z,
we proceed as follows. If Y is an arbitrary operator, and O is
an antiunitary operator, we can obtain the following rela-
tions:

Tr(@YO®™ ') =(TrY)*, O@y'®!'=@re-). (C25)
Then, the operation of the antiunitary operator on the
evolution operator and density matrix becomes

ou,0™ =u,, OpO! =p. (C26)

Using (TrY)* = Tr(Y") and p = p, one first obtains

ZYy I =20 4,

Zrev[']+"]—]* = Zrev[‘,—’]+]' (C27)

Using Eq. (C26) and the antiunitary identities above,
one finds

Z[J I ) = Ze [JE, I,

ZJ T = Ze [JT, JT], (C28)

where the second line follows from Eq. (C27).
Since Z = exp[iW], we use the Legendre transform

Tl ) = W, J] - / Uid —I o). (C29)

The source-field pairing is invariant under the time-reversal
map. Using the unitary C/P invariance above, together
with Egs. (C27) and (C28), we obtain

Llg,.¢_] =T[$¥.4%].  Xe{C.P}.  (C30)
r[¢+’ ¢—] = I‘rev[ -57:’ ¢Z]’ (C31)
g, ¢ " =-Tlp_.¢,]. (C32)

where ¢ = (,y, A*). Equivalently, using the branch-
interchange rule in Eq. (C22), the reflectivity condition
in the r/a basis is

_r[¢ra ¢a]* = F[qsr? _¢a]' (C33)

Notably, the action of the discrete symmetries does not
change the branch ordering, whereas Eq. (C32) is the CTP
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reflectivity (reality) condition and explicitly interchanges the two branches.

In the following, each symmetry constraint is derived in three steps. First, the transformed current is constructed
explicitly from the transformed effective action appearing on the right-hand side of the corresponding effective-action
relation. Second, since the right- and left-hand sides of that relation are equal, the same transformed current is expressed
using the effective action on the left-hand side, with the appropriate transformation of its external Lorentz indices and
momenta. Finally, the two expressions for the same current are equated, yielding the corresponding constraints on the vertex
coefficients. The current can be determined by the part of the one-particle-irreducible (1PI) effective action containing two
fermion fields and N external photon insertions,

i —1)V _ - . o
Cly, w,A] D Z%/d“yd“zd“xl cedtay Wy, T (v, 25 x1 o Xy W (A (x1) - Al (), (C34)
N>1 :

where [ #Y (y,2; X1, ..., xy) is the two-fermion-N-photon vertex function in position space and is a 4 x 4 matrix in Dirac
space. Subscript ¢ denotes the r/a labels as

¢ =1(€o,Cpyes CNy CNA), ci€{r,a},

C = (CN415Cls s CN+ CO)s E,(c)=#{itc;=a}, i=0,...N+1, (C35)
so that ¢, ¢;, and ¢y label incoming fermion, incoming photon i, and outgoing fermion, respectively. The last relation in
Eq. (C35), E,(c), counts the number of (external) a indices of the kernel, while ¢ denotes the exchange of the two fermion

endpoint labels. Throughout the component relations below, ¢ denotes a fixed external r/a string; no sum over ¢ is implied.
The position of ¢ as a superscript or subscript carries no distinction and is chosen only for convenience.

a. Discrete symmetry operations
The corresponding dressed N-current kernel is defined by

S"Tly, i, A]
SAu} (x1) -+ SAUY (xy)

jIC”m”N (x17 ""xN) = (_I)N - /d4y d4zl/_/CN+l (y)rlélﬂN (y’ 25X, ""xN)l//Co(Z)‘ (C36)

In a translationally invariant state, I%'"*¥(y, z; x|, ..., xy) depends only on relative coordinates. For example, one may

choose xy as a reference point and write it as a function of y — x, z — xy, and x; — xy withi = 1, ..., N — 1. Equivalently,
its Fourier transform contains the overall momentum-conservation delta function. Therefore, the Fourier-space kernel can
be written as

. d* . N
JIEK, L Ky) = / QTQ;‘%AQQM B0y 0K W (0, 0= 01+ Y K. (C37)
i=1

where all photon momenta are taken incoming. By momentum conservation, only N — 1 photon momenta are independent.
We denote them by {K;} = {Kj, ..., Ky_}, with Ky fixed by momentum conservation.

Chiral invariance implies that the vertex matrix anticommutes with ys. Therefore, scalar, pseudoscalar, and tensor Dirac
structures are forbidden, and the most general decomposition of the current is

d* o N
Je (K, K ) :/(ZEQ)LII_/CNH(Qz)[V!c” (00, Q1K )7y + AT 00, Q1 AK N yurslwe, (1), (C38)

where V' and A¢'* are coefficient tensors constructed from the available four-vectors Q4 ,, K%, and u¥, together

with ¢** and €7 (see, e.g., the zero-temperature discussion [72], Ch. 10). In our case, u* = (1,0,0,0).
Parity. Using Eq. (C4), one obtains the parity transform of the current as

Jp (K. Ky)

Crdor
- (2”)4 WC’NH

(@) V™ (Qa. Qu {K Ny = AL (Qa, Qs {K N s, (7). (€39)

with QF = (¢°,—q) and A¥#, = diag(1,—1,—1,—1). Since each photon field is a polar vector, parity invariance of the
effective action implies that the current transforms as a rank-N polar tensor:
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JT (K Ky)

d* o p
= [ Gt (5, o, [V (0F. OF (KDY + A2 (0F. O UK Dl (). (C40)

Since these expressions agree for arbitrary spinor fields, one obtains

VI (0y, 013 (K }) = A, - AR, A VETPYP(QR OF (KT Y),
ANy, QK }) = =N, s A, AR QR QP (KT, (C41)

Thus, V4'"#¥* is a rank-(N + 1) tensor, while AZ'"#¥* is a rank-(N + 1) pseudotensor.
Time reversal and PT . For the reversed process, define

TETIN(Q,, Q1K }) = VEHMIN(0,, 015 {Ki Dy, + AS (00, 013 {K )75, (C42)

so that

P K ) = [ S (@ (02 01 D () ()
Since 7 is antiunitary, its action is antilinear. Thus, for a c-number z and an operator O,
T(zO)T ' =7TOT". (C44)
One obtains the time-reversal operation on the reversed process [right-hand side of Eq. (C31)] as

j;??’g”ln.ﬂN(Kl ceey KN)

d4 rev. 4 TeV 1y P
- / (27?)1 _CN+1 (QZ ){ A (QQ’ Q] 5 {Ki})]*Appyy + [Ac HHNE (QQ, Q] ; {Ki})]*Ayp]/D]/S]l//CO(Q,{), (C45)

where Egs. (C7) and (C8) are taken into account. The star on V and A comes from Eq. (C44). Equation (C45) is written in
the fixed-branch representation of Eq. (C31). Hence no entry of ¢ is exchanged and no additional factor (—1)(¢) appears.
We can obtain a second expression for the same transformed current directly from the effective-action identity. Using the
left-hand side of Eq. (C31), one obtains
JTN K Ky) = A A T (KT K. (C4o)
Equating Eqgs. (C45) and (C46) gives
VI({I"'MNJ/(QZ’ Ql; {Kz}) — Aﬂlal e AﬂNUCNADﬂ[VZeV‘aImaN‘ﬁ<Q2’Ty QT; {K’lf})]*’
ALy, Q13 (K }) = A1, - A A AS (O T {KT 1)) (C47)

The star in Eq. (C47) acts on the complete real-time coefficient and, in particular, complex conjugates its iz prescriptions.
We next combine Eq. (C47) with parity. With our conventions,

0" =0"=(¢".—q).  K{ =KT. (C48)

Parity does not reverse the time evolution, so the parity relations Eq. (C41) apply separately to the forward and reversed
processes. In particular,

VreV,(ll"'(lN-ﬂ(Qé” P. {KP}) = Aal/’l e AaN/JNAﬂo—V?V’mmﬂNﬁ(Qz, Ql; {Kz})v
Arev apay, ﬂ(Q2 , {KP}) — _Aa]m . _AaNpNAﬂgAiev,pl...pN,a(Qz’ Ql; {K1}> (C49)

076016-24



HARD-REGION FERMION SELF-ENERGY AND FERMION ... PHYS. REV. D 114, 076016 (2026)

Substituting the reversed-process parity relations given in Eq. (C49) into Eq. (C47), along with using A¥*,A%, = ¢, yields

the P7 constraints

VIR0, 01 K ) = [VEH (0, 00 ()
AbHN D(Q27Q17{K }) [ ATV ﬂN”(szQl,{K })]

Charge conjugation. The transformed current under C is written

e = (=i / ég My, (—Q2)] T (0. Q13 {K 1) e, (— Q1 )M

4
-/ <dzf> Wiy (Q)MTTE ™ (0, Qi {K M il (= 01).

where Eq. (C5) is used. Using the Grassmann identity w’ X" = —yXTy and Eq. (C6), one obtains

d* P ey
Jam = / QTQWCO<—Q1>[V¢ B0y 0v K )rs — AL, 01 (K v, (—02).
Now define
N
0/=-0,. 0,=-0,. 0,-0/=) K.
i=1

The photon momenta K; are unchanged. Equation (C52) therefore becomes

d4 Q/

Je (@) = (n )4WCO(Q2)[V’3""”N’”(— 1 =0 {Ki )y, — AT (=01, =00 K )rurslwe,, (Q))-

One can drop the primes so that

d'o, _

“HN
.]Cc (QZ) (2 )4 l/]CO

Comparing Eq. (C55) with the standard ordering ¥, (Q2) -y (Q)) identifies

C]\LHEEO, C; Z' (lzl,,N), COEEN+1'

Hence, the string defined in Eq. (C35) recovers: ¢ = (Cy1>C1s---» CysCo)-
Since each of the N photon fields is C odd, invariance of the effective action gives

JEN(Kyy o Ky) = (DN (K, L, Ky).
Equating Eqs. (C57) and (C55), along with using Eq. (C56), one obtains

VIR0, 01K }) = (<1 VI (-0~ 05 K Y).
A0y, 0 {KY) = (~DVALH (=0, ~ 0 (D).

Finally, since ¢ = ¢, one obtains

VAT (0, 01 {KY) = (=D)AL — 0,1 {K)),
A0y, Q13 {K ) = (=DVAZT (=01, 093 {K ).
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Hermiticity and fermion-leg exchange. We begin with the right-hand side of Eq. (C33), from which the 1PI action, with
two fermion fields and N external photon fields, becomes

L. = DZ N, -1) ““)/d“yd“zd“xl~--d4le/7€N+l(y) LM (v, 2521 X Wy (2) AR (1) -+ - A ()

N>1

(C60)

Once in the r/a basis, the two CTP branches are interchanged, while the r/a labels themselves are not relabeled. Each
external a field acquires a minus sign. Thus, (—1)%«(¢) counts the number of external a indices as given in Eq. (C35). The
corresponding current for this interchanged branch reads

Jina™ (Qy) = (=1)Eale) jerv(Q,). (C61)

The label “Intch” denotes the interchanged branch. Thus, the only difference between the interchanged-branch and fixed-

branch currents is the factor (—1)Fa(¢),
We now consider the left-hand side of Eq. (C33). Since the dressed current has no free Dirac indices, it is a scalar in Dirac

space and therefore [ #V]* = [j&'"*¥]". Hence
N d4Q1 -
—[je" T = (2r )4 l//co(Q1)}’oF (02, Q1 {Ki Drow ey, (Q2)- (C62)

Hermitian conjugation exchanges the two fermion endpoint positions. We therefore relabel the incoming and outgoing
momenta as Q; < Q,. Since

= Z(_Ki)7

the photon momenta simultaneously transform as K; - —K;. Using ¢ = (¢y1, ¢y, ..., Cy, o) and suppressing the new
momentum labels, Eq. (C62) becomes

N ‘0, _
— [t = /(2E)LWCNH(Q2)70FZ(Q1,Qz;{—Ki})}’ollfeo(Q1)- (C63)
Comparing Eq. (C63) with Eq. (C61) and using E,(¢) = E,(c), one obtains

VeI 0y, Qi {KiY) = (= 1) BT VET (0, 0 {=Ki})]7,
AP0y, 0,5 1K) = (1B AE (0, 0 (K ) (cod)

where yorlyo = 7, and 7o(y,75)"vo = 7,75 are used.

APPENDIX D: ONE-LOOP ORDER CORRECTIONS

Before giving the one-loop derivation, we collect the notation used in Appendixes D-F. We follow the conventions
introduced in Sec. II and Table IV. In this table, the first block applies throughout, while the second block is used only for
the two-loop computations discussed in the following appendixes.

The r/a assignments for the one-loop fermion self-energy, shown in Fig. 4, are drawn using the propagator conventions
of Fig. 1. Together with Eq. (7) and the ordinary QED Feynman rules, they give

—iz(Q) = e / SulA(PO)AL(P) + A, (P)AR(PQ)],
—izg)(Q) = ie?(1 —5)[385[AS(PQ)A§ (P) + AP (P)AR(PQ)]. (D1)

with Dirac structures
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TABLE IV. The self-energy and vertex conventions. The first block applies generally, while the second block is used only for the two-

loop computations.

Convention

Description

Virtual corrections

Dirac structures

Subscripts on S, ) and V, )
Composite operations

Prime notation

Compact momentum notations

Sy: self-energy; I'y: vertex; X denotes topology type, gauge sectors, and statistical sectors.

S: self-energy; V: vertex.

The subscripts denote that the shift momenta are applied to the corresponding Dirac numerator.
S(a,4,)¢ sequential application, first a, and then g, on S.

Sl

(ae))’ P s L transformation applied to S(aycy).

Plus signs in internal propagators are omitted; e.g., A;(PLQ) = A;(P 4+ L + Q)
with j = R, A, s.

Metric sector
Metric-longitudinal (1 — &)
Fully longitudinal (1 — &)?
Dirac structures in new basis

Statistical sectors

2y, F’;(H.

lez + ZXZI’ F’;(lz + 1—&21'

ZXzz’ F;zz.

Self-energy: {S11,812/Sa1, Sn}s vertex:{ Vi1, Via/Var, Vi }
Np(P)Ng(L), Ng(P)Np(L), Np(L)Np(P)

Sm = yu(}b + Q)yﬂ’ Séf = P(P + Q)P (Dz)

Defining the shift a;: P — P — Q, we shift the loop momentum in the first term so that the symmetric propagator depends
only on P. This allows us to impose the on-shell condition through A,(P):

51(0) = ie? / (Suass Ay (P)A4(P = Q) + Sy (P) Ar(PO)).

200) = -(1-9) [ [saas)As(P)A;”(P _o)+ S§A5~2><P>AR<PQ>] . (D3)

For the second term in the last line, we use Eq. (32):

[P eisanro =i [ a5 |

d

2p°

In this case, the expression inside the brackets is differentiated with respect to p°. The on-shell condition is then applied,
and the HTL expansion is performed at the end.
LP order. Following the expansion procedure explained in Sec. III, one obtains the LP contribution as

SO(LLP) _

m

T = = [ APy (P) - NP Y
N [ W) =8P [ 5= Li@) = rL(0), (03)

where the functions given in Appendix A have been used. The spatial component is similarly given by

S N e o N

(a) Feynman diagram

(b) r/a assignments.

FIG. 4. One-loop Feynman diagram and r/a assignments.

076016-27



ALI HATAEI PHYS. REV. D 114, 076016 (2026)

) 2 ~i
Z;(ll;LP) _ —%Tr |:y"2£,:;LP)(Q):| = —%DN(Rz +Ry)AL = m*(T) % [1—4°L(Q)]. (D6)

At this power order, the longitudinal-sector integrand is odd under the on-shell momentum reversal and therefore vanishes.
NLP order. At NLP order, we first compute the temporal and spatial projections and then recombine them into Dirac
form. The expanded results are

e? ! ’
=) = 5D [ asPH{ Na?) = No(P) 5 o e 22, (D72)
62 ’ )
00 =4 (1-8) [ autr){ (e + wp(r) [ 222, - L]
P 0P 0P 1’0 oF
) {<p°>2<P 0) PP0r T (Pop T Sr QJ (PO NB(P)}’ o

with D = D — 2. The integrated results are shown in Eq. (34), where the radial and angular integrations in Appendix A
are used.

APPENDIX E: TWO-LOOP FERMION SELF-ENERGY: INTERMEDIATE EXPRESSIONS

We present the intermediate steps for obtaining pinch-free pre-HTL results for the two-loop self-energy, using the
conventions defined below. The loop-momentum transformations used in this appendix are

aS:P_)P_Q’ bs:L_)L_Q’ Cs:L_)L_P, ds:P—>P—L,
e,: L—-L—-P-0Q, fs: P>P—-L—-0, gi: L—>L—-P+Q. (E1)

When a label such as (ay) is attached to a Dirac numerator, it denotes the corresponding substitution in Eq. (E1) applied to
that numerator. Composite labels denote sequential substitutions, as summarized in Table I'V. A prime on a Dirac structure
denotes the exchange P <> L acting only on the Dirac structure. We use a compact notation to treat the three gauge sectors
discussed in Sec. III B simultaneously.

Let the pair (7, j), with i€ {1,2} and je€{1,2}, represent the gauge sectors as

ZXII = me’ lez + ZX’21 = ng’ szz = ngz’ Xe {R’B’ C}’ (Ez)

where X labels the topology: R, B, and C denote the rainbow, bubble, and cross-photon topologies, respectively. The
corresponding gauge factors are then

cn=1 En=6, =i(1-9), %225—(1—5)2- (E3)
To write the Dirac numerators compactly, we introduce

Ar=r%, A, =P, By =y, B,=L, Ci=v, C=p. Dy =y, Dy=[. (E4)
with repeated Lorentz indices contracted. For example, the Dirac numerator corresponding to the rainbow self-energy is

Sg, = AP+ 0)B;(P+ L+ 0)B;(P+0)A. i,j=12, (E5)

which gives the explicit structures in Eq. (37). The same compact organization is used throughout for the remaining two-
loop self-energy and vertex topologies. These conventions are summarized in Table IV.

The different gauge contributions arise from the photon propagators. For the two internal photon lines, one assigns the
labels i and j to indicate the gauge structure. The Dirac numerator S;; must be matched to the corresponding explicit Dirac
numerators; see, for instance, Eq. (37). Afterward, the remaining steps proceed in the same way, and this notation retains all
gauge sectors simultaneously.
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1. The rainbow self-energy

All allowed r/a assignments are shown in Fig. 5. Using the notation above, the sum of r/a assignments gives

~ix0)) =t [ [ 850, {80(P1AR (POIA(PLOIAY (L) + BV (L)ak(PLO)

+ A,(PQ)AY (L)AL (P)[AA(PLO)AA(PQ) + Ar(PLQ)A(PQ)]

+A(PO)A(PLO)AY (P)AR (L)A4(PQ) + Ar(PQ)AT (L)

+ 8,(PLO)AY (L) A (PQ)AL(PO)AL (P)}. (E6)
The last line contains the pinch structure Az (PQ)A 4 (PQ). To remove the pinch structure, we first sum the contributions from
the second, third, and fourth lines. We then use the KMS relation, Eq. (39), to rearrange them into a pinch-free form. In the

diagrammatic representation, these terms correspond to the five diagrams shown in the second block of Fig. 5. Afterward, the
pinch-free expression becomes

—ixgl) =t [ [ 850, (A0 (Pa (PO [a(PLOAY (1) + BV ()AKPLO)|
+ AP (L)al (P >NF<PQ>[ D (PO)AR(PLO) - AT (PO)A(PLO)]
+8,(PLO)AY (PN (PQ) A7 (PO)AT (1) - AT (PO)AY (1) | }. (E7)

We next rewrite the integrand so that every spectral or difference function depends only on P or only on L. The second and third
lines of Eq. (E7) contain only one explicit spectral factor. The second on-shell structure is generated by adding and subtracting
advanced propagators, equivalently by introducing difference propagators. For example, for the second line we can write

= AV (L)al (P )NF(PQ){ '(PQ)AR(PLQ) - (PQ)AA(PLQ)]
— RO(L)aY(p >NF<PQ>[ (PO)AK(PLO) + A <PQ>Ad<PLQ>} (E8)

The same rearrangement applies to the third line of Eq. (E7). After the momentum shifts in Eq. (E1) are performed, the rainbow
contribution becomes

-z = [ [ & {al@NuP)aR (PO A LINHDAY(L - P - 9wy + AP LNSLIAKPLO)SS
+ AP (LNF(L)AY (L - Q) [AEP(P)NB( JAR(PL)S) () + Ag(P >NF<P>A§1><P—L>S;e,_,.<axcx>}
+ LAY PN LN PIAT (L = P = Q)AL = PiSy (E9)

The on-shell condition P> = L? = 0isimposed for terms proportional to A;(P)A,(L). Higher difference propagators, such as

Aff)(L) or products of the form AE,")(P)A{SW(L), are first converted to spectral functions using Eq. (32). For example, the
metric component of the second line in the equation above becomes

e
e e e G

FIG. 5. r/a assignments for the rainbow self-energy. Reading the diagrams from left to right gives the terms in the direct sum
of Eq. (E6).
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[ 2 [ 8u) g5 {BESEE [ )akPLS) )+ N PIANP = D) | | (E10)

The derivative acts only on the [°-dependent factors inside the curly bracket. Since no derivative acts on p°, one may first
impose P? = 0. The [° derivative is then taken, after which L? = 0 is imposed. Finally, the HTL expansion is carried out.

Equivalently, one may take the [° derivative, and then impose P> = L? = 0; the result is unchanged. The same prescription
applies to the remaining sectors.

2. The cross-photon and bubble topologies

For the cross-photon and bubble topologies (see Fig. 6), we obtain the final results as
~ix2(0) = ¢t [ [ &{aP WAL PN LN (PI(POIBK(PLOAKLOSC
+ Ad<L>Ad<P>NF<L>NF<P>{ )(P - 0)AY(L = Q)AN(P + L= 0)Sc,
+ A(L - P+ 0)[A (P = QAR (L = P)Sc fac + AL (P - QA (L = P)S 4|}
+ Ay(L)A] (PN F(L)N5(P)AR(PQ){ A (L = Q)AR(PL)Sc, ) + AL (L = P = Q)AW(L = P)Sc, ) }
+ AUL)AY (PINA(L)N5(P)AR(PO){ A (L = )24 (PL)S,, ) + AV (L = P = 0)Ar(L - P)S,, 1},
(Ella)
~iZ)(0) ==t [ [ Gad{8S (PINHLINSPIAPOB(PLISy, + Aa(L = P)Si )
+ Ay(P)N(L)N(P)AY (P = Q)[Ar(L = P+ 0)Sp, (a5 + Aa(P + L = Q)Sp, (0]
+ Ag(P=L+Q)A™ (P - L)Sg, ()]} (E11b)

where the Dirac structures are

Sc, = AP+ 0)B;(P+L+ Q)AL+ D)5, Sp, = Ai(P+ Q)C;Te[ALC,(P + L)) (E12)

The bubble contribution also contains pinch structures at an intermediate stage. After using the KMS relation, the final
bubble expressions written above are pinch-free.

Now, consider the purely longitudinal sector, i = j = 2. In this case, the second line of Eq. (E11b) can be rewritten in
spectral form with derivatives as

(=)
3!

Weaiadp) {2 | L] | OO (o ey, anL - PiSse|} E1

Since A,(L) enforces L?> =0, the contribution above  first and then take the derivatives with respect to the other
vanishes after evaluation. Therefore, it is useful to impose =~ momentum. The same prescription is used for the remain-
the on-shell condition associated with the spectral function ~ ing sectors and for the vertex corrections.

APPENDIX F: TWO-LOOP ORDER

LQ PRE-HTL VERTEX
& This appendix collects the pinch-free pre-HTL expres-
Q P / \P sions for the fermion-photon vertex. The seven two-loop
/ 0 0 topologies are shown in Fig. 7. As discussed in Sec. V B, the

I PQ type-II nonplanar and self-energy-corrected diagrams are
generated from the corresponding type-1 diagrams by the
FIG. 6. From left to right: cross-photon and bubble diagrams. exchange Q| <> 0,. The bubble and self-energy-corrected
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contributions contain pinch structures at intermediate stages, which are removed using the KMS relation. We use the following
momentum transformations:

a,: P—-P—-0Q, b, L > L—-0,, c,: L—>L—-P, d,: P>P—-L+0,-0y,

e, L—>L—-P-0Q,, f,: P>P—-L-0,, gy L—>L—-—P—0,+ 0y, hy,: P> P-1L,

Joi L=>L—P—0,, k,:P—>P—L—Q,, m,: P— P —Q,, n,: L—>L—-P+(Q,—-0,

r,: L—>L—-P+ Q, Sy: L>L—P+Q,, t,: L > L—-Q,. (F1)

When one of these labels is attached to a Dirac numerator, the corresponding substitution is applied to that numerator. The
cross-photon, rainbow, bubble, type-I nonplanar, and type-I self-energy-corrected contributions are given below,

—ierlé(j)(sz Q1) = _iesll%ij{AEJj)(L>A£1i)(P)NB(L)NB(P>AR(PQ1)AR(PLQ1)AR(PLQZ)AR(LQ2)V%

+ Ag(L)AY(P)NF(L)N£(P)AY (P = 01)As(P+ L = Q2)As (P + L = Q)AL (L= 0)VE, ()
+A (P Ql) (L P)AL(L + Oy — Q1) Ag(L - P+Q2)Vﬂ )
+ Ag(P - L—I—Qz) (P L+ 0y—01)AP+ 0, - Ql) (L QZ)V” i(byd,)

+ A (P = 0)AY(L = P = 0y + Q) AR(L = Qs + Q)AR(L =P+ Q)i (,
+ Ap(P =L+ 01)AY (P = L)Ar(P = 0y + Q1A (L = 00V, ]

+ Ay (L)AY(PINp(L)N(P)[AY (L = Q1) A (PL)AL(P + L + O, — 01)AR(PO)V'e, (o)
+ A (L= P = Q)AR(L = P)As(L + 0y = Q) AR(POVE, (/)

+ AL =P = 0))AR(L =P =05+ Q) A(L - Q5 + Q1)AR(POIV'e, (1,

(a) Cross-photon diagram

Q2
Qo PQ;
Pi, PQ2 PLQ2
P K
PL K
PLQ:
P| PQ: PO
Q1 Q1

(¢) Rainbow diagram

Q2 Q2 @ @ PQ2
L PQ;
PQ: \ PLICDQ622
P LQ- PQ, 2
P K P
P K K PQ;
L PQ: Pl PLQ: PO,
@ Pt PQy ¢
L Q1 Q1
Q1 Q1

(d) Non-planar diagram I

FIG. 7.

(e) Non-planar diagram II

(f) Self-energy-corrected

diagram [

(g) Self-energy-corrected

Distinct topologies contributing to the vertex diagram at two-loop order.

diagram II
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+Ad(L)A(i)(P)NF(L)NB( )[AR(PQI) (L Qy)Ag(P+ L~ Q2+Q1)AR(PL)V”
JFAR(PQl) (L P— Q)AL+ 0y = 0)ANL - P+ 0, = 01)Vy Ciiler)

+ Ag(PQy)AR(L - Q2+Q1> (L P—0,)A4(L - P)Vﬂ ]} (F2a)

—ielh(0,.0,) = —ie’ / / EADT (L)AY (P)N(L)N 5 (P)AR(PQ))Ar(PLQ) ) Ag(PLO:) Ar(PQy) Vi
+ Ag(L)AL(P)Np(L)NF(P)AY (P = 0)AR (L = P)AL(L + Qs = Q) AL(P + 0y = )V
+ AL (P = 0)Ar(P= Qs+ QA (L = P+ 0y = 0)AA(L + 0y = )V ()
+ A Y= 0)AY (L~ P~ 0y + Q) AR(L— 0y + Q) A4(P+ Q5 — 01)Vg
+ Ap(P+ Q1 — 02)AY (P = 0)Ap(L + 0 = QA (L =PV ]
+ Ay(L)AY (PINp(L)N5(P)AY (L = 01) A4 (PL)AA(P + L+ Qs = Q)AL + 0y = 0V ()
+ Ag(L = Qs + Q)AR(P + L — 0y + Q) Ap(PL)AY (L = 0)V's 1
+ AV (L =P = 0)A(L = P)AA(L+ Qy = Q)AL(L = P+ 0y = 0)V'y (/)
+ AL = P— Q) Ap(L = P = 0y + Q1) Ag(L = Qs + Q)AL = PV ]
+ Ay (L)AL (PN p(L)Ng(P)[Ag(PQ)AT (L = P = Q)AL (L + Qs = Q1) Ar(PO)V (.

+ Ag(PQy)AR(L — Q2+Q1) (L P = 0,)Ar(PQ>)V} )]}7 (F2b)

ii(a,9,)

—iel4? (05, 0,) = +ie® / / &8 L){AY T (PINF(L)N 5(P)Ar(PQ))Ap(PQ:)[AR(PL)VY, + Ay(L = P)Vh ]
+ Ag(PIN(LINF(P)[Ar(P = L+ 01)Ap(P = L+ Q)A (P L)V},
+ A4 (P+ 0y — 01)A, Al (P—Q1)(Ag(L— P+Q1)Vﬂ +AA(P+L Ql)Vﬂ )

+Ar(P =05+ 01)A, ) (P = Q) (Ag(L — P+Q2)Vﬂ +AA(P+L Qz)Vﬂ )]} (F2c)

iet}(?(02001) = =ie® [ [ E{al) (LAY (PINS(LING(P)AK(L QL) Ar(PLOAK(POL) 84 (PO:)VE,
+ Ag(L)Ag(P)Np(L)N (P >[A”<P L)AS (L = QU)AR(P =L+ QU)AR(P =L+ 02V, (1)
+ A (L= QAP+ L= Q)AL (P~ Q)AL (P + Q2= Q)Y (1)
+ A (L= QAP+ L= Q)AL (P~ Q) Ar(P = Q2 + Q)VE, (1.0,
+ AL (L= P)AR(L =P+ Q)AL (P~ 0)A(P + Q2 = Q)Y (4.0
+ AR(L = P+ 02)AY (L — P+ 0y — 0))Ar(P — 0y + 01)AY (P — 02) VY o)
+ Ad(L)AY (PN (LN (P Ar(POAT (L = P~ Q)AA(L = P+ 0y = Q) As(L = PV, )

+ Ar(PO)ARPLIAT (L = Q)AL + Qs = 1)V, (o)
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+ Ap(PO)AR(P + L — Qs+ 0)AJ (L - 02)Ag(L - 0, + )V, (m,ﬂ
+ Ay (L)AY (P)NR(L)N(P)[AY (L - QI)AR(PQI)AR(PQZ)AA(PL)VI;/[U(;”)

+ Ag(L - P)AY(L - P - Ql)AR(PQI)AR(PQ2)VIZ</,ij(eP)]}’ (F2d)

—iel§? (02, 01) = =ie® [ [ (A (LA (PINS(LING(PIAY (POAK(PLO APOVS,
+ ML) APINE(LINE(P)AY (P = Q)AF (P = 0y + Q)AL (L =P+ Q2= 0V, 0.0
+ AL)AT (PINE(LINE(P)AA(P + 03 = 0)AY (P = QA (L= PV, (...
+ A(L)AT (PIN(LINg(P)AY (L = P = 0)Aa(L = P+ Q2 = QAT (L= PV (/)
+AV(L = Q)AL (L = 0y + Q) Ag(P+ L= Qs+ Q)V% )]
+ Ad(L)A] (PN (LIN(P)AY) (PO)AT (L = P = 0)AR(PQ)V, (.

+ A (L)A] (PIN(LNg(P)AL (L = 01)A4(L + Q2 = Q)AR(PLIVY, ). (F2e)

where the Dirac structures are

= AP+ L0)B;(P+ L+ 20" (P + L+ 02) AL+ 2:)B;. (F3a)

= AP+ 20B;(P+L+Q)r"(P+ L+ 02)B;(P+ 0:) A (F3b)
Vi, = AP+ Q) (P + 02)CTHALC,(P + L)), (F3c)

Vi, = Dill + )C;(P + L+ L)Di(P + 2)r" (P + 22)C;, (F3d)
V5, = AP+ 0B (P + L+ 00)B;(P + 20)r" (P + 02) A (Fe)

Higher difference functions are converted to spectral form using Eq. (32). When products of spectral and difference functions
occur, the derivative-free on-shell constraint is imposed first, as in Eq. (E13).

As an explicit example of the soft-expansion bookkeeping, consider the rainbow contribution with i = j = 2. Terms
whose denominators depend on a single soft momentum, either Q; or Q,, are left unchanged. Terms containing linear
combinations of Q; and Q, are rewritten in terms of the transfer momentum K = Q, — Q;. For the second and third terms,
this gives

Ay(P)AG(L)Np(L)Np(P)[AZ(P = Q1)AR(L = P)AA(L + K)Ap(P + K)Vg,y(a,c,)

+ AL (P = Q) A (P = K)AZ(L = P+ K)AA(L + K) Vi, (mn,))» (F4)
where the numerators are rewritten as

Viatare) = (P =L20OPE = PYEF L+ K)E = P) P+ K)(P —21).
Veyman,) = (P =02)(P = K)EL =P+ KL+ KL =P+ KPP —02) (F5)

All other vertex expressions follow the same prescription.
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APPENDIX G: ZERO-TEMPERATURE COUNTERTERM INSERTIONS
1. Self-energy

The corresponding one-loop diagrams, containing the vertex counterterm and the counterterm insertions on the internal
fermion and photon lines, are shown in Fig. 8. Using the r/a representations of the counterterm lines in Eq. (17), together
with the free r/a propagators in Eq. (7), one obtains

—isl) g = 26268 / AJP)AA(P = Q)8 + Ky (P)AR(PQ)S,] = —2i8 2 (0).

—i%y) o = 2ie%6) (1 - ) / [AS<P>A55’<P — 0)Ss(a) + AV (P)AR(PO)S,] = —2i85" 2" (0),
—iz) o = ie?8)) / (St PPAY (P)AL(P = Q) + S,,(P + 0)?A,(P)AD (PQ)],
S — - / JPAR(P)IAD (P - 0) + S.(P + 0PAP (P)A (PO)].

—imV o = +ie’s) / {A,(P)AS (P = Q)[(P = 0)2Spa) = Seay] + A7 (P)AR(PQ)[P2S, - S:]}.  (G1)

Here, the subscripts V, f, and y label the counterterm insertions at the vertex, on the fermion line, and on the photon line,
respectively. The factor of two in the vertex-counterterm contribution accounts for its two possible placements, at the left
and right vertices. The Dirac structures Sm and S¢ are defined in Eq. (D2), and the label a; denotes the shift P — P — Q.
Since the photon counterterm tensor is transverse and gauge-parameter independent, there is no separate contribution
proportional to (1 — &). The LP contributions are

1;.LP I;LP 1 1;.LP 1;LP 1;LP 1
i =28 Hr), T =), S =xpi =0 g = s"n(r),  (©62)

where H(T) is the bare one-loop LP contribution, Eq. (30). The nonvanishing terms are collected in Eq. (49). Note that here
only the part of the counterterm insertions relevant to the 1/¢ divergence is displayed. The O(¢) terms of the D-dimensional

integrals in Eq. (G1) can combine with the 1/& counterterms only to give finite contributions and therefore do not affect the
divergence in Eq. (52).

2. Vertex

The one-loop diagrams containing the counterterm insertions are shown in Fig. 9, yielding the contributions

—iel"p (02, Q) = —3ied T (01, 01). —ieTy_c1(02. Q1) = —3ie6) T4V (0,.0,).
—iel (0. 0,) = 8l / [P+ le (PO AK(PO)A(P)V,
+ P2AY (P)AL(P + 0y — Q) A4 (P = 01)Vin(a,)
+(P+ 01 = QA (P)AY (P + Q) = 02)As(P = Q) Vi, }-
ieler (0200 = i3 [ (1-0){(P+ 012AL (PQAKPOIE PV,
+ PAP(P)AL(P + 0, — 0)AD (P - 0))Ve
P+ 01 - 0A,(PIAR (P4 0) - 0)A <P 0:)Vs,
ier (02, 01) = +6°8 [ {[P2V, = VAP (P)Ar(PQ1)AR(PL:)
+ (P = Q1) Vo) = Ve(a,))As(P) A4 (P + O, — Q1) J(P-0)
1P = 02Vt = Ve AP AR(P + 0y — 02)AP (P - 0,)}. (©3)
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P P P
Pertn @ @ g @ e g
PQ PQ PQ

FIG. 8. Counterterm insertions, from left to right: vertex insertion, fermion-line insertion, and photon-line insertion. The vertex-
counterterm can be inserted at either the left or right vertex.

Q2 Q2 Q2 Q2
PQs PQs PQs PQs
P K P K P K K
P P P P
o) Q1 Q1 Q1
FIG. 9. Counterterm insertions in the one-loop fermion-photon vertex: a representative vertex insertion, the two internal-fermion-line
insertions, and the internal-photon-line insertion.

The vertex counterterm can be inserted at any of the three vertices, and the factor of three accounts for these possible
placements. The counterterm insertion on the fermion line, for the second diagram in Fig. 9, is given above. The remaining
diagram is obtained by the exchange Q| <> Q,, with the corresponding vector and axial projections following from the
exchange relations in Eq. (61). The LP corrections then become

V”CJ]J" (02.01) =381 (0, 0)), fll (0,.0)) +Fﬂnl LgT(Qz 0,) = -28,'T"11P(0,. ),
L. rU0(0,.0) = )F” (P)(0,,01), flléi (02.01) = fnl 0,.0) = V;CL; (02,01) =0, (G4)

where T*(5LP)(Q,, Q) is given in Eq. (79). The nonvanishing terms are collected in Eq. (87).

APPENDIX H: TWO-LOOP SELF-ENERGY RESULTS

After the soft expansion, the self-energy contributions become

(2:LP) le
—Em = //Ad Ad

X{NB@)NB(P)[DZ(— L Loy 2DQ2’52}+NF(L)N%(P){D—W}

L.PP.Q (P.Q)* (P.Q)¥ L.Q(P.Q) 2P0
0 2
TN {Dz(_ lOZf.Q ! ZOZO-Q ) zo(i.lQV B L.P}:Q ! (I?Ql)S>

20°L  AQ°P 8L 8PL.O 80
- D(_ L.O(P.Q? (P.Q)3> TLPPQ LP(POR (P.Q)Z]

FNALINGP) | P (g + A T R S A )

P(L.Q? ' LPP.Q (L.Q?} PLQ LPLQ (P.07} (P.0)?
H)(( 2pQ’ 4p 4pq°  4pO* 20°L 4y 4Q>

LOYP.O  p7P.0 " p(P.OY (P.OY LOP.OE PO (P.O)

81, 8PL.0 80
trrrotPPO?” (P.Q)2]
- NaPINHL) (75 ) = NeONG(P) (o) (H1a)
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_jz@Lp) _ @ _ ! q° 20? _ 7’
spen P @m@mxm{W@WAmPQWRQ+OwQV(R@Q .

Q( [ B L.P 3 qOL.P n QZL.P n 2 >]
p°L.QP.Q p°’L.QP.Q p°L.Q(P.Q)*> L.Q(P.Q)® (P.Q)?
, QL.P P 0L Q*QLP 20
NS (LING(P) [pOL-QP-Q - pOP-Q] TN (LINE(P) [_ L.OPO) (LO°PO <P.Q>2]
0? 1 q° 20? 7°
TN E(LING(P) [P<(L-Q)2P-Q T P00 Py (P~Q)3> p°P.Q
N Q( 10 L.P N ¢°L.P + Q*LP  QLP 2 2 )}
PLOP.Q " pPLOP.Q " pPLOP.OP  (L.OPP.O LO(P.OF (L.OP (P.OF
T NA(L)NG(P) [— pofLQ‘I}Z 5 poﬁ 'Q} } (HIb)

To compute the collinear singularities, 51> We collect the required collinear moments in Eqs. (A6)—(A7). Using these
identities, the coupled angular dependence between the two hard directions reduces to a combination of ordinary HTL
angular moments and the collinear moment. For example,

//Gﬁﬁ%ﬁzf%m+m—%mh (H2)

where Eqgs. (A4) and (A7) have been used. Here, A, = A,7° — Aly;, and C; denotes the collinear moment.
We use Eq. (A2) for the radial integrals, Eqs. (A4) and (A5) for the noncollinear angular integrals, and Eqs. (A6)—(A7) for
the collinear moments. This yields

4
e (Q) = %NZ{A{){Dz(Rl + R2)[Ra(—Airo + A0 — O* A5 + Ay) — O°RuA;s + ¢"RuAs — ReAi]

+4DR, [-Rs[—Aryo + A0 — O* A + ¢° L + At + O*RuAs + Rs Ay
+ 8Ry(R3 — Ru)[—Aryo + A0 — " Ay + 2A1} + 2DO* AL, A1 (R + Ry)(Rs + Ry)
+ 1A (Rs = R3)[D*(Ry 4+ R,) + 16R,]}, (H3a)

2LP (Q) _ __(1 —&)DNAR, + Ry)

X {Ag[2A4, R4 — Rs A1 + Ra[—Aryo + 240 — 207 A5 + " A + Al + AL 0P RIA,
+ Q[A];A{ (R3 = Rs) + A’;A’éqOR3 - A{A]SQZ(R3 +Ry) + A [ARs — A:¢"Rs + A;0%(Rs + Ry)]]},
(H3b)

where N is given in Eq. (12). Radial singularities arise only through R; and R,, whose singular parts are identical. Hence,
the difference R, — R is free of radial singularities and leaves a finite remainder proportional to In(2), with further O(¢)
contributions. In the last term of Eq. (H3a), this radial difference multiplies the collinear moment C,. Therefore, the resulting
contribution contains a collinear pole whose coefficient is proportional to In(2). This makes the collinear singularity
distinguishable from the purely radial singularities; in particular, this term does not generate a radial-collinear double pole.

We expand both the angular and radial integrals through O(¢). This is necessary for two reasons. First, in the collinear
contributions, the combination R3 — R4 cancels the In(2zT) term at O(e®); see Appendix A. Since the scale dependence
must enter through the dimensionless ratio of the renormalization scale A to the thermal scale 27, the radial expansions
must be kept through O(e). Only then do they reproduce the correct scale-dependent logarithm, In(e’#A/2zT). Second,
products of radial and angular integrals can generate finite contributions through O(e) x 1/e. In particular, the poles in R 4
and in C; can multiply the O(e) parts of the remaining radial integrals or of the angular moments, producing finite terms.
Thus, both the radial and angular integrals must be kept through O(e) to obtain the complete finite part. We also keep the
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calculation explicitly D-dimensional throughout, because D-dependent prefactors, such as D = D —2 = 2 — 2¢, carry
O(e) corrections that multiply 1/€ poles and generate finite contributions.

APPENDIX I: FERMION-PHOTON VERTEX RESULTS
1. One-loop NLP vertex

~ ie[ VNP,

ie’D K*p* K?K* K’K* K*PrQ}
4 A Ad(P){NF(P){P {Z(K.P)ZP.QIP.QZ T2(KPPP.QO, 2(KPPP.0, 2(K.P)(P.0))°
__ KPO K* Q3 K" 03 Pot Py ]
2(K.P)2(P.0,)?  2K.P(P.Q,)? 2K.P(P.0,)* 2K.P(P.Q,0° 2K.P(P.Q,)
K? K? 01 03
2K.PP.Q, 2K.PP.Q, 2(P.Q\? 2(P.Q2)2]
K*PH K*pP+ PrO? PrQ3
K [_ 2(K.P)PP.0; | 2(KP)PP.Q,  2KP(P.0))7 | 2K.P(P.Q2)2] }
PO} P1Q103 P13 0101 Q103
+Ng(P){P|- - - + +
al ){P{ 2(P.01)°P.Q> 2(P.01)*(P.02)* 2P.0\(P.Q5)°  2(P.0,)*P.Q, 2P.0((P.Q))?
00 . 0% }H,, {_ 0 o & | 006 & ]
2P.0\(P.Qy)*  2(P.01)*P.Q; 2P.0\P.0, 2(P.0))* 2P.Q\P.Q, P.Q\P.O, 2(P.Q,)
PrO} PO & } { PrQ; Po;s & H}
2 L(P.Ql)QP.Qz+2P.Q1(P.Qz)2 P.0,P.0,) P 2P0 )P0, 2P0\ P07 POPOLS)
(I1a)

+y”[

+

ie? of
= ., Ay(P)(D —6)e" pi/,ﬂ/s

. 1;NLP
—ie[Al NIy s = 1

, K°K,P; K*K,P; K.P;Q3 K,Py03
x {ﬂNF(P) {2(K.P)2P.Ql KPP0, 2K.P(P.O,) 2K.P(P.Q2)2]
P, 01Ky P, Q3K Q1.0 ]} (11b)
(P.Q))*P.Q, 2P.Q\(P.Q,)> P.Q\P.O,| [

- iNy(P)|;

_ l.e[vg/)(l;NLP)]y/7
G K2PrQ,> K2PrK.Q, K2PrQ,> K2PrK.Q,
== [u-osmivae|r L(K-P)Z(P-Qn)z AKPP(P.0) KPP0, 2K PV(P.0,)
K*Qf K*Q) K*Q,? K*Qy? PrQ? P*Q*K.Q,
" 2K.P(P.Q,)* ' 2K.P(P.0,)* 2K.P(P.Q\)* 2K.P(P.0,? K.P(P.0\)} K.P(P.Q\)?
PO POYKQ, 070 szQZ] N ﬂ{ IS S R s }
K.P(P.0,} K.P(P.Q,} (P.0\)}  (P.Q,)> 2K.PP.Q, 2K.PP.Q, 2(P.0,0° 2(P.0,)7?
K2pr K2pr K+ PrQ,? 3PrQy° P'K.Q, 0 ]

+ +

+ 0 [_ 2(K.P)’P.Q, 2(K.P)*P.Q, TxpPrO, " 2K.P(P.0,)? 2K.P(P.0,  K.P(P.0,? (P.0,)?

K2p+ K2p+ K* 3PLQ,2 PrK.Q, PrQ,? o
T2 [_ 2(KP)PP.0; 2(KP)PP.0, K.PP.Q, 2KP(P.0\)  KP(P.0)° 2KP(P.07° (P.Q1)2] }
% 0 7701 705 01 0f 010
Np(P) P |- - - -
* Nl ){P[ pP.Q; p»P.Q0, p°(P.0y)* pU(P.Qy)° - (P.Qy)° +2P-Q1(P-Q2)2
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003 n 0305 L P'g501.0,  PMOI01.0, PrO30,.0,
2P.0(P.0y)*  (P.Qy)* p°P.Q1(P.0y)* 2(P.01)*(P.0y)* 2(P.0))*(P.Q,)
L T R o1 S 41,

P.Q|(P.Q>)° 2(P.0,)*P.Q, 2(P.Qy)*P.0,
_ 9"0:1.0 + PrOOy P'q}0,.0, _P”Q%QI-Q2:|
POP-Q1P-Q2 P02P-Q1P-Q2 PO(P~Q1)2P-Q2 (P-Q1)3P~Q2

+

o P00, | O Qz] ,,[_ ¢ & @ 0.0, & }
”{ 9P.0.P.0, p°P.0, pP.0s V| T2P.0,P.0, 2(P.0)° 2P.0,P.0, P.0,P.0; 2(P.0))
PrO; POl O } [ PO} Poi O ”

+Q2[2(P-Q|)2P-Qz+2P-Q1(P-Qz)2 P.0,P.0,) "2 2(.0,°P.0;,  2P.0,(P.0>)7 P.0\P-0s

, P00, O O ]}

N,(P — . 12
N )P[ P.0,P.0, pP.0; PO, (122)
- ie[Agp(l;NLP)]Vp}’s

ie’ K2PQ K2P*Q) K°PPQ}

- - - —i af
7 [, (1= 8AP)(D 6)”’75{ ’NF(P){G” p[ZK.P(P.Ql)Z 2K.P(P.0,? ' 2K.P(P.0,)
_ kPOl k0] N K0y | POIKQ,  POSK.Q, P0}Q] P“QﬁQg}
2K.P(P.Q,)> K.PP.Q, K.PP.Q, K.P(P.Q,)> K.P(P.Q,)?> (P.Q\)} (P.Q,)°
PO KPS PO PO o0 o
2(K.PP(P.0)° 2(K.P2(P.0,)  KP(P.0) KPP0, KPP.O) KPP0,

+ Ko pBeabrp {_

— iNy(P) [e“””(goapﬂg@ SPloy  PPrley  PPrQl0s  PUPrOlg30s )
’ p°P.0\P.Q,  p°P.OP.Q, (p°)P.0\P.Q; p°(P.Q1)°P.Q, p°P.0y(P.Q,)?
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2. Two-loop LP vertex
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