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We compute hard-region contributions to the fermion self-energy and the off-shell fermion-photon
vertex in massless thermal QED in a covariant Rξ gauge. The calculation includes the one-loop next-to-
leading-power and two-loop leading-power terms in the expansion in soft external momenta, together with
the zero-temperature counterterms required to remove ultraviolet subdivergences. In the real-time
formalism, we first derive symmetry constraints on the two-fermion-N-photon amplitudes, which lead
to distinct selection rules in the soft-momentum expansion. The fermion-photon vertex is decomposed into
Dirac-vector and axial-vector coefficients. The former satisfies the Ward-Takahashi identity, while the latter
is transverse to the photon momentum. These relations are verified at the integrand level. The hard self-
energy corrections computed here produce no finite contribution to the fermion damping rate. Our results
provide previously unavailable two- and three-point hard-region data for higher-order analyses of fermion
mass shifts and inclusive rates, as well as for the construction of a next-to-leading-order fermionic effective
action.
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I. INTRODUCTION

A. General framework

Thermal field theory describes relativistic matter, from the
quark-gluon plasma to the early Universe, and provides a
framework for studying thermal-medium dynamics [1–10].
At weak coupling, temperature T is usually treated as the
dominant scale, leading to a separation between hard
momenta of order T and soft momenta of order eT, where
e is the coupling [11]. More generally, hard momenta,
semihard momenta (eT ≪ Q ≪ T) [12–14], and soft
momenta probe microscopic, intermediate, and collective
dynamics, respectively. The collective sector governs screen-
ing and linear response, quasiparticle dispersion and damp-
ing, relaxation toward equilibrium, infrared-sensitive
thermodynamic contributions, transport coefficients, and
thermal spectral and particle-production rates [8,11,15–18].
For the collective scale, the dominant one-loop contribu-

tions to gauge-theory self-energies arise from hard internal
momenta and define the leading-order (LO) hard-thermal-
loop (HTL) amplitudes. These amplitudes are gauge inde-
pendent, satisfy tree-level-like Ward identities, and are

generated by gauge-invariant nonlocal effective actions
[8,15–17,19–21]. In particular, the fermionic sector is
described by [11]

Γψ
HTL ¼ m2

f

Z
x

Z
dΩv

4π
ψ̄ðxÞ =v

iv ·D
ψðxÞ; ð1Þ

wherem2
f is the fermionic HTLmass parameter, vμ ¼ ð1;vÞ

with jvj ¼ 1, and Dμ is the covariant derivative. At
vanishing background gauge field, corresponding to
N ¼ 0, Eq. (1) reduces to the fermion self-energy. The
replacement v · ∂ → v ·D, which leads to the complete
effective action, has been established through direct hard-
loop calculations and Ward identities [16,19,20], back-
ground-field methods [22], and Dyson-Schwinger and
kinetic theory [17,23,24]. Expanding ðv ·DÞ−1 in the gauge
field generates the complete leading-order two-fermion-
N-gauge-boson amplitudes.
Beyond LO, thermal corrections can have a large numeri-

cal impact and may occur in successive powers of the
coupling rather than powers of e2 [25,26]. At next-to-leading
order (NLO), the thermal-photon rate increases by approx-
imately 20% for αs ¼ 0.3, while low-mass dilepton rates can
increase by up to 30%–40% [27,28]; heavy-quark diffusion
shows poor convergence [29,30]; and the “almost NLO”
shear-viscosity result lowers η=s by more than a factor of
three at physically relevant couplings [31]. Fermionic HTL
structures also appear in the full leading-order production
rate of ultrarelativistic right-handed neutrinos [32], while
relative-OðgÞ corrections reduce active-neutrino interaction
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rates by about 15%–40% in the high-temperature regime
below the electroweak crossover [33]. These examples show
that corrections beyond LO can be numerically significant
and motivate the systematic determination of higher-order
contributions, including the fermion-sector amplitudes com-
puted here and their future extension to non-Abelian gauge
theories.
When soft internal lines are present, the bare perturbative

expansion contains an infinite series of contributions at the
same parametric order. HTL resummation introduces a
single resummed amplitude that contains this infinite series.
On the one hand, consider the one-loop fermion self-energy
diagram in which all propagators and vertices are replaced
by their HTL counterparts. The resummed soft one-loop
self-energy can then be expanded schematically as

Σ�ð1Þ
soft ¼ ΣS þ ΣHS þ ΣH2S þ � � � ; ð2Þ

where S denotes a soft loop, H a hard HTL subgraph, and
the star the fully resummed contribution. On the other hand,
at two loops, the momentum regions are hard-hard, hard-
soft, and soft-soft. In Feynman gauge and in the limit
q → 0, Ref. [34] showed that the bare hard-soft two-loop
fermion self-energy, which scales as e2T, coincides with
the ΣHS term in Eq. (2); it must therefore not be added
independently. More generally, the resummed one-loop
self-energy above contains the infinite series in which the
one-loop contribution is soft and successive subgraphs
are hard. Thus, HTL resummation is mandatory to obtain
the complete set of contributions at the same parametric
order. Most importantly, this reorganization leads to gauge-
independent on-shell results [3,15–17,19–21,35,36].
The soft-soft region likewise belongs to the resummed

soft sector. By contrast, in the hard-hard region, which is
the subject of this study, HTL insertions are suppressed
relative to bare inverse propagators. Therefore, strict
perturbation theory applies here.

B. Power counting and existing gaps

Unless noted otherwise, LO, NLO, and NNLO refer to
the perturbative order of the corresponding observable. For
the HTL effective action, LO and NLO instead label
successive hard matching contributions. Leading power
(LP) and next-to-leading power (NLP) refer to the expan-
sion in external momentum at a fixed loop order. Table I
summarizes these conventions. For the fermion self-energy,
the main hard-region amplitudes scale as follows:

Σð1;LPÞðQÞ∼e2T2

Q
; Σð1;NLPÞðQÞ∼e2Q;

Σð2;LPÞðQÞ∼e4T2

Q
; ð3Þ

where the superscripts denote loop and power orders. At
Q ∼ eT, these terms scale as eT, e3T, and e3T, respectively.
The one-loop LP term generates the LO fermionic HTL
action and determines the leading collective mass. The NLO
fermion mass shift and damping rate instead arise from the
fully HTL-resummed soft one-loop self-energy of order e2T
[35–40]. The hard one-loop NLP and hard-hard two-loop LP
terms, studied here, first contribute to fermion pole quantities
at NNLO, while they are also necessary building blocks to
construct the NLO fermionic effective action. The gluonic
sector follows the same hierarchy [3,41,42], whereas the
photon sector obeys a different hard/soft ordering [37]. For
the fermion sector, schematically,

Σð1;LPÞ|fflffl{zfflffl}
∼eT

⟶ fMLO; γLO ¼ 0g;

Σ�ð1Þ
soft|ffl{zffl}

∼e2T

⟶ fδMNLO; γNLOg;

Σð1;NLPÞ þ Σð2;LPÞ þ Σðe3TÞ
rem|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

∼e3T

⟶ fδMNNLO; γNNLOg; ð4Þ

where Σðe3TÞ
rem denotes the additional same-order ingredients

required for a complete pole quantity at the collective scale.
The self-energies Σð1;NLPÞ and Σð2;LPÞ are the one-loop NLP
and two-loop LP, respectively. This assignment is specific to
the collective scale. At Q ∼

ffiffiffi
e

p
T, for example, the one-loop

NLP term is a relative-OðeÞ correction to the LP kernel,
whereas the two-loop LP term is relativeOðe2Þ. Because the
amplitudes derived here are valid for generic Q ≪ T, they
apply both at Q ∼ eT and throughout the semihard win-
dow eT ≪ Q ≪ T.
Higher-order hard contributions to gauge-boson self-

energies have been studied through two loops [11,43–47].
The corresponding photon corrections are gauge independent
[46,47], whereas the one-loop NLP and two-loop LP hard
gluon self-energies are separately gauge dependent [45]. This
does not signal an inconsistency, because physical quantities
require the combination of all hard and soft contributions at
the same order. Related Feynman-gauge results have also
been obtained using kinetic theory [48]. The fermionic hard

TABLE I. Order and scale terminology.

Expansion in Q=T LP, NLP, …
Pole/observable hierarchy LOpole, NLOpole, NNLOpole, …
Hard-matching hierarchy LOhard: one-loop LP; NLOhard at Q ∼ eT: one-loop NLP and two-loop LP
External momenta Generic Q ≪ T, including Q ∼ eT and eT ≪ Q ≪ T
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sector is less developed. The fermion self-energy was
previously known at one-loop LP and NLP [2,43]; the
NLP term is gauge dependent and contains a local ultra-
violet divergence removed by the zero-temperature coun-
terterm [43]. The hard two-loop self-energy, however, had
not been calculated. Similarly, the off-shell fermion-photon
vertex has mainly been analyzed at one loop in LP [11,49];
to our knowledge, its one-loop NLP and hard two-loop
corrections were not previously available.
These vertex amplitudes generally cannot be recon-

structed from the self-energy. The Ward-Takahashi identity
(WTI) determines only the projection longitudinal to the
photon momentum, leaving transverse structures uncon-
strained [49–52]. This becomes important beyond LP,
where axial-vector coefficients may appear and are them-
selves transverse. The NLO photon-sector effective action
has been constructed in Refs. [43,46], but the analogous
fermionic construction requires systematic matching of the
two-fermion-N-photon amplitudes. Schematically, the fer-
mion-bilinear action may be expanded in the background
gauge field as

Γψ̄ψ ½A� ¼
X∞
N¼0

ð−1ÞN
N!

ΓðNÞμ1���μNAμ1 � � �AμN : ð5Þ

where the self-energy determines Γð0Þ, the complete off-
shell fermion-photon vertex determines Γð1Þμ, and the two-
fermion-two-photon kernel determines Γð2Þμν. The vertex
therefore supplies independent transverse matching data
that are absent from the self-energy. Closure through
quadratic order in the background field additionally
requires the two-fermion-two-photon kernel, followed by
a determination of whether the higher-N amplitudes are
generated by a common gauge-covariant operator, as at LO,
or require additional independent structures.
This work first derives nonperturbative reality, momen-

tum-reversal, and fermion-leg-exchange constraints from
the symmetries of massless QED. Together with chiral
invariance, these properties restrict the allowed vector and
axial-vector structures and yield distinct selection rules in
the soft-external-momentum expansion. Second, the one-
loop NLP and two-loop LP hard-region corrections to the
fermion self-energy and the off-shell fermion-photon vertex
are computed in a general covariant Rξ gauge, including the
required zero-temperature counterterms. The analysis is
restricted to retarded amplitudes with a single causal a-
index; real-time components with multiple a indices are
outside the scope of the present work. At the integrand level,
the vector sector satisfies the WTI and the axial sector
satisfies photon-momentum transversality, independently in
each statistical and gauge sector. We also show that hard
self-energy corrections yield no finite contribution to the
damping rate. These amplitudes provide hard-region match-
ing data for higher-order fermionic effective descriptions
and serve as ingredients for complete mass-shift and

inclusive-rate analyses. Following the hard/soft matching
logic of Refs. [25,42,53], the analysis also summarizes how
all same-order contributions must be combined to obtain
pole quantities at the collective scale.
The paper is organized at two levels. The first level

consists of the main text, the primary result appendices, and
the Supplemental Material (SM) [54]. Appendix A contains
the dimensional-regularization (DR) integrals, while
Appendixes H–I contain the final and lengthy integrand-
level results. These results, while being among the main
achievements of this work, are too lengthy to include in the
main text. Some of the integrand-level results are even too
lengthy to be incorporated in the appendixes. Therefore, the
complete integrand-level results together with the WTI and
axial-transversality checks are provided in the SM. The
second level contains material that can be skipped on a first
reading. Appendixes B–G provide the full technical der-
ivations, while the final results needed for the physical
argument are given in the main text.
Section II introduces the real-time formalism and con-

ventions. Section III presents the renormalized hard self-
energy corrections. Section IV derives the symmetry
constraints and selection rules for the two-fermion-
N-photon amplitudes. Section V presents the fermion-
photon vertex results. Section VI discusses the matching
analysis for the mass shift and damping rate, and Sec. VII
summarizes the main findings.

II. REAL-TIME FORMALISM AND
CONVENTIONS

We work in massless QED in a homogeneous, isotropic,
equilibrium medium at zero chemical potential μ ¼ 0. We
adopt the Schwinger-Keldysh real-time formalism [55–60],
in which the retarded, advanced, and symmetric compo-
nents of self-energies and propagators are related to their
r=a counterparts as [59,61]

�Δrr Δra

Δar Δaa

�
¼

� Δs ΔR

ΔA 0

�
;

�Πrr Πra

Πar Πaa

�
¼

�
0 ΠA

ΠR Πs

�
: ð6Þ

Here R, A, and s denote retarded, advanced, and symmetric
components, respectively. The free fermion and gauge-
boson propagators are

SjðPÞ ¼ =PΔjðPÞ;
Dμν

j ðPÞ ¼ −gμνΔ̃jðPÞ − ið1 − ξÞPμPνΔ̃ð2Þ
j ðPÞ;

j ¼ R;A; s; ð7Þ

where ξ is the covariant-gauge parameter. In the loop
calculations, the contributions associated with the gμν and
(1 − ξ)-dependent parts are referred to as the metric and
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longitudinal sectors, respectively. Here, the scalar functions are defined by

ΔRðPÞ ¼
i

P2 þ ip0η
; ΔAðPÞ ¼

i
P2 − ip0η

; ΔðnÞ
R=AðPÞ≡ ½ΔR=AðPÞ�n;

ΔðnÞ
d ðPÞ ¼ ΔðnÞ

R ðPÞ − ΔðnÞ
A ðPÞ; ΔðnÞ

s ðPÞ ¼ NFðPÞΔðnÞ
d ðPÞ; Δ̃ðnÞ

s ðPÞ ¼ NBðPÞΔðnÞ
d ðPÞ; ð8Þ

with η → 0þ. The retarded, advanced, and difference scalar functions are the same for fermions and bosons; the tilde
distinguishes the bosonic symmetric propagator from the fermionic one. The statistical factors are

NFðPÞ ¼
1

2
− nFðp0Þ; NBðPÞ ¼

1

2
þ nBðp0Þ; N0

F=BðPÞ≡
dNF=BðPÞ

dp0
: ð9Þ

For n ¼ 1, the difference propagator is the spectral function, and we write Δð1Þ
d ≡ Δd. Table II summarizes the remaining

conventions. The MS scheme and DR are used throughout. We therefore assume D ¼ 4 − 2ϵ where ϵ → 0 is the DR
regulator and d ¼ D − 1 is the spatial dimension. For the integrated self-energy, rotational symmetry allows the spatial
integration measure to be reduced by choosing the external spatial momentum as the polar axis. We therefore write [47]

Z
P
≡
�
eγEΛ̄2

4π

�4−D
2
Z

dDP
ð2πÞD ≡N

Z þ∞

−∞

dp0

2π

Z
p

Z
z
; z≡ cos θ; ð10Þ

with

Z
p
≡
Z

∞

0

dppd−1;
Z
z
≡
Z þ1

−1
ð1 − z2Þd−32 dz; N ¼ 4

ð4πÞdþ1
2 Γðd−1

2
Þ

�
eγEΛ̄2

4π

�3−d
2

: ð11Þ

The azimuthal angular factor has already been absorbed
into N , and z denotes the cosine of the relevant relative
angle. Here, γE and Λ̄ are the Euler-Mascheroni constant
and the MS scale, respectively. For d → 3 − 2ϵ,

N ¼ 1

4π2
þ 1

4π2
lnðΛ̄2ÞϵþOðϵ2Þ: ð12Þ

The corresponding radial and angular integrals needed
below are collected in Appendix A. For the fermion-photon
vertex, we retain the fullD-dimensional notation (

R
P), since

no loop integration is performed. Indeed, reducing the

angular integral to a single variable integration (
R
z) requires

checking that no azimuthal dependence remains.
Adopting the Breitenlohner-Maison-’t Hooft-Veltman

(BMHV) scheme [62,63], we used FeynCalc [64–67] for
the Dirac algebra and scalar products.

A. QED conventions

We use the following QED renormalization convention:

ψ0 ¼ Z1=2
2 ψ ; Aμ

0 ¼ Z1=2
3 Aμ; ξ0 ¼ Z3ξ;

e0 ¼ Λ̄ϵZ1Z−1
2 Z−1=2

3 e: ð13Þ

TABLE II. Summary of conventions.

Convention/Definition Expression

Metric and four-vector gμν ¼ diagð1;−1;−1;−1Þ, Pμ ≡ ðp0;pÞ; with p≡ jpj;
uμ ¼ ð1; 0Þ is the plasma four-velocity in its rest frame.

Tree-level vertex components [45,47,59] γμrrr ¼ γμraa ¼ γμara ¼ γμaar ¼ 0, γμrra ¼ γμrar ¼ γμarr ¼ γμ, γμaaa ¼ 1
4
γμ.

Shorthand notation Δ̃ð1Þ
s ≡ Δ̃s, Δ

ð1Þ
s ≡ Δs, Δ̃

ð1Þ
d ¼ Δð1Þ

d ≡ Δd, D≡D − 2.

Spectral function ΔdðPÞ ¼ 2πsgnðp0ÞδðP2Þ ¼ π
p ½δðp − p0Þ − δðpþ p0Þ�.

Distribution functions nFðp0Þ ¼ ðep0=T þ 1Þ−1, nBðp0Þ ¼ ðep0=T − 1Þ−1, with T being temperature.

Momentum-reversal identities ΔAðPÞ ¼ ΔRð−PÞ, ΔdðPÞ ¼ −Δdð−PÞ, NBðPÞ ¼ −NBð−PÞ, NFðPÞ ¼ −NFð−PÞ.
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Using Zi ¼ 1þ δi, one writes the bare Lagrangian,
expressed in terms of renormalized fields and parameters, as

L ¼ −
1þ δ3

4
FμνFμν −

1

2ξ
ð∂μAμÞ2 þ ð1þ δ2Þψ̄i=∂ψ

− eΛ̄ϵð1þ δ1Þψ̄γμψAμ; ð14Þ

with the local counterterm insertions

−iCψðPÞ ¼ iδ2=P; −iCμνA ðPÞ ¼ −iδ3ðP2gμν − PμPνÞ;
−ieCμψ̄Aψ ¼ −ieΛ̄ϵδ1γ

μ: ð15Þ

Here, the WTI gives Z1 ¼ Z2 or δ1 ¼ δ2. For one massless
fermion flavor, the one-loop zero-temperature counterterms
in DR are

δð1Þ2 ¼ −
e2

16π2
ξ

ϵ
; δð1Þ3 ¼ −

e2

12π2
1

ϵ
; ð16Þ

where the superscript (1) denotes the one-loop correction
and ϵ → 0. Additionally, the dressed counterterm propaga-
tors are

Sj;CTðPÞ ¼ iδ2P2=PΔð2Þ
j ðPÞ;

Dμν
j;CTðPÞ ¼ −iδ3ðP2gμν − PμPνÞΔ̃ð2Þ

j ðPÞ;
j ¼ R; A; s: ð17Þ

Figure 1 shows the free r=a propagators, where Lorentz
indices on gauge-boson lines are suppressed. Throughout the
appendixes, a cross on an internal fermion or photon line
denotes the insertion of these propagators. The ordinary
QED Feynman rules [68] are used for each r=a assignment.
Each Feynman diagram is replaced by the sum over its
allowed r=a contributions.
We denote virtual corrections by Σðl;rÞ and Γμν���ðl;rÞ.

Lorentz, temporal, and spatial indices are written before the
parentheses, while ðl; rÞ labels the loop order and the order
in the soft-momentum expansion, with l∈ f1; 2g and
r∈ fLP;NLP;…g. Before the soft expansion is performed,
the power label is omitted. Subscripts distinguish gauge
sectors, statistical sectors, and topologies when needed. We
use the following gauge sector conventions: the purely
metric sector, corresponding to the gμν part of the gauge-
boson propagators, is denoted by the subscript m; sectors
proportional to a single factor of (1 − ξ) are denoted by the

subscript ξ; and the sector proportional to ð1 − ξÞ2 is
denoted by the subscript ξ2.

B. r/a constructions

In the r=a representation, retarded and advanced propa-
gators encode causal propagation, while symmetric propa-
gators carry the statistical factors [45–47,59]. For fixed
external r=a indices, the amplitude is obtained by summing
over all allowed r=a assignments. Here, we first present the
general counting and then consider amplitudes with a
single a-index. A diagrammatic construction is then given
only for convenience.
The corresponding r=a-index counting and graph prop-

erties are derived in Appendix B, while we summarize the
main points here. For a connected amputated graph with
Nv vertices and L loops, direct r=a-index counting gives

Nrr ¼ L − 1þ Ea −
XNv

i¼1

ðkvi − 1Þ;

NC ¼ Nv − Ea þ
XNv

i¼1

ðkvi − 1Þ; ð18Þ

where Ea is the number of external a indices, kvi is the
number of a indices carried by vertex vi, Nrr is the number
of symmetric propagators, and NC is the number of causal
propagators.
For cubic QED, where three fields interact with each

other, Eq. (18) becomes

Nrr ¼ L − 1þ Ea − 2Naaa;

NC ¼ Nv − Ea þ 2Naaa; ð19Þ

where Naaa is the number of three a-indexed vertices.
Equation (19) therefore provides a direct map between the
external r=a index structure and the internal statistical-
causal decomposition of any connected amputated cubic-
QED diagram. For amplitudes with one external a-index,
Ea ¼ 1, this becomes

Nrr ¼ L − 2Naaa: ð20Þ

At one loop, non-negativity of Nrr yields Naaa ¼ 0, so one
symmetric propagator contributes. At two loops, the count-
ing permits Naaa ¼ 0 or 1, corresponding to two or zero
symmetric propagators, respectively. The latter assignment

FIG. 1. Free propagators in the r=a representation. Lorentz indices on gauge-boson lines are suppressed.

HARD-REGION FERMION SELF-ENERGY AND FERMION … PHYS. REV. D 114, 076016 (2026)

076016-5



contains no statistical propagator and therefore is the
temperature-independent sector, excluded from this study.
At three loops, the counting permits Naaa ¼ 0 or 1,
corresponding to three or one symmetric propagators,
consistent with the Keldysh counting of Ref. [69].
We now provide a diagrammatic construction for the

sector in which every vertex carries exactly one a-index,
i.e., Ea ¼ 1 and Naaa ¼ 0, yielding

Nrr ¼ L; NC ¼ Nv − 1: ð21Þ

For an L-loop diagram, we first choose L internal lines to
carry symmetric propagators. These lines are chosen so
that, once separated from the original diagram, the remain-
ing graph has no loops and is treelike. The remaining
internal lines are then assigned retarded/advanced propa-
gators, with a unique causal orientation. The r=a indices
are assigned according to the N-point rules [38,60]. In our
case, the required rules are given in Eqs. (6) and (7) and
Table II. The complete thermal contribution is obtained by
summing over all such choices of symmetric propagators
and the retarded/advanced tree completions. We refer to
this as the cutting procedure. This sum over allowed
assignments is required by the r=a real-time formalism.
At arbitrary loop order, the construction above applies

only to the Ea ¼ 1, Naaa ¼ 0 sector of N-point functions.
A representative assignment is shown in Sec. III B. In
imaginary time, Gaudin’s method [34,70,71] is the analog
of the analysis above.

III. FERMION SELF-ENERGY

We begin this section with the symmetry constraints on
the nonperturbative fermion spectral function and self-
energy, with derivations given in Appendix C. Chiral and
parity invariance restrict the spectral function to

ρFðQÞ ¼ aðQÞ=Qþ bðQÞ=u; ð22Þ

where aðQÞ and bðQÞ are real scalar functions of the
Lorentz invariants Q2 and u ·Q. Furthermore, uμ ¼ ð1; 0Þ
denotes the four-velocity of the plasma in its rest frame.
Their reality follows from the pseudo-Hermiticity relation
of the spectral function. Charge conjugation further enfor-
ces the evenness of the spectral function under momentum
reversal: ρFð−QÞ ¼ ρFðQÞ. Together with the spectral
representation of the fermion propagator,

SR=AðQÞ ¼ i
Z

∞

−∞

dω
2π

ρFðω;qÞ
Q0 − ω� iη

; ð23Þ

this implies SAð−QÞ ¼ −SRðQÞ and hence ΣAð−QÞ ¼
−ΣRðQÞ. The difference between the advanced and
retarded cases lies in the explicit �iη prescriptions, while
their common principal-value part is the same. At the
integrand level, we suppress these prescriptions before

integration and compare the algebraic part. In this algebraic
sense, the relation above becomes

Σalgð−QÞ ¼ −ΣalgðQÞ; ð24Þ

which gives the oddness of the self-energy up to the
retarded/advanced prescriptions.
In the hard sector, we seek to capture contributions from

internal loop momenta of order P ∼ T (hard momenta),
where the distribution functions peak. For soft external
momentum, Q ≪ T, the hard-region integrand is expanded
in Q=T. Throughout, we refer to this expansion as the “soft
expansion.” It is implemented by rescaling Q → aQ,
performing a Laurent expansion in the bookkeeping
parameter a, and then taking the limit a → 1 [45,47].
Following Refs. [46,47], we first perform the soft expan-
sion at the algebraic level and restore the retarded pre-
scription (q0 → q0 þ iη) for the external momentum in the
subsequent integrations, which yields the retarded fermion
self-energy. Expanded in the soft external momentum,
Eq. (24) becomes

ΣalgðaQÞ ¼
X
r

arΣðrÞðQÞ; ð25Þ

which implies

½ð−1Þr þ 1�ΣðrÞðQÞ ¼ 0: ð26Þ

Thus, this relation gives a selection rule that forbids even
powers in the soft expansion of the self-energy. For the self-
energy, LP and NLP correspond to the a−1 and a1 terms in
the soft expansion, respectively.
In the plasma rest frame, the retarded self-energy takes

the form

ΣðQÞ ¼ Σ0ðQÞγ0 þ ΣiðQÞγi; ð27Þ

where we have dropped the retarded subscript R. The
temporal and spatial components are then

Σ0ðQÞ≡ 1

4
Tr½γ0ΣðQÞ�; ΣiðQÞ≡ −

1

4
Tr½γiΣðQÞ�: ð28Þ

A. One-loop results

The one-loop results, at both LP and NLP, are collected
in Appendix D. Here, we present the final results. At one
loop, the self-energy contains both metric and longitudinal
contributions and takes the form

Σð1ÞðQÞ ¼ Σð1Þ
m þ Σð1Þ

ξ ; ð29Þ

with m and ξ denoting the metric and longitudinal sectors.
The retarded self-energy at LP is [2,11]
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Σð1;LPÞðQÞ≡HðTÞ

¼ m2ðTÞ
�
γ0LðQÞ þ q̂:γ

q
½1 − q0LðQÞ�

�
; ð30Þ

where

LðQÞ≡ 1

2q
ln

�
q0 þ qþ iη
q0 − qþ iη

�
¼ 1

q
Q0

�
q0

q

�
: ð31Þ

Here, the gauge-dependent sector does not contribute, in
agreement with earlier results in the literature [34,43].
Additionally, Q0ðq0=qÞ denotes the Legendre function of
the second kind, and m2ðTÞ ¼ e2T2

8
is the (QED) fermion

thermal mass [11]. This LP expression is consistent with
the momentum-reversal property: under Q → −Q, one has
the integrated relations: Σð1;LPÞ

R ð−QÞ ¼ −Σð1;LPÞ
A ðQÞ.

There are two integration formulas frequently used in
this study [45,47]:

Z þ∞

−∞

dp0

2π
ΔðnÞ

d ðPÞfðp0; pÞ ¼ ð−iÞnþ1

ðn − 1Þ!
Z þ∞

−∞

dp0

2π
ΔdðPÞ

�
2p0

�
−1
2p0

∂

∂p0

�
n−1

�
−fðp0; pÞ

2p0

�	
; ð32aÞ

Z
P
ΔdðPÞfðp0; p⃗Þ ¼

Z
p⃗

fðp; p⃗Þ − fð−p; p⃗Þ
2p

: ð32bÞ

The general higher-order difference propagator can equivalently be treated through the residue representation given in
Ref. [45]. Evaluating those higher-order residues explicitly gives the differential form in Eq. (32a). For n ¼ 2, this reduces
to the form used in Ref. [47]. Thus, Eq. (32a) is simply an explicit representation of the same residue structure. Eq. (32b)
follows from the spectral form of ΔdðPÞ and vanishes when fðp0; p⃗Þ is even in p0. Moreover, the spectral function ΔdðPÞ
puts the loop momentum on shell, p0 ¼ �p, so P2 ¼ 0. Higher difference propagators are first reduced to ΔdðPÞ using
Eq. (32a), after which the on-shell condition is imposed.
After the HTL expansion, the relevant one-loop integrands have the schematic form

Z
P
ΔdðPÞNB=FðPÞFðQ;PÞ: ð33Þ

Based on Eq. (32b), the contribution above survives only if NB=FðPÞFðQ;PÞ is odd under P → −P. Since NB=FðPÞ is odd,
the factor FðQ;PÞ must be even under P → −P to yield a nonzero contribution. This integrand symmetry is compatible
with the oddness selection rule: it retains only the odd-in-Q terms. The same argument applies to higher difference
propagators after using Eq. (32a), since this reduction preserves the P → −P parity of the factor multiplying the spectral
function.
Since the spectral function sets P2 ¼ 0, we first use the reduction of the difference propagator and then set this on-shell

condition. Subsequently, we perform the soft expansion. The NLP corrections are obtained by expanding to order a1. The
NLP corrections take the form

Σð1;NLPÞ
m ¼ e2=Q

16π2

�
−
1

ϵ
− 2 ln

�
eγEΛ̄
2πT

�
þ 1 − 2q0LðQÞ

	
; ð34aÞ

Σð1;NLPÞ
ξ ¼ ð1 − ξÞ e2

16π2

�
=Q

�
1

ϵ
þ 2 ln

�
eγEΛ̄
2πT

�
− 1þ 2q0LðQÞ

�
þQ2

q2
q:γ½1 − q0LðQÞ�

	
: ð34bÞ

The divergences appearing in the equations above are ultraviolet (UV) in origin. To see this explicitly, we include the one-
loop local counterterm, Eqs. (15)–(16), which yields

Σð1;NLPÞ
Ren ðQÞ ¼ Σð1;NLPÞ

m þ Σð1;NLPÞ
ξ − δð1Þ2 =Q

¼ e2

16π2

�
−ξ=Q

�
2 ln

�
eγEΛ̄
2πT

�
− 1þ 2q0LðQÞ

�
þ ð1 − ξÞQ

2

q2
q:γ½1 − q0LðQÞ�

	
: ð35Þ

The singularities cancel out, yielding a finite result. The second square bracket cancels in Feynman gauge (ξ ¼ 1), whereas
the first square bracket cancels in Landau gauge (ξ ¼ 0). Our result agrees with Ref. [43]. For q0 > q, the functions above
are real, so the one-loop NLP gives no damping contribution.
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B. Two-loop organization before the HTL expansion

At two loops, three distinct topologies contribute to
the fermion self-energy: the rainbow, cross-photon, and
bubble diagrams, as shown in Figs. 2 and 6. At this
stage, we focus on the rainbow diagram to illustrate the
r=a assignment using the method explained in Sec. II.
We choose two lines to be symmetric propagators such
that, after separating them from the main diagram, the
remaining graph is connected and treelike [Fig. 2(b)].
We then assign the remaining r=a labels to determine

the causality flow [Figs. 2(c) and 2(d)]. Momenta are
omitted in the r=a assignment figures since the corre-
sponding Feynman diagram already fixes them. The full
set of r=a diagrams is obtained by summing over all
possible choices of symmetric propagators and complet-
ing the resulting treelike graphs with r=a labels, as
represented in Fig. 5. The remaining Feynman diagrams
are treated in the same way.
Using Eq. (7) and the propagator conventions of Fig. 1,

this r=a assignment gives

−iΣRep
R ¼ −ie4

Z
P

Z
L
ΔsðPLQÞΔð2Þ

R ðPQÞ
�
SR11

Δ̃sðPÞΔAðLÞ − ð1 − ξÞ2SR22
Δ̃ð2Þ

s ðPÞΔð2Þ
A ðLÞ

þ ið1 − ξÞ
�
SR12

Δ̃sðPÞΔð2Þ
A ðLÞ þ SR21

Δ̃ð2Þ
s ðPÞΔAðLÞ

�	
; ð36Þ

where

SR11
≡ γαð=Pþ =QÞγνð=Pþ =Lþ =QÞγνð=Pþ =QÞγα; SR22

≡ =Pð=Pþ =QÞ=Lð=Pþ =Lþ =QÞ=Lð=Pþ =QÞ=P;
SR12

≡ γαð=Pþ =QÞ=Lð=Pþ =Lþ =QÞ=Lð=Pþ =QÞγα; SR21
≡ =Pð=Pþ =QÞγνð=Pþ =Lþ =QÞγνð=Pþ =QÞ=P: ð37Þ

Here, R denotes the rainbow topology, and the compact
momentum notation introduced in Table II is used. Three
gauge sectors contribute in Eq. (36): the purely metric sector,
the mixed metric-longitudinal sector proportional to
(1 − ξ), and the purely longitudinal sector proportional
to ð1 − ξÞ2. The metric sector originates from the gμν part
of the gauge-boson propagators; the mixed metric-longi-
tudinal sector originates from the product of gμν and the
(1 − ξ)-dependent longitudinal structure. In the mixed sector,
there are two inequivalent metric-longitudinal contractions,
leading to thetwoDiracstructuresSR12

andSR21
.The two-loop

contributions can then be decomposed in gauge sectors, as

Σð2Þ ≡ Σð2Þ
m þ Σð2Þ

ξ þ Σð2Þ
ξ2
: ð38Þ

The same applies to the fermion-photon vertex. After the soft
expansions throughLP, thecorrespondinglabel“LP” isadded.
The symmetric propagators in the curly brackets of

Eq. (36) contain spectral and difference functions, namely

ΔdðPÞ and Δð2Þ
d ðPÞ; the latter can be reduced to a spectral

function using Eq. (32a). The spectral function then sets

the corresponding momentum on shell, P2 ¼ 0, as in
Eq. (32b). For this representative assignment, the other
internal momentum can be put on shell, L2 ¼ 0, by shifting
L → L − P −Q, so that the other symmetric propagator
depends only on L. At two loops, however, the computation
is not that simple. Products such as ΔRðPQÞΔAðPQÞ give
rise to pinch structures in some topologies. These pinch
contributions are removed by using the Kubo-Martin-
Schwinger (KMS) relation

NFðP1ÞNFðP2Þ þ NFðP2ÞNBðP3Þ

þ NBðP3ÞNFðP1Þ þ
1

4
¼ 0; ð39Þ

with the momenta satisfying P1 þ P2 þ P3 ¼ 0. This
relation is sufficient for the purpose of this study, while
its generalization is provided in Ref. [59]. Thus, before the
HTL expansion, we perform two reorganizations. First,
we rewrite the full set of r=a contributions in a pinch-free
form. Second, we shift the loop momenta so that each
spectral or difference propagator depends only on one

(a) (b) (c) (d)

FIG. 2. The cutting-open procedure for one contribution to the rainbow self-energy.
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internal momentum, either P or L. This sequence allows us
to impose the on-shell condition before the soft expansion.
The detailed implementation of these steps is deferred to
Appendix E; see also Ref. [47] for a more pedagogical
discussion. We refer to these pinch-free expressions, in
which the spectral and difference propagators depend solely
on a single internal momentum, as the pre-HTL expressions.
From Fig. 2(a), the different possible choices of sym-

metric propagators correspond to choosing two photon
lines, one photon line and one fermion line, or two fermion
lines. At two loops, the corresponding statistical factors
therefore fall into the three independent products

NFðLÞNBðPÞ; NBðLÞNBðPÞ; NFðLÞNFðPÞ:
ð40Þ

Combining this statistical decomposition with the gauge-
sector decomposition g∈ fm; ξ; ξ2g, the two-loop self-
energy is organized as

Σð2ÞðQÞ ¼
X

g∈ fm;ξ;ξ2g

X
s∈ fFB;BB;FFg

Σð2Þ
g;s ðQÞ: ð41Þ

The same gauge-statistical organization is used for the
fermion-photon vertex. After the soft expansion, the cor-
responding power label, such as LP, is added. Derivatives of
the statistical distributions generated by difference propa-
gators are not counted as separate sectors; for example,
N0

FNF is included in the NFNF sector.
Readers interested only in the physical results and the

sector-by-sector consistency relations can safely skip the
detailed pre-HTL construction of the self-energy and
fermion-photon vertex given in Appendixes E and F.

C. Two-loop results

We apply the soft expansion to the pinch-free expres-
sions collected in Eqs. (E9) and (E11). The LP metric and
mixed metric-longitudinal contributions are given in
Eqs. (H1a) and (H1b), respectively. These integrand-level
results provide the self-energy side of the WTI and allow
the identity to be checked separately in each gauge sector
and for each independent statistical sector. The metric self-
energy, in addition to the sector decomposition given
in Eq. (41), separates into terms proportional to D2, D,
and D0 ¼ 1, schematically,

Σð2;LPÞ
m ¼ D2ð� � �Þ þDð� � �Þ þD0ð� � �Þ: ð42Þ

Each of these three sectors satisfies the WTI independently.
At this LP order, the fully longitudinal ð1 − ξÞ2 sector
vanishes by integrand symmetry, in analogy with the
corresponding LP cancellation at one loop. The relevant

terms are odd under P → −P and/or L → −L and therefore
integrate to zero. Consequently, the three fully longitudinal
statistical sectors vanish at LP, while the six nonvanishing
sectors are verified explicitly: three metric sectors and three
mixed metric-longitudinal sectors. At NLP, however, the
fully longitudinal sector no longer vanishes and contributes
to the self-energy. A representative example, together with
its Ward-Takahashi verification, is provided in the SM.
The self-energy integrands and their reductions to the

DR integrals defined in Appendix A are given in
Appendix H. The metric sector contains collinear singular-
ities. Up to overall phases, the relevant terms have the form

∼
Z
P

Z
L
ΔdðLÞΔdðPÞ

�
−NBðPÞ½NBðLÞ − NFðLÞ�

×
D2=P

ðL · PÞðL ·QÞ þ NFðLÞ½NBðPÞ − NFðPÞ�

×

�
8=PðL ·QÞ

ðL · PÞðP ·QÞ2 þ
ðD2 þ 8Þ=L

ðL · PÞðP ·QÞ
�	

: ð43Þ

Here, the collinear singularity comes from the relative angle
between the two hard momenta,

1

L · P
¼ 1

pl
1

1 − z
; z≡ p̂ · l̂;

where the collinear region corresponds to z → 1. Since this
divergence comes from the angular integration, an overlap
with radial divergences can in principle occur. However,
the relevant statistical combinations contain differences such
as NBðPÞ − NFðPÞ and NBðLÞ − NFðLÞ. Although the
bosonic and fermionic parts separately contain radial diver-
gences, their divergent parts are the same and therefore
cancel in these differences, leading to a finite result.
Schematically,

R4 ¼
Z
p

1

p3
NFðpÞ

¼ R3 þ ln 2½1þ ϵð2 lnðeγE=2πTÞ þ ln 2Þ�;

R3 ¼
Z
p

1

p3
NBðpÞ; ð44Þ

where the relation between R3 and R4 holds only through
OðϵÞ truncation, sufficient for our purpose. The radial
differences are finite and proportional to ln(2). Thus, the
collinear pole is proportional to lnð2Þ=ϵ. As a result, no
radial-collinear double divergence remains.
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After performing these integrations, one obtains

Σð2;LPÞ
m ðQÞ ¼ e2HðTÞ

2π2

�
K −

7

3
þ 1

2
ln

�
−
q2

Q2

��
1 −

7

3
lnð2Þ

�
−
7K
3

lnð2Þ þ 17

6
ln2ð2Þ

�

þ e4T2

16π2

�
γ0
�
q0LðQÞ2 þ q0

Q2

�
−
1

6
þ 2

3
lnð2Þ

�
þ Δ2ðQÞ

4q

�
1 −

7

3
lnð2Þ

�
þ LðQÞ

�
5

6
þ 7

3
lnð2Þ

��

þ γ:q̂
q

�
2 −

1

2
ln

�
−
q2

Q2

�
þ lnð2Þ

�
−
10

3
þ 7

6
ln

�
−
q2

Q2

��
þ 7

3
ln2ð2Þ þ q2

Q2

�
1

6
−
2

3
lnð2Þ

�

−
q0Δ2ðQÞ

4q

�
1 −

7

3
lnð2Þ� − q20LðQÞ2

�	
; ð45aÞ

Σð2;LPÞ
ξ ðQÞ ¼ −

e2HðTÞ
8π2

ð1 − ξÞ
�
K −

7

2
þ 2

3
lnð2Þ þ 1

2
ln

�
−
q2

Q2

��

−
e4T2

64π2
ð1 − ξÞ

�
γ0
�
q0
q2

þ Δ2ðQÞ
4q

þ q0

�
1þ q20

q2
�LðQÞ2 − 2q0 lnð2Þ

Q2
−
2Q2

q2
LðQÞ

�

þ γ:q̂
q

�
3 − lnð2Þ − 1

2
ln

�
−
q2

Q2

�
þ 2q2 lnð2Þ

Q2
−
q0Δ2ðQÞ

4q
− 2q20LðQÞ2

�	
; ð45bÞ

where

Δ2ðQÞ≡ Li2

�
q0 þ q
q0 − q

�
− Li2

�
q0 − q
q0 þ q

�
; K≡ −γE þ 1

2ϵ
þ 12 lnðAÞ þ 2 ln

�
eγEΛ̄
2πT

�
; ð46Þ

where A is the Glaisher-Kinkelin constant, andHðTÞ denotes the one-loop LP self-energy in Eq. (30). All singular terms in
the contributions above are proportional to HðTÞ and are collected in K. The 1

ϵ lnð2Þ term arises from the collinear
divergence multiplying the finite radial difference R4 −R3 ∼ lnð2Þ.
Let us now evaluate the imaginary part of the corrections above on the timelike branch: q0 > q. With the retarded

prescription q0 → q0 þ i0þ, the relevant functions have

ℑ½LðQÞ� ¼ 0; ℑ½Δ2ðQÞ� ¼ −2πqLðQÞ; ℑ

�
ln

�
−
q2

Q2

��
¼ π: ð47Þ

Using these relations, the imaginary parts of the metric and
mixed metric-longitudinal sectors cancel separately:

ℑΣð2;LPÞ
m ðQÞ ¼ ℑΣð2;LPÞ

ξ ðQÞ ¼ 0; q0 > q: ð48Þ

Thus, on the timelike branch, the hard two-loop LP
corrections computed here do not generate a finite damping
contribution. This behavior is consistent with the corre-
sponding timelike hard corrections to the photon polari-
zation tensor [47].
At the same parametric order, zero-temperature counter-

term insertions must also be included to remove the UV
subdivergences. These insertions with the one-loop self-
energies are detailed in Eq. (G1). The final results therefore
become

Σð1;LPÞ
CT ðQÞ ¼

�
δð1Þ2 − δð1Þ3

�
HðTÞ

¼
�
−

e2

16π2
ξ

ϵ
þ e2

12π2
1

ϵ

�
HðTÞ: ð49Þ

The renormalized hard-region contribution is therefore

Σð2;LPÞ
ren ðQÞ ¼ Σð2;LPÞðQÞ þ Σð1;LPÞ

CT ðQÞ: ð50Þ

The divergent part of the ordinary two-loop self-energy
in Eq. (45) is

Σð2;LPÞ
Div ðQÞ ¼ e2

48π2ϵ
ð9þ 3ξ − 28 ln 2ÞHðTÞ: ð51Þ

Adding the counterterm contribution in Eq. (49) then gives

ΣDivðQÞ ¼ e2

48π2ϵ
ð13 − 28 lnð2ÞÞHðTÞ: ð52Þ

The ξ-dependent divergence is removed by the zero-temper-
ature counterterm insertion. After this subtraction, the
remaining singularities are gauge-independent collinear
and hard-region infrared (IR) divergences. The hard-region
IR divergence refers to the radial endpoint singularity of the
hard expansion, where the expanded hard integrals overlap
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with softer momentum regions. In the following sections, we
explain how these singular structures enter the matching at
full parametric order e3T, assuming that the external
momentum is of order Q ∼ eT. The final physical require-
ment is that, after all contributions at the same order are
included, observables contain no uncancelled singularities or
gauge-dependent structures.

IV. TWO-FERMION-N-PHOTON VERTEX

This section summarizes the symmetry constraints on
the amputated two-fermion-N-photon vertex kernel.
Detailed derivations are provided in Appendix C. Chiral
invariance restricts the most general Dirac structure of the
amputated two-fermion-N-photon kernel, with fermion
momenta Q1;2, to

ΓðNÞ
c ðQ2; Q1; fKigÞ
¼ VðNÞ

c ðQ2; Q1; fKigÞ · γ þ AðNÞ
c ðQ2; Q1; fKigÞ · γγ5;

c ¼ ðc0; c1;…; cN; cNþ1Þ; ci ∈ fr; ag; ð53Þ

where all photon momenta are taken incoming. Here, the
subscript c denotes the external r=a index string, and the
superscript (N) serves as shorthand for the Lorentz
indices. The N − 1 independent photon momenta are
denoted by fKig≡ fK1;…; KN−1g, while KN is fixed
by momentum conservation, Q2 ¼ Q1 þ

P
N
i¼1Ki. For the

c-number tensors VðNÞ
c and AðNÞ

c , “·γ” indicates contraction
with the corresponding Dirac matrices. The explicit index
form is given in Appendix C.
The combination of parity P and time reversal T

invariance yields PT 1 constraints

VðNÞ
c ðQ2; Q1; fKigÞ ¼ ½Vrev;ðNÞ

c ðQ2; Q1; fKigÞ��;
AðNÞ
c ðQ2; Q1; fKigÞ ¼ −½Arev;ðNÞ

c ðQ2; Q1; fKigÞ��: ð54Þ

Here, “rev” denotes the reversed real-time process and is
distinct from complex conjugation. The rev reverses the
causal prescriptions while leaving the external r=a string
fixed. Consequently, Δra ¼ ΔR and Δar ¼ ΔA are inter-
changed, whereas the symmetric rr propagators carry no
causal orientation and remain unchanged:

rev∶ ΔR ↔ ΔA; Δs; Δ̃s → Δs; Δ̃s; c → c: ð55Þ

For instance, suppose

Γarra��� ∼ ½ΔAΔAΔR � � ��½ΔsΔ̃s � � ��: ð56Þ

Its rev construction then becomes

Γrev
arra��� ∼ ½ΔRΔRΔA � � ��½ΔsΔ̃s � � ��: ð57Þ

When the retarded/advanced causal prescriptions are
suppressed, Eq. (54) reduces at the algebraic level to

VðNÞ
c;alg ¼

�
VðNÞ
c;alg

��
; AðNÞ

c;alg ¼ −
�
AðNÞ
c;alg

��
: ð58Þ

This indicates that the vector coefficients and axial coef-
ficients become real and purely imaginary, respectively.
Hermiticity constrains the amplitudes as

VðNÞ
c ðQ2;Q1;fKigÞ ¼ ð−1ÞEaðcÞþ1½VðNÞ

c̃ ðQ1;Q2;f−KigÞ��;
AðNÞ
c ðQ2;Q1;fKigÞ ¼ ð−1ÞEaðcÞþ1½AðNÞ

c̃ ðQ1;Q2;f−KigÞ��;
EaðcÞ≡ #fi∶ci ¼ ag; ð59Þ

where EaðcÞ is the number of external a indices of the
amplitude. Here, c̃ denotes the exchange of the two fermion
endpoint indices:

c̃≡ ðcNþ1; c1;…; cN; c0Þ: ð60Þ

The combination of PT and Hermiticity yields the fer-
mion-leg exchange constraints

VðNÞ
c ðQ2; Q1; fKigÞ
¼ ð−1ÞEaðcÞþ1Vrev;ðNÞ

c̃ ðQ1; Q2; f−KigÞ;
AðNÞ
c ðQ2; Q1; fKigÞ
¼ −ð−1ÞEaðcÞþ1Arev;ðNÞ

c̃ ðQ1; Q2; f−KigÞ: ð61Þ

Charge conjugation C further gives

VðNÞ
c ðQ2; Q1; fKigÞ ¼ ð−1ÞNþ1VðNÞ

c̃ ð−Q1;−Q2; fKigÞ;
AðNÞ
c ðQ2; Q1; fKigÞ ¼ ð−1ÞNAðNÞ

c̃ ð−Q1;−Q2; fKigÞ:
ð62Þ

Since charge conjugation does not reverse the real-time
evolution, the same relations hold separately within the
reversed process. Combining Eqs. (61) and (62), and using
˜̃c ¼ c, one obtains

XðNÞ
c ðQ2; Q1; fKigÞ
¼ ð−1ÞNþEaðcÞXrev;ðNÞ

c ð−Q2;−Q1; f−KigÞ; X∈ fV; Ag:
ð63Þ

A. Selection rules in the soft expansion

Since rev changes only the retarded/advanced causal
prescriptions, suppressing these prescriptions gives

1We use T for time reversal to avoid confusion with temper-
ature and transpose.
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Xrev;ðNÞ
c;alg ¼ XðNÞ

c;alg:

Thus, Eq. (63) reduces at the algebraic level to

XðNÞ
c;algðQ2; Q1; fKigÞ
¼ ð−1ÞNþEaðcÞXðNÞ

c;algð−Q2;−Q1; f−KigÞ: ð64Þ

Under the soft rescaling Q1;2 → aQ1;2 and fKig → faKig,
one writes

XðNÞ
c;algðaQ2; aQ1; faKigÞ
¼

X
r∈Z

arXðNÞ
c;r ðQ2; Q1; fKigÞ;

XðNÞ
c;algð−aQ2;−aQ1; f−aKigÞ
¼

X
r∈Z

ð−1ÞrarXðNÞ
c;r ðQ2; Q1; fKigÞ: ð65Þ

Using Eq. (64) and matching equal powers of a gives

½1 − ð−1ÞNþEaðcÞþr�XðNÞ
c;r ðQ2; Q1; fKigÞ ¼ 0: ð66Þ

Thus, for an arbitrary fixed c, a contribution at order ar can
be nonzero only if

rþ N þ EaðcÞ is even: ð67Þ
For amplitudes with a single a index, this reduces to

rþ N þ 1 is even: ð68Þ
Thus, for odd N and single a, only even soft powers can be
nonzero, while for even N, only odd soft powers can be
nonzero. For example, the fermion-photon vertex, N ¼ 1,
can receive contributions from even powers of the soft
expansion, fa−2; a0;…g. For N ¼ 0, the condition reduces
to rþ 1 even, so only odd powers contribute, reproducing
the self-energy selection rule.
As an example, consider the retarded two-fermion-

two-photon vertex, with a single external a index:
ΓμνðQ2; Q1;K1Þ, where K1 is an independent incoming
photon momentum. The one-loop LP HTL contribution
is [11]

ΓμνðQ2; Q1;K1Þ

¼ −m2ðTÞ
Z

dΩv

4π

vμvν=v
½ðQ1 þ K1Þ · v�½ðQ2 − K1Þ · v�

×

�
1

Q1 · v
þ 1

Q2 · v

�
; ð69Þ

where vμ ¼ ð1; v̂Þ, dΩv denotes the solid-angle element
associated with the direction v̂, and the angular measure is
normalized to unity:

R dΩv
4π ¼ 1. After suppressing the

retarded/advanced prescriptions, this vectorlike result

satisfies the algebraic forms of reality, fermion-leg-
exchange, and charge conjugation constraints, respec-
tively, in Eqs. (54), (61), and (62).
Note that Levi-Civita tensor structures are allowed in the

axial coefficients. For a fermion-photon vertex, this implies

ϵμνρσQ1ρQ2σγνγ5

¼ −iðγμ=Q1=Q2 −Qμ
1=Q2 þQμ

2=Q1 − ðQ1 ·Q2ÞγμÞ: ð70Þ

In vacuum, such axial contributions in on-shell matrix
elements ūðQ2ÞΓμðQ2; Q1ÞuðQ1Þ can be reduced to vector
structures by using the on-shell Dirac equations (see, e.g.,
Ch. 10 of Ref. [72])

=QuðQÞ ¼ muðQÞ; ūðQÞ=Q ¼ mūðQÞ;

so that for m ¼ 0 the right-hand sides vanish. Equivalently,
the renormalized on-shell external states satisfy the free
Dirac equation (up to an overall wavefunction renormal-
ization), which enforces this on-shell reduction. At finite
temperature, however, quasiparticle dispersion relations
and spinors are modified [73–76], so this reduction need
not hold. We therefore keep the full off-shell decomposition
to avoid missing contributions relevant for subsequent
analysis.

V. FERMION-PHOTON VERTEX

We use the vertex component Γμ
arrðQ2; Q1Þ, where the

three r=a indices are ordered, from left to right, as the
incoming fermion with momentum Q1, the photon with
momentum K ¼ Q2 −Q1, and the outgoing fermion with
momentum Q2. Within our conventions, the WTI reads [77]

KμΓ
μ
arrðQ2; Q1Þ ¼ ΣarðQ1Þ − ΣarðQ2Þ; ð71Þ

with the causal prescription imposed at the end,
q01;2 → q01;2 þ iη1;2. Other fermion-photon vertices, with
exactly one external a index, differ by the corresponding
retarded/advanced assignments of the external legs [77–80].
Components with multiple external a indices, such as Γaaa,
have distinct real-time statistical and causal structures [61]
and are outside the scope of this study. Here, we drop the r=a
indices: Γμ ≡ Γμ

arr. Chiral invariance restricts the vertex
correction to

ΓμðQ2; Q1Þ ¼ Vμνγν þ Aμνγνγ5; ð72Þ

with the coefficients given by

Vμν ¼ 1

4
Tr½γνΓμðQ2; Q1Þ�;

Aμν ¼ −
1

4
Tr½γνγ5ΓμðQ2; Q1Þ�: ð73Þ
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The temporal and spatial components are read directly from
these covariant expressions. The symmetry constraints
follow from the N ¼ 1 case of the general constraints dis-
cussed above. Contracting Eq. (73) with the photon momen-
tum gives

KμAμν ∝ Tr½γνγ5γρ� ¼ 0; ð74Þ

where Eqs. (73), (71), and (27) are used. Thus, Aμν is
transverse to the photon momentum. The WTI fixes the
longitudinal projection of the vector coefficient, KμVμν, via
the self-energy difference. Below, we compute the one- and

two-loop contributions to the fermion-photon vertex and
explicitly verify these constraints.

A. One-loop LP and NLP Corrections

Before proceeding, we mention that Table III summa-
rizes all one- and two-loop contributions computed in this
study, for both the self-energy and the fermion-photon
vertex. As mentioned previously, the complete results are
also provided in machine-readable form in the SM [54].
The one-loop fermion-photon diagram is shown in Fig. 3.
After applying loop-momentum shifts, the vertex contri-
butions become

−ieΓμð1Þ
m ðQ2; Q1Þ ¼ −ie3

Z
P
ΔdðPÞ½NFðPÞΔAðP −Q1ÞΔAðPþQ2 −Q1ÞVmðavÞ þ NBðPÞΔRðPQ1ÞΔRðPQ2ÞVm

þ NFðPÞΔRðPþQ1 −Q2ÞΔAðP −Q2ÞVmðmvÞ�; ð75aÞ

−ieΓμð1Þ
ξ ðQ2; Q1Þ ¼ e3

Z
P
ð1 − ξÞ½ΔdðPÞNFðPÞΔð2Þ

A ðP −Q1ÞΔAðPþQ2 −Q1ÞVξðavÞ

þ Δð2Þ
d ðPÞNBðPÞΔRðPQ1ÞΔRðPQ2ÞVξ

þ ΔdðPÞNFðPÞΔRðPþQ1 −Q2ÞΔð2Þ
A ðP −Q2ÞVξðmvÞ�; ð75bÞ

where

Vm ≡ γνð=Pþ =Q1Þγμð=Pþ =Q2Þγν; Vξ ≡ =Pð=Pþ =Q1Þγμð=Pþ =Q2Þ=P: ð76Þ

Here, the labels av∶ P → P −Q1 and mv∶ P → P −Q2 indicate that the corresponding shift is applied to the Dirac
numerator. To perform the power expansion in the soft external momenta, we use

(a) (b)

FIG. 3. Feynman diagram and r/a assignments of one-loop fermion-photon vertex.

TABLE III. Pre-HTL results are pinch-free, with spectral and higher-difference functions depending only on a
single internal momentum, allowing the on-shell conditions to be imposed before the soft expansion. Integrand-level
results are labeled by their power order, LP or NLP.

Order Gauge sector Self-energy Fermion-photon vertex

One-loop pre-HTL m, ξ (D3) (75)
Two-loop pre-HTL m, ξ, ξ2 (E9)–(E11) (F2)
One-loop counterterms pre-HTL m, ξ (G1) (G3)
One-loop LP m (D5)–(D6) (79)
One-loop NLP m, ξ (D7) (I1)–(I2)
Two-loop LP m, ξ (H1) (I3)–(I4), SM [54]
One-loop counterterms LP m, ξ (G2) (G4)
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K ¼ Q2 −Q1; Q1 → aQ1; Q2 → aQ2; K → aK; ð77Þ

and rewrite all denominators containing Q2 −Q1 in terms of K, together with the corresponding numerator factors. For the
metric Fermi-Dirac sector, this amounts to the replacement

NFðPÞfΔAðP −Q1ÞΔAðPþ KÞ½γν=Pγμð=Pþ =KÞγν� þ ΔRðP − KÞΔAðP −Q2Þ½γνð=P − =KÞγμ=Pγν�g: ð78Þ

The leading nonvanishing contribution scales as a−2 and lies in the vector coefficient, while the axial coefficient vanishes by
integrand symmetry. Hence, the LP result becomes

−ieΓμð1;LPÞðQ2; Q1Þ ¼ −
ie3D
4

Z
P
ΔdðPÞ½NBðPÞ − NFðPÞ�

2Pμ=P
ðP ·Q1ÞðP ·Q2Þ

; ð79Þ

which satisfies the WTI; see Table III. We use the same prescription in the remaining cases: denominators involving a single
external momentum are left unchanged, whereas those involving linear combinations of external momenta are rewritten in
terms of the momentum transfer, with the corresponding numerator factors transformed in the same way; see Appendix F
for a two-loop example.2

The NLP corrections arise at order a0. At this order, both vector and axial coefficients receive contributions from both
metric and longitudinal sectors, as given in Eqs. (I1) and (I2). The different gauge and statistical sectors satisfy these
constraints independently:

KμΓ
μð1;NLPÞ
g;s ðQ2; Q1Þ ¼ Σð1;NLPÞ

g;s ðQ1Þ − Σð1;NLPÞ
g;s ðQ2Þ; g∈ fm; ξg; s∈ fNBðPÞ; NFðPÞg; ð80Þ

with

KμA
μνð1;NLPÞ
g;s ðQ2; Q1Þ ¼ 0: ð81Þ

The SM provides the Mathematica expressions together
with the corresponding WTI and axial-transversality
checks [54]. Notably, the axial coefficients carry an explicit
imaginary factor, consistent with their symmetry proper-
ties. Using Eq. (70), however, the corresponding vertex
contributions can be rewritten in terms of Dirac-vector
structures and products of Dirac slashes. In this represen-
tation, the explicit imaginary factor is absorbed, and the
rewritten contributions contain no explicit overall imagi-
nary factor. The renormalized vertex is also written as

Γμð1;NLPÞ
Ren ¼

X
g;s

Γμð1;NLPÞ
g;s þ Λ̄ϵδ1γ

μ: ð82Þ

B. Two-loop corrections

At two-loop order, seven distinct topologies contribute to
the fermion-photon vertex; see Fig. 7. The pinch-free pre-
HTL expressions are collected in Eq. (F2), using the
notation of Table IV. In these expressions, the spectral
and higher-difference functions depend only on the internal
momenta P or L, allowing the on-shell conditions to be

imposed before the soft expansion. We then apply the soft
expansion introduced above.
The nonplanar and self-energy-corrected topologies

occur in two orientations, denoted type I and type II. At
the level of the full amputated vertex at zero temperature,
the type-II contribution is obtained from type I by the
exchange Q1 ↔ Q2 [81,82]. However, in real-time formal-
ism and the r=a basis, the fermion-leg exchange given in
Eq. (61) determines the behavior of amplitudes. For
c ¼ arr, Eq. (61) gives c̃ ¼ rra and

Vμν
arrðQ2; Q1Þ ¼ Vrev;μν

rra ðQ1; Q2Þ;
Aμν
arrðQ2; Q1Þ ¼ −Arev;μν

rra ðQ1; Q2Þ; ð83Þ

with K → −K under Q1 ↔ Q2. For the prescription-sup-
pressed algebraic soft expansion used here, the retarded/
advanced causal assignments are suppressed. For the type-
I/type-II pairs considered below, the exchanged and directly
constructed expressions have the same momentum routing
and symmetric-propagator assignment, differing only in the
retarded/advanced causal labels. Therefore, the type-I to
type-II map is implemented algebraically by

Q1 ↔ Q2; K → −K; ð84Þ

with the corresponding additional minus sign in the axial
sector. This approach yields the same algebraic integrand as
obtained by directly determining the r=a construction.
At two loops, in contrast to the one-loop LP vertex, the

axial coefficient contributes already at LP. Moreover, the
mixed metric-longitudinal sector, proportional to (1 − ξ),

2This reorganization rewrites soft combinations that may appear
in different forms, such as P ·Q1 − P ·Q2 or P · ðQ1 −Q2Þ, in
terms of �P · K consistently. This makes the power expansion
transparent.
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also contributes, in parallel with the self-energy. The fully
longitudinal sector, proportional to ð1 − ξÞ2, vanishes at LP
by integrand symmetry, but appears at NLP and obeys the
WTI and axial-transversality constraints. In the metric
sector for the NBðLÞNBðPÞ statistical sector, the LP results
are presented in Eqs. (I3)–(I4). Because of the antisym-
metry of the Levi-Civita tensor, the photon-momentum
contraction of the axial Dirac structure, KμAμργργ5, van-
ishes identically for this configuration. In contrast, the
vector Dirac structure reproduces the corresponding self-
energy difference. The remaining sectors are collected in
the SM [54], and the identities are also checked sector by
sector. In the bookkeeping used here, LP terms scale as a−2,
NLP terms scale as a0, and all odd powers vanish, as
required by the selection rule for the fermion-photon
vertex. Table III summarizes the explicit self-energy and
fermion-photon vertex relations verified in this study. As an
additional check, we extended the algorithmic expansion to
Oða10Þ for the vector sector. At this order, the expansion
initially generates ∼4.9 × 107 terms, which reduce to
roughly Oð105Þ terms after using integrand symmetries
and contracting with Kμ. The WTI is preserved throughout
this reduction: after contraction, all terms separate into
Q1-only and Q2-only structures, and these isolated struc-
tures reproduce the corresponding self-energy difference.
Each two-loop vertex sector satisfies

KμΓ
μ;ð2;rÞ
g;s ðQ2; Q1Þ ¼ Σð2;rÞ

g;s ðQ1Þ − Σð2;rÞ
g;s ðQ2Þ;

KμA
μν;ð2;rÞ
g;s ðQ2; Q1Þ ¼ 0; s∈ fNBNB;NFNF; NFNBg;

ð85Þ

with g∈ fm; ξg at LP and g∈ fm; ξ; ξ2g at NLP and higher
orders, since the fully longitudinal ð1 − ξÞ2 sector does not
contribute at LP. This implies that each distinct sector
satisfies the corresponding constraint independently.
The SM [54] associated with the two-loop vertex

contains the complete LP vector and axial coefficients,
and verifies the WTI and axial transversality sector by
sector. It also demonstrates the preservation of the WTI
through Oða10Þ for the NBðPÞNFðLÞ sector in the (1 − ξ)
gauge sector.3 For the NBðPÞNFðLÞ sector, it explicitly
shows that the fully longitudinal ð1 − ξÞ2 sector vanishes at
LP but contributes at NLP, while maintaining the WTI and
axial transversality. The remaining statistical sectors follow
the same algorithmic procedure. Unlike NBðPÞNFðLÞ, the
NFðLÞNFðPÞ and NBðLÞNBðPÞ sectors are symmetric
under L ↔ P. For instance, their intermediate Dirac vector
expressions can contain mixed Q1 and Q2 terms after

contraction with Kμ. However, these terms vanish by
integrand symmetries, leaving a final result depending only
on Q1 or only on Q2, as shown for the LP cases in the SM.
The one-loop counterterm insertions are given in

Eq. (G3), and their LP contributions are collected in
Eq. (G4). The renormalized LP vertex at two-loop order
is therefore

Γμð2;LPÞ
Ren ðQ2; Q1Þ ¼

X
g;s

Γμð2;LPÞ
g;s ðQ2; Q1Þ

þ Γμð1;LPÞ
CT ðQ2; Q1Þ; ð86Þ

where the sum runs over the two-loop gauge and statistical
sectors listed in the SM, and

Γμð1;LPÞ
CT ðQ2; Q1Þ ¼

�
δð1Þ2 − δð1Þ3

�
Γμð1;LPÞðQ2; Q1Þ: ð87Þ

Comparison with Eq. (49) shows that the counterterm
insertions in the self-energy and in the vertex satisfy the
WTI independently of the ordinary two-loop contributions:

KμΓ
μð1;LPÞ
CT ðQ2; Q1Þ ¼ Σð1;LPÞ

CT ðQ1Þ − Σð1;LPÞ
CT ðQ2Þ: ð88Þ

VI. SELF-ENERGY REGION MATCHING

We now summarize the region analysis for the fermion
self-energy at the collective scale, Q ∼ eT.4 Schematically,

ΣðQÞ ¼ ΣðeTÞðQÞ þ Σðe2TÞðQÞ þ Σðe3TÞðQÞ þ � � � : ð89Þ

The first term is the one-loop LP hard contribution,
Eq. (30), which enters the LO pole equation. The second
term is the soft one-loop self-energy evaluated with
LO HTL-resummed propagators and vertices [38]. This
term already contains the leading tower with one soft loop
and N LP hard insertions, with N ¼ 0; 1; 2;…. At order
e3T, the matched self-energy takes the form

Σðe3TÞðQÞ ¼ Σð1;NLPÞ
Ren ðQÞ þ Σð2;LPÞ

Ren ðQÞ
þ Σ�ð2Þ

NBNB
ðQÞ − Σðe3TÞ

overlapðQÞ: ð90Þ
The first two terms are the hard one-loop NLP and hard-
hard two-loop LP contributions, given in Eqs. (35)
and (50). The third term denotes the two-loop soft self-
energy in the NBNB sector, with the internal lines and
vertices replaced by their LO HTL-resummed counterparts.
The LO HTL fermion-photon vertex is Oð1Þ at the soft
scale, as follows from Eq. (79). We denote the HTL-
resummed symmetric photon propagator by D̃�

s, its spectral
density by ρ�B, and the HTL-resummed fermion propagator

3To illustrate the WTI constraint at higher orders, we focus on
the NBðPÞNFðLÞ sector, where no L ↔ P symmetry is present,
and the isolation into Q1-only and Q2-only structures is most
transparent. 4The same region analysis applies to the vertex corrections.
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by S�. For the representative topology with two symmetric
photon propagators and three retarded/advanced fermion
propagators, the power counting is

d4Pd4L ∼ ðeTÞ8; NBðPÞ ∼ nBðPÞ ∼
T
eT

∼
1

e
; ð91Þ

and therefore

D̃�
sðPÞ ∼ NBðPÞρ�BðPÞ ∼

1

e
1

ðeTÞ2 ∼
1

e3T2
; S�ðPÞ ∼ 1

eT
;

ð92Þ
so the power counting becomes

Σ�ð2Þ
NBNB

ðQÞ ∼ e4ðeTÞ8
�

1

e3T2

�
2
�

1

eT

�
3

∼ e3T: ð93Þ

The other soft statistical sectors are suppressed at this order.
The overlap term is the asymptotic part of the hard and soft
descriptions,

Σðe3TÞ
overlap ¼ ðΣhardÞsoft limit ¼ ðΣsoftÞhard limit: ð94Þ

It is obtained by matching the IR limit of the hard-region
result against the UV limit of the soft-sector calculation. In
the present work, the two-loop soft self-energy and the
corresponding overlap are not evaluated. Once these pieces
are computed, the self-energy at order e3T is complete

within this matched expansion. Since the soft sector and
overlap subtraction are not evaluated here, the precise
cancellation channel of the hard-region singularities is
not assigned at this stage. Pole observables are obtained
from the zeros of the retarded inverse propagator. For a
massless fermion self-energy, we write

ΣRðQÞ ¼ Σ0ðQÞγ0 þ ΣvðQÞq̂ · γ; ð95Þ

where

ΣhðQÞ ¼ Σ0ðQÞ þ hΣvðQÞ;
DhðQÞ ¼ q0 − hq − ΣhðQÞ; h ¼ �: ð96Þ

The leading pole is obtained by

DLO
h ðωLO

h ; qÞ ¼ 0; DLO
h ðQÞ ¼ q0 − hq − ΣðeTÞ

h ðQÞ;
ð97Þ

where ΣðeTÞ
h ðQÞ is the helicity projection of the one-loop LP

self-energy [11]. Expanding the self-energy and pole gives

Σh ¼ ΣðeTÞ
h þ Σðe2TÞ

h þ Σðe3TÞ
h þ � � � ;

ωh ¼ ωLO
h þ δωðe2TÞ

h þ δωðe3TÞ
h þ � � � ; ð98Þ

and therefore the NLO and NNLO pole shifts are

δωðe2TÞ
h ¼ Σðe2TÞ

h ðωLO
h ; qÞ

ZLO
h

; ZLO
h ¼ 1 − ∂q0Σ

ðeTÞ
h ðq0; qÞ






q0¼ωLO

h

; ð99aÞ

δωðe3TÞ
h ¼

Σðe3TÞ
h þ δωðe2TÞ

h ∂q0Σ
ðe2TÞ
h þ 1

2
ðδωðe2TÞ

h Þ2∂2q0Σ
ðeTÞ
h

ZLO
h






q0¼ωLO

h

: ð99bÞ

Thus, the nonlinear expansion of the pole equation also
generates iteration terms at order e3T. Similar collinear
structures have been reported in the leading hard-soft two-
loop self-energy [34], which is already contained in the
HTL-resummed one-loop soft self-energy. These structures
may provide a natural source for the cancellation of the
hard-region collinear divergence. Until the full matching
calculation is completed, the precise cancellation channel
of the divergence cannot be identified. Moreover, gauge-
dependent hard-region self-energy contributions must can-
cel in the complete same-order pole equation, as required
by gauge consistency.
For a complex pole,

ωhðqÞ ¼ ΩhðqÞ − iγhðqÞ; ð100Þ

the damping rate is

γhðqÞ ¼ −ℑδωhðqÞ: ð101Þ

The imaginary part of the one-loop LP hard self-energy
vanishes on the timelike branch, Eq. (30), so the first
nonzero damping contribution comes from the soft
HTL-resummed sector [38]. The hard virtual corrections
computed here do not generate a finite damping con-
tribution on this branch. Therefore, the two-loop soft
NBNB sector, the corresponding overlap subtraction, and
the pole-iteration terms are among the same-order
ingredients required for the complete damping rate
at NNLO.
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VII. CONCLUSION

We have derived the symmetry constraints of massless
QED. Chiral invariance restricts the off-shell two-fermion-
N-photon vertex to vector and axial-vector Dirac structures,
each of which has definite behavior under momentum
reversal and fermion-leg exchange. With the retarded/
advanced prescriptions omitted, the vector structures are
tensors with real amplitudes, while the axial structures are
pseudotensors with purely imaginary amplitudes. The WTI
constrains the vector structure of the fermion-photon vertex
by relating it to the self-energies. On the other hand, the
axial structure is transverse to the photon momentum. The
self-energy is odd under momentum reversal up to retarded/
advanced prescriptions, while the fermion spectral function
is even. These symmetry constraints further lead to the
selection rules for the soft expansions: at fixed power r, a
contribution can be nonzero only when rþ N þ EaðcÞ is
even, where N ¼ 0 corresponds to the fermion self-energy
and EaðcÞ denotes the number of external “a” indices.
Using DR throughout, we have computed the renormal-

ized one-loop NLP and two-loop LP contributions to the
fermion self-energy and the fermion-photon vertex in a
general covariant Rξ gauge. The insertions of the zero-
temperature counterterms remove the UV subdivergences.
Axial-vector structures are absent in the one-loop LP
vertex, but appear beyond that order, including in the
two-loop LP vertex. The results are organized by gauge
sector, statistical sector, and soft power. Each sector at fixed
soft power is checked to preserve the WTI and axial
transversality, as required by gauge consistency. The
counterterm insertions also obey the WTI independently.
Notably, the fully longitudinal sectors vanish at two-loop
LP, consistent with the vanishing of the one-loop LP
longitudinal sector. As an additional algorithmic test, the
vector sector was extended through Oða10Þ, for which the
same selection rule and WTI persist. The SM contains the
machine-readable one-loop NLP and two-loop LP coef-
ficients, along with the corresponding WTI and axial-
transversality checks [54]. In addition, for the fully longi-
tudinal contribution in the NBðPÞNFðLÞ statistical sector,
the SM shows that all LP contributions vanish. In contrast,
they appear at NLP, where the vector and axial coefficients
satisfy the WTI and transversality constraints, respectively.
For the self-energy, the hard contribution at one-loop

NLP is gauge dependent and contains a local UV singu-
larity, which is removed by the zero-temperature fermion
counterterm. At two-loop LP, the metric and mixed metric-
longitudinal sectors contribute. After the corresponding
counterterm subtraction, the remaining divergence is gauge
independent, ΣDivðQÞ ¼ ðe2=48π2ϵÞð13 − 28 lnð2ÞÞHðTÞ,
where HðTÞ is the LO self-energy contribution (one-
loop LP). The singularity corresponding to ln(2) is collin-
ear, while the remaining singularity is the hard-region

IR singularity. Since the soft sector and overlap subtraction
are not evaluated here, the precise cancellation channel of
these singularities is not assigned at this stage. The
cancellation of the singularities can be checked in the pole
equation, after the iteration terms in Eq. (99b) are also
included. Furthermore, the gauge-dependent contributions
that appear in the hard-region self-energy must cancel out
in the complete same-order pole equation. On the timelike
branch q0 > q, although individual functions at two-loop
LP contain imaginary parts, these contributions cancel
separately in the metric and mixed metric-longitudinal
sectors. Thus, the two-loop LP terms do not generate a
finite damping contribution. The one-loop NLP hard
contribution is real on the timelike branch and therefore
gives no damping contribution.
At the same order, a complete calculation of quasipar-

ticle observables must combine the hard contributions with
the HTL-resummed soft sector, the appropriate overlap
subtraction, and the iteration terms. Inclusive rates also
require the corresponding real-emission and absorption
contributions according to the Kinoshita-Lee-Nauenberg
(KLN) theorem [83,84]. The present work supplies the
hard-region part of this program, along with its symmetry
constraints, WTI, and axial-transversality checks. These
hard-region amplitudes can also be used for the future
construction of the fermionic NLO effective action.
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APPENDIX A: DIMENSIONAL
REGULARIZATION

We define the on-shell unit vectors vμ ¼ ð1; p̂Þ and
v0μ ¼ ð1; l̂Þ as well as [47]

LðQÞ≡ 1

2q
ln

�
q0 þ qþ iη
q0 − qþ iη

�
: ðA1Þ

The relevant radial integrals used in this work are
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R1 ≡
Z
p

1

p
NBðpÞ ¼

π2T2

6
½1þ ϵð24 lnA − 2 − 2γE þ 2lTÞ� þOðϵ2Þ;

R2 ≡ −
Z
p

1

p
NFðpÞ ¼

1

2
R1 −

π2T2

6
lnð2ÞϵþOðϵ2Þ;

R3 ≡
Z
p

1

p3
NBðpÞ ¼

1

4ϵ
þ 1

2
lT þ ϵ

8
ðπ2 − 4γ2E þ 4l2

T − 8γ1Þ þOðϵ2Þ;

R4 ≡
Z
p

1

p3
NFðpÞ ¼ R3 þ ln 2½1þ ϵð2lT þ ln 2Þ� þOðϵ2Þ;

R5 ≡
Z
p

1

p2

dNBðpÞ
dp

¼ 2ϵR3; R6 ≡
Z
p

1

p2

dNFðpÞ
dp

¼ 2ϵR4: ðA2Þ

Here lT ≡ lnðeγE=2πTÞ, while γ1 and A denote the first Stieltjes constant and the Glaisher-Kinkelin constant, respectively.
The relations forR2 andR4 are valid only up toOðϵ2Þ. In addition, the last line follows from an integration-by-parts (IBP)
identity.5 The radial integrands also contain vacuum (T ¼ 0) contributions. Indeed, after performing the soft-momentum
expansion, the vacuum part reduces to a scaleless power integral of the form

ðp-independent factorÞ ×
Z

∞

0

dppα; ðA3Þ

which is set to zero in DR. Therefore, all nonvanishing contributions arise from the finite-temperature part, which is not
scaleless due to the presence of the distribution functions nB=F (Table II).
The angular integrals involving temporal components of vμ are

A0 ≡
Z
z
1 ¼ 2þ 4ϵ½1 − ln 2� þOðϵ2Þ;

A1 ≡
Z
z

1

v ·Q
¼ 2LðQÞ þ 2ϵ

�
LðQÞ ln

�
−
q2

Q2

�
−

1

2q

�
Li2

�
q0 − q
q0 þ q

�
− Li2

�
q0 þ q
q0 − q

��	
þOðϵ2Þ;

A2 ≡
Z
z

1

ðv ·QÞ2 ¼
2

Q2
−

4ϵ

Q2
½lnð2Þ − q0LðQÞ� þOðϵ2Þ;

A3 ≡
Z
z

1

ðv ·QÞ3 ¼
2q0

ðQ2Þ2 þ
2ϵ

ðQ2Þ2 ½LðQÞðq2 þ ðq0Þ2Þ þ q0ð1 − 2 lnð2ÞÞ� þOðϵ2Þ; ðA4Þ

with z ¼ q̂:v̂ ¼ cos θ. Here Li2ðxÞ denotes the dilogarithm,

Li2ðxÞ ¼ −
Z

x

0

dt
lnð1 − tÞ

t
:

For spatial components, rotational symmetry implies

5The IBP step for R5 ≡
R
p

1
p2

dNBðpÞ
dp must be applied with care because NBðpÞ ¼ 1

2
þ nBðpÞ ∼ T=p as p → 0, so the boundary term

½pd−3NBðpÞ�∞0 is ill-defined. To implement IBP within DR, we decompose

NBðpÞ ¼
T
p
þ ÑBðpÞ;

where ÑBðpÞ ¼ OðpÞ as p → 0. This yields

Z
∞

0

dppd−3 d
dp

�
T
p

�
þ
Z

∞

0

dppd−3Ñ0
BðpÞ:

The first term is a scaleless power integral and therefore vanishes, while the second term is well defined and its boundary contribution
also vanishes. Hence, IBP together with the scaleless-integral prescription implies R5 ¼ 2ϵR3.
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Ai
α ≡

Z
z

vi

ðv ·QÞα ¼ q̂i
Z
z

z
ðv ·QÞα ¼

qi

q2
ðq0Aα −Aα−1Þ:

ðA5Þ

The collinear denominators arise from

1

v · v0
¼ 1

1 − z
; z≡ v̂ · v̂0;

with the collinear limit z → 1. Holding v fixed and
integrating over v0, DR gives

C1 ≡
Z
z

1

1 − z
¼ −

1

ϵ
þ 2 ln 2þ ϵ

6
ðπ2 − 12 ln2 2Þ þOðϵ2Þ;

Ci1 ≡
Z
z

v0i

1 − z
¼ v̂i

Z
z

z
1 − z

¼ v̂iðC1 −A0Þ; ðA6Þ

where the vector relation follows from axial symmetry
about v̂. The remaining integration is

Z
z

v0 ·Q
v · v0

¼ q0A0 þ ðC1 −A0Þv ·Q: ðA7Þ

The slashed notation is also introduced to represent more
compact relations

=Aα ≡Aαγ
0 −Ai

αγ
i: ðA8Þ

APPENDIX B: r=a GRAPH PROPERTIES

We consider connected amputated diagrams in the real-
time r=a basis. Let Nv be the number of vertices, I the
number of internal propagators,

L ¼ I − Nv þ 1; ðB1Þ

the number of loops [68], and Ea the number of external
a indices. We label the vertices by vi with i ¼ 1;…; Nv,
and let kvi be the number of a indices carried by vertex vi.
The total number of a indices is

Nvert
a ≡XNv

i¼1

kvi ; ðB2Þ

where Ea lie on external legs. Let NC be the number of
causal internal propagators andNrr the number of symmetric
propagators. An rr propagator contains no a-labelled end,
every nonzero ra=ar propagator contains exactly one, and
an aa propagator vanishes. Hence,

NC ¼ Nvert
a − Ea; I ¼ Nrr þ NC: ðB3Þ

It follows that

Nrr ¼ I −
XNv

i¼1

kvi þ Ea

¼ Lþ Nv − 1 −
XNv

i¼1

kvi þ Ea

¼ L − 1þ Ea −
XNv

i¼1

ðkvi − 1Þ; ðB4Þ

where Nv ¼
PNv

i¼1 1 is used. Equation (B3) can also be
written as

NC ¼
XNv

i¼1

kvi − Ea ¼ Nv − Ea þ
XNv

i¼1

ðkvi − 1Þ: ðB5Þ

For cubic QED, since only vertices with one and three a
indices are present, we can write

XNv

i¼1

ðkvi − 1Þ ¼ 2Naaa: ðB6Þ

Single a-indexed vertex contributions to the relation above
vanish since kvi ¼ 1, while three a-indexed vertices with
kvi ¼ 3 yield the relation above, with Naaa being the
number of three a-indexed vertices. Thus, Eqs. (B4)
and (B5) reduce to

Nrr ¼ L − 1þ Ea − 2Naaa;

NC ¼ Nv − Ea þ 2Naaa: ðB7Þ

1. Special case

We now restrict the sector with one external a-index and
one a-index at every vertex:

Ea ¼ 1; Naaa ¼ 0: ðB8Þ

Equation (B7) then gives

Nrr ¼ L; NC ¼ Nv − 1: ðB9Þ

Thus, when no Γaaa vertex occurs in the assignment, L
symmetric propagators and Nv − 1 causal propagators con-
tribute. We choose the L symmetric propagators and remove
them temporarily from the original graph. The remaining
causal graph, denoted byH, contains all Nv vertices because
no vertex has been removed. It also contains the remaining
Nv − 1 causal propagators.

2. Acyclicity of the causal subgraph H

Let v⋆ be the vertex attached to the external a-leg. Orient
each causal propagator from its a-labeled end toward its
r-labeled end. The vertex v⋆ has no outgoing internal
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causal propagator because its unique a-index is already
used by the external leg. Every non-v⋆ vertex has exactly
one outgoing internal causal propagator because its a-index
must lie on an internal line.
Suppose that a cycle C passes throughm distinct vertices.

A closed path throughm vertices contains exactly m causal
propagators, which require exactly m a-labeled ends. If
v⋆ ∈ C, onlym − 1 vertices can supply such ends, while the
m causal propagators require m. Therefore, no consistent
r=a assignment exists. If v⋆ ∉ C, allm vertices on the cycle
are non-v⋆ vertices. Since each has exactly one outgoing
causal propagator, all m outgoing propagators must lie on
the cycle. Hence, the cycle can be written

v1 ⟶ v2 ⟶ � � � ⟶ vm ⟶ v1: ðB10Þ

In coordinate space, one orientation contains

θðt2 − t1Þθðt3 − t2Þ � � � θðt1 − tmÞ; ðB11Þ

which would require

t1 < t2 < � � � < tm < t1: ðB12Þ

This condition is impossible and indicates that every
nonvanishing causal subgraph H is acyclic (treelike),
consistent with Refs. [61,69].

3. Connectivity and unique orientation of H

Suppose that the acyclic graph H has CH connected
components, and let nj be the number of vertices in its j-th
component. Since the components contain all vertices ofH,

XCH

j¼1

nj ¼ Nv: ðB13Þ

Each component is connected and acyclic and is therefore a
tree. The j-th component contains nj − 1 causal propaga-
tors, so

NC ¼ ðn1 − 1Þ þ ðn2 − 1Þ þ � � � þ ðnCH
− 1Þ ¼ Nv − CH:

ðB14Þ

Equating Eq. (B9) with the equation above yields

Nv − CH ¼ Nv − 1 ⟶ CH ¼ 1: ðB15Þ

Thus, H is connected. Since H is both connected and
acyclic and contains all Nv vertices, it is a spanning
tree [69,85].
Since H is a spanning tree, starting from any vertex

vi ≠ v� and repeatedly following its unique outgoing causal
propagator cannot revisit a vertex. Since H is finite, the
walk must terminate, and the only vertex with no outgoing

causal propagator is v⋆. Hence every vertex has a unique
directed path toward v⋆. Thus, H is an in-branching rooted
at v⋆; see Ch. 1 of Ref. [86]. In conclusion, once the
allowed set of symmetric propagators and v⋆ are fixed, the
causal orientation of H is unique.

APPENDIX C: SYMMETRY CONSTRAINTS
ON BUILDING BLOCKS

In massless QED, with no background source that
breaks the discrete symmetries and chiral invariance, the
Lagrangian and the generating functional are invariant
under P, T , C. Invariance under T is the invariance under
an antiunitary transformation. While the classical action is
invariant under global chiral transformations, this axial
symmetry is anomalous at the quantum level [68]. Since the
anomalous contribution depends only on the gauge field, it
does not affect the two-fermion-N-photon sectors consid-
ered here. Here, “chiral invariance” refers to this perturba-
tive conservation of chirality. We adopt the notation
XΦX−1 ≡ΦX with X∈ fP; T ; Cg and Φ a generic field.
In addition,

QT ¼ QP ¼ ðq0;−qÞ; xP ¼ ðt;−xÞ;
xT ¼ ð−t;xÞ; ðC1Þ
with Lorentz indices suppressed. A complete basis of Dirac
matrices in four dimension is [68]: f1; γ5; γμ; γμγ5; σμνg.
In the BMHV scheme, writing γμ ¼ γ̄μ þ γ̂μ and

gμν ¼ ḡμν þ ĝμν, with ḡμμ ¼ 4 and ĝμμ ¼ D − 4, all external
momenta and free Lorentz indices are taken to lie in the
physical four-dimensional subspace, so Q̂μ

i ¼ ûμ ¼ 0. In
the loop integration, odd-rank evanescent tensors vanish
under simultaneous reflection of the evanescent compo-
nents of all loop momenta; schematically,Z

P;L
P̂ρf ¼ 0;

where the scalar invariants in f, including L · P, are
unchanged under this simultaneous reflection. Even-rank
evanescent tensors reduce to the symmetric evanescent
metric; for example,Z

P;L
P̂ρL̂σf ¼ ĝρσ

D − 4

Z
P;L

ðP̂ · L̂Þf:

If such tensors multiply independent antisymmetrized
evanescent gamma structures, as can occur in an enlarged
D-dimensional Dirac decomposition, their contribution
vanishes, e.g.,

ĝρσγ̂½ργ̂σ� ¼ 0:

Thus no independent evanescent Dirac structure survives in
the physical amplitude, and for four-dimensional external
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momenta and free Lorentz indices the physical Dirac
decomposition closes on the four-dimensional structures.
Evanescent indices contracted internally, however, do

survive and reduce to ordinary four-dimensional structures
with explicit D-dependent coefficients; for example,

γ̂μγ̄αγ̂μ ¼ −ðD − 4Þγ̄α:

Accordingly, bars are omitted in the displayed physical
decompositions and independent hatted structures are not
shown, purely for notational convenience. The loop algebra
itself remains fully D-dimensional, and all resulting
D-dependent factors, including their OðϵÞ parts, are
retained throughout.
The chiral anticommutation relations are

fγ5; 1g ¼ 2γ5; fγ5; γ5g ¼ 2; fγ5; γμg ¼ 0;

fγ5; γμγ5g ¼ 0; fγ5; σμνg ¼ 2σμνγ5 ≠ 0: ðC2Þ

The Dirac matrices satisfy

γ0γμγ0 ¼ Λν
μ γν; γ0ðγμγ5Þγ0 ¼ −Λν

μγνγ5; ðC3Þ

with Λν
μ ¼ diagð1;−1;−1;−1Þ. The fermion and vector

fields transform under parity as [68]

ψPðxÞ ¼ γ0ψðxPÞ; ψ̄PðxÞ ¼ ψ̄ðxPÞγ0;
Aμ
PðxÞ ¼ Λμ

νAνðxPÞ: ðC4Þ

The overall fermionic phase is omitted since it cancels
between ψ and ψ̄ in bilinears. Similarly, charge conjugation
acts as [68]

ψCðxÞ ¼ −i½ψ̄ðxÞM�T; ψ̄CðxÞ ¼ −i½MψðxÞ�T;
Aμ
CðxÞ ¼ −AμðxÞ;

ψCðQÞ ¼ −i½ψ̄ð−QÞM�T; ψ̄CðQÞ ¼ −i½Mψð−QÞ�T;
ðC5Þ

with M≡ γ0γ2 and T denoting transpose in Dirac space.
The matrix M satisfies

MTðγμÞTMT ¼ −γμ; MTðγμγ5ÞTMT ¼ γμγ5;

MT ¼ −M; M−1 ¼ M: ðC6Þ

Time reversal acts on fields as [68]

ψT ðQÞ ¼ BψðQT Þ; ψ̄T ðQÞ ¼ −ψ̄ðQT ÞB;
Aμ
T ðQÞ ¼ Λμ

νAνðQT Þ; ðC7Þ

with B ¼ γ1γ3 (up to a phase). The required gamma-matrix
identities are

Bγ�μB ¼ −Λν
μγν; Bðγμγ5Þ�B ¼ −Λν

μγνγ5: ðC8Þ

Since T is antiunitary, it complex conjugates the c-number
coefficients and the matrix entries of the Dirac structures.

1. Spectral function and fermion self-energy

We start with the fermionic spectral function defined in
position space by ρFðx; yÞ ¼ hfψðxÞ; ψ̄ðyÞgiT, with Fourier
transform ρFðQÞ. The Dirac decomposition gives

ρFðQÞ ¼ S 1þ Pγ5 þ Vμγμ þ Aμγμγ5 þ
1

2
Tμνσμν: ðC9Þ

Chiral invariance implies S ¼ P ¼ Tμν ¼ 0, yielding

ρFðQÞ ¼ VμðQÞγμ þ AμðQÞγμγ5: ðC10Þ

We now impose discrete symmetries. Under parity invari-
ance, the spectral matrix transforms as

ρFðq0;qÞ ¼ γ0ρFðq0;−qÞγ0; ðC11Þ

where we used Eq. (C4). Using Eqs. (C3), (C10),
and (C11), one finds that Vμ transforms as a polar vector,
while Aμ transforms as a pseudovector. For the latter, no
nonzero pseudovector can be constructed from Qμ and uμ

alone. Equivalently, any Levi-Civita construction built
only from Qμ and uμ vanishes without an additional
pseudovector/pseudoscalar background. Hence, setting
AμðQÞ ¼ 0, we obtain

ρFðQÞ ¼ aðQÞ=Qþ bðQÞ=u; ðC12Þ

with real scalar coefficients aðQÞ and bðQÞ depending on
the invariants Q2 and u ·Q. The reality is ensured by Dirac
pseudo-Hermiticity

ρ†FðQÞ ¼ γ0ρFðQÞγ0: ðC13Þ

Next, using the charge-conjugation properties in Eq. (C5) and
translation invariance, ρFðx; yÞ ¼ ρFðx − yÞ, one obtains6

ρFðQÞ ¼ −MTρFð−QÞTMT: ðC14Þ

Substituting Eq. (C12) and using Eq. (C6), one obtains

að−QÞ ¼ −aðQÞ; bð−QÞ ¼ bðQÞ; ðC15Þ

which yields

ρFð−QÞ ¼ ρFðQÞ: ðC16Þ

6The corresponding position-space relation is ρFðx; yÞ ¼
−MT ρFðy; xÞTMT .
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The evenness above, together with the spectral representa-
tion [11], yields

SAð−QÞ ¼ i
Z

∞

−∞

dω
2π

ρFðω;−qÞ
−Q0 − ω − iη

¼ −i
Z

∞

−∞

dω
2π

ρFð−ω;−qÞ
Q0 − ωþ iη

¼ −SRðQÞ; ðC17Þ

where we used ρFð−ω;−qÞ ¼ ρFðω;qÞ. Using the Dyson
relation S−1R=A ¼ S−10;R=A − ΣR=A, one obtains

ΣAð−QÞ ¼ −ΣRðQÞ: ðC18Þ

2. Two-fermion-N-photon vertices

We start with the closed-time-path (CTP) formalism [11],
where the generic fields in the r=a basis are defined by

�
ϕr

ϕa

�
¼ U

�
ϕþ
ϕ−

�
; U ¼

� 1
2

1
2

1 −1

�
: ðC19Þ

Here, ϕþ and ϕ− live on the forward and backward
branches, respectively; U is the operator that relates them
to the r=a space. In the CTP, interchanges of the forward
and backward branches are introduced by

Φ≡
�
ϕþ
ϕ−

�
⟶
Intch

X

�
ϕþ
ϕ−

�
; X ¼

�
0 1

1 0

�
: ðC20Þ

In the r=a basis, the branch interchange reads as

�
ϕr

ϕa

�
⟶
Intch

UXU−1
�
ϕr

ϕa

�
; UXU−1 ¼

�
1 0

0 −1

�
;

ðC21Þ

Therefore, the r=a fields behave under interchange of the
two CTP branches as

ϕr⟶
Intch þ ϕr; ϕa ⟶

Intch
− ϕa: ðC22Þ

We now determine how the discrete operations act on
the effective action.7 Let UJ denote the source-dependent
evolution operator and ρ the density matrix, with ρ† ¼ ρ.
Define

Z½Jþ; J−�≡ TrðUJþρU
†
J−
Þ;

Zrev½Jþ; J−�≡ TrðU†
J−
ρUJþÞ: ðC23Þ

The second is the reversed-process functional: the two
evolution operators appear in the opposite order. The

generating functional is invariant under (unitary operators)
P and C:

Z½Jþ; J−� ¼ Z½JXþ; JX−�;
Zrev½Jþ; J−� ¼ Zrev½JXþ; JX−�; X∈ fP;Cg: ðC24Þ

To derive the consequence of antiunitary time reversal for Z,
we proceed as follows. If Y is an arbitrary operator, and Θ is
an antiunitary operator, we can obtain the following rela-
tions:

TrðΘYΘ−1Þ¼ ðTrYÞ�; ΘY†Θ−1 ¼ðΘYΘ−1Þ†: ðC25Þ

Then, the operation of the antiunitary operator on the
evolution operator and density matrix becomes

ΘUJΘ−1 ¼ U†
JT
; ΘρΘ−1 ¼ ρ: ðC26Þ

Using ðTrYÞ� ¼ TrðY†Þ and ρ† ¼ ρ, one first obtains

Z½Jþ; J−�� ¼ Z½J−; Jþ�;
Zrev½Jþ; J−�� ¼ Zrev½J−; Jþ�: ðC27Þ

Using Eq. (C26) and the antiunitary identities above,
one finds

Z½Jþ; J−�� ¼ Zrev½JT− ; JTþ�;
Z½Jþ; J−� ¼ Zrev½JTþ; JT− �; ðC28Þ

where the second line follows from Eq. (C27).
Since Z ¼ exp½iW�, we use the Legendre transform

Γ½ϕþ;ϕ−� ¼ W½Jþ; J−� −
Z

ðJþϕþ − J−ϕ−Þ: ðC29Þ

The source-field pairing is invariant under the time-reversal
map. Using the unitary C=P invariance above, together
with Eqs. (C27) and (C28), we obtain

Γ½ϕþ;ϕ−� ¼ Γ½ϕXþ;ϕX
−�; X∈ fC;Pg; ðC30Þ

Γ½ϕþ;ϕ−� ¼ Γrev½ϕTþ;ϕT
− �; ðC31Þ

Γ½ϕþ;ϕ−�� ¼ −Γ½ϕ−;ϕþ�; ðC32Þ

where ϕ ¼ ðψ̄ ;ψ ; AμÞ. Equivalently, using the branch-
interchange rule in Eq. (C22), the reflectivity condition
in the r=a basis is

−Γ½ϕr;ϕa�� ¼ Γ½ϕr;−ϕa�: ðC33Þ

Notably, the action of the discrete symmetries does not
change the branch ordering, whereas Eq. (C32) is the CTP

7One can see the details of the generating functional and W in
Refs. [87,88].
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reflectivity (reality) condition and explicitly interchanges the two branches.
In the following, each symmetry constraint is derived in three steps. First, the transformed current is constructed

explicitly from the transformed effective action appearing on the right-hand side of the corresponding effective-action
relation. Second, since the right- and left-hand sides of that relation are equal, the same transformed current is expressed
using the effective action on the left-hand side, with the appropriate transformation of its external Lorentz indices and
momenta. Finally, the two expressions for the same current are equated, yielding the corresponding constraints on the vertex
coefficients. The current can be determined by the part of the one-particle-irreducible (1PI) effective action containing two
fermion fields and N external photon insertions,

Γ½ψ ; ψ̄ ; A� ⊃
X
N≥1

ð−1ÞN
N!

Z
d4y d4z d4x1 � � � d4xN ψ̄cNþ1

ðyÞΓμ1���μN
c ðy; z; x1;…; xNÞψc0ðzÞAc1

μ1ðx1Þ � � �AcN
μN ðxNÞ; ðC34Þ

where Γμ1���μN
c ðy; z; x1;…; xNÞ is the two-fermion-N-photon vertex function in position space and is a 4 × 4 matrix in Dirac

space. Subscript c denotes the r=a labels as

c ¼ ðc0; c1;…; cN; cNþ1Þ; ci ∈ fr; ag;
c̃≡ ðcNþ1; c1;…; cN; c0Þ; EaðcÞ≡ #fi∶ci ¼ ag; i ¼ 0;…; N þ 1; ðC35Þ

so that c0, ci, and cNþ1 label incoming fermion, incoming photon i, and outgoing fermion, respectively. The last relation in
Eq. (C35), EaðcÞ, counts the number of (external) a indices of the kernel, while c̃ denotes the exchange of the two fermion
endpoint labels. Throughout the component relations below, c denotes a fixed external r=a string; no sum over c is implied.
The position of c as a superscript or subscript carries no distinction and is chosen only for convenience.

a. Discrete symmetry operations

The corresponding dressed N-current kernel is defined by

jμ1���μNc ðx1;…; xNÞ≡ ð−1ÞN δNΓ½ψ ; ψ̄ ; A�
δAc1

μ1ðx1Þ � � � δAcN
μN ðxNÞ

¼
Z

d4y d4z ψ̄cNþ1
ðyÞΓμ1���μN

c ðy; z; x1;…; xNÞψc0ðzÞ: ðC36Þ

In a translationally invariant state, Γμ1���μN
c ðy; z; x1;…; xNÞ depends only on relative coordinates. For example, one may

choose xN as a reference point and write it as a function of y − xN , z − xN , and xi − xN with i ¼ 1;…; N − 1. Equivalently,
its Fourier transform contains the overall momentum-conservation delta function. Therefore, the Fourier-space kernel can
be written as

jμ1���μNc ðK1;…; KNÞ ¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQ2ÞΓμ1���μN

c ðQ2; Q1; fKigÞψc0ðQ1Þ; Q2 ¼ Q1 þ
XN
i¼1

Ki; ðC37Þ

where all photon momenta are taken incoming. By momentum conservation, only N − 1 photon momenta are independent.
We denote them by fKig≡ fK1;…; KN−1g, with KN fixed by momentum conservation.
Chiral invariance implies that the vertex matrix anticommutes with γ5. Therefore, scalar, pseudoscalar, and tensor Dirac

structures are forbidden, and the most general decomposition of the current is

jμ1���μNc ðK1;…; KNÞ ¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQ2Þ½Vμ1���μN;ν

c ðQ2; Q1; fKigÞγν þ Aμ1���μN;ν
c ðQ2; Q1; fKigÞγνγ5�ψc0ðQ1Þ; ðC38Þ

where Vμ1���μN;ν
c and Aμ1���μN;ν

c are coefficient tensors constructed from the available four-vectors Qμ
1;2, K

μ
i , and uμ, together

with gμν and ϵμνρσ (see, e.g., the zero-temperature discussion [72], Ch. 10). In our case, uμ ¼ ð1; 0; 0; 0Þ.
Parity. Using Eq. (C4), one obtains the parity transform of the current as

jμ1���μNP;c ðK1;…; KNÞ

¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQP

2 Þ½Vμ1���μN;ν
c ðQ2; Q1; fKigÞΛβ

νγβ − Aμ1���μN;ν
c ðQ2; Q1; fKigÞΛβ

νγβγ5�ψc0ðQP
1 Þ; ðC39Þ

with QP ¼ ðq0;−qÞ and Λμ
ν ¼ diagð1;−1;−1;−1Þ. Since each photon field is a polar vector, parity invariance of the

effective action implies that the current transforms as a rank-N polar tensor:
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jμ1���μNP;c ðK1;…; KNÞ

¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQP

2 ÞΛμ1
ρ1 � � �ΛμN

ρN ½Vρ1���ρN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞγβ þ Aρ1���ρN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞγβγ5�ψc0ðQP
1 Þ: ðC40Þ

Since these expressions agree for arbitrary spinor fields, one obtains

Vμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ Λμ1

ρ1 � � �ΛμN
ρNΛ

ν
βV

ρ1���ρN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞ;
Aμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ −Λμ1

ρ1 � � �ΛμN
ρNΛ

ν
βA

ρ1���ρN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞ: ðC41Þ

Thus, Vμ1���μN;ν
c is a rank-(N þ 1) tensor, while Aμ1���μN;ν

c is a rank-(N þ 1) pseudotensor.
Time reversal and PT . For the reversed process, define

Γrev;μ1���μN
c ðQ2; Q1; fKigÞ≡ Vrev;μ1���μN;ρ

c ðQ2; Q1; fKigÞγρ þ Arev;μ1���μN;ρ
c ðQ2; Q1; fKigÞγργ5; ðC42Þ

so that

jrev;μ1���μNc ðK1;…; KNÞ ¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQ2ÞΓrev;μ1���μN

c ðQ2; Q1; fKigÞψc0ðQ1Þ: ðC43Þ

Since T is antiunitary, its action is antilinear. Thus, for a c-number z and an operator O,

T ðzOÞT −1 ¼ z�T OT −1: ðC44Þ

One obtains the time-reversal operation on the reversed process [right-hand side of Eq. (C31)] as

jrev;μ1���μNT ;c ðK1;…; KNÞ

¼
Z

d4Q1

ð2πÞ4 ψ̄cNþ1
ðQT

2 Þ½Vrev;μ1���μN;ρ
c ðQ2; Q1; fKigÞ��Λν

ργν þ ½Arev;μ1���μN;ρ
c ðQ2; Q1; fKigÞ��Λν

ργνγ5�ψc0ðQT
1 Þ; ðC45Þ

where Eqs. (C7) and (C8) are taken into account. The star on V and A comes from Eq. (C44). Equation (C45) is written in
the fixed-branch representation of Eq. (C31). Hence no entry of c is exchanged and no additional factor ð−1ÞEaðcÞ appears.
We can obtain a second expression for the same transformed current directly from the effective-action identity. Using the

left-hand side of Eq. (C31), one obtains

jrev;μ1���μNT ;c ðK1;…; KNÞ ¼ Λμ1
α1 � � �ΛμN

αN j
α1���αN
c ðKT

1 ;…; KT
NÞ: ðC46Þ

Equating Eqs. (C45) and (C46) gives

Vμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ Λμ1

α1 � � �ΛμN
αNΛ

ν
β½Vrev;α1���αN;β

c ðQT
2 ; Q

T
1 ; fKT

i gÞ��;
Aμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ Λμ1

α1 � � �ΛμN
αNΛ

ν
β½Arev;α1���αN;β

c ðQT
2 ; Q

T
1 ; fKT

i gÞ��: ðC47Þ

The star in Eq. (C47) acts on the complete real-time coefficient and, in particular, complex conjugates its iη prescriptions.
We next combine Eq. (C47) with parity. With our conventions,

QT ¼ QP ¼ ðq0;−qÞ; KT
i ¼ KP

i : ðC48Þ

Parity does not reverse the time evolution, so the parity relations Eq. (C41) apply separately to the forward and reversed
processes. In particular,

Vrev;α1���αN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞ ¼ Λα1
ρ1 � � �ΛαN

ρNΛ
β
σV

rev;ρ1���ρN;σ
c ðQ2; Q1; fKigÞ;

Arev;α1���αN;β
c ðQP

2 ; Q
P
1 ; fKP

i gÞ ¼ −Λα1
ρ1 � � �ΛαN

ρNΛ
β
σA

rev;ρ1���ρN;σ
c ðQ2; Q1; fKigÞ: ðC49Þ
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Substituting the reversed-process parity relations given in Eq. (C49) into Eq. (C47), along with using Λμ
αΛα

ν ¼ δμν, yields
the PT constraints

Vμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ ½Vrev;μ1���μN;ν

c ðQ2; Q1; fKigÞ��;
Aμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ −½Arev;μ1���μN;ν

c ðQ2; Q1; fKigÞ��: ðC50Þ

Charge conjugation. The transformed current under C is written

jμ1���μNC;c ¼ ð−iÞ2
Z

d4Q1

ð2πÞ4 ½MψcNþ1
ð−Q2Þ�TΓμ1���μN

c ðQ2; Q1; fKigÞ½ψ̄c0ð−Q1ÞM�T

¼ −
Z

d4Q1

ð2πÞ4 ψ
T
cNþ1

ð−Q2ÞMTΓμ1���μN
c ðQ2; Q1; fKigÞMT ψ̄T

c0ð−Q1Þ; ðC51Þ

where Eq. (C5) is used. Using the Grassmann identity ψTXψ̄T ¼ −ψ̄XTψ and Eq. (C6), one obtains

jμ1���μNC;c ¼ −
Z

d4Q1

ð2πÞ4 ψ̄c0ð−Q1Þ½Vμ1���μN;ν
c ðQ2; Q1; fKigÞγν − Aμ1���μN;ν

c ðQ2; Q1; fKigÞγνγ5�ψcNþ1
ð−Q2Þ: ðC52Þ

Now define

Q0
1 ≡ −Q2; Q0

2 ≡ −Q1; Q0
2 −Q0

1 ¼
XN
i¼1

Ki: ðC53Þ

The photon momenta Ki are unchanged. Equation (C52) therefore becomes

jμ1���μNC;c ðQ0
2Þ ¼ −

Z
d4Q0

1

ð2πÞ4 ψ̄c0ðQ0
2Þ½Vμ1���μN;ν

c ð−Q0
1;−Q0

2; fKigÞγν − Aμ1���μN;ν
c ð−Q0

1;−Q0
2; fKigÞγνγ5�ψcNþ1

ðQ0
1Þ: ðC54Þ

One can drop the primes so that

jμ1���μNC;c ðQ2Þ ¼ −
Z

d4Q1

ð2πÞ4 ψ̄c0ðQ2Þ½Vμ1���μN;ν
c ð−Q1;−Q2; fKigÞγν − Aμ1���μN;ν

c ð−Q1;−Q2; fKigÞγνγ5�ψcNþ1
ðQ1Þ: ðC55Þ

Comparing Eq. (C55) with the standard ordering ψ̄c0Nþ1
ðQ2Þ � � �ψc0

0
ðQ1Þ identifies

cNþ1 ≡ c̃0; ci ≡ c̃i ði ¼ 1;…; NÞ; c0 ≡ c̃Nþ1: ðC56Þ

Hence, the string defined in Eq. (C35) recovers: c̃ ¼ ðcNþ1; c1;…; cN; c0Þ.
Since each of the N photon fields is C odd, invariance of the effective action gives

jμ1���μNC;c ðK1;…; KNÞ ¼ ð−1ÞNjμ1���μNc̃ ðK1;…; KNÞ: ðC57Þ

Equating Eqs. (C57) and (C55), along with using Eq. (C56), one obtains

Vμ1���μN;ν
c̃ ðQ2; Q1; fKigÞ ¼ ð−1ÞNþ1Vμ1���μN;ν

c ð−Q1;−Q2; fKigÞ;
Aμ1���μN;ν
c̃ ðQ2; Q1; fKigÞ ¼ ð−1ÞNAμ1���μN;ν

c ð−Q1;−Q2; fKigÞ: ðC58Þ

Finally, since ˜̃c ¼ c, one obtains

Vμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ ð−1ÞNþ1Vμ1���μN;ν

c̃ ð−Q1;−Q2; fKigÞ;
Aμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ ð−1ÞNAμ1���μN;ν

c̃ ð−Q1;−Q2; fKigÞ: ðC59Þ
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Hermiticity and fermion-leg exchange. We begin with the right-hand side of Eq. (C33), from which the 1PI action, with
two fermion fields and N external photon fields, becomes

Γ½ϕr;−ϕa� ⊃
X
N≥1

ð−1ÞN
N!

ð−1ÞEaðcÞ
Z

d4y d4z d4x1 � � �d4xN ψ̄cNþ1
ðyÞΓμ1���μN

c ðy; z; x1;…; xNÞψc0ðzÞAc1
μ1ðx1Þ � � �AcN

μN ðxNÞ:

ðC60Þ

Once in the r=a basis, the two CTP branches are interchanged, while the r=a labels themselves are not relabeled. Each
external a field acquires a minus sign. Thus, ð−1ÞEaðcÞ counts the number of external a indices as given in Eq. (C35). The
corresponding current for this interchanged branch reads

jμ1;…;μN
c;Intch ðQ2Þ ¼ ð−1ÞEaðcÞjμ1;…;μN

c ðQ2Þ: ðC61Þ

The label “Intch” denotes the interchanged branch. Thus, the only difference between the interchanged-branch and fixed-
branch currents is the factor ð−1ÞEaðcÞ.
We now consider the left-hand side of Eq. (C33). Since the dressed current has no free Dirac indices, it is a scalar in Dirac

space and therefore ½jμ1���μNc �� ¼ ½jμ1���μNc �†. Hence

−½jμ1���μNc �† ¼ −
Z

d4Q1

ð2πÞ4 ψ̄c0ðQ1Þγ0Γ†
cðQ2; Q1; fKigÞγ0ψcNþ1

ðQ2Þ: ðC62Þ

Hermitian conjugation exchanges the two fermion endpoint positions. We therefore relabel the incoming and outgoing
momenta as Q1 ↔ Q2. Since

Q1 −Q2 ¼
X
i

ð−KiÞ;

the photon momenta simultaneously transform as Ki → −Ki. Using c̃ ¼ ðcNþ1; c1;…; cN; c0Þ and suppressing the new
momentum labels, Eq. (C62) becomes

−½jμ1���μNc �† ¼ −
Z

d4Q1

ð2πÞ4 ψ̄ c̃Nþ1
ðQ2Þγ0Γ†

cðQ1; Q2; f−KigÞγ0ψ c̃0ðQ1Þ: ðC63Þ

Comparing Eq. (C63) with Eq. (C61) and using Eaðc̃Þ ¼ EaðcÞ, one obtains

Vμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ ð−1ÞEaðcÞþ1½Vμ1���μN;ν

c̃ ðQ1; Q2; f−KigÞ��;
Aμ1���μN;ν
c ðQ2; Q1; fKigÞ ¼ ð−1ÞEaðcÞþ1½Aμ1���μN;ν

c̃ ðQ1; Q2; f−KigÞ��; ðC64Þ

where γ0γ
†
νγ0 ¼ γν and γ0ðγνγ5Þ†γ0 ¼ γνγ5 are used.

APPENDIX D: ONE-LOOP ORDER CORRECTIONS

Before giving the one-loop derivation, we collect the notation used in Appendixes D–F. We follow the conventions
introduced in Sec. II and Table IV. In this table, the first block applies throughout, while the second block is used only for
the two-loop computations discussed in the following appendixes.
The r=a assignments for the one-loop fermion self-energy, shown in Fig. 4, are drawn using the propagator conventions

of Fig. 1. Together with Eq. (7) and the ordinary QED Feynman rules, they give

−iΣð1Þ
m ðQÞ ¼ e2

Z
P
Sm½ΔsðPQÞΔAðPÞ þ Δ̃sðPÞΔRðPQÞ�;

−iΣð1Þ
ξ ðQÞ ¼ ie2ð1 − ξÞ

Z
P
Sξ½ΔsðPQÞΔð2Þ

A ðPÞ þ Δ̃ð2Þ
s ðPÞΔRðPQÞ�; ðD1Þ

with Dirac structures
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Sm ¼ γμð=Pþ =QÞγμ; Sξ ¼ =Pð=Pþ =QÞ=P: ðD2Þ

Defining the shift as∶ P → P −Q, we shift the loop momentum in the first term so that the symmetric propagator depends
only on P. This allows us to impose the on-shell condition through ΔdðPÞ:

Σð1Þ
m ðQÞ ¼ ie2

Z
P
½SmðasÞΔsðPÞΔAðP −QÞ þ SmΔ̃sðPÞΔRðPQÞ�;

Σð1Þ
ξ ðQÞ ¼ −e2ð1 − ξÞ

Z
P

�
SξðasÞΔsðPÞΔð2Þ

A ðP −QÞ þ SξΔ̃
ð2Þ
s ðPÞΔRðPQÞ

�
: ðD3Þ

For the second term in the last line, we use Eq. (32):

Z
P
Δ̃ð2Þ

s ðPÞSξΔRðPQÞ ¼ i
Z
P
ΔdðPÞ

d
dp0

�
NBðPÞSξΔRðPQÞ

2p0

�
: ðD4Þ

In this case, the expression inside the brackets is differentiated with respect to p0. The on-shell condition is then applied,
and the HTL expansion is performed at the end.
LP order. Following the expansion procedure explained in Sec. III, one obtains the LP contribution as

Σ0ð1;LPÞ
m ¼ 1

4
Tr½γ0Σð1;LPÞ

m ðQÞ� ¼ −
e2D
4

Z
P
ΔdðPÞ½NBðPÞ − NFðPÞ�

−2p0

P:Q

¼ e2D
2

N
Z
p⃗

1

p
½NBðPÞ − NFðPÞ�

Z
z

1

v:Q
¼ e2T2

8
LðQÞ≡m2ðTÞLðQÞ; ðD5Þ

where the functions given in Appendix A have been used. The spatial component is similarly given by

TABLE IV. The self-energy and vertex conventions. The first block applies generally, while the second block is used only for the two-
loop computations.

Convention Description

Virtual corrections ΣX: self-energy; Γ
μ
X: vertex; X denotes topology type, gauge sectors, and statistical sectors.

Dirac structures S: self-energy; V: vertex.

Subscripts on SðxsÞ and VðxvÞ The subscripts denote that the shift momenta are applied to the corresponding Dirac numerator.

Composite operations SðasgsÞ: sequential application, first as and then gs, on S.

Prime notation S0
ðascsÞ: P ⇆ L transformation applied to SðascsÞ.

Compact momentum notations Plus signs in internal propagators are omitted; e.g., ΔjðPLQÞ ≔ ΔjðPþ LþQÞ
with j ¼ R, A, s.

Metric sector ΣX11
, Γμ

X11
.

Metric-longitudinal (1 − ξ) ΣX12
þ ΣX21

, Γμ
X12

þ Γμ
X21

.

Fully longitudinal ð1 − ξÞ2 ΣX22
, Γμ

X22
.

Dirac structures in new basis Self-energy: fS11;S12=S21;S22g, vertex:fV11;V12=V21;V22g.
Statistical sectors NBðPÞNBðLÞ, NBðPÞNFðLÞ, NFðLÞNFðPÞ

(a) (b)

FIG. 4. One-loop Feynman diagram and r=a assignments.
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Σið1;LPÞ
m ¼ −

1

4
Tr

�
γiΣð1;LPÞ

m ðQÞ
�
¼ −

e2

2
DN ðR2 þR1ÞAi

1 ¼ m2ðTÞ q̂
i

q
½1 − q0LðQÞ�: ðD6Þ

At this power order, the longitudinal-sector integrand is odd under the on-shell momentum reversal and therefore vanishes.
NLP order. At NLP order, we first compute the temporal and spatial projections and then recombine them into Dirac

form. The expanded results are

Σð1;NLPÞ
m ðQÞ ¼ e2

4
D
Z
P
ΔdðPÞ

�
½NBðPÞ − NFðPÞ�

=PQ4

2ðP ·QÞ3 − NBðPÞ
=QQ2

ðP ·QÞ2
	
; ðD7aÞ

Σð1;NLPÞ
ξ ðQÞ ¼ e2

4
ð1 − ξÞ

Z
P
ΔdðPÞ

�
½NBðPÞ þ NFðPÞ�

�
2Q2=Q
ðP ·QÞ2 −

Q4=P
ðP ·QÞ3

�

þ NBðPÞ
�

Q2=P
ðp0Þ2ðP ·QÞ þ

Q2q0=P
p0ðP ·QÞ2 −

Q2=Q
ðP ·QÞ2 −

γ0Q2

p0ðP ·QÞ
�
−

Q2=P
p0ðP ·QÞN

0
BðPÞ

	
; ðD7bÞ

with D ¼ D − 2. The integrated results are shown in Eq. (34), where the radial and angular integrations in Appendix A
are used.

APPENDIX E: TWO-LOOP FERMION SELF-ENERGY: INTERMEDIATE EXPRESSIONS

We present the intermediate steps for obtaining pinch-free pre-HTL results for the two-loop self-energy, using the
conventions defined below. The loop-momentum transformations used in this appendix are

as∶ P → P −Q; bs∶ L → L −Q; cs∶ L → L − P; ds∶ P → P − L;

es∶ L → L − P −Q; fs∶ P → P − L −Q; gs∶ L → L − PþQ: ðE1Þ

When a label such as ðasÞ is attached to a Dirac numerator, it denotes the corresponding substitution in Eq. (E1) applied to
that numerator. Composite labels denote sequential substitutions, as summarized in Table IV. A prime on a Dirac structure
denotes the exchange P ↔ L acting only on the Dirac structure. We use a compact notation to treat the three gauge sectors
discussed in Sec. III B simultaneously.
Let the pair ði; jÞ, with i∈ f1; 2g and j∈ f1; 2g, represent the gauge sectors as

ΣX11
≡ ΣXm

; ΣX12
þ ΣX21

≡ ΣXξ
; ΣX22

≡ ΣX
ξ2
; X∈ fR;B;Cg; ðE2Þ

where X labels the topology: R, B, and C denote the rainbow, bubble, and cross-photon topologies, respectively. The
corresponding gauge factors are then

ξ̂11 ≡ 1; ξ̂12 ¼ ξ̂21 ≡ ið1 − ξÞ; ξ̂22 ≡ −ð1 − ξÞ2: ðE3Þ

To write the Dirac numerators compactly, we introduce

A1 ≡ γα; A2 ≡ =P; B1 ≡ γν; B2 ≡ =L; C1 ≡ γν; C2 ≡ =P; D1 ≡ γα; D2 ≡ =L; ðE4Þ

with repeated Lorentz indices contracted. For example, the Dirac numerator corresponding to the rainbow self-energy is

SRij
¼ Aið=Pþ =QÞBjð=Pþ =Lþ =QÞBjð=Pþ =QÞAi; i; j ¼ 1; 2; ðE5Þ

which gives the explicit structures in Eq. (37). The same compact organization is used throughout for the remaining two-
loop self-energy and vertex topologies. These conventions are summarized in Table IV.
The different gauge contributions arise from the photon propagators. For the two internal photon lines, one assigns the

labels i and j to indicate the gauge structure. The Dirac numerator Sij must be matched to the corresponding explicit Dirac
numerators; see, for instance, Eq. (37). Afterward, the remaining steps proceed in the same way, and this notation retains all
gauge sectors simultaneously.
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1. The rainbow self-energy

All allowed r=a assignments are shown in Fig. 5. Using the notation above, the sum of r=a assignments gives

−iΣð2Þ
Rij
ðQÞ ¼ e4

Z
P

Z
L
ξ̂ij SRij

n
Δ̃ðiÞ

s ðPÞΔð2Þ
R ðPQÞ½ΔsðPLQÞΔðjÞ

A ðLÞ þ Δ̃ðjÞ
s ðLÞΔRðPLQÞ�

þ ΔsðPQÞΔ̃ðjÞ
s ðLÞΔðiÞ

A ðPÞ½ΔAðPLQÞΔAðPQÞ þ ΔRðPLQÞΔRðPQÞ�
þ ΔsðPQÞΔsðPLQÞΔðiÞ

A ðPÞ½ΔðjÞ
R ðLÞΔAðPQÞ þ ΔRðPQÞΔðjÞ

A ðLÞ�
þ ΔsðPLQÞΔ̃ðjÞ

s ðLÞΔRðPQÞΔAðPQÞΔðiÞ
A ðPÞ

o
: ðE6Þ

The last line contains the pinch structureΔRðPQÞΔAðPQÞ. To remove the pinch structure, we first sum the contributions from
the second, third, and fourth lines. We then use the KMS relation, Eq. (39), to rearrange them into a pinch-free form. In the
diagrammatic representation, these terms correspond to the five diagrams shown in the second block of Fig. 5. Afterward, the
pinch-free expression becomes

−iΣð2Þ
Rij
ðQÞ ¼ e4

Z
P

Z
L
ξ̂ijSRij

n
Δ̃ðiÞ

s ðPÞΔð2Þ
R ðPQÞ

h
ΔsðPLQÞΔðjÞ

A ðLÞ þ Δ̃ðjÞ
s ðLÞΔRðPLQÞ

i

þ Δ̃ðjÞ
s ðLÞΔðiÞ

A ðPÞNFðPQÞ
h
Δð2Þ

R ðPQÞΔRðPLQÞ − Δð2Þ
A ðPQÞΔAðPLQÞ

i

þ ΔsðPLQÞΔðiÞ
A ðPÞNFðPQÞ

h
Δð2Þ

R ðPQÞΔðjÞ
A ðLÞ − Δð2Þ

A ðPQÞΔðjÞ
R ðLÞ

io
: ðE7Þ

Wenext rewrite the integrand so that every spectral or difference function depends only onP or only onL. The second and third
lines of Eq. (E7) contain only one explicit spectral factor. The second on-shell structure is generated by adding and subtracting
advanced propagators, equivalently by introducing difference propagators. For example, for the second line we can write

X ¼ Δ̃ðjÞ
s ðLÞΔðiÞ

A ðPÞNFðPQÞ
�
Δð2Þ

R ðPQÞΔRðPLQÞ − Δð2Þ
A ðPQÞΔAðPLQÞ

�

¼ Δ̃ðjÞ
s ðLÞΔðiÞ

A ðPÞNFðPQÞ
�
Δð2Þ

d ðPQÞΔRðPLQÞ þ Δð2Þ
A ðPQÞΔdðPLQÞ

�
: ðE8Þ

The same rearrangement applies to the third line of Eq. (E7). After themomentum shifts in Eq. (E1) are performed, the rainbow
contribution becomes

−iΣð2Þ
Rij
ðQÞ ¼ e4

Z
P

Z
L
ξ̂ij

�
ΔðiÞ

d ðPÞNBðPÞΔð2Þ
R ðPQÞ

�
ΔdðLÞNFðLÞΔðjÞ

A ðL − P −QÞSRijðesÞ þ ΔðjÞ
d ðLÞNBðLÞΔRðPLQÞSRij

�

þ Δð2Þ
d ðLÞNFðLÞΔðiÞ

A ðL −QÞ
�
ΔðjÞ

d ðPÞNBðPÞΔRðPLÞS0
RijðasÞ þ ΔdðPÞNFðPÞΔðjÞ

A ðP − LÞS0
RijðascsÞ

�

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞΔðiÞ

A ðL − P −QÞΔð2Þ
A ðL − PÞS0

RijðfsÞ

	
: ðE9Þ

The on-shell conditionP2 ¼ L2 ¼ 0 is imposed for terms proportional toΔdðPÞΔdðLÞ. Higher difference propagators, such as
Δð2Þ

d ðLÞ or products of the form ΔðnÞ
d ðPÞΔðmÞ

d ðLÞ, are first converted to spectral functions using Eq. (32). For example, the
metric component of the second line in the equation above becomes

FIG. 5. r=a assignments for the rainbow self-energy. Reading the diagrams from left to right gives the terms in the direct sum
of Eq. (E6).
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i
Z
P
ΔdðPÞ

Z
L
ΔdðLÞ

d
dl0

�
ΔAðL −QÞNFðLÞ

2l0

�
NBðPÞΔRðPLÞS0

R11ðasÞ þ NFðPÞΔAðP − LÞS0
R11ðascsÞ

�	
: ðE10Þ

The derivative acts only on the l0-dependent factors inside the curly bracket. Since no derivative acts on p0, one may first
impose P2 ¼ 0. The l0 derivative is then taken, after which L2 ¼ 0 is imposed. Finally, the HTL expansion is carried out.
Equivalently, one may take the l0 derivative, and then impose P2 ¼ L2 ¼ 0; the result is unchanged. The same prescription
applies to the remaining sectors.

2. The cross-photon and bubble topologies

For the cross-photon and bubble topologies (see Fig. 6), we obtain the final results as

−iΣð2Þ
Cij
ðQÞ ¼ e4

Z
P

Z
L
ξ̂ij

n
ΔðjÞ

d ðLÞΔðiÞ
d ðPÞNBðLÞNBðPÞΔRðPQÞΔRðPLQÞΔRðLQÞSCij

þ ΔdðLÞΔdðPÞNFðLÞNFðPÞ
n
ΔðiÞ

A ðP −QÞΔðjÞ
A ðL −QÞΔAðPþ L −QÞSCijðasbsÞ

þ ΔRðL − PþQÞ
h
ΔðiÞ

A ðP −QÞΔðjÞ
R ðL − PÞSCijðascsÞ þ ΔðjÞ

A ðP −QÞΔðiÞ
A ðL − PÞS0

CijðbsdsÞ
io

þ ΔdðLÞΔðiÞ
d ðPÞNFðLÞNBðPÞΔRðPQÞ

n
ΔðjÞ

A ðL −QÞΔRðPLÞSCijðbsÞ þ ΔðjÞ
A ðL − P −QÞΔAðL − PÞSCijðesÞ

o

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞΔRðPQÞ

n
ΔðiÞ

A ðL −QÞΔAðPLÞS0
CijðasÞ þ ΔðiÞ

A ðL − P −QÞΔRðL − PÞS0
CijðfsÞ

oo
;

ðE11aÞ
−iΣð2Þ

Bij
ðQÞ ¼ −e4

Z
P

Z
L
ξ̂ijΔdðLÞfΔðiþjÞ

d ðPÞNFðLÞNBðPÞΔRðPQÞ½ΔRðPLÞSBij
þ ΔAðL − PÞSBijðcsÞ�

þ ΔdðPÞNFðLÞNFðPÞ½ΔðiþjÞ
A ðP −QÞ½ΔRðL − PþQÞSBijðasgsÞ þ ΔAðPþ L −QÞSBijðasÞ�

þ ΔRðP − LþQÞΔðiþjÞ
A ðP − LÞSBijðdsÞ�g; ðE11bÞ

where the Dirac structures are

SCij
≡Aið=Pþ =QÞBjð=Pþ =Lþ =QÞAið=Lþ =QÞBj; SBij

≡Aið=Pþ =QÞCjTr½Ai=LCjð=Pþ =LÞ�: ðE12Þ

The bubble contribution also contains pinch structures at an intermediate stage. After using the KMS relation, the final
bubble expressions written above are pinch-free.
Now, consider the purely longitudinal sector, i ¼ j ¼ 2. In this case, the second line of Eq. (E11b) can be rewritten in

spectral form with derivatives as

ð−iÞ5
3!

NFðLÞΔdðLÞΔdðPÞ
�
2p0

�
−1
2p0

d
dp0

�
3
�
−
NBðPÞΔRðPQÞ

2p0
ðΔRðPLÞSBij

þ ΔAðL − PÞSBijðcsÞÞ
�	

: ðE13Þ

Since ΔdðLÞ enforces L2 ¼ 0, the contribution above
vanishes after evaluation. Therefore, it is useful to impose
the on-shell condition associated with the spectral function

first and then take the derivatives with respect to the other
momentum. The same prescription is used for the remain-
ing sectors and for the vertex corrections.

APPENDIX F: TWO-LOOP ORDER
PRE-HTL VERTEX

This appendix collects the pinch-free pre-HTL expres-
sions for the fermion-photon vertex. The seven two-loop
topologies are shown in Fig. 7. As discussed in Sec. V B, the
type-II nonplanar and self-energy-corrected diagrams are
generated from the corresponding type-I diagrams by the
exchange Q1 ↔ Q2. The bubble and self-energy-correctedFIG. 6. From left to right: cross-photon and bubble diagrams.
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contributions contain pinch structures at intermediate stages, which are removed using the KMS relation. We use the following
momentum transformations:

av∶ P → P −Q1; bv∶ L → L −Q2; cv∶ L → L − P; dv∶ P → P − LþQ2 −Q1;

ev∶ L → L − P −Q1; fv∶ P → P − L −Q1; gv∶ L → L − P −Q2 þQ1; hv∶ P → P − L;

jv∶ L → L − P −Q2; kv∶P → P − L −Q2; mv∶ P → P −Q2; nv∶ L → L − PþQ2 −Q1;

rv∶ L → L − PþQ1; sv∶ L → L − PþQ2; tv∶ L → L −Q1: ðF1Þ

When one of these labels is attached to a Dirac numerator, the corresponding substitution is applied to that numerator. The
cross-photon, rainbow, bubble, type-I nonplanar, and type-I self-energy-corrected contributions are given below,

−ieΓμð2Þ
Cij

ðQ2; Q1Þ ¼ −ie5
Z
P

Z
L
ξ̂ijfΔðjÞ

d ðLÞΔðiÞ
d ðPÞNBðLÞNBðPÞΔRðPQ1ÞΔRðPLQ1ÞΔRðPLQ2ÞΔRðLQ2ÞVμ

Cij

þ ΔdðLÞΔdðPÞNFðLÞNFðPÞ½ΔðiÞ
A ðP −Q1ÞΔAðPþ L −Q2ÞΔAðPþ L −Q1ÞΔðjÞ

A ðL −Q2ÞVμ
CijðavbvÞ

þ ΔðiÞ
A ðP −Q1ÞΔðjÞ

R ðL − PÞΔAðLþQ2 −Q1ÞΔRðL − PþQ2ÞVμ
CijðavcvÞ

þ ΔRðP − LþQ2ÞΔðiÞ
A ðP − LþQ2 −Q1ÞΔAðPþQ2 −Q1ÞΔðjÞ

A ðL −Q2ÞVμ
CijðbvdvÞ

þ ΔðiÞ
A ðP −Q1ÞΔðjÞ

R ðL − P −Q2 þQ1ÞΔRðL −Q2 þQ1ÞΔRðL − PþQ1ÞVμ
CijðavgvÞ

þ ΔRðP − LþQ1ÞΔðiÞ
A ðP − LÞΔRðP −Q2 þQ1ÞΔðjÞ

A ðL −Q2ÞVμ
CijðbvhvÞ�

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞ½ΔðiÞ

A ðL −Q1ÞΔAðPLÞΔAðPþ LþQ2 −Q1ÞΔRðPQ2ÞV 0μ
CijðavÞ

þ ΔðiÞ
A ðL − P −Q1ÞΔRðL − PÞΔAðLþQ2 −Q1ÞΔRðPQ2ÞV 0μ

CijðfvÞ

þ ΔðiÞ
A ðL − P −Q2ÞΔRðL − P −Q2 þQ1ÞΔRðL −Q2 þQ1ÞΔRðPQ2ÞV 0μ

CijðkvÞ�

(a)

(d) (e)
(f ) (g)

(c)(b)

FIG. 7. Distinct topologies contributing to the vertex diagram at two-loop order.
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þ ΔdðLÞΔðiÞ
d ðPÞNFðLÞNBðPÞ½ΔRðPQ1ÞΔðjÞ

A ðL −Q2ÞΔRðPþ L −Q2 þQ1ÞΔRðPLÞVμ
CijðbvÞ

þ ΔRðPQ1ÞΔðjÞ
A ðL − P −Q1ÞΔAðLþQ2 −Q1ÞΔAðL − PþQ2 −Q1ÞVμ

CijðevÞ

þ ΔRðPQ1ÞΔRðL −Q2 þQ1ÞΔðjÞ
A ðL − P −Q2ÞΔAðL − PÞVμ

CijðjvÞ�g; ðF2aÞ

−ieΓμð2Þ
Rij

ðQ2; Q1Þ ¼ −ie5
Z
P

Z
L
ξ̂ijfΔðjÞ

d ðLÞΔðiÞ
d ðPÞNBðLÞNBðPÞΔRðPQ1ÞΔRðPLQ1ÞΔRðPLQ2ÞΔRðPQ2ÞVμ

Rij

þ ΔdðLÞΔdðPÞNFðLÞNFðPÞ½ΔðiÞ
A ðP −Q1ÞΔðjÞ

R ðL − PÞΔAðLþQ2 −Q1ÞΔAðPþQ2 −Q1ÞVμ
RijðavcvÞ

þ ΔðiÞ
A ðP −Q2ÞΔRðP −Q2 þQ1ÞΔðjÞ

A ðL − PþQ2 −Q1ÞΔAðLþQ2 −Q1ÞVμ
RijðmvnvÞ

þ ΔðiÞ
A ðP −Q1ÞΔðjÞ

R ðL − P −Q2 þQ1ÞΔRðL −Q2 þQ1ÞΔAðPþQ2 −Q1ÞVμ
RijðavgvÞ

þ ΔRðPþQ1 −Q2ÞΔðiÞ
A ðP −Q2ÞΔRðLþQ1 −Q2ÞΔðjÞ

A ðL − PÞVμ
RijðmvcvÞ�

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞ½ΔðiÞ

A ðL −Q1ÞΔAðPLÞΔAðPþ LþQ2 −Q1ÞΔAðLþQ2 −Q1ÞV 0μ
RijðavÞ

þ ΔRðL −Q2 þQ1ÞΔRðPþ L −Q2 þQ1ÞΔRðPLÞΔðiÞ
A ðL −Q2ÞV 0μ

RijðmvÞ

þ ΔðiÞ
A ðL − P −Q1ÞΔRðL − PÞΔAðLþQ2 −Q1ÞΔAðL − PþQ2 −Q1ÞV 0μ

RijðfvÞ

þ ΔðiÞ
A ðL − P −Q2ÞΔRðL − P −Q2 þQ1ÞΔRðL −Q2 þQ1ÞΔAðL − PÞV 0μ

RijðkvÞ�
þ ΔdðLÞΔðiÞ

d ðPÞNFðLÞNBðPÞ½ΔRðPQ1ÞΔðjÞ
A ðL − P −Q1ÞΔAðLþQ2 −Q1ÞΔRðPQ2ÞVμ

RijðevÞ

þ ΔRðPQ1ÞΔRðL −Q2 þQ1ÞΔðjÞ
A ðL − P −Q2ÞΔRðPQ2ÞVμ

RijðjvÞ�g; ðF2bÞ

−ieΓμð2Þ
Bij

ðQ2; Q1Þ ¼ þie5
Z
P

Z
L
ξ̂ijΔdðLÞfΔðiþjÞ

d ðPÞNFðLÞNBðPÞΔRðPQ1ÞΔRðPQ2Þ½ΔRðPLÞVμ
Bij

þ ΔAðL − PÞVμ
BijðcvÞ�

þ ΔdðPÞNFðLÞNFðPÞ½ΔRðP − LþQ1ÞΔRðP − LþQ2ÞΔðiþjÞ
A ðP − LÞVμ

BijðhvÞ

þ ΔAðPþQ2 −Q1ÞΔðiþjÞ
A ðP −Q1ÞðΔRðL − PþQ1ÞVμ

BijðavrvÞ þ ΔAðPþ L −Q1ÞVμ
BijðavÞÞ

þ ΔRðP −Q2 þQ1ÞΔðiþjÞ
A ðP −Q2ÞðΔRðL − PþQ2ÞVμ

BijðmvsvÞ þ ΔAðPþ L −Q2ÞVμ
BijðmvÞÞ�g; ðF2cÞ

−ieΓμð2Þ
NIij

ðQ2; Q1Þ ¼ −ie5
Z
P

Z
L
ξ̂ijfΔðiÞ

d ðLÞΔðjÞ
d ðPÞNBðLÞNBðPÞΔRðLQ1ÞΔRðPLQ1ÞΔRðPQ1ÞΔRðPQ2ÞVμ

NIij

þ ΔdðLÞΔdðPÞNFðLÞNFðPÞ½ΔðjÞ
R ðP − LÞΔðiÞ

A ðL −Q1ÞΔRðP − LþQ1ÞΔRðP − LþQ2ÞVμ
NIij

ðtvhvÞ

þ ΔðiÞ
A ðL −Q1ÞΔAðPþ L −Q1ÞΔðjÞ

A ðP −Q1ÞΔAðPþQ2 −Q1ÞVμ
NIij

ðtvavÞ

þ ΔðiÞ
A ðL −Q1ÞΔAðPþ L −Q2ÞΔðjÞ

A ðP −Q2ÞΔRðP −Q2 þQ1ÞVμ
NIij

ðtvmvÞ

þ ΔðiÞ
A ðL − PÞΔRðL − PþQ1ÞΔðjÞ

A ðP −Q1ÞΔAðPþQ2 −Q1ÞVμ
NIij

ðavcvÞ

þ ΔRðL − PþQ2ÞΔðiÞ
A ðL − PþQ2 −Q1ÞΔRðP −Q2 þQ1ÞΔðjÞ

A ðP −Q2ÞVμ
NIij

ðmvnvÞ�

þ ΔdðLÞΔðiÞ
d ðPÞNFðLÞNBðPÞ½ΔRðPQ1ÞΔðjÞ

A ðL − P −Q1ÞΔAðL − PþQ2 −Q1ÞΔAðL − PÞV 0μ
NIij

ðfvÞ

þ ΔRðPQ1ÞΔRðPLÞΔðjÞ
A ðL −Q1ÞΔAðLþQ2 −Q1ÞV 0μ

NIij
ðavÞ
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þ ΔRðPQ1ÞΔRðPþ L −Q2 þQ1ÞΔðjÞ
A ðL −Q2ÞΔRðL −Q2 þQ1ÞV 0μ

NIij
ðmvÞ�

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞ½ΔðiÞ

A ðL −Q1ÞΔRðPQ1ÞΔRðPQ2ÞΔAðPLÞVμ
NIij

ðtvÞ

þ ΔRðL − PÞΔðiÞ
A ðL − P −Q1ÞΔRðPQ1ÞΔRðPQ2ÞVμ

NIij
ðevÞ�g; ðF2dÞ

−ieΓμð2Þ
SIij

ðQ2; Q1Þ ¼ −ie5
Z
P

Z
L
ξ̂ijfΔðjÞ

d ðLÞΔðiÞ
d ðPÞNBðLÞNBðPÞΔð2Þ

R ðPQ1ÞΔRðPLQ1ÞΔRðPQ2ÞVμ
SIij

þ ΔdðLÞΔdðPÞNFðLÞNFðPÞΔðiÞ
A ðP −Q2ÞΔð2Þ

R ðP −Q2 þQ1ÞΔðjÞ
A ðL − PþQ2 −Q1ÞVμ

SIij ðmvnvÞ

þ ΔdðLÞΔð2Þ
d ðPÞNFðLÞNFðPÞΔAðPþQ2 −Q1ÞΔðiÞ

A ðP −Q1ÞΔðjÞ
A ðL − PÞVμ

SIij ðavcvÞ

þ ΔdðLÞΔðjÞ
d ðPÞNFðLÞNBðPÞ½ΔðiÞ

A ðL − P −Q1ÞΔAðL − PþQ2 −Q1ÞΔð2Þ
A ðL − PÞV 0μ

SIij ðfvÞ

þ ΔðiÞ
A ðL −Q2ÞΔð2Þ

R ðL −Q2 þQ1ÞΔRðPþ L −Q2 þQ1ÞV 0μ
SIij ðmvÞ�

þ ΔdðLÞΔðiÞ
d ðPÞNFðLÞNBðPÞΔð2Þ

R ðPQ1ÞΔðjÞ
A ðL − P −Q1ÞΔRðPQ2ÞVμ

SIij ðevÞ

þ Δð2Þ
d ðLÞΔðjÞ

d ðPÞNFðLÞNBðPÞΔðiÞ
A ðL −Q1ÞΔAðLþQ2 −Q1ÞΔRðPLÞV 0μ

SIij ðavÞ
g; ðF2eÞ

where the Dirac structures are

Vμ
Cij

≡Aið=Pþ =Q1ÞBjð=Pþ =Lþ =Q1Þγμð=Pþ =Lþ =Q2ÞAið=Lþ =Q2ÞBj; ðF3aÞ

Vμ
Rij

≡Aið=Pþ =Q1ÞBjð=Pþ =Lþ =Q1Þγμð=Pþ =Lþ =Q2ÞBjð=Pþ =Q2ÞAi; ðF3bÞ

Vμ
Bij

≡Aið=Pþ =Q1Þγμð=Pþ =Q2ÞCjTr½Ai=LCjð=Pþ =LÞ�; ðF3cÞ

Vμ
NIij

¼ Dið=Lþ =Q1ÞCjð=Pþ =Lþ =Q1ÞDið=Pþ =Q1Þγμð=Pþ =Q2ÞCj; ðF3dÞ

Vμ
SIij

¼ Aið=Pþ =Q1ÞBjð=Pþ =Lþ =Q1ÞBjð=Pþ =Q1Þγμð=Pþ =Q2ÞAi: ðF3eÞ

Higher difference functions are converted to spectral form using Eq. (32). When products of spectral and difference functions
occur, the derivative-free on-shell constraint is imposed first, as in Eq. (E13).
As an explicit example of the soft-expansion bookkeeping, consider the rainbow contribution with i ¼ j ¼ 2. Terms

whose denominators depend on a single soft momentum, either Q1 or Q2, are left unchanged. Terms containing linear
combinations of Q1 and Q2 are rewritten in terms of the transfer momentum K ≡Q2 −Q1. For the second and third terms,
this gives

ΔdðPÞΔdðLÞNFðLÞNFðPÞ½Δ2
AðP −Q1ÞΔ2

RðL − PÞΔAðLþ KÞΔAðPþ KÞVR22ðavcvÞ
þ Δ2

AðP −Q2ÞΔAðP − KÞΔ2
AðL − Pþ KÞΔAðLþ KÞVR22ðmvnvÞ�; ðF4Þ

where the numerators are rewritten as

VR22ðavcvÞ ¼ ð=P − =Q1Þ=Pð=L − =PÞ=Lγμð=Lþ =KÞð=L − =PÞð=Pþ =KÞð=P − =Q1Þ;
VR22ðmvnvÞ ¼ ð=P − =Q2Þð=P − =KÞð=L − =Pþ =KÞ=Lγμð=Lþ =KÞð=L − =Pþ =KÞ=Pð=P − =Q2Þ: ðF5Þ

All other vertex expressions follow the same prescription.
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APPENDIX G: ZERO-TEMPERATURE COUNTERTERM INSERTIONS

1. Self-energy

The corresponding one-loop diagrams, containing the vertex counterterm and the counterterm insertions on the internal
fermion and photon lines, are shown in Fig. 8. Using the r=a representations of the counterterm lines in Eq. (17), together
with the free r=a propagators in Eq. (7), one obtains

−iΣð1Þ
Vm;CT

¼ 2e2δð1Þ2

Z
P
½ΔsðPÞΔAðP −QÞSmðasÞ þ Δ̃sðPÞΔRðPQÞSm� ¼ −2iδð1Þ2 Σð1Þ

m ðQÞ;

−iΣð1Þ
Vξ;CT

¼ 2ie2δð1Þ2 ð1 − ξÞ
Z
P
½ΔsðPÞΔð2Þ

A ðP −QÞSξðasÞ þ Δ̃ð2Þ
s ðPÞΔRðPQÞSξ� ¼ −2iδð1Þ2 Σð1Þ

ξ ðQÞ;

−iΣð1Þ
fm;CT

¼ ie2δð1Þ2

Z
P
½SmðasÞP

2Δð2Þ
s ðPÞΔAðP −QÞ þ SmðPþQÞ2Δ̃sðPÞΔð2Þ

R ðPQÞ�;

−iΣð1Þ
fξ;CT

¼ −e2δð1Þ2 ð1 − ξÞ
Z
P
½SξðasÞP

2Δð2Þ
s ðPÞΔð2Þ

A ðP −QÞ þ SξðPþQÞ2Δ̃ð2Þ
s ðPÞΔð2Þ

R ðPQÞ�;

−iΣð1Þ
γm;CT

¼ þie2δð1Þ3

Z
P
fΔsðPÞΔð2Þ

A ðP −QÞ½ðP −QÞ2SmðasÞ − SξðasÞ� þ Δ̃ð2Þ
s ðPÞΔRðPQÞ½P2Sm − Sξ�g: ðG1Þ

Here, the subscripts V, f, and γ label the counterterm insertions at the vertex, on the fermion line, and on the photon line,
respectively. The factor of two in the vertex-counterterm contribution accounts for its two possible placements, at the left
and right vertices. The Dirac structures Sm and Sξ are defined in Eq. (D2), and the label as denotes the shift P → P −Q.
Since the photon counterterm tensor is transverse and gauge-parameter independent, there is no separate contribution
proportional to (1 − ξ). The LP contributions are

Σð1;LPÞ
Vm;CT

¼ 2δð1Þ2 HðTÞ; Σð1;LPÞ
fm;CT

¼ −δð1Þ2 HðTÞ; Σð1;LPÞ
fξ;CT

¼ Σð1;LPÞ
Vξ;CT

¼ 0; Σð1;LPÞ
γm;CT

¼ −δð1Þ3 HðTÞ; ðG2Þ

whereHðTÞ is the bare one-loop LP contribution, Eq. (30). The nonvanishing terms are collected in Eq. (49). Note that here
only the part of the counterterm insertions relevant to the 1=ε divergence is displayed. TheOðεÞ terms of theD-dimensional
integrals in Eq. (G1) can combine with the 1=ε counterterms only to give finite contributions and therefore do not affect the
divergence in Eq. (52).

2. Vertex

The one-loop diagrams containing the counterterm insertions are shown in Fig. 9, yielding the contributions

−ieΓμð1Þ
Vm;CT

ðQ2; Q1Þ ¼ −3ieδð1Þ2 Γμð1Þ
m ðQ2; Q1Þ;−ieΓμ

Vξ;CT
ðQ2; Q1Þ ¼ −3ieδð1Þ2 Γμð1Þ

ξ ðQ2; Q1Þ;

−ieΓμð1Þ
fIm ;CT

ðQ2; Q1Þ ¼ e3δð1Þ2

Z
P
fðPþQ1Þ2Δð2Þ

R ðPQ1ÞΔRðPQ2ÞΔ̃sðPÞVm

þ P2Δð2Þ
s ðPÞΔAðPþQ2 −Q1ÞΔAðP −Q1ÞVmðavÞ

þ ðPþQ1 −Q2Þ2ΔsðPÞΔð2Þ
R ðPþQ1 −Q2ÞΔAðP −Q2ÞVmðmvÞg;

−ieΓμð1Þ
fIξ ;CT

ðQ2; Q1Þ ¼ ie3δð1Þ2

Z
P
ð1 − ξÞfðPþQ1Þ2Δð2Þ

R ðPQ1ÞΔRðPQ2ÞΔ̃ð2Þ
s ðPÞVξ

þ P2Δð2Þ
s ðPÞΔAðPþQ2 −Q1ÞΔð2Þ

A ðP −Q1ÞVξðavÞ

þ ðPþQ1 −Q2Þ2ΔsðPÞΔð2Þ
R ðPþQ1 −Q2ÞΔð2Þ

A ðP −Q2ÞVξðmvÞg;

−ieΓμð1Þ
γm;CT

ðQ2; Q1Þ ¼ þe3δð1Þ3

Z
P
f½P2Vm − Vξ�Δ̃ð2Þ

s ðPÞΔRðPQ1ÞΔRðPQ2Þ

þ ½ðP −Q1Þ2VmðavÞ − VξðavÞ�ΔsðPÞΔAðPþQ2 −Q1ÞΔð2Þ
A ðP −Q1Þ

þ ½ðP −Q2Þ2VmðmvÞ − VξðmvÞ�ΔsðPÞΔRðPþQ1 −Q2ÞΔð2Þ
A ðP −Q2Þg: ðG3Þ
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The vertex counterterm can be inserted at any of the three vertices, and the factor of three accounts for these possible
placements. The counterterm insertion on the fermion line, for the second diagram in Fig. 9, is given above. The remaining
diagram is obtained by the exchange Q1 ↔ Q2, with the corresponding vector and axial projections following from the
exchange relations in Eq. (61). The LP corrections then become

Γμð1;LPÞ
Vm;CT

ðQ2; Q1Þ ¼ 3δð1Þ2 Γμð1;LPÞðQ2; Q1Þ; Γμð1;LPÞ
fIm ;CT

ðQ2; Q1Þ þ Γμð1;LPÞ
fIIm ;CT

ðQ2; Q1Þ ¼ −2δð1Þ2 Γμð1;LPÞðQ2; Q1Þ;
Γμð1;LPÞ
γm;CT

ðQ2; Q1Þ ¼ −δð1Þ3 Γμð1;LPÞðQ2; Q1Þ; Γμð1;LPÞ
fIξ ;CT

ðQ2; Q1Þ ¼ Γμð1;LPÞ
fIIξ ;CT

ðQ2; Q1Þ ¼ Γμð1;LPÞ
Vξ;CT

ðQ2; Q1Þ ¼ 0; ðG4Þ

where Γμð1;LPÞðQ2; Q1Þ is given in Eq. (79). The nonvanishing terms are collected in Eq. (87).

APPENDIX H: TWO-LOOP SELF-ENERGY RESULTS

After the soft expansion, the self-energy contributions become

−iΣð2;LPÞ
m ¼ −

ie4

4

Z
P

Z
L
ΔdðLÞΔdðPÞ

×

�
NBðLÞNBðPÞ

�
D2

�
−

=L
L:PP:Q

−
Q2=P

ðP:QÞ3 þ
=Q

ðP:QÞ2Þ þ
2DQ2=L

L:QðP:QÞ2
�
þ NFðLÞN0

FðPÞ
�
D2=P
p0P:Q

�

þ NFðLÞNFðPÞ
�
D2ð− =L

l02L:Q
þ γ0
l0L:Q

−
q0=L

l0ðL:QÞ2 −
=P

L:PL:Q
þ Q2=L
ðL:QÞ3

�

þD
�
−

2Q2=L
L:QðP:QÞ2 −

4Q2=P
ðP:QÞ3

�
−

8=L
L:PP:Q

−
8=PL:Q

L:PðP:QÞ2 þ
8=Q

ðP:QÞ2
�

þ NFðLÞNBðPÞ
�
D2

�
=L

l02L:Q
þ =Lq0

l0ðL:QÞ2 þ
=L

L:PP:Q
−

=LQ2

ðL:QÞ3 −
γ0

l0L:Q
þ =P
L:PL:Q

þ =PQ2

ðP:QÞ3 −
=Q

ðP:QÞ2
�

þD
�

2=PQ2

ðL:QÞ2P:Qþ 4=P
p02P:Q

þ 4=Pq0

p0ðP:QÞ2 −
4=PQ2

ðP:QÞ3 −
2Q2=L

L:QðP:QÞ2 −
4γ0

p0P:Q
þ 4=Q
ðP:QÞ2

�

þ 8=L
L:PP:Q

þ 8=PL:Q
L:PðP:QÞ2 −

8=Q
ðP:QÞ2

�

− NBðPÞN0
FðLÞ

�
D2=L
l0L:Q

�
− NFðLÞN0

BðPÞ
�

4D=P
p0P:Q

�	
; ðH1aÞ

FIG. 8. Counterterm insertions, from left to right: vertex insertion, fermion-line insertion, and photon-line insertion. The vertex-
counterterm can be inserted at either the left or right vertex.

P

FIG. 9. Counterterm insertions in the one-loop fermion-photon vertex: a representative vertex insertion, the two internal-fermion-line
insertions, and the internal-photon-line insertion.
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−iΣð2;LPÞ
ξ ¼ ie4D

4

Z
P

Z
L
ð1 − ξÞΔdðLÞΔdðPÞ

�
NBðLÞNBðPÞ

�
=P

�
1

p02P:Q
þ q0

p0ðP:QÞ2 −
2Q2

ðP:QÞ3
�
−

γ0

p0P:Q

þ =Q

�
l0

p0L:QP:Q
−

L:P
p02L:QP:Q

−
q0L:P

p0L:QðP:QÞ2 þ
Q2L:P

L:QðP:QÞ3 þ
2

ðP:QÞ2
��

þ NBðLÞN0
BðPÞ

�
=QL:P

p0L:QP:Q
−

=P
p0P:Q

�
þ NFðLÞNFðPÞ

�
−

Q2=L
L:QðP:QÞ2 −

Q2=QL:P
ðL:QÞ3P:Qþ 2=Q

ðP:QÞ2
�

þ NFðLÞNBðPÞ
�
=P

�
Q2

ðL:QÞ2P:Q −
1

p02P:Q
−

q0

p0ðP:QÞ2 þ
2Q2

ðP:QÞ3
�
þ γ0

p0P:Q

þ =Q

�
−

l0

p0L:QP:Q
þ L:P
p02L:QP:Q

þ q0L:P
p0L:QðP:QÞ2 þ

Q2L:P
ðL:QÞ3P:Q −

Q2L:P
L:QðP:QÞ3 −

2

ðL:QÞ2 −
2

ðP:QÞ2
��

þ NFðLÞN0
BðPÞ

�
−

=QL:P
p0L:QP:Q

þ =P
p0P:Q

�	
: ðH1bÞ

To compute the collinear singularities, 1
P:L, we collect the required collinear moments in Eqs. (A6)–(A7). Using these

identities, the coupled angular dependence between the two hard directions reduces to a combination of ordinary HTL
angular moments and the collinear moment. For example,

Z
v

Z
v0

=vðv0 ·QÞ
ðv · v0Þðv ·QÞ2 ¼ q0A0=A2 þ ðC1 −A0Þ=A1; ðH2Þ

where Eqs. (A4) and (A7) have been used. Here, =Aα ≡Aαγ
0 −Ai

αγi, and C1 denotes the collinear moment.
We use Eq. (A2) for the radial integrals, Eqs. (A4) and (A5) for the noncollinear angular integrals, and Eqs. (A6)–(A7) for

the collinear moments. This yields

Σð2;LPÞ
m ðQÞ ¼ e4

4
N 2fA0fD2ðR1 þR2Þ½R3ð−A1γ0 þA2=Q −Q2=A3 þ =A1Þ −Q2R4=A3 þ q0R4=A2 −R6=A1�

þ 4DR2½−R3½−A1γ0 þA2=Q −Q2=A3 þ q0=A2 þ =A1� þQ2R4=A3 þR5=A1�
þ 8R2ðR3 −R4Þ½−A1γ0 þA2=Q − q0=A2 þ 2=A1�g þ 2DQ2A2=A1ðR1 þR2ÞðR3 þR4Þ
þ C1=A1ðR4 −R3Þ½D2ðR1 þR2Þ þ 16R2�g; ðH3aÞ

Σð2;LPÞ
ξ ðQÞ ¼ −

e4

4
ð1 − ξÞDN 2ðR1 þR2Þ

× fA0½−2A2R4=Q −R5=A1 þR3½−A1γ0 þ 2A2=Q − 2Q2=A3 þ q0=A2 þ =A1�� þA2Q2R4=A1

þ =Q½Aj
1A

j
1ðR3 −R5Þ þAj

1A
j
2q

0R3 −Aj
1A

j
3Q

2ðR3 þR4Þ þA1½A1R5 −A2q0R3 þA3Q2ðR3 þR4Þ��g;
ðH3bÞ

whereN is given in Eq. (12). Radial singularities arise only throughR3 andR4, whose singular parts are identical. Hence,
the difference R4 −R3 is free of radial singularities and leaves a finite remainder proportional to ln(2), with further OðϵÞ
contributions. In the last term of Eq. (H3a), this radial difference multiplies the collinear moment C1. Therefore, the resulting
contribution contains a collinear pole whose coefficient is proportional to ln(2). This makes the collinear singularity
distinguishable from the purely radial singularities; in particular, this term does not generate a radial-collinear double pole.
We expand both the angular and radial integrals through OðϵÞ. This is necessary for two reasons. First, in the collinear

contributions, the combination R3 −R4 cancels the lnð2πTÞ term at Oðϵ0Þ; see Appendix A. Since the scale dependence
must enter through the dimensionless ratio of the renormalization scale Λ̄ to the thermal scale 2πT, the radial expansions
must be kept through OðϵÞ. Only then do they reproduce the correct scale-dependent logarithm, lnðeγEΛ̄=2πTÞ. Second,
products of radial and angular integrals can generate finite contributions throughOðϵÞ × 1=ϵ. In particular, the poles inR3;4

and in C1 can multiply the OðϵÞ parts of the remaining radial integrals or of the angular moments, producing finite terms.
Thus, both the radial and angular integrals must be kept through OðϵÞ to obtain the complete finite part. We also keep the
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calculation explicitly D-dimensional throughout, because D-dependent prefactors, such as D ¼ D − 2 ¼ 2 − 2ϵ, carry
OðϵÞ corrections that multiply 1=ϵ poles and generate finite contributions.

APPENDIX I: FERMION-PHOTON VERTEX RESULTS

1. One-loop NLP vertex

− ie½Vμρð1;NLPÞ
m �γρ
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