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Wecomplete the construction of canonical differential equations (DEs) for all families of Feynman integrals
appearing in the two-loop leading-color QCD amplitude for top-pair production in association with a jet at
hadron colliders. This allows us to obtain analytic results for all required Feynman integrals in terms of iterated
integrals with closed-form kernels. To achieve this, we study the two-loop five-point integral family for which
canonicalDEswere previously unavailable due to the appearance of elliptic functions and nested square roots.
In addition to marking a significant step toward next-to-next-to-leading-order QCD predictions for a high-
priority LHCprocess, this is the first time that canonicalDEs are obtained for Feynman integralswhere elliptic
functions appear in conjunctionwith the high algebraic complexity of a process with more than four particles.
Our results also reveal a number of new interesting analytic features, such as a “duplet” structure that
generalizes the even/odd parity of square roots to nested square roots.
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Feynman integrals are central in the study of quantum
field theory (QFT). Not only are they essential to obtain
precise predictions for particle phenomenology, but they
also drive formal studies and offer increasingly many links
to mathematics and other areas of physics. Progress in their
computation is crucial for developments across these fields.
However, this progress is challenged by both algebraic and
analytic complexity. The former grows rapidly with the
number of variables and thus of scattered particles, whereas
the latter escalates as new classes of special functions
emerge. In this Letter, we present a computation that lies at
the cutting edge of both types of complexity by obtaining—
for the first time—analytic results for a family of two-loop
five-particle Feynman integrals involving elliptic functions
and nested square roots.
One of the most powerful frameworks for computing

Feynman integrals consists in viewing them as the solution
to certain differential equations (DEs) [1–6]. The insight
that a “canonical” form of the DEs [6]—one which
dramatically simplifies the solution—exists has made
possible increasingly many results in high-energy physics.
In the best understood case, canonical means that the

dependence on the regulator of dimensional regularization
is factorized, and the DEs contain solely logarithmic
differential 1-forms (d log’s). In such a case, we have a
well-developed mathematical technology to handle the
solution (see Refs. [7–10] for reviews), and the state of
the art has reached integrals with five [11] and six particles
[12–14] at three- and two-loop order, respectively.
However, starting at two-loop order, Feynman integrals

may involve transcendental functions linked to higher-
genus geometries [15,16], such as periods of elliptic curves,
whose DEs cannot be expressed in the form above. Such
functions are typically linked to the presence of massive
virtual particles. Despite recent progress in extending the
construction of canonical DEs [17–24], the most advanced
applications are confined to processes with comparatively
simpler four-particle kinematics [19,25–30]. Advancing
our methodology to handle high-multiplicity processes
with massive virtual particles is imperative. This is one
of the main bottlenecks to keep the theoretical uncertainties
in line with the experimental ones for many processes in the
Large Hadron Collider (LHC) program [31]. Moreover,
thanks to their rich kinematics, high-multiplicity processes
offer an extraordinary laboratory for uncovering new
properties of QFT.
We break through the wall of elliptic integrals with five-

point kinematics and obtain canonical DEs for a family of
Feynman integrals relevant for top-pair production with a
jet at hadron colliders that involves elliptic functions
[32–34]. Our result completes the construction of canonical
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DEs for all families appearing in the leading-color two-loop
QCD amplitude for this process, allowing us to express all
required Feynman integrals analytically in terms of iterated
integrals [35], thus marking a key step toward obtaining
next-to-next-to-leading-order (NNLO) QCD predictions.
This achievement is of immediate importance for the
LHC, where top-pair production with a jet is a high-priority
process [36–39]. Its high sensitivity to the top-quark
mass [40–43] and the increasing experimental precision
call for the NNLO QCD corrections to be computed. Our
results advance the theoretical understanding of elliptic
Feynman integrals to a new, high-multiplicity regime,
provide analytical data to fuel ongoing formal studies,
and open new research avenues.

Setting the stage. We consider the “pentagon-box” integral
family shown in Fig. 1. We use the notation of Ref. [33]:
the external momenta pi are outgoing and on shell, i.e.,
p2
1 ¼ p2

2 ¼ m2
t and p2

3 ¼ p2
4 ¼ p2

5 ¼ 0, and the kinematics
are described by six independent Lorentz invariants,

x⃗ ¼ ðd12; d23; d34; d45; d15; m2
t Þ; ð1Þ

where dij ¼ pi · pj. The family is the set of all scalar
integrals of the form

Ia9;a10;a11a1;…;a8 ðx⃗; ϵÞ ¼ e2ϵγE
Z

ddk1
iπ

d
2

ddk2
iπ

d
2

Da9
9 Da10

10 D
a11
11

Da1
1 � � �Da8

8

; ð2Þ

where a9; a10; a11 ≥ 0, d ¼ 4 − 2ϵ, and the inverse propa-
gators Di are given in Table 1 of Ref. [33] (family PBB).
Modulo integration-by-parts [44–46] and symmetry rela-
tions, the family has a basis of 121 master integrals (MIs).
The analytic structure of the integrals involves six square
roots:

ffiffiffiffiffiffiffi
β12

p
,

ffiffiffiffiffiffiffiffi
Δ31

p
,

ffiffiffiffiffiffiffiffi
Δ32

p
,

ffiffiffiffiffiffiffiffi
Δ33

p
,

ffiffiffiffiffiffi
Λ4

p
, and

ffiffiffiffiffiffi
Δ5

p
.1

In general, a set of MIs I⃗ satisfies a system of DEs of the
form [1–5]

dI⃗ðx⃗; ϵÞ ¼ dAðx⃗; ϵÞ · I⃗ðx⃗; ϵÞ; ð3Þ

where d is the total differential with respect to x⃗. The
connection matrix dAðx⃗; ϵÞ for the basis I⃗ of Ref. [33]
depends quadratically on ϵ and contains nonlogarithmic
1-forms. These noncanonical features are, however, local-
ized in the two sectors shown in Fig. 2, i.e., in the subsets of
integrals having the propagators of the graphs in the figure.
More concretely, the “homogeneous” blocks—i.e., the
blocks on the diagonal of the connection matrix that couple
the MIs of the same sector—were cast into “ϵ × d log” form
for all sectors but the two in Fig. 2.
As noticed in Ref. [33], the homogeneous block of the

sector in Fig. 2(b) is ϵ factorized by rotating I19 and I20 as

J 19¼
ffiffiffiffiffiffi
nþ

p
d45r2

ðI20þI19Þ; J 20¼
ffiffiffiffiffiffi
n−

p
d45r2

ðI20−I19Þ: ð4Þ

This transformation contains the nested square roots

ffiffiffiffiffiffi
n�

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d223Δ5 − 8r2r4 � 4d23r3

ffiffiffiffiffiffi
Δ5

pq
; ð5Þ

where rk denotes a degree-k polynomial in x⃗. The resulting
ϵ-factorized block was not written in terms of d log’s, and it
is unclear whether this is generally possible in the presence
of nested roots [47]. We will show that this is indeed
possible in our case and discuss the symmetries associated
with the nested square roots. Note that the interior square
root,

ffiffiffiffiffiffi
Δ5

p
in Eq. (5), can be rationalized, e.g., by using

momentum-twistor variables [48], at the cost of increasing
the algebraic complexity of the expressions and obscuring
the symmetry properties discussed in the Analytic Structure
section. We therefore refrain from doing such a change of
variables.
The sector in Fig. 2(a) was shown to involve elliptic

functions associated with the elliptic curve y2 ¼ PðzÞ,

PðzÞ ¼ ðz − e1Þðz − e2Þðz − e3Þðz − e4Þ; ð6Þ

where the roots ei are functions of x⃗. In particular, the
maximal cut of the scalar integral of this sector (I35, with a

FIG. 1. Graph of the integral family studied in this Letter. Thin
(thick) lines are massless (massive). FIG. 2. Sectors whose maximal cuts introduce the elliptic curve

(a), the nested square roots (b), and labels of the corresponding
MIs. (a) MIs Nos. 35–37. (b) MIs Nos. 18–20.

1With respect to Ref. [33], we make the square-root sign
explicit and use

ffiffiffiffiffiffi
Δ5

p
rather than tr5 to avoid confusion with the

homonymous pseudoscalar invariant.
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suitable normalization) at ϵ ¼ 0 is given, depending on the
integration cycle, by the periods of the elliptic curve [33].
We choose them as

ψ1 ¼
2

π

Z
e3

e2

dzffiffiffiffiffiffiffiffiffiffi
PðzÞp ¼ 4Kðκ2Þ

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðe3 − e1Þðe4 − e2Þ

p ;

ψ2 ¼ 4i
Z

e2

e1

dzffiffiffiffiffiffiffiffiffiffi
PðzÞp ¼ −8Kð1 − κ2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðe3 − e1Þðe4 − e2Þ

p ; ð7Þ

where K is the complete elliptic integral of the first kind,

Kðκ2Þ ¼
Z

1

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − t2Þð1 − κ2t2Þ

p ; ð8Þ

κ2 ¼ e32e41=ðe31e42Þ, with eij ¼ ei − ej, is the elliptic
modulus, and the normalizations in Eq. (7) were chosen
to simplify the m2

t expansion. The presence of the elliptic
curve is the main obstacle toward achieving canonical DEs,
which we overcome in the next section.

Construction of a canonical basis. There is no consensus
yet on what “canonical” means in addition to the
factorization of ϵ beyond the d log case [24,49,50]. We
adopt a local definition: we require that, for each singular
point, it is possible to choose the appearing period
of the elliptic curve such that all 1-forms have at most
simple poles. In this section, we will be concerned with
achieving the factorization of ϵ. We will verify that the
resulting DEs fulfil this notion of canonical in the next
section. We denote by Tðx⃗; ϵÞ the transformation matrix
from the basis I⃗ of Ref. [33] to the new, canonical basis J⃗ ,
i.e., J⃗ ¼ T · I⃗ . We include in T the transformation
in Eq. (4).
We construct T in two steps. First, we transform the

homogeneous block of the DEs related to the elliptic sector
into ϵ-factorized form. Second, we perform a similar
rotation to factorize ϵ in the inhomogeneous blocks that
couple other sectors to the ones shown in Fig. 2. In both
cases, we follow the approach of Ref. [19]. An important
part of this method is to find a suitable starting basis that
simplifies the DEs as much as is possible without intro-
ducing transcendental functions. We find the basis of
Ref. [33] to be a suitable starting point. In particular, the
maximal cut of I35 is related to the periods of the elliptic
curve (see Appendix A of Ref. [33] and Supplemental
Material [51]).
We begin by focusing on the derivative with respect to

m2
t . The homogeneous block of the connection matrix of

the elliptic sector takes the following form at ϵ ¼ 0:

dAϵ¼0
hom;ell ¼ Aϵ¼0

m2
t ;hom;ell

dm2
t þ…; ð9Þ

where we omit the differentials in the other variables, and

Aϵ¼0
m2

t ;hom;ell ¼

0
B@ B

0

0

⋆ ⋆ 0

1
CA; ð10Þ

with a 2 × 2 block B coupling the first two MIs. The
fundamental solution W for this block, i.e., the solution to

∂m2
t
W ¼ B ·W; ð11Þ

can be found by converting the 2 × 2 system of first-order
DEs into a single second-order DE,

Lð2Þ
m2

t
ψ i ≡

�
∂
2
m2

t
þ a1ðx⃗Þ∂m2

t
þ a0ðx⃗Þ

�
ψ i ¼ 0; ð12Þ

by standard methods. The solutions to this equation are the
two periods in Eq. (7). We then can convert back to the
2 × 2 system to write W in terms of the periods.
Following Ref. [19], we then split W into a lower-

triangular semisimple part and an upper-triangular unipo-
tent part, i.e., W ¼ Wss ·Wu, with

Wss ¼
�ψ1 0

ψ 0
1

detðWÞ
ψ1

�
and Wu ¼

�
1 ψ2

ψ1

0 1

�
; ð13Þ

and rotate the first twoMIs by the inverse of the semisimple
part. Although W depends on both ψ1 and ψ2 (and their
derivatives), its semisimple part can, in general, be written
in terms of a single solution, say ψ1 (and its m2

t derivative,
ψ 0
1), thanks to the fact that detðWÞ ¼ ψ1ψ

0
2 − ψ2ψ

0
1 is a

rational function of x⃗ due to the Legendre relation for
elliptic integrals. The freedom of choosing which solution

of Lð2Þ
m2

t
appears in Wss and thus in the canonical DEs is

unphysical and the result for the original basis I⃗ does not
depend on it.
After this basis change and a rescaling by suitable factors

of ϵ, the homogeneous DEs in m2
t are now linear in ϵ, with

the leading term being lower triangular,

Ass
m2

t ;hom;ell ¼

0
B@

0 0 0

⋆ 0 0

⋆ ⋆ 0

1
CAþ ϵ

0
B@

⋆ ⋆ ⋆
⋆ ⋆ ⋆
⋆ ⋆ ⋆

1
CA: ð14Þ

Achieving ϵ factorization therefore amounts to integrating
out the remaining elements at ϵ ¼ 0 [52]. However, as was
the case for several examples in Ref. [19], not all elements
are total derivatives inm2

t . As a result, we need to introduce
a new function, G1, defined through its m2

t derivative, as

∂m2
t
G1 ¼

�
Ass;ϵ¼0

m2
t ;hom;ell

�
2;1
, which is linear in ψ1 and ψ 0

1 (the

same as in Wss) and rational in x⃗.
Having worked out the intricate dependence of the

resulting transformation on all kinematic variables (see
Supplemental Material [51]), we can successively check the
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ϵ factorization of the homogeneous DEs not only inm2
t , but

also in the other variables. We find that, thanks to our
careful choice for the solutions of the appearing differential
operators, these are automatically ϵ factorized, so that no
further (m2

t -independent) transformations are required.
To achieve the same for the inhomogeneous blocks of the

connection matrix, we again integrate out the elements at
ϵ ¼ 0, introducing three additional functions, dubbed G2,
G3;�. Their partial derivatives are linear in ψ1 and ψ 0

1, but
now additionally contain various square roots: they are odd
with respect to

ffiffiffiffiffiffiffiffi
Δ32

p
, and G3;� originate from the coupling

of the two sectors in Fig. 2 to each other and contain
ffiffiffiffiffiffi
Δ5

p
as well as

ffiffiffiffiffiffi
n�

p
, respectively.

Similar to the first step, these transformations suffice to ϵ
factorize the DEs in all variables, even though they were
derived by only considering the derivative with respect to
m2

t . Moreover, while from the point of view of the DEs the
new functions Gi are defined through their partial deriv-
atives, we were also able to express them explicitly as
complete elliptic integrals of the third kind by considering
different Baikov representations [53,54] and performing
the integrals appearing in them, see Supplemental
Material [51]. This result will be useful in view of the
numerical evaluation of the solution, which we leave to
future work.

Analytic structure. The DEs for the basis J⃗ constructed in
the previous section take the form

dJ⃗ ðx⃗; ϵÞ ¼ ϵ
X112
i¼1

Miωiðx⃗Þ · J⃗ ðx⃗; ϵÞ; ð15Þ

where Mi are constant rational matrices, and ωiðx⃗Þ are Q
linearly independent differential 1-forms. We verified the
linear independence either by treating the elliptic functions
(ψ1, Gi) as independent variables—i.e., we view the entries
of the connection matrix as rational functions of x⃗, ψ1, and
Gi—or by evaluating them numerically. We expressed the
83 ωiðx⃗Þ’s free of elliptic functions as d log W for some
algebraic function W. This required constructing 13 new d
log’s involving the nested square roots, besides the ones of
Ref. [33]. We chose the 29 one-forms containing elliptic
functions from the entries of the connection matrix and
wrote them in terms of differentials of x⃗. The definition of
the MIs J⃗ contains overall (nested) square roots and
transcendental functions. This induces two gradings on
the 1-forms.
First, it is well known that 1-forms and MIs can be

chosen to be either even or odd upon flipping the sign of
each square root. While this holds also for

ffiffiffiffiffiffi
n�

p
, flipping

the interior root (
ffiffiffiffiffiffi
Δ5

p
) exchanges

ffiffiffiffiffiffi
nþ

p
and

ffiffiffiffiffiffi
n−

p
, leading

to a more complicated behavior. One way to generalize the
even/odd parity to a picture that includes nested square
roots is to view it as the trivial/sign representation ofZ2, the

group formed by the operations of flipping each square
root. The relevant group for the nested square roots

ffiffiffiffiffiffi
n�

p
is

Z2 × Z2: one Z2 flips the sign of the exterior root, the other
of the interior one.2 For the exterior root, we have the usual
even/odd representation. For the interior root, instead, we
have a two-dimensional representation of Z2 generated by
the Pauli matrix σ1, acting on duplets. In other words, we
arrange all objects into duplets whose elements transform
into each other upon flipping

ffiffiffiffiffiffi
Δ5

p
. Examples of such

duplets are ð ffiffiffiffiffiffi
nþ

p
;

ffiffiffiffiffiffi
n−

p Þ, ðJ 19;J 20Þ, ðG3;þ; G3;−Þ, and
ðω4;ω5Þ. This duplet structure constrains the form of the
DEs, as

Ma ¼ Σ ·Mb · Σ−1; ð16Þ

for every duplet ðωa;ωbÞ, where Σ is the matrix represent-
ing the

ffiffiffiffi
Δ

p
5 flip on the MIs.

The grading of 1-forms also informs the construction of a
d log representation, when that is possible. While for d
log’s containing square roots there is a well-understood
procedure [57,58], results involving nested square roots are
scarce, and it is, in general, unclear whether a d log
representation is possible [47]. We succeeded for all
1-forms free of elliptic functions, by generalizing the
methods applied to square roots. For example, for affiffiffiffiffiffi
Δ5

p
duplet of 1-forms ω� odd with respect to

ffiffiffiffiffiffi
n�

p
and

one of the square roots, say,
ffiffiffi
β

p
, we make the ansatz

ω� ¼ d log

�
c1 � c2

ffiffiffiffiffiffi
Δ5

p þ c3
ffiffiffi
β

p ffiffiffiffiffiffi
n�

p
c1 � c2

ffiffiffiffiffiffi
Δ5

p
− c3

ffiffiffi
β

p ffiffiffiffiffiffi
n�

p
�
; ð17Þ

which manifests the grading. We then constrain the poly-
nomials ci by imposing that the singular locus is that of the
target 1-form. This amounts to solving quartic equations,
for which we adopt ad hoc methods leveraging the sparsity
of the system and of the solution. In some cases, it is easier
to integrate the 1-form in one variable, setting all others to
numbers and rationalizing one of the roots, and use the
result to constrain the ansatz. Interestingly, the polynomial
C ≔ nþn− does not appear as the argument of a d log. This
observation is relevant in view of the program aimed at
determining the logarithmic 1-forms from the Landau
equations [59–72]: C appears in the Landau discriminant,
but only factoring it as C ¼ ðaþ b

ffiffiffiffiffiffi
Δ5

p Þða − b
ffiffiffiffiffiffi
Δ5

p Þ, for
polynomials a and b, reveals n� ¼ a� b

ffiffiffiffiffiffi
Δ5

p
as possible

arguments of square roots.

2The mathematical framework is that of Galois theory. The
Galois group of a polynomial is, roughly speaking, the group of
unique permutations of its roots. Square roots are roots of
quadratic polynomials whose Galois group is Z2. The nested
square roots� ffiffiffiffiffiffi

n�
p

are instead roots of PðzÞ ¼ z4 þ az2 þ b (for
a, b functions of x⃗), whose Galois group is D4 ≃ Z2 × Z2. See
also Refs. [55,56] for similar applications of Galois theory to
Feynman integrals.
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The second grading, which we dub “elliptic grading,” is
associated with the elliptic functions. By grading þ1 the
periods and thus the Gi’s, all MIs and 1-forms gain a
uniform grade ranging from −2 to þ2, as already observed
in other cases. Note that a function having elliptic grade 0
may still contain elliptic functions, as ratios with ψ1 in the
denominator also appear, e.g., G1=ψ1. We stress that the
emergence of this grading is here a mere observation that
we use to classify MIs and 1-forms; its implications are left
for future study. Additionally, we note that elliptic 1-forms
appear also in the entries of the connection matrix coupling
MIs of sectors that are not elliptic on their maximal cut, and
that ψ 0

1 is absent from the DEs, although present in the
transformation T.
Finally, we verified that the DEs in Eq. (15) are canonical

according to the local definition given above. They contain
transcendental functions, in particular, ψ1. What matters for
the ϵ factorization is that ψ1 satisfies the DE (12); any linear
combination of ψ1 and ψ2 would work, and this freedom
extends to the Gi’s. However, in the neighborhood of
certain singular points, one solution to Eq. (12) is hol-
omorphic, while the other has logarithmic singularities;
which one depends on the point. We verified that, for each
singular point, there is a solution to Eq. (12) such that all
1-forms have at most simple poles. In practice, we pull the
1-forms back to paths parametrized by one variable and
expand the elliptic functions around each singular point via
the Frobenius method [73,74], choosing the holomorphic
solution.
Our analytic results can be found at Ref. [75].

Conclusion and outlook.We derived canonical DEs for the
two-loop, five-point integral family involving elliptic
functions that contributes to the leading-color NNLO
QCD corrections to top-pair production with a jet at hadron
colliders. Together with the boundary values of Ref. [33],
this makes it straightforward to write the solution
analytically in terms of iterated integrals with closed-form
kernels [35]. This result finalizes the construction of
canonical DEs for all integral families needed for this
prediction [32–34] and opens several interesting research
avenues.
From a theoretical standpoint, this achievement opens

the door to investigating the analytic structure of
amplitudes involving higher-genus geometries in a high-
multiplicity regime. In particular, recent studies have
uncovered striking patterns of cancellations among
combinations of iterated integrals involving elliptic func-
tions and even functions defined over Calabi-Yau varieties
[27,28,30,76–78], leading to remarkable simplifications at
the amplitude level. It would be interesting to establish
whether similar simplifications occur in the present context,
determine their potential implications for phenomenology,
and explore whether they can be linked to the elliptic
grading analyzed in this Letter.

The generalization of the even/odd parity to incorporate
nested square roots and the constraints this imposes
on Feynman integrals through their DEs are other impor-
tant insights raised in this Letter. This aspect is closely tied
to the possibility of expressing DEs containing nested
square roots in d log form. Our results lay a strong
foundation to extend to nested square roots the active
study of symbol letters [57,58,62–72,79–89], which
underpins many bootstrap programs (see Ref. [90] for a
review).
Another primary challenge is to obtain an analytic

representation of the MIs that not only reveals
simplifications in the amplitude but also enables efficient
numerical evaluation. As of now, the best available
approach to evaluate the MIs considered here is that of
generalized series expansions [91] applied to noncanonical
DEs [33,92]; while flexible, this method suffers from slow
evaluation times with respect to what is typically needed for
Monte Carlo integration. Recent progress in expressing
MIs in terms of independent special functions [93–97]
together with a specialized approach to their evaluation
[94,98] have led to a surge of NNLO QCD predictions
for 2 → 3 LHC processes with massless virtual particles
[99–115]. Our results set the necessary ground to study the
extension of these techniques to elliptic integrals in a
context where this is essential to obtain theoretical pre-
dictions. In fact, the complexity of the Monte Carlo phase-
space integration sets substantially higher efficiency
demands for 2 → 3 processes as compared to lower
multiplicities. The extension of the techniques above would
thus have a transformative impact and remove one of the
main bottlenecks to improve the predictions for a wide class
of processes. More general strategies based on series
expansions are also under study for iterated integrals with
higher-genus geometries [27,28,30,48,76], and their poten-
tial merits further exploration.
Beyond being a critical step toward achieving NNLO

QCD corrections for an important LHC process, our results
prove that the methodology under development by the
community has reached the maturity to tackle the compu-
tation of elliptic Feynman integrals with five-particle
kinematics. This milestone is important also in view of
other massive 2 → 3 amplitudes, which are the object of
active research [47,116–119] and play a crucial role in
LHC phenomenology. Furthermore, the mathematical chal-
lenges addressed in this Letter are relevant in other research
areas, including gravitational waves [23,120–122], string
theory [123], and pure mathematics, underscoring the
broad impact of our findings.
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