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Multichannel phase space with a single Feynman diagram enhancement is a powerful tool for high-
energy physics event generation if a diagram with a singular propagator dominates the total scattering
amplitude at the corresponding singular kinematical region and when the interference among amplitudes is
not larger than the square of each amplitude. These conditions are satisfied in the Feynman-diagram-gauge
amplitudes for both unbroken (QED and QCD) and broken (electroweak) gauge theories. We illustrate the
usefulness of this method in lepton collider processes that are challenging to accurately simulate at very

high energies, i.e., Il — v,,tH, Io;thH, and [ItiH, in the standard model effective field theory with a
complex top-Yukawa coupling. The total cross sections of the latter two processes contain lepton-mass
singularities arising from #-channel photon-exchange diagrams. To address this issue, we develop a phase-
space parametrization that accurately generates the distributions of forward-emitted charged leptons. We
modify the HELAS library to evaluate helicity amplitudes in the singular region so that vertices at very small

invariant momentum square of order m2 can be accurately evaluated even at multi-TeV energies.

DOI: 10.1103/zs7n-zxwr

I. INTRODUCTION

Matrix-element event generators play a central role in
precision collider phenomenology, providing first-princi-
ples predictions for total rates, fully differential distribu-
tions and parton-level events for fully exclusive simulations
across a wide range of processes. They are indispensable
tools for the interpretation of current collider data and for
the design and physics case of future facilities, where
increasingly complex final states and higher energies
demand reliable and efficient numerical integration of
scattering amplitudes. Over the past decades, substantial
progress has been achieved in the automation of matrix-
element calculations including next-to-leading-order cor-
rections in QCD and electroweak interaction and event
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generation, leading to widely used general-purpose frame-
works that combine exact fixed-order matrix elements
with sophisticated Monte Carlo integration and sampling
techniques [1].

Looking ahead, future collider concepts pose new and
qualitatively different challenges for event generation. At
future lepton colliders operating at multi-TeV energies, and
in particular at muon colliders or plasma-accelerator-based
machines reaching several tens of TeV in the center-of-
mass frame, scattering processes will be characterized by
extreme kinematical configurations. These include strongly
forward or collinear particle production, enhanced sensi-
tivity to small invariant masses and momentum transfers,
and large hierarchies among physical scales. In such
regimes, large logarithmic enhancements associated with
collinear lepton and photon radiation can develop. For
sufficiently inclusive observables, these logarithms can be
systematically resummed into effective lepton and photon
parton distribution functions (PDFs), as demonstrated in
Refs. [2,3]. However, for fully exclusive observables such
resummations are not applicable. Standard phase-space
parametrizations may become inefficient or numerically
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unstable, and the faithful generation of rare but phenom-
enologically relevant regions of phase space (see, e.g.,
Ref. [4]) becomes a critical issue.

The construction of efficient phase-space mappings is a
long-standing and still highly active topic in event gen-
eration and cross-section integration. Early foundational
work established the general structure of multiparticle
phase space and its recursive decomposition [5], while
subsequent developments introduced adaptive and multi-
channel techniques tailored to the singularity structure of
perturbative amplitudes [6,7]. These ideas underpin many
automatic phase-space generators and matrix-element
tools, including dedicated algorithms and libraries devel-
oped to handle complex multiparticle final states [8—15].
More recently, renewed interest in phase-space construc-
tion has led to novel approaches, ranging from analytically
inspired parametrizations [16] to machine-learning-based
importance sampling and multichannel strategies [17-25].
In this broader context, it remains highly valuable to
develop physically motivated phase-space parametrizations
that directly exploit the structure of Feynman amplitudes
and their dominant singularities, especially in the chal-
lenging kinematic regimes anticipated at future high-energy
colliders.

In this paper, we build upon the idea of single-diagram-
enhanced (SDE) multichannel phase-space (MCPS) integra-
tion, originally proposed in Ref. [10] to achieve efficient
event generation for high-energy particle collisions. This
strategy was instrumental in transforming the matrix-element
calculator MadGraph [26] into the event generator MadEvent
[10], later embedded in the MadGraph5_aMC@NLO framework
[27]. The basic idea can be expressed as follows.

The differential cross section of the 2 to (n — 2) particle
scattering process

a(p1) + b(p2) = ci(ps) + ca(pa) + -+ + coma(py) (1)
at leading order can be expressed as

1

do =—
F

d®, 2 |M(a+b—ci+-+e,0)  (2)
hi,c;

where M is the helicity amplitude of the process, 4; (c;) is
the helicity (color) quantum number of the external particle
labeledby i (i = 1,2, ...,n), and d®,_, is the (n — 2)-body
phase space. The invariant flux factor

F=4((py-p2)* = (m)*(my)?)) x ny xny ~ (3)

accounts for Fermi’s plane wave normalization factor times
the helicity and color multiplicity (n; and n,) of the initial
particles a and b. In the following, we do not show
explicitly the flux factor 1/F and the summation over
helicity and color of the external particles ), ., which are

common to all the processes studied in this paper.

When the helicity amplitudes are calculated from
Feynman diagrams, they are expressed as a summation over
all the contributions of individual Feynman amplitudes:

M = iMIU (4)
k=1

where N, is the number of diagrams. We can symbolically
express the differential cross section as follows:

S My
k=1

The core idea is to decompose the phase-space integral into
channels associated with individual Feynman diagrams, each
equipped with a phase-space parametrization adapted to its
dominant singular structure, namely

do = do, , (5)

Nd
do = _doy, (6a)
k=1
do—k = dq)n—Zle|2R’ (6b)
M2
R= —|Z’ / |2 . (6¢)
2lMy|

The correct differential cross section by the sum in Eq. (6a) is
guaranteed by the identity

A M
k=1 ZZ|MZ|2

The (n — 2)-body phase-space integral of the squared matrix
elements is split into N, channels when the number of
Feynman diagrams is N,. The integral of each channel,
Eq. (6b), can be done efficiently if the singular behavior of
| M|? can be accounted for by appropriately choosing the
integration variables, and the ratio R is of the order of unity in
the region of the phase space where |M|? is singular.

This approach has been proven effective for a broad class
of applications, in particular for multiparticle production
processes at the LHC. At higher energies, however, its
performance is limited by gauge cancellations among inter-
fering amplitudes, a generic feature of formulations based on
covariant gauge propagators for gauge bosons, including the
photon, the gluon, and the electroweak bosons W and Z.

In MadGraph [26], MadEvent [10], and in their successive
releases [27-29], the scattering amplitudes are calculated
by HELAS [30,31] libraries (which are currently automati-
cally generated by ALOHA [32]), which adopt the Feynman
gauge for the photon and the gluon, while the unitary gauge
is used for the weak bosons. They are both covariant
gauges, and the amplitudes suffer from subtle gauge theory
cancellation.

1 (7)
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Recently, a noncovariant gauge called the Feynman-dia-
gram (FD) gauge has been introduced for the photon and the
gluon [33] and for the weak bosons [34,35]. A common
feature of the FD gauge amplitudes is that they are free from
so-called subtle “gauge cancellation” among interfering
amplitudes and the examples presented in Refs. [33-36] give
the following observations: (i) A single diagram or a set of
diagrams with a common gauge-boson propagator dominates
the total amplitude in the collinear final-state configurations
where the propagator is large. (ii) The ratio R of Eq. (6c) is
found to be of the order of unity at all kinematical configu-
rations. Therefore, we can expect efficient event generation
based on SDE MCPS integration by using the scattering
amplitudes calculated in the FD gauge.

In this work we present a dedicated scheme to perform
an SDE MCPS integration by using modular phase-space
generation units with a phase-space parametrization tail-
ored for each Feynman diagram. The structure of the paper
is as follows.

The modular units are presented in Sec. II. In Sec. I1I, we
explain the integration method by using the process for
lepton colliders (I = e or )

17 - I/lljlﬁH, (8)

which was studied extensively in Refs.
present the numerical results in Sec. IV.

In Sec. V, we explain how amplitudes with the light
charged lepton-mass singularities due to nearly on-shell
photons can be evaluated without numerical loss of
effective digits. This is achieved by introducing a special
phase-space parametrization and by modifying the original
HELAS codes [31] that calculate off-shell wave functions.
We apply the singular phase-space parametrization and the
new HELAS codes to study the processes

[37-40], and

11— [IfiH, (10)

for [ = e and u in Secs. V and VI, respectively.

Section VII summarizes our findings. Appendix A
presents FORTRAN programs for the modular phase-space
units. Appendix B presents necessary modifications to
HELAS subroutines for singular vertices.

II. MODULAR UNITS OF n-BODY
PHASE-SPACE VOLUME

A. Overview of general n-body phase space

With the SDE MCPS integration (see Sec. 2 of
Ref. [10]), the total cross section of the process under
consideration, oy, is expressed as the sum (6a) of the
single-channel contribution, oy, labeled by each Feynman
diagram. Here o, of Eq. (6b) can be expressed as

= /dq)n—2|Mk|2Ra (11)

where the (n —2)-body phase-space dependence of the
matrix elements of the kth diagram M and that of the ratio
R of Eq. (6¢) are explicitly shown. When the amplitude of
each diagram is calculated in the FD gauge [33-35], the ratio
R approaches a constant of order unity in the phase space
(region) where the squared amplitude | M |? is large due to its
propagator factors. This feature allows us to increase the
accuracy of the o, calculations by generating appropriately
weighted phase space for each Feynman diagram. Thus, the
total cross section, the sum of all the o, can be calculated
accurately, and we can expect all kinematical distributions to
be accurately reproduced because all propagator singularities
are taken care of. This section describes our method for
generating an appropriate phase-space parametrization for
each Feynman diagram channel.
The invariant phase space is defined as

d®, , = (27)*s* <P1 + P2 = im) ﬁ(zjﬁ)ﬁ (12)

k=3

with E, = \/m2 + |pi/|*. By using the recursive relation
n
do, (Pl + P2 = Z Pk)

p
=do, (Pl tpP2=p3t zpk> Zk i Py’ do,_;

y (Zp b +Zp> (13)

successively, we obtain the following expression:

do, <P1 tp= Zpk)

k=3

n
= dq)2<l?1 +P2=p3 +Zpk>

vl dM?,
XH """ d<I>z<Zpk—pm+ Z Pk) (14)
k=m+1

Here the invariant mass of the subsystem of particles m
to n:

(i pk)2 (15)

.....
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form = 4 to m = n — 1. The two-body phase space can be
expressed as

1 - /p3 p?\ dcosh;dep,
®,(P = p; — g5 Ek 757 1
d 2( p]+pk) 87Zﬁ(P2’P2 2 ' ( 7)
with
Plxy) = /(1 —x =y —dxy (18)

in the rest frame of P = p; + p;. We define the total c.m.
energy of the colliding particles as

Vs =1/(p1+p2)* = \/ (;Pk)z (19)

with the constraint
n
Vs> omy. (20)
=3

The angular integrals in the rest frame of each subsystem
are all defined in the region:

—1<cosf, <1, -n< ¢, <m, (21)
for m =3 to m = n — 1. The total phase space is then a

positive definite function only of the total energy /s and
the final-state masses

(Dn—2<\/§; mk), (22)

which is used to test all the phase-space parametrizations
given below.

For each channel characterized by the square | M| of the
kth Feynman diagram, we modify the integration variables
M? ") and cos @, such that the corresponding Jacobian

(m,...,
cancels the singular propagator factor in |M|?. When the
amplitudes are evaluated in the FD gauge, we can expect that
the phase-space integral in the kth channel, Eq. (11), is
smooth because the singular behavior of | M |? is moderated
by the Jacobian factor, and the ratio R is expected to be a
constant of order unity throughout the singular region.

B. Building blocks of the phase-space generator

In the expression (14) for the (n — 2)-body phase space,
we have (n — 4) integration over M <2m _____ n) and (n — 3) two-
body phase space. We therefore propose a subroutine to

generate M? ) in the boundary (16), labeled as dshat,

(m,...,n
and two subroutines for generating the two-body phase
space in the boundaries (21), ph2s and ph2t. We find that
the above three modules can handle all patterns of Feynman
diagram propagator structures. Let us explain the main
features of the three subroutines, while the explicit
FORTRAN codes are presented in the Appendix A.

I x

95

FIG. 1. s-channel propagator (¢> = m% > 0).

1. Subroutine dshat generates § values

of a subsystem, where § =Mfm,.__.,,)

The subroutine gives §/2z in GeV? units in the region
§min <§< Smax’ (23)

where the boundaries are found from Eq. (16). If a
propagator appears in the s channel as in Fig. 1 with
g* = 3, this subroutine takes care of the propagator factor
by giving the Jacobian

J:(ﬁ—mz)z—l-(ml")z. (24)

3

In the standard model (SM), the Breit-Wigner distributions
of the weak bosons and the top quark are taken care of.
Note that for massless gauge bosons and massless fer-
mions, the Jacobian (24) reduces to 5.

2. Subroutine ph2s generates two-body phase space
with an s-channel splitting

This subroutine takes care of the two-body phase space
Eq. (17) in the rest frame of the particle when the pair is
created by an s-channel propagator or by a contact interaction
as in Fig. 2.

The subroutine does not give an extra Jacobian, because
the two-body splitting in the parent rest frame are described
by Wigner’s d functions which are powers of our integra-
tion variables, cos 6, and the azimuthal angle ¢ enters only
as a phase factor.

FIG. 2. s-channel two-body splitting (P = p; + p; with

Pz,pﬁ,p% >0, VP> ,/p?Jr \/p%).

036002-4
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The four-momenta p j and p, are parametrized in the parent rest frame, P* = (V P2,0,0, 0), as

53 2
u P2<1+pj_

Pi=73 P?

VP 1_p§—p% ~
k 2 P2 ’

where /3 is the normalized c.m. momentum of Eqs. (17) and
(18) and the angular variables are in the region of Eq. (16).
The four-momenta are generated in the parent rest frame
and then transformed to the Lorentz frame where the
helicity amplitude are calculated.

3. Subroutine ph2t generates two-body phase space
with a t-channel propagator

When a f-channel propagator appears in the 2 — 2
(@a+ b — ¢+ X) subamplitudes, the four-momenta of
|

2
pk,Bsianosqﬁ,[?sin@sinqﬁ,ﬁcosﬁ),

fsin @ cos ¢p, —f sin @ sin ¢p, —f cos 9) ,

(25a)

(25b)

the final particles, ¢ and X in Fig. 3 are parametrized in
the rest frame of the colliding particles (¢ and b) by
choosing the polar axis along the colliding particle momen-
tum direction, p,. In this frame, the azimuthal angle ¢ is
again a phase factor, and we modify the cos @ variable to
obtain a Jacobian, that cancels one power of the 7-channel
propagator.

In case of a subdiagram Fig. 3(a), where the final four-
momentum p; can be one, or a set of final particles, we
parametrize the four-momenta as

P2 2_ 2
pi= (14 PR 00 (261
2 P
/P2 P2 = p?
- 1-=122.0.0,-4; ), 26b
Py=— < P2 ﬁ,) (26b)
VP2 2 _ 2
= - (1 + p3P2PX .Pysin@cos, f,sin@sing, f, cos9>, (26¢)
VP2 2_ 2
P = - <1 - %,—ﬂf sin @ cos ¢, —f; sin@sin ¢, —f; cos 9), (26d)
with
2 2 2 2
A P1 P2 A P3 Px
ﬂi—ﬂ<ﬁvﬁ> and ﬁf—ﬂ(ﬁ’ﬁ) (27)
in the rest frame of P = p; + p,. The momentum transfer is given by
t=q"=(p1—ps)* (28)

(a)

FIG. 3.

— X
P1
(b) lq
—> —>
D2 DPn

Two-body splitting in the ¢ channel (¢*> < 0).
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We first note that p? and p3 can be zero (for on-shell
photons or gluons), m? for initial leptons, or negative values
of order m? when they are virtual photons emitted from
charged leptons. Likewise, for the final-state particles, p3
and p% can be zero if they are real photons or gluons, m]% if
fermions, or positive values of order m}% when X in a
fermion pair. All the above cases appéar in the three
processes we study in this paper, (8)—(10), and we obtain
a parametrization which takes care of all singular regions.

The inverse of the propagator factor ¢ for the diagram
Fig. 3(a) can be expressed as
2

t=m*—t=m’=(p = ps)?

= fin 1 2|P11P3[(1 = cos ) (29)

with the minimum of the absolute value of the inverse
propagator factor

thin = m* — pt — p3 +2(pYE; — |B1l|ps)).  (30)

When the exchanged particle is a photon (m = 0) or a light
lepton (m = my), t,. should be evaluated carefully to
avoid loss of effective digits. We evaluate the last term in
Eq. (30) as

PIE3 + (p))* P}

> - | (31)
PYEs + | PP

PYEs = |pi1ps| =
By using the above expression, 7,  of Eq. (30) becomes a
sum of terms of order p? and p} when the exchanged
particle is a photon (m* = 0) or a lepton (m> = m?), and we
can avoid significant loss of effective digits which appears
in the original expression (30).

When neglecting terms of order m?/s, . takes the
following simple form as a function of the virtual particle
(photon or lepton) energy fraction x, when one of the
external particles (y or [) is on shell:

b = mz% for I - [+ y*,
thin =13 m2(1 = x)? for I -y + I, (32)

mzl—ix fory — [+ 1I*.
The exact numerical expression (30) with (31) gives
accurate 7, value even when external particles are slightly
off shell.
Once 17, is calculated accurately, the inverse of the

propagator factor takes the value in the range
fin < ' < Tnax = T + 4171 1[P3]. (33)

when cos @ takes value in the range (21). We choose the
logarithm of the inverse propagator as the integration variable

In?

min

<In? <Int,,, (34)

so that the Jacobian

; t/ m2 _ q2

A FARETAITA >
cancels one power of the t-channel propagator factor in
| M,|?. Only one power of the propagator should be canceled
because the gauge-theory amplitudes give only logarithmic
singularities in the collinear (cos 8 ~ 1) region.

In case the 7-channel propagator is emitted from the b
particle [see Fig. 3(b)], the inverse propagator factor takes
the form of Eq. (29) in which (1 — cos ) factor is replaced
by (1 +cos®), and p; replaced by py. When multiple
propagators of photons and light charged leptons appear,
we should use the ph2t subroutines where one or both of the
incoming particle momenta (p; and p,) can be spacelike.
We note here that one of p{ and p9 can be negative in the
p1 + p> = P rest frame, when the incoming momenta are
significantly spacelike. Because of this, we cannot replace
the factor of p(l) by E; in Eqgs. (30) and (31). It is also worth
noting that it is only in the frame where the incoming
particle momenta are chosen along the z axis, as in Eq. (26),
the azimuthal angle ¢ is free from the singularities.

When multiple #-channel propagators appear in a dia-
gram, as shown in Fig. 4, the subroutine ph2t should be
called multiple times. It is essential that all 2 — 2 four-
momenta are parametrized in the c.m. frame of the 2 — 2
process where the incoming momentum is chosen along the
z axis. Although the ordering of implementing 7-channel
propagators is not as critical as the choice of the Lorentz
frame, we call ph2t from outside to inside. In the example
shown in Fig. 4(c), we first call ph2t to obtain the four-
momentum ¢g; = p; — ps, for a given invariant mass of the
p2 + -+ p, system, and then obtain ¢,_3; = p,, — p, by
using ph2t for the 2 — 2 scattering for ¢, + p, = p,, +
(ps+ -+ p,_y) in the g; + p, rest frame. This ordering
allows us to study vector-boson-fusion amplitudes when ¢,
and ¢g,_3 in Fig. 4(c) are photons, gluons, or weak bosons.

4. Subroutine ph#c generates #-body phase space
with a contact interaction

When a diagram contains an n-point contact vertex, there
appear 1 to (n — 1) splitting and 2 to (n — 2) scattering, as
shown in Fig. 5 for n = 4. Phase-space units for those
diagrams are named ph#c, where # is the number of final-
state particles, # = n — 1 for the 1 to (n — 1) splitting, and
#=n—-2 for the 2 to (n—2) scattering. We use the
standard #-body phase space without the Jacobian factor
for all ph#c subroutines.

We note here that in the SM effective field theory
(SMEFT) with higher dimensional operators, as studied,
e.g., in Ref. [40] for the process Il — v,i,ttH with
CP-violating (CPV) top-Yukawa coupling, amplitudes
with dimension-five and dimension-six vertices dominate
the cross section at high energies. Although it is possible to
introduce a Jacobian factor like s*, with m being the

036002-6
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pPL—»——F—»—— D3

PL—>»——F——>—— D3
P —»—F—>»—D3 «
q1 |y
el P
P2ty l(D > Pn-1

p2—>»—L ——» D5

(a) (b)

lqnfii

p2—>—l Dy

(©

FIG. 4. Diagrams with multiple #-channel splittings.

Py Pa Pe
Pa Py Pd

FIG. 5. Diagrams with a four-point contact vertex.

mass dimension of the vertex operator, to account for the
overall energy dependence of the squared amplitude, we
have not implemented it because the standard adaptive
Monte Carlo integration programs such as VEGAS [41] and
BASES [42] can easily account for the effect.

C. Brief notes on the phase-space library convention

Our phase-space library is written in FORTRAN 90. In the
library, all real variables are declared as “double precision
(real64)” and all integer variables are “integer (int32)” in the
library.

A unique feature of the library is using arrays of size five,
p(0 : 4), to represent four vectors. The first four elements, p
(0) to p(3), give the four-momentum components, p° to p3,
respectively. The fifth element, p(4), gives the invariant
square value of the four-vector

p(4) =p* = (p°)* = (p")? - (p?)* - (P*)%. (36)

This fifth element must be given in advance for all four
vectors of external particles so that we can evade loss of
effective digits due to cancellation when the p? value is tiny
as compared to the square of energy, (p®)>. Without this
five-component prescription, double precision calculation
of about 13 digits accuracy is lost when we study I/
collisions at a few TeV or higher.1 This problem can easily

"The loss of numerical accuracy in the original HELAS code
was first observed in Ref. [43], where single weak-boson
productions at a TeV e*te™ collider were studied. The prescription
given in Refs. [31,43] based on the Becchi-Rouet-Stora-Tyutin
invariance [44,45] for evaluating the amplitudes led to the first
FD gauge paper [33] for QED and QCD, whereas the special
phase-space parametrization introduced in Refs. [31,43] for the
initial collinear splitting is upgraded in this paper for processes
with multiple splittings.

be avoided if we give p?> (m?’s for external on-shell
particles) as the fifth element of the four-momentum, p
(4), by using the expression (31).

Another notable feature of the library is that the modules
that generate two-body phase space always perform cal-
culations at an appropriate center-of-momentum system. In
particular, the module ph2t that handles two-body phase
space with a r-channel propagator always appears with a set
of coordinate transformations between the center-of-
momentum frame and the laboratory frame (where the
helicity amplitudes are calculated) since the module
requires two incoming particles to have three momenta
along the z axis, as in Eq. (26). By including these
coordinate transformations, each module’s independence
can be maintained, and the full phase space can be obtained
simply by calling the modular phase-space units, dshat,
ph2s, and ph2t, successively.

III. SINGLE-DIAGRAM-ENHANCED
MULTICHANNEL INTEGRATION

In this section, we introduce our parametrization of the
SDE MCPS and event generation, using as an example the
process Il — v,i,ttH, Eq. (8), whose helicity amplitudes
have recently been obtained in the FD gauge with an
SMEFT operator [40] that allows for CP-violating top-
Higgs couplings [38—40]. Each phase-space parametriza-
tion yields an appropriate Jacobian factor, which typically
cancels one power of the propagator factor appearing in the
squared amplitude of the corresponding Feynman diagram.
The number of Feynman diagrams in the FD (unitary)
gauge are tabulated in Table I for the three processes,
Egs. (8)—(10), in both the SM and the SMEFT. The SMEFT

TABLE I. Number of Feynman diagrams in the FD (unitary)
gauge.

Processes SM SMEFT

11 - vttH 89 (87) 118 (89)
Il = lp;tbH 64 (60) 86 (60)
11— llfiH 172 (172) 216 (174)
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TABLE II.
the number of 7-channel propagators N,.

Topologies of the 89 Feynman diagrams for the process /I — v,7,fH in the SM. The topologies are ordered according to

N, Topologies of Feynman diagrams

0

Ps
p2 pr
Ps

p3

- P
pr P3

p2

P4

p3

P

model, which will be described in detail in Sec. IV, includes
higher-dimensional vertices.

Although each phase-space parametrization is coded
manually in this work, we envisage that this step can
eventually be automated within the process of Feynman
diagram generation by amplitude generators. We therefore
explain our method in detail below, so that it can be applied
in future developments.

Our method can be summarized as follows:

(i) Generate a FD-gauge amplitude program, “ma-
trix.f,” to calculate helicity amplitudes from the
four-momenta and helicities of external particles
using MadGraphs_aMC@NLO (MG5) [27].2

*The FD gauge is implemented in the MGS5 version of 3.6.0 or
higher [40].

For the process (8) in the SM (SMEFT), MG5 generates
89 (118) Feynman diagrams in the FD gauge’ and the
corresponding code to evaluate the amplitudes.

(ii) Classify Feynman diagrams by topology.

For each Feynman diagram, we identify its topology. We
find that the 89 SM diagrams of the process (8) fall into 12
topologies, shown in Table II, while an additional 11
topologies appear in SMEFT, listed in Table IIl. They
are categorized according to the number of #-channel
propagators. The arrows along the seven external lines
indicate the positive energy flow. The momenta p; and p,
are incoming, while / and / correspond to the process (8).
The remaining five momenta (3—7) are outgoing, i.e., in
the final state. Sideways connecting lines represent

The number of diagrams depends on the gauge choice; see,
e.g., Table I for the unitary gauge.
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TABLE III.

vertices in each topology has mass dimension of 5 or 6.

Additional topologies for the /I — v,7,11H amplitudes in the SMEFT with a dimension-6 operator in Eq. (44). One of the

N, Topologies of Feynman diagrams
0 ps P2 Pe P2 23 p2 ps
P4
p2 Pa P4 Pa
b3 P3
s
Ps P pr P P3
pr Ps
pr P D1 D6 p1
P
23 Ps P2
Pa \\ — E "
p3 P
P3
Ps
2 { i
// P6
P p1
P2 P2 P2
2
p7 pr
P4
Ps 2
p3
Pa Pa
b7
3 p3 p3

6

P

Pe
P

p2 P
Pe

Ps

P4

e

P p3

Pe

s-channel propagators, whereas vertical lines represent
t-channel propagators. It is important to count the number
of t-channel propagators, N,, for the topologies shown in
Table II. The additional topologies arising in the 118
diagrams of the SMEFT are listed in Table III, where
one of the vertices in each topology receives a contribution
from higher-dimensional interactions.

(iii) Obtain the phase-space parametrization for each

Feynman diagram based on its topology.

We now describe how the phase-space code is
constructed for the topology of a given Feynman
diagram.
(iii)(a)  Successively merge all s-channel splittings

in the diagram according to the mass
ordering of Eq. (16), and compute § using
dshat for the corresponding subsystem.
If t-channel splittings remain after step (iii)
(a), generate the corresponding 7-channel
phase space using ph2t.

(iii)(b)

(iii)(c)  Once all ¢-channel phase spaces are gen-
erated, construct the s-channel phase space
for all s-channel splittings using ph2s.

As an illustration, we consider diagram 42 of the process
generated by MGS, shown in Fig. 6(left). This diagram
contains two 7-channel W propagators, and its phase-space
topology corresponds to the third topology with N, = 2 in
Table II.

As preparation, we match the particle momentum
labels in the diagram topology to the external momenta
defined by MG5, as summarized in Table IV. Once this
identification is made, all external and internal particles
along the topology lines are uniquely fixed for each
diagram. Although the overall phase-space structure is
common to diagrams of the same topology, the bounda-
ries and Jacobians of the internal propagators are deter-
mined by this identification.

We now derive the five-body phase space for the chosen
diagram step by step. In the example below, we use the
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2

QCD=0, QED=5

diagram 42

P2

pr

D5
D4

D6 b3

p1

FIG. 6. One of the 89 Feynman diagram (diagram 42 generated by MG5) for Il — v,7,11H in the SM and its corresponding topology

(the third one with N, = 2 in Table II).

momentum labels of the topology diagram (right of Fig. 6)
that are used in the subroutines.

As shown in Fig. 7, the procedure involves seven steps:
(S1) Apply dshat to 3 4+ 4 to generate §34.

(S2) Apply dshat to qs34 and 5 to generate §345.

(S3) Apply dshat to qs345 and 7 to generate §3457.

(S4) Apply ph2t to “1 +2 — 6 4 qs3457” to obtain the
four-vectors of 6 and qs3457.

(S5) Apply ph2t to “qt16 + 2 — qs345 + 7” to obtain the
four-vectors of qs345 and 7.

(S6) Apply ph2c to qs345 to generate the four-vectors of
gs34 and 5.

(S7) Apply ph2s to qs34 to generate the four-vectors of 3
and 4.

After (S1) and (S2), all s-channel splittings are merged,
leaving two t-channel propagators. To apply the two-body
phase space ph2t in step (S4), we first generate §3457 =
(p3 + ps + ps + p7)? using dshat in step (S3). In step
(S4), we call ph2t to obtain the four-vectors of pg and
P3ss7 = P3 + ps + ps + p7, denoted as qs3457. In step
(S5), ph2t generates the four-vectors of p; and
P3ss = P3 + pa + ps. Next, in step (S6), ph2c is applied
to qs345, producing ps and psy = p3 + p4. Here, ph2c is
equivalent to ph2s but without the Jacobian factor of
Eq. (24). Finally, in step (S7), ph2s generates the four-
vectors of p; and py.

The overall phase-space factor is the product of all
subroutine outputs:

@ = dshat_1 - dshat_2 - dshat_3 - ph2t_1 - ph2t_2

-ph2c_1 - ph2s_1. (37)

The corresponding FORTRAN implementation is given in
List 1, which shows the code for phase-space generation
following the steps above. The arrays of “five-vectors,”
declared as qt16(0 : 4), qt27(0 : 4), and qs34(0 : 4), store
information on the internal propagators of this topology.
They are assigned to internal lines in the order indicated in
the figure.

Let us briefly trace the FORTRAN code. In step (S1), dshat
generates §3, = (ps + p4)? from the final-state particle
masses [Fig. 7 (S1)]. For collision energy W, the parameters
what_min and what_max are set to ms -+ m, and
W — ms — mg — m5, respectively (line no. 20 of List 1).
The merged five-vector is stored in qs34(0 : 4), with the
fifth component containing the generated §5,. Afterward,
merging ps and qs34 yields $3,45, generated by dshat within
the range ms + /334 to W — mg — m (line no. 23). This
value is stored in the fifth component of qs345(0 : 4). At
this stage, the topology contains two #-channel elements
[Fig. 7 (S2)].

The two t-channel elements are then processed sequen-
tially. First, we compute $3457 for the subsystem of p; and
qs345 with dshat [Fig. 7 (S3)], storing the result in qs3457
(4) (line no. 26). Its allowed range is from m; + /3345 tO
W — mg. The corresponding system,

TABLE IV. Momentum assignments of external particles for diagram 42.

External particles [ [ Y U, t 1 H
Momenta defined by MG5 D1 )2 D3 D4 Ps De P71
Momenta matched to the topology diagram D1 D2 Ds D7 D4 D3 Ds

036002-10



MULTICHANNEL PHASE SPACE WITH ...

PHYS. REV. D 114, 036002 (2026)

P2

(S1)

P2 ————————»—— §3457 =>| qs3457

(S4) ph2t

p1 > > m6:>

P2

m7:>
‘tht

(85) 334525

qt27

(86) qs345 =

qtl6

my =
‘ths

ms =

call

call

call

call

call

call

call

dshat(z1,am(3)+am(4),
w-am(5)-am(6)-am(7) ,mvl,wvl,
gs34,dshat 1, ierr)

dshat (z2,sqrt(gs34(4))+am(5),
w-am(6)-am(7) ,zero,zero,
gs345,dshat_2, ierr)

dshat (z3,sqrt(qs345(4))+am(7),
w—am(6) ,zero,zero,
gs3457,dshat_3, ierr)

ph2t(z4,z5,p(0,1),p(0,2),
p(0,6),qs3457,qt16,mv2,
ph2t_1, ierr)

ph2t(z6,27,p(0,2),qt16,
p(0,7),9s345,qt27,mv3,
ph2t_2, ierr)

ph2c(z8,z9,qt16,qt27,
p(0,5),9s34,ph2c_1)

ph2s(z10,z11,qs34,
p(0,3),p(0,4) ,ph2s_1)

FIG. 7. Steps to obtain the phase-space parametrization for the Feynman diagram in Fig. 6.
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ALGORITHM 1. List I: ex] topex.f90.

1 use, intrinsic :: iso fortran env

2 real (realé4), parameter :: zero = 0.d0

3

4 real (real64), intent (in) :: zl1, z2, z3, z4, z5, z6, z7, z8, z9, z10, zl1l1l
5 real (real64), intent (inout) :: p(0:4,7)

6 real (real64), intent (out) :: phfact

7

8 real (real64) :: am(7)

9

10 real (real64) :: dshat 1, dshat 2, dshat 3

11 real (real64) :: ph2t_1, ph2t 2, ph3c_1, ph2s 1

12

13 real (real64) :: gs34(0:4), gtle(0:4), gqt27(0:4)

14 real (real64) :: gs345(0:4), gs3457(0:4)

15

16 real (real64) :: mvl, wvl

17 real (real64) :: mv2, mv3

18

19 ! dshat_1

20 call dshat (zl,am(3)+am(4), w-am(5)-am(6) -am(7) ,mvl,wvl, gs34,dshat 1, ierr)
21

22 ! dshat_2

23 call dshat (z2, sgrt (gs34(4))+am(5), w-am(6)-am(7), zero,zero, gs345,dshat 2, ierr)
24

25 ! dshat_ 3

26 call dshat (z3, sqgrt (gs345(4))+am(7), w-am(6), zero,zero, gs3457,dshat 3, ierr)
27

28 ! ph2t 1

29 call ph2t(z4,z5, p(0,1),p(0,2), p(0,6),9gs3457, gtle, mv2, ph2t 1, ierr)
30 ! ph2c_1

31 ! ph2t 2

32 call ph2t (z6,z7, p(0,2),qtl6e, p(0,7),9gs345, gt27, mv3, ph2t 2, ierr)

33

34 ! ph2c_ 1

35 call ph2c(z8,z9, gtl6,qgt27, p(0,5),9gs34, ph2c 1)

36

37 ! ph2s 1

38 call ph2s(z10,z11, gs34, p(0,3),p(0,4), ph2s_1)

39

40 phfact = dshat 1*dshat 2*dshat 3*ph2t 1*ph2t 2*ph2c 1*ph2s 1

pi(m3) + pa(m3) — pe(mg) +qs3457(834s7),  (38)

is then evaluated with ph2t (line no. 29), which generates
the four-vectors of pg and qs3457 [Fig. 7 (S4)]. ph2t also
computes the five-vector of the propagator qt16, used as
input to the next ph2t call. The second #-channel system,

qt16 + pa(m3) — qs345(3345) + p7(m3),  (39)

is then processed, and the four-vectors of qs345 and p, are
generated (line no. 32).

(iv) Organize diagrams with the same internal propa-
gators.

In the FD gauge, Feynman amplitudes have the property
that the sum of all diagrams sharing the same internal
propagator dominates the total amplitude in the kinematical
region where the propagator becomes singular. It is therefore
desirable to organize Feynman diagrams such that those with
identical propagators are grouped together. Since diagrams
generated by MGS5 do not provide such subamplitudes
automatically, we first identify all possible internal propa-
gators using the external particle momentum labels.

Table V lists all possible propagators for the process
®), Il - v,uittH, based on the particle momentum labels
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TABLE V. Categorization of internal propagators.

No. Particle Momentum combination No. Particle Momentum combination No. Particle Momentum combination
1 y (1, 2) 12 2 1, 2,4) 23 l (2,5, 6)
2 V4 (1, 2) 13 t (1, 2,5) 24 t 3, 4, 6)
3 w (1, 3) 14 t (1, 2, 6) 25 t 3, 4, 6)
4 w 2,4 15 Z 1,2,7) 26 Z 3,4,7
5 Z 3,4 16 l (1, 3, 4) 27 17 3,5, 6)
6 y (5, 6) 17 b (1, 3, 6) 28 v 4,5, 6)
7 V4 (5, 6) 18 w (1,3,7) 29 y 5,6,7)
8 H 5, 6) 19 l (1, 5, 6) 30 V4 5,6,7)
9 t 6,7 20 l 2,3,4) 31 H 5,6,7)
10 t 6, 7) 21 b 2,4,5)

11 v (1, 2, 3) 22 w 2,4,7)

given by MG5 [shown in Fig. 6(left) and Table IV]. There
are 31 possible propagators in the SM and the SMEFT.
We introduce a compact notation for the propagator four-
momenta
Gij.xk =4 tq;+ -+ g (40)
where g, denotes the incoming four-momentum for k = 1,
2 and the negative of the outgoing momentum for k > 3:
for k=1,2,

9k = Pk (41)

qy = —-py fork=3,... n (42)

With this notation, overall four-momentum conservation
reads

n

n 2
q123..n = ZQk = Zpk - Zpk =0.
k=1 k=1

k=3

(43)

Thus, propagator momenta can be expressed using combi-
nations of external four-momenta with a reduced number of
indices. For the process (8) with n = 7, only three-particle

diagram 35

QCD=0, QED=5 diagram 38

FIG. 8.

momentum combinations appear in Table V. Propagators
involving either 1 or 2 (but not both) are spacelike
(t-channel), while all others are timelike (s-channel).

In Table V, propagators 3, 4, 18, and 22 correspond to
t-channel W exchange, 16, 19, 20, and 23 to #-channel u, 17
and 21 to 7-channel b, and the rest to s-channel propagators.
In the following, we denote diagrams containing both
propagators 3 and 4 as vector-boson-fusion amplitudes,
those containing 3 but not 4 as W~I* collision, and those
containing 4 but not 3 as I~W™ collision.

Once all internal propagators are labeled (as in Table V),
the Jacobian factors can be fixed for each diagram within a
given phase-space topology. For the topology of Fig. 6
(right), three diagrams are identified, as shown in Fig. 8§,
and distinguished by their propagator particle in Table VI.

The only difference among these three diagrams arises
from the Jacobian factor of the gs¢ propagator in step (S7),
inside the ph2s subroutine. In this particular case, since
g3, > (2m,)? is always much larger than m3 or m3,
introducing the Jacobian (24) yields negligible merit.
Hence, all three diagrams can be described by the same
phase space. We do not attempt further refinements, such as
reducing the number of phase-space channels, in this
report.

QCD=0, QED=5

diagram 42

QCD=0, QED=5

The diagrams with the same phase-space topology.
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TABLE VI. Assignments of internal propagators.

Propagator momentum Diagram 35 Diagram 38 Diagram 42

(1, 3) W (q13) W (q13) W (q13)
2,4 W (q24) W (q24) W (q24)
3, 6) Y (qs6) H (gs6) Z (qs6)

IV. NUMERICAL RESULTS FOR Il — v,ittH

In the previous section, we explained the integration
method using the process [l — v,7,1tH, where higher-
dimensional vertices are also included within the frame-
work of the SMEFT. In this section, we demonstrate the
integration procedure using BASES [42] and present the
corresponding numerical results for this process. We note
that this process was studied extensively at the total cross-
section level in Ref. [40], where a comparison between the
FD and unitary gauges was performed. It should also be
noted that, in the unitary gauge, accurate calculation of the
cross section becomes very difficult, especially for
/s > 10 TeV, because of unphysical and delicate gauge
cancellations, leading to poor convergence of the
Monte Carlo integration.

As a demonstration, we introduce a dimension-six
operator in the SMEFT [37-39,46-49]

C i, afgis ¥
L= Lsv+ {p Q3fR¢(¢ ¢ —3> + HC} (44)
where Qs = (1,,b;)" and ¢ = ((v+H —in°)/V/2,

—izz‘)T. When we take the coefficient as [38,46]

Vit H t U
l
l
l
l
l

o~

! [ ! i1
(a) (b)

TABLE VII. Four categories of Feynman diagrams for
ﬁ - IJ[I?[I‘;H, IDIIBH, and litfH

Category name Diagram type

(A) ViV, F Vector boson fusion

B) VIt/I"V VIT and [7V collision

(C) ann-f 11 annihilation with 7-channel
fermion exchange

(D) ann-V [1 annihilation with s-channel

vector-boson (Z/y) exchange

C  V2(gsw — ge®)

T #3)
the phenomenological Lagrangian
Lyy = —g(ei‘ftZtR + e_i(:tlth)
H = —gi(cos & + isin&ys)tH (46)

for CPV top-quark Yukawa coupling is obtained. In the
following, we take

9=9sm = @7 (47)
v
so that the only non-SM parameter is the CP phase &, where
& = 0 recovers the SM.

In order to study the interference patterns among the
Feynman diagrams, we classify the diagrams of the process
Il - v,pyftH into four categories shown in Table VII,
which are illustrated in Fig. 9.

We summarize the numbers of Feynman diagrams in the
FD gauge for each group in Table VIII. The numbers of

vit Ht U
l
l
l
l
l

Z/y

(d)

FIG. 9. The Feynman diagrams for the process [I — v,7,tfH are classified into four categories. (A) W-W*F, (B) W1 /I"W™,
(C) ann-/, and (D) ann-V (V = Z/y). In (C), there are additional diagrams where the Higgs boson is emitted from the Z boson that

gives vu;.
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TABLE VIIIL

Number of Feynman diagrams in each category classified in Fig. 9, where the SMEFT model in the

FD gauge is considered. The numbers in parentheses indicate the diagram IDs generated by MGS5.

No. of Feynman diagrams (diagram ID)

Category Total dim4 dim5 dim6
(A) 30 (47-76) 21 8 (49, 51-53, 65, 70, 75, 76) 147)
B) 26 (77-102) 22 4 (88, 89, 101, 102) 0
© 16 (103-118) 14 2 (117, 118) 0
(D) 46 (1-46) 32 13 (3, 6, 10, 13, 16-19, 26, 32, 36, 45, 46) 1(7)
Feynman diagrams in the SM and those with higher- e W WF WL/ rwe ann/
dimensional vertices (dimension-five, dim5, or dimension- Z M= Z M;+ Z M;+ Z M;
six, dim6) are shown separately.4 Because all the dim5 and k / / /
dim6 vertices are proportional to the coefficient of the ann-/
SMEFT operator C/A? (45), those amplitudes vanish in the + Z M, (49)
J

SM limits of C/A? =0, or (g,&) = (gsm. 0). Therefore,
only the amplitudes with dim4 vertices contribute in the
SM. The numbers in parentheses indicate the diagram IDs
generated by MGS.

In Fig. 10, we show the total cross section of y~u* —
v,v,ttH as a function of the collision energy in the SM
(left) and in the CPV SMEFT with (g, &) = (gsm, 0.17)
(right). The observable total cross section is shown by
the black solid line, where all Feynman amplitudes in
the FD gauge, i.e., 89 (118) diagrams in the SM
(SMEFT), are summed over in the amplitudes, as
in Eq. (4).

Thanks to the absence of unphysical gauge cancellation
among amplitudes in the FD gauge, the total cross section
can be calculated efficiently as a summation over contri-
butions from the 89 (118) phase-space channels, as
in Eq. (6).

Also shown in Fig. 10 are the partial contributions
from subsets of diagrams classified in Fig. 9, where only
the diagrams within each group are considered, and the
corresponding amplitudes are summed before taking the
absolute square. For example, the W~WTF contribution,
shown by a magenta dashed line with circles, is obtained as
a summation over contributions from the 21 (30) phase-
space channels for the W-WT'F amplitudes in the SM
(SMEFT):

W-W*F

o(W-WHF) = ) /dCD5|Mk|2

k

| Z}{V‘W*F Mj|2 ‘
SFVEIMP
(48)

Because

*We do not distinguish between the SM vertices and the non-
SM vertices of dimension-four (dim4), such as the ftH vertices
from the Lagrangian (46), because they give the same energy
scaling of the scattering amplitudes in the FD gauge [40].

the sum over the four curves gives the total cross section
(black solid curve) if there is no significant interference
among diagrams between different categories. In other
words, if we observe difference between the total cross
section and the sum of the contributions from each category
diagrams, it tells significant interference among diagrams
belonging to different categories. Because one of the
powers of our MCPS integration with the FD gauge
amplitudes over the effective real particle distribution
method (which treats contribution from each diagram
category as a distinct process) is its capability of studying
interference among amplitudes belonging to different dia-
gram groups, we study the mechanisms of such interference
effects carefully.

In Fig. 10(left) for the SM, one can see that the #-channel
double and single W-exchange contributions, denoted as
W-W*F and W[t /I-WT, respectively, increase with the
collision energy, and the W~W™F contribution dominates
the total cross section for /s = 3 TeV. On the other hand,
the annihilation contributions, denoted as ann-/ and ann-V/,
are significant only near the threshold region and decrease
as 1/s, as expected. At very high energies, the W-W*F
contribution becomes slightly larger than the total cross
section. This can be explained by the destructive interfer-
ence between the W-W*F and W[t /[-W™ amplitudes, as
discussed in more detail later.

We note that, in the unitary gauge, the W-W*F and
W=t /I"W contributions are much larger than the total
cross section in the high-energy region, requiring delicate
cancellations to obtain the physical result; see Ref. [40] for
details. This leads to a serious problem for numerical
evaluation. In contrast, each FD amplitude behaves well,
and such delicate cancellations are absent even at high
energies. Thanks to our integration method, which takes
advantage of this property of the FD amplitudes, we are
able to obtain stable and reliable numerical results even
at /s = 100 TeV.
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ot — vV ttH (SM) ppt — vy ttH (CPV, £ = 0.1m)

1072 102k 1

) g |/
— 1074 — 10,4 : E 4 ; 4 S é
§ :é E E
© o) ]
1 Total 3 Ffo/ Total

1076 E ceeee WW*E x ann-l 3 1076 E k¥ e W-W*F x ann-/

L emee WO /FWE s annV o L e W JFWE s anneV o
10—8:w”m I P R ! A \HH:\ 10—8:w”m I P R ! M \HH:\

0.5 1 2 5 10 20 50 100 0.5 1 2 5 10 20 50 100
V5 [TeV] V5 [TeV]

FIG. 10. Collision-energy dependence of the total cross section for = u* — v,b,ttH in the SM (left) and in the CPV SMEFT with
(9,€) = (gsm, 0.17) (right). The solid line represents the observable total cross section, while the dashed and dotted lines represent the
contributions from each diagram category, as defined in Table VII, calculated in the FD gauge.

ot — vuvuttH (CPV, € = 0.17)
1 TeV 10 TeV 100 TeV
] )

10710 108  10% 104 102 1071 108® 10® 104 102 1071 108 10® 104 102 1
Py Py Pk

FIG. 11. Fraction of the contribution of each FD amplitude channel, defined as P, = 6;/0 With o; in Eq. (11), for the process
u 't = v,0,11H in the CPV SMEFT with (g.¢) = (gsm.0.17) at three collision energies: 1, 10, and 100 TeV. The diagrams are
categorized as (A)—(D) in Fig. 9. Open, gray, and filled histograms correspond to diagrams with dimension-4, -5, and —6 vertices,
respectively, as listed in Table VIII. In each subprocess category, the contributions are also grouped according to the phase-space
categories N4 and N5 in Eqgs. (52) and (53), respectively. The histogram bins are ordered according to the diagram number given by MG5
in each category.
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FIG. 12. Distributions of the invariant mass of the /7H system for y~u* — v,v,ttH in the SM (top) and in the CPV SMEFT with
(9,€) = (gsm, 0.17) (bottom) at three collision energies: 1, 10, and 100 TeV. The line and marker styles are the same as those in Fig. 10.

For the CPV case for (g,&) = (gsum, 0.17), shown in
Fig. 10(right), the overall behavior is similar to that in the
SM, and one can hardly observe difference at /s < 1 TeV.
On the other hand, for /s = 3 TeV, the enhancement of the
W~WTF and ann-V contributions over the corresponding
SM curves is clearly seen. The origin of this growth at high
energies will be identified below.

Figure 11 shows the fraction of the contribution of each
FD amplitude channel, defined as

Py = 01/0, (50)
at \/E =1, 10, and 100 TeV. The channels labeled by the
diagram number k are grouped according to the subprocess
categories, as in Fig. 9. Open, gray, and filled histograms
correspond to diagrams with only dim4 vertices, those with
a dim5, and with a dim6 vertices, respectively, as listed in
Table VIII. For example, according to Table VIII, the weak-
boson-fusion amplitudes in (A) W~ W'F have 21 open bins

for dim4 vertices only, eight gray bins for diagrams with
one dim5 vertex, and one filled bin for a diagram with
one dim6 vertex. We do not show the SM case because
the histograms are almost identical to those of the corre-
sponding diagram with the dim4 vertices because of

the small change in the coupling; |gsm — g€|/gsm =

2(1 = cos&) ~ 0.3 for (g,¢) = (gsm, 0.1&).

As expected from Fig. 10, when the collision energy
increases from 1 to 10 and 100 TeV, the W-W*F sub-
amplitude contribution becomes relatively larger than those
of the other subamplitude categories. Interestingly, at /s =
100 TeV, only a single amplitude with a dim6 vertex in the
W~WTF category (diagram ID = 47) dominates the total
cross section. This amplitude has a dim6 contact W~ W 1tH
vertex, which originates from the dim6 z~z " t7H term in the
SMEFT Lagrangian (44). The amplitude can be regarded as
that of the Goldstone-boson collision process

n "t — tiH,

(51)

036002-17



KAORU HAGIWARA et al.

PHYS. REV. D 114, 036002 (2026)

Wt — vy ttH (SM) @ 100 TeV

T T ! !
ooy, Total
les o W WTF
104} e WO FWH
>
<)
L2
o
© -
105 [, :*’:
, , - ! ‘
0 2 4 6 8 10
min(m(vtt), mvtt)) [TeV]
FIG. 13.

12

1 =102}
5 F
o

107 E

1073

y(tt)

Distributions of the minimum of the invariant masses of the v,¢f and 7,7 systems (left) and rapidity distributions of the #7

system (right) for the process u~u* — v,7,17H in the SM at a collision energy of 100 TeV. The line and marker styles are the same as
those in Fig. 10. Note that the ann-/ and ann-V contributions are too small to appear in the range.

as explained in Refs. [38,40]. We note that, unlike the
amplitude with a dim6 vertex (ID = 47) in (A) W-WF,
the corresponding amplitude with a dim6 vertex (ID = 7) in
(D) ann-V is zero at all energies. Similarly, five (ID = 17, 18,
19, 26, 32) of the 13 amplitudes with a dim5 vertex in (D) ann-
V, listed in Table VIII, are also zero. This is because the
(reduced) longitudinal polarization component of the virtual
Z-boson current is zero for massless leptons in the /7 collision
rest frame. See Ref. [40] for further details.

The diagrams can also be reorganized by the number of
the quasi-on-shell resonances as

N4 : [l - tHZ(Z — v,1;), (52)

N5 : 17 d l‘fHIJ[ﬂl. (53)
The phase space for the N4 diagram channels is given by
the four-body phase space (tfHZ productions) times the
two-body phase space (Z-boson decays into a neutrino
pair), whereas the phase space for the N5 channels does not
have such factorization property. All the diagrams in the
categories (A) and (B) in Fig. 9 are in the N5 category,
while all (C) diagrams are in N4. The diagrams in (D) fall
into the two phase-space categories, i.e., N4 and N5. As
clearly seen in Fig. 11, the N5 contributions in (D) ann-V
are negligible, comparing with all the other contributions.

We now turn to the differential cross sections. Figure 12
shows distributions of the invariant mass of the fH system
in the SM (top) and the CPV SMEFT with (g,¢&)
(gsm, 0.17) (bottom) at /s = 1, 10, and 100 TeV. At all

energies, and particularly at higher energies, the 7-channel
W-exchange contributions, W~ W*F (magenta with circles)
and W~IT/I"W™ (green with squares), dominate the low
invariant-mass region. In contrast, the annihilation contri-
butions, ann-/ (light blue with crosses) and ann-V (blue
with triangles), become significant in the high invariant-
mass region, consistent with our naive expectation based on
the vector-boson PDF.

Significant ¢ dependence is observed for the W-W*F
subamplitudes. At /s = 1 TeV, although the total cross
section in Fig. 10 shows little difference between the SM
(¢ = 0)and & = 0.1z, we can observe slight enhancement of
the & = 0.1z cross section at m(17H) ~ 550 GeV, where the
W~WTF contribution is largest. At higher energies /s = 10
and 100 TeV, the &= 0.1z prediction for the W-W*F
subamplitude contributions is clearly larger than the SM
one at all m(¢t7H). At /s = 100 TeV, the single amplitude
(ID = 7) with the dim6 contact W~ W tH vertex dominates
the entire spectrum as observed in Ref. [40].

We also observe significant enhancement of the ann-V
subamplitude contribution, shown by blue dashed curves
with triangles, for & = 0.1z at /s = 100 TeV. This is due
to the six amplitudes with a dim5 vertex in the N4 category;
see also Fig. 11. The dim5 vertex contributing to the
nonvanishing ann-V amplitudes has the form z°tfH, where
7Y is the fifth component of the virtual Z boson decaying
into a pair of neutrinos. However, this enhancement due to
longitudinally polarized Z boson is overshadowed by the
dominant W-W*F contribution in the inclusive m(t7H)
distribution, except at the highest m(f7H) bins.

036002-18



MULTICHANNEL PHASE SPACE WITH ...

PHYS. REV. D 114, 036002 (2026)

S
S

I t H
|
I
|
|
|

Z/v W

(a) (b)

Z [y

(d)

FIG. 14. The Feynman diagrams for the process /I — Ip;thH are classified into four categories, as defined in Table VII: (A) VW™F,

(B) VIt /I"WT, (C) ann-v, and (D) ann-V, with V = Z/y.

At /s =100 TeV, for the SM, we observe that the
W-W*F contribution slightly exceeds the physical
distribution. Actually, the excess can already be
observed for the total cross-section level in Fig. 10(left).
This can be interpreted as destructive interference
between the W-W'F and the W~I"/I"W*' subampli-
tudes: The interference between the W-WTF and the
W~I" subamplitudes is significant when m(z;f7) is small
since the W~IT subamplitudes have an s-channel v,
propagator with the invariant mass of m(,tf), whereas
the interference between the W™WTF and the "W
subamplitudes is significant when m(y;t7) is small.
Therefore, when one of the two invariant mass is small,
we expect significant interference, which can indeed be
observed in the left panel in Fig. 13. At /s = 100 TeV,
the destructive interference 1is significant when
min(m(v,tt), m(7;1r)) <5 TeV, while negligible when
the both invariant masses are larger.

Although the invariant mass of a system with neutrinos is
difficult to measure even at lepton colliders, we can observe
localization of the significant interference in the rapidity
distribution of the #7 system, y(¢f), which is shown in
Fig. 13(right). As we take the initial 4~ momentum in the
positive z direction, the 7 system in the W=IT (I"W™)
collision tends to be produced in the negative (positive)
y(t7) region. At /s = 100 TeV, the rapidity distribution of
the W1 /I"W™ contribution is peaked at |y(¢7)| ~ 3.5,
where we observe significant destructive interference

between W-WT'F and W~IT [y(tf) ~-3.5] or I"W*
[y(tf) ~ 3.5] subamplitudes.

Figure 13 suggests that interference effects among
amplitudes can be localized in some specific kinematical
region. Use of a final-state cut, such as |y(77)| < y.u, may
hence allow us to study detailed kinematical distributions
based on the W~W*F subamplitudes. It should be noted
here that, in the unitary gauge, the distributions of the
partial amplitudes are far from the physical distributions,
and hence it is difficult to obtain insights from the
interference patterns among contributing diagrams.

V. NUMERICAL RESULTS FOR Il — IythH

This section demonstrates the SDE MCPS integration for
the process

11 — IpthH, (54)

whose Feynman diagrams are shown in Fig. 14. They are
classified into four categories: (A) VW™F, (B) VI /I"WT,
(C) ann-v, and (D) ann-V, with V = Z/y, as defined in
Table VII. The number of Feynman diagrams in each
category is summarized in Table IX.

With currently available event-generation programs, it is
difficult to calculate the cross section for the process
accurately without any kinematical cuts because of
the lepton-mass singularities arising from ¢-channel

TABLE IX. Number of Feynman diagrams in each group classified in Fig. 14, where the SMEFT model in the FD
gauge is considered. The numbers in parentheses indicate the diagram IDs generated by MGS5.

No. of Feynman diagrams (diagram ID)

Category Total dim4 dim5 dim6
(A) 28 (40-67) 21 7 (42, 44, 47, 49, 52, 66, 67) 0
B) 15 (68-82) 11 4 (76-78, 82) 0
© 4 (83-86) 3 1 (86) 0
(D) 39 (1-39) 29 10 (3, 5, 8, 10, 13, 27, 28, 37-39) 0
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FIG. 15. Collision-energy dependence of the total cross section for the process y~u* — ,u‘DMtBH in the SM (left) and in the CPV
SMEFT with (g, £) = (gsm, 0.17) (right). The solid line represents the observable total cross section, while the dashed and dotted lines
represent the contributions from each diagram category, as defined in Table VII, calculated in the FD gauge. The red dotted line

represents the observable total cross section for e~et — e~D,tbH.

photon-exchange diagrams, as seen in groups (A) and (B)-
left in Fig. 14.

We have developed a phase-space parametrization that
accurately reproduces the distributions of forward-emitted
charged leptons. As mentioned in Sec. II C, by introducing
the virtuality ¢> of the off-shell vector boson as the fifth
element of the momentum vector and using its value
directly, our library module ph2t can compute the kin-
ematics of the phase space with high numerical precision, at
arbitrary high energies, as large as E;/m; < co.

In addition, we have modified the numerical code
(HELAS [31]) to evaluate helicity amplitudes in the singular
region, so that vertices with very small (virtual) invariant
momentum squared of order m? are treated accurately even
at TeV energies. Similar to the phase-space library modules,
we added ¢ as the fifth element of the momentum vector in
the HELAS library and used its value directly when
calculating amplitudes in HELAS. These modifications to
HELAS resulted in stable execution of the integrations and
high numerical accuracy in the results.

Figure 15 shows the total cross section for p~ut —
,u‘Dﬂtl_aH as a function of the collision energy, in the SM
(left) and in the CPV SMEFT with (g,&) = (gsm, 0.17)
(right). The observable total cross section is shown by the
black solid line, where all Feynman diagrams in the FD
gauge, i.e., 64 (86) in the SM (SMEFT), are included.
Thanks to the developments described above, we can
obtain accurate cross sections with the explicit muon or
electron mass even at /s = 100 TeV without applying any
kinematical cuts.

A clear transition of the dominant contribution can be
observed around /s = 3—4 TeV. The ann-V subamplitude
contribution dominates in the low-energy region, whereas
the VW™F one becomes dominant at high energies. Since,
among the VWTF contribution, the contribution from

t-channel photon exchange becomes significant, which is
proportional to In(/s/m;), we find the enhancement of the
cross section for [ = e (red dotted line) over the [ = u case
(black solid line) above /s = 3—4 TeV. Explicit values of
the total cross sections and the [ = e over [ = p ratios are
shown in Table X. The ratio o,/ o, agrees with the
expectation

In(v/s/m.)

O,

o, In(y/5/m,)

for /s 2 3—4 TeV both for the SM and the CPV case. We
also confirm the dominance of the s-channel photon-
exchange amplitudes in the P, distribution in Fig. 16,
where the corresponding channels are marked by red stars.

We note here that, similar to the v;;17H final state shown
in Fig. 10, the destructive interference effects are observ-
able at high energies for both the SM and the SMEFT with
(9,€) = (gsm,0.1x) in Fig. 15. This can be interpreted as
destructive interference between the VWF and VIT /"W
subamplitudes.

Unlike the /I — v,o;ttH process, no dim6 vertex con-
tributes to this process, and the enhancement of the cross
section from the CPV effect is not as large as for the v,v,ffH
case. The total cross section of the SMEFT with (g, &) =
(9sm, 0.17) is about —7%, 10%, and 16% different from the
SM at /s = 1, 10, and 100 TeV; see Table X. Moderate &
dependence of the total cross section is a consequence of
the absence of the dim6 vertex amplitudes in this process.

(55)

SThose values are obtained for the default parameters in the MGS5,
1/agy = 1279, m; =91.1876 GeV, Gp=1.166379 x 107>,
my = 125 GeV, m, = 173 GeV, and m;, = 4.7 GeV with the
finite charged lepton masses as m, = 5.11 x 107 GeV and
m, = 1.0566 x 107! GeV.
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FIG. 16. Fraction of the contribution of each FD amplitude, defined as P, = 6}/, With 6, in Eq. (11), for the process u~u™ —
W~ D,tbH in the CPV SMEFT with (g, &) = (gsu. 0.17) at three collision energies: 1, 10, and 100 TeV. The diagrams are categorized as
(A)—(D) in Fig. 14. Open and gray histograms correspond to diagrams with dimension-4 and —5 vertices, respectively, as listed in
Table IX. In each subprocess category, the contributions are also grouped according to the phase-space categories N3, N4 and N5 in
Egs. (56), (57) and (58), respectively. Red stars denote the amplitude including the #-channel photon propagator.

Amplitudes with a dim5 vertex give cross sections which
grow logarithmically with energies, as in the SM, whereas
amplitudes with a dim6 vertex give cross sections which
grow as a power of energy as shown by the filled histogram
in Fig. 11.

Similar to the previous section, the diagrams can be reor-
ganized by the number of the quasi-on-shell resonances as

N3: [[— Hti(i - W b,W~ - [), (56)
N4 : 1 — HtbW~= (W~ = D), (57)
N5 : [l — Htbly, (58)

where N3 diagrams are excluded from N4, and N3 and N4
diagrams are excluded from NS5. The phase space for N3
diagram channels is given by the three-body phase space

times twice the two-body phase space, whereas the phase
space for the N4 channels is given by the four-body phase
space times the two-body phase space. All the diagrams in
the categories (A) and (B) in Fig. 14 are in the N5 category,
while all (C) diagrams are in N4. The diagrams in (D) fall
into the three phase-space categories, i.e., N3, N4, and NS5,
and the phase-space suppression effect can be clearly see in
Fig. 16, where the ann-V subamplitude contribution (D) is
dominated by the N3 contribution, i.e., the /fH production
followed by the leptonic anti-top-quark decay, at all
energies.

The & dependence of the total cross section at /s = 1,
10, and 100 TeV is shown in Fig. 17 for the entire range,
—r < ¢ <z, where the partial contributions from diagrams
in the N3, N4, and N5 categories are shown separately. At
/s =1 TeV, the cross section is dominated by the N3
diagrams, or by the subprocesses /[ — Hff (56), whose &

TABLE X. Values of the total cross sections in femtobarns and the ratios, shown in Fig. 15.

SM CPV (£ =0.1n) CPV/SM
Vs [TeV] c, o, 6./0, c, o, 6,/0, e u
1 0.24 0.24 1.00 0.22 0.22 1.01 0.93 0.93
10 0.19 0.13 1.44 0.21 0.14 1.44 1.10 1.11
100 1.04 0.75 1.38 1.21 0.87 1.39 1.16 1.16
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FIG. 17. CP-phase dependence of the total cross section for the process y~u* — ﬂ_Dﬂtl;H in the CPV SMEFT at three collision
energies: 1, 10, and 100 TeV. The black solid line represents the observable total cross section, while the dashed lines show the
contributions from each phase-space category, calculated in the FD gauge.

dependence is well known [39,50]. At /s = 10 TeV, the
N5 VWTF contribution dominates over the N3 and N4
contribution. Because the £ dependence of the dominant N5
contribution and the subdominant N3 contribution is
opposite near £ = 0, the £ dependence of the total cross
section is moderate at lower energies, 1 TeV < /s <
10 TeV. At /s = 100 TeV, the N5 VW'F dominance
is clearer and the ratio of ¢(¢ = 7)/0(& = 0) ~ 10 reflects
the 10 times larger cross section of the single top and Higgs
production process (bIt — DrH) when the sign of the top-
Yukawa coupling is reversed [51-53].

In order to see the enhancement from the #-channel
photon exchange explicitly, in Fig. 18 we show rapidity
distributions of the charged lepton (I = p or e) for the
process [-I* — ["p;thH in the SM at three collision
energies: 1, 10, and 100 TeV. At all energies, especially
at higher energies, the VW*F contribution dominates in the
forward region. Here, the / = p case is shown by black
solid curves, while the / = e results are shown by red
dotted curves. We can clearly see an effect of the lepton
mass in the very forward region since the maximum of the
rapidity is given by

I+ — I, tb H (SM)

1TeV 10 TeV 100 TeV
-rr-r—-rr----r-r-r-r-ereeeee--y| ey T
| ke /=H. . | . |
—— Total 1 F
- VWHF
1 0,2 | - V/+/l’ w+ i | i |
ann-v E
- ann-V
ey E ER ERN 3
=,
s F | = 1 e Total
°
1074E {1 E 1L
10—6kA 4 E 3 E
i S| E L 13

yih

FIG. 18. Rapidity distributions of the outgoing u~ for the process y~u™ — ,u‘D”tBH in the SM at three collision energies: 1, 10, and
100 TeV. The line and marker styles are the same as those in Fig. 15. The red dotted line indicates the rapidity distribution of the

outgoing e~ for the process e"et — e D,thH.
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FIG. 19. Distributions of the rapidity of the charged leptons (left) and \/—¢? (right) for the process I-I* — [~7,tbH in the SM at a
collision energy of 10 (top) and 100 TeV (bottom). The squared momentum transfer is defined by ¢ = (pinitial — pfinal)2 Solid lines
denote the total cross sections for electrons (red) and muons (green). Dashed lines show contributions from the yI*-collision
subprocesses with helicity-conserving interactions, while dotted lines correspond to the same subprocesses with helicity-flip

interactions.

R

my N

and hence y,., ~In(y/s/m;) at high energies. The values
of ymax for the muon and the electron are

Yiax (1) = 9.2, 11.5,13.8, (60)

Ymax(€) = 14.5,16.8,19.1, (61)
at /s =1, 10, and 100 TeV, respectively, as one can
observe clearly in Fig. 18. This lepton-mass singularity
explains the enhancement of the total cross section for e~e™
collisions at higher energies in Fig. 15.

We observe in Fig. 18 that there appears a peak in the
lepton rapidity distribution near y = y, . at high energies,

/s = 10 and 100 TeV. In order to understand the cause of
the peak, we show in Fig. 19 distributions of the rapidity of

the charged lepton (left) and those of \/—g? (right) for the
process [[ — [ptbH in the SM at a collision energy of 10
(top) and 100 TeV (bottom). The squared momentum
transfer ¢ is defined by
q2 — (pilnitial _ p{mal)Z — _QZ’ (62)
which is the invariant mass of the virtual photon exchanged
in the 7 channel. Solid lines denote the total cross sections
for electrons (red) and muons (green), respectively. The
—g* distributions extend down to /7y, & myx/v/1 — x,
Eq. (32), where x is the energy fraction E,/E,;, which can
be significantly below m; for small x at /s > 10 TeV. All
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the contributions from the +/—g¢> <m, give collinear
splitting, and a peak at y & y,.. appears at high energies
where x ~ m(tbHD)?/s can be small.

In Fig. 19, we show the contribution of lepton helicity-
conserving (ki = pinitaly and lepton helicity-flip
(hinal — —pinitialy amplitudes of the yI™ collision subpro-
cesses, the sum of yWTF (A) and yI™ (B-left) amplitudes in
Fig. 14, by dashed and dotted lines, respectively. The
helicity-conserving amplitudes dominate the total cross
section in the region /I, < /—¢> <10 GeV at both
/s = 10 and 100 TeV, whereas the helicity-flip amplitudes
are significant only in the vicinity of \/—g* ~ m;. This tells
that helicity-flip amplitudes contribute only to the collinear
splitting, where the transverse momentum of the final
lepton is of the order of m;. Their contribution at large
y(1) is suppressed because the helicity-flip collinear emis-
sion is suppressed at small x, where the final lepton energy
~(1 = x)E is large. These observations are consistent with
the effective real photon distributions [43]:

Dl;,—»lh/n (.X', Q)
1 0’
25 (m ) 1)

a (1-x)? 2
a0 (0% - 1)

for h=n = 1/2,

forh="n = —1/2, (63)

oy for h = = = 4/2,
0 for h = —-h' = -1/2,

where h/h' and A are the helicities of initial and final
leptons and the virtual photon, respectively, and
fmin(x) = m3x?/(1 — x). We can read off the hard scale

of Q~10 GeV from the \/—g? distribution in Fig. 19,
below which the real photon (¢> = 0) approximation holds.
The scale is essentially the virtuality of the b-quark
propagator in the subamplitudes y/ — btHD, which gives
rise to collinear emission of b.

The above effective real photon distributions are
obtained from integrating the splitting function in the range
tmin < |t] < Q% [43]:

2

0
Dzhez,,/n(x,Q)_/ d|t|P o (x, 1) (64)

Tmin
with #,, = m?x*/(1 — x) and

11 (|[| - tmin)

Pipy(x,1) = i 2 (65a)
a (1=x)? (|t] = tmin)

Pic(x.t)= P 2 ) (65b)
a tmin

Pﬂ::F:l:(x’ t) = E'x t2 ’ (65C)

. (65d)

where (0,6') = 2(h, h') gives the sign of lepton helicities.
In the lepton helicity-flip cases, (65c) and (65d), we
keep only the leading term in m?/s. The |¢| dependence
in the numerator shows the square of the overlapping of
the spherical harmonic wave functions (Wigner’s d func-
tions), via

1—cosO |t| = tmin

2 sx (66)
where 6 is the scattering angle of the final lepton in
the laboratory frame; see Eq. (26). When h=h+ 2
(66’A =+ F £) in (65¢), angular momentum along the
colliding lepton-beam momentum direction is conserved at
6 = 0, and the angular integral (64) gives finite distribution
in the m; — O limit.

In Fig. 20, we show the pseudorapidity distribution of the
final b quark. We observe clearly the forward emission of b
at /s = 10 and 100 GeV, where the yW'F subamplitudes
(shown by the magenta dashed lines) dominate the total
cross section. At /s = 1 TeV, the yW'F contribution is
overshadowed by the dominant ann-V contribution, -
f1H with 7 — blp, Eq. (56). In these plots, we show by thick
black dashed curves the contribution of events that satisfy
the cut

pr(b) > 10 GeV. (67)

By comparing the black solid curve for the total cross
section and the black dashed curve, we observe that most of
the final b jets satisfy the p;(b) cut. At /s = 100 TeV,
however, significant fraction of the b jets are emitted
outside of the pseudorapidity cut

n(B)] < 2.5, (68)
which are shown by two thin vertical lines at 7(b) = +2.5.
We find that only 47% of the total events satisfy the b-jet
tagging conditions (67) and (68).6

In the n(b) distribution of Fig. 20, especially at
/s =100 TeV, we observe significant destructive inter-
ference between the VW™F and VI*/I"W™' amplitudes,
which are shown by magenta and green dashed curves,
respectively. We identify the origin of the interference as
patterns represented by Figs. 21(a) and 21(b). In case (a),

®The above results are obtained in the tree-level approximation
with m;, = 4.7 GeV. Not only the cross section with a tagged b
jet, but also nontagged inclusive cross section with the effective
real b-quark PDF inside the lepton should also be improved by
QCD higher-order corrections which can be significant at small

pr(b) and small \/—¢>.
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FIG. 20. Pseudorapidity distributions of the b quark for the process y~u* — wo, thH in the SM at three collision energies: 1, 10, and
100 TeV. The line and marker styles are the same as those in Fig. 15. The black dashed lines show the rapidity distributions with a

pr(b) > 10 GeV cut.

the initial / collides with the virtual W+ emitted from 1/,
to produce ! and W** via t-channel Z/y exchange or
s-channel v exchange, which interfere destructively. In case
(b), the virtual Z boson emitted from [ collides with /, to
produce o and W** via ¢-channel W exchange or s-channel
[ exchange, which also interfere destructively.

The destructive interference is significant only when
both amplitudes are large. Therefore, either the s-channel v
or [ virtuality, i.e., m(Ith) or m(tbp,), respectively, should
be small in Fig. 21. This is confirmed in Fig. 22(left), where

It b [t b H 4]
+ I
W+ y W !
@) Ziy wr W Wt Wt
l l I
l H t [z t b
1 w+ w+ i
®) 7 7 Z wt + Z

l I l

FIG. 21. Feynman diagrams contributing to the destructive
interference for Il — [v;tbH.

we show the differential cross section as a function of

min(m(u~th), m(uth)), (69)
where destructive interference is significant only when
one of the two invariant masses is below 5 TeV at
/s =100 TeV. Since the invariant masses including o
and b jets are difficult to measure, we show in the right-
hand side of Fig. 22 the interference pattern in the y()
distribution. We can clearly observe the destructive inter-
ference pattern Fig. 21(a) in the positive rapidity region
y(t) Z 2 and the pattern Fig. 21(b) in the negative rapidity
region y(1) < -2.

In Fig. 23, we show the CPV-phase dependence of the
rapidity distributions of y(¢rH) and y(¢) — y(H). The black
solid curves show the SM predictions, while the black dotted
ones show the predictions of the CPV model with
(9,€) = (gsm,0.17). For both distributions, enhancement
of the cross section is observed in the central region for the
CPV case. However, the destructive interference between the
VWTF (magenta curves) and the VIt /I-W™ (green curves)
contributions makes it difficult to interpret the results.

We show in Fig. 24 the rapidity distributions separately
for the three kinematical region

ly(2)| < 1.5, y(1) > 1.5, y(r) < —=1.5.  (70)
From the interference pattern shown in Fig. 22(right),
the region |y(z)| < 1.5 is dominated by the VW™F sub-
amplitudes, and the corresponding results shown in the
top of Fig. 24 clearly shows that the £ dependence of the
VWTF amplitudes gives the total £ dependence. In case of
y(t) > 1.5, the destructive interference between the VW'F
and the ["W' amplitudes is significant. The middle pair
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wut — wvutbH (SM) @ 100 TeV
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FIG. 22. Distributions of the minimum of the invariant masses of the u~tb and D, tb systems (left) and of the rapidity of the top quark
(right) for the process y~u" — p~,tbH in the SM at a collision energy of 100 TeV. The line and marker styles are the same as those in
Fig. 15. Note that the ann-/ and ann-V contributions are too small to appear in the range.

of Fig. 24 tells us that the £ dependence is largely coming
from the VWT'F amplitudes. Finally, for y(¢) < —1.5, &
dependence appears both in the VWTF and VI™ ampli-
tudes. By examining all the channels contributing to the

significantly to the &
curves, respectively.

wut — Wy tbH @ 100 TeV

VWTF and VI categories, we find that the yW*F and the
yIT /"W amplitudes with a dim5 thHW vertex contribute

dependence of the magenta and green

0.25 T — T o5 ——mmmm 17—
[ o2, 1 . SM |
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- —— VW
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| cpv
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FIG. 23.

y(tH)

y)—-yH)

Distributions of the rapidity of the tH system (left) and the rapidity difference between the top quark and the Higgs boson

(right) for the process y~u" — "y, thH in the SM and in the CPV SMEFT with (9,€) = (gsm, 0.17) at a collision energy of 100 TeV.
The solid lines denote the contributions from the full amplitudes, and its subcategories, VW*F and VI*/I"W™, in the SM. The dotted
lines show the corresponding contributions in the CPV SMEFT.
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wpt — pu vy tbH @ 100 TeV
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FIG. 24. The same as Fig. 23, but with the |y(¢)| < 1.5 (top), y(¢) > 1.5 (middle), and y(¢) < —1.5 (bottom) cut.
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The Feynman diagrams for the process {I — [IffH are classified into four categories, as defined in Table VII: (A) VVF,

(B) VI*/I"V,(C) ann-/, and (D) ann-V, with V = Z/y. In (C), there are additional diagrams where the Higgs boson is emitted from the

Z boson that gives 1.

VI. NUMERICAL RESULTS FOR [l — lliftH

This section demonstrates the SDE MCPS integration of
the process

Il — liftH, (71)

whose Feynman diagrams are illustrated in Fig. 25. They
are classified into four categories: (A) VVF, (B) VIT/I7V,
(C) ann-/, and (D) ann-V, with V = Z/y, as defined in
Table VII. The number of the Feynman diagrams for each
category is summarized in Table XI.

The phase-space integration for this process (71) is more
challenging than for the process studied in the previous
section, [l — IpthH, especially at very high collision
energies without any kinematical cuts. This difficulty arises
because the lepton-mass singularities from the #-channel
photon-exchange diagrams, as seen in groups (A) and (B)
of Fig. 25, originate from both charged leptons in the final
state. Thanks to the phase-space library we developed and
the corresponding improvements to the original HELAS
code [30,31], we are now able to evaluate the cross section
for this process with high precision even up to collision
energies of 100 TeV without applying any kinematical cuts.

There is an additional singularity in this process,
requiring modifications to HELAS subroutines. That is a
collinear lepton-pair splitting from a nearly on-shell virtual

TABLE XI.

photon, y* — 1[I, which appears in diagram groups (C) and
(D) in Fig. 25. The modifications of the HELAS code are
described explicitly in the Appendix B.

Figure 26 shows the total cross section of u~u" —
u~u'ttH as a function of the collision energy in the SM
(left) and in the CPV SMEFT with (g,&) = (gsm, 0.17)
(right). The observable total cross section is shown by the
black solid line, where all the Feynman amplitudes, 172
(216) in the SM (SMEFT) as listed in Table I, are summed
before squaring. Also shown are the partial contributions
from subsets of diagrams classified in Fig. 25, in the same
manner as in the previous processes: Fig. 9 for Il — v,0,{tH
and Fig. 14 for Il — Ip,tbH.

A clear transition of the dominant contribution can be
observed at around /s ~ 1.5 TeV. The ann-/ subamplitude
contribution dominates in the low-energy region, whereas
the VVF one becomes dominant at high energies. Different
from the total cross section for Il — IptbH, shown in
Fig. 15, we find the enhancement of the cross section for
[ = e (red dotted line) over the I = u case (black solid line)
not only in the high-energy region, but also in the low-
energy region. This is because the lepton-mass singularities
appear not only in the category (A) VVF from the ¢-channel
photon exchange, but also in (C) ann-/ from the s-channel
photon splitting to the lepton pair, y* — [I. We also
confirm the dominance of the double and single 7-channel

Number of Feynman diagrams in each group classified in Fig. 25, where the SMEFT model in the FD

gauge is considered. The numbers in parentheses indicate the diagram IDs generated by MGS5.

No. of Feynman diagrams (diagram ID)

Category Total dim4 dim5 dim6
(A) 52 (81-132) 38 13 (85, 88, 93, 94, 98, 101, 104-107, 118, 128, 132) 1 (95)
(B) 56 (133-188) 48 8 (157-160, 185-188) 0
©) 28 (189-216) 24 4 (213-216) 0
D) 80 (1-80) 62 17 (5, 8, 13, 14, 18, 21, 24-27, 38, 48, 52, 77-80) 1(15)
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FIG. 26. Collision-energy dependence of the total cross section for the process g~ u™ — p~u*itH in the SM (left) and in the CPV
SMEFT with (g, £) = (gsm., 0.17) (right). The black solid line represents the observable total cross section, while the dashed and dotted
lines show the contributions from each diagram category, as defined in Table VII, calculated in the FD gauge. The red dotted line

represents the observable total cross section for e~et — e~e™'itH.

photon-exchange amplitudes in (A) and (B) as well as of
the amplitudes with y* — I/ in (C) and (D) in the P,
distribution in Fig. 27, where the corresponding channels
are marked by red stars.

For the CPV case for (g,&) = (gsm,0.17), shown in
Fig. 26(right), the overall behavior is similar to that in the
SM, and one can hardly observe difference at /s < 1 TeV.
On the other hand, for /s = 3 TeV, the enhancement of the
VVF and ann-V contributions over the corresponding SM
curves is clearly seen. The origin of this growth at high
energies will be identified below.

Figure 27 shows the fractional contribution of each
FD diagram channel, defined in Eq. (50). This process
contains two diagrams involving a dim6 vertex, as shown
in Table XI; one (diagram ID = 95) in the VVF category
(A) and the other (ID = 15) in the ann-V category (D).
Both of them are due to the ttHZZ vertex, where the 5th
(Goldstone boson) component of the Z boson in the FD
gauge appears in the dim6 SMEFT operator in Eq. (44).
At very high collision energies, the VVF diagram with
the dim6 vertex dominates the total cross section in the
CPV SMEFT. This can be observed in the total cross
section shown in Fig. 26, where the VVF subamplitude
contribution (magenta dashed) grows significantly at high
energies as compared to the SM case. Also, the difference
between the [ = e and u curves, the red dotted and the
black solid curves, respectively, becomes small at higher
energies. This is because the dim6 vertex appears only in
the ZZ fusion amplitudes, which has no sensitivity to
the charged lepton mass. We note that, similar to the
Il - v,i,ttH process as discussed in Sec. IV, the ampli-
tude with a dim6 vertex (ID = 15) and seven (ID = 13,
14, 25-27, 38, 48) of the 17 amplitudes with a dim5
vertex in (D) ann-V, listed in Table XI, are zero at all
energies.

The diagrams can also be reorganized by the number of
the quasi-on-shell resonances as

N4: [l - #HZ(Z - [I), - aHy*(y* = 1I), (72)

N5 : 11 — ftHII. (73)

The phase space for the N4 diagram channels is given by
the four-body phase space ({fHZ productions) times the
two-body phase space (Z-boson decays into a charged-
lepton pair). In addition, we also identify the production of
the nearly on-shell virtual photon (/I — ffHy*) and its
splitting into a lepton pair (y* — I]), marked as red stars in
Fig. 25, as the N4 category since this contribution is similar
or larger to the on-shell Z-boson production when any
kinematical cuts for the leptons are not applied. The phase
space for the N5 channels does not have such factorization
property. All the diagrams in the categories (A) and (B) in
Fig. 25 are in the NS5 category, while all (C) diagrams are in
N4. The diagrams in (D) fall into the two phase-space
categories, i.e., N4 and N5. As clearly seen in Fig. 27, the
N5 contributions in ann-V channels (D) are negligible,
comparing with all the other contributions.

Also notable point in Fig. 26 is the increase of the ann-V
subamplitude contribution (blue dotted curve) at high
energies for the CPV case. This is due to the dim5ttHH
and ttHZ vertices, which contribute to the N4 process (72).
Since the dim5ttHZ vertex has only the 5th (Goldstone
boson) component of the Z boson in the FD gauge, final
lepton pair should have the longitudinally polarized Z — 1]
decay distributions, when |ge’® — ggy| is significant.

Shown in Fig. 28 are the invariant mass distribu-
tion do/dm(titH) for the u~u" — u~p"tiH at three ener-
gies, /s = 1, 10, 100 TeV, for the SM (top) and for the
CPV top-Yukawa coupling (bottom), (g, &) = (gsm, 0.17).
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FIG. 27. Fraction of the contribution of each FD amplitude channel, defined as P, = 6;/0, With o} in Eq. (11), for the process
uut = p~ptiH in the CPV SMEFT with (g, &) = (ggm,0-17) at three collision energies: 1, 10, and 100 TeV. The diagrams are
categorized as (A)—(D) in Fig. 25. Open, gray, and filled histograms correspond to diagrams with dimension-4, —5, and —6 vertices,
respectively, as listed in Table XI. In each subprocess category, the contributions are also grouped according to the phase-space
categories N4 and NS5 in Eqgs. (72) and (73), respectively. Red stars denote the amplitude including the #-channel photon propagator in
(A) and (B) or the s-channel y* — [~[" splitting in (C) and (D).
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FIG. 28. Distributions of the invariant mass of the 7H system for the process u~u*t — pu~p*ftH in the SM (top) and in the CPV

SMEFT with (g, ) = (gsm, 0.17) (bottom), shown for three collision energies: 1, 10, and 100 TeV. The line and marker styles are the
same as in Fig. 26. The contributions from the yyF, yZF and ZyF subamplitudes are shown additionally by red dashed lines.

The dominance of the VVF subamplitude contributions,
shown by magenta dashed curves, is clear at m(tfH) <
700 GeV at /s = 1 TeV, whereas at almost the whole
range except the highest m(#H) bins at /s = 10 and
100 TeV. Within the VVF amplitude channel, we show by
red dashed curves the contribution of the yyF, yZF and ZyF
subamplitudes. The difference between the magenta and
red dashed curves hence shows the contribution of the ZZF
amplitudes. In the SM case, shown in the top of Fig. 28, the
VVF contribution (magenta dashed curves) is dominated by
the sum of the yyF, yZF and ZyF channels in the entire
m(ttH) range at high energies, /s = 10 and 100 TeV. On
the other hand, for the CPV case with (g, ) = (gsm., 0.17),
the difference, i.e., the ZZF contribution, is significant at
high energies. This is due to the amplitude with the dim6
ttHZZ vertex, which is given by the filled histogram in
Fig. 27. We also observe the increase in the ann-V

amplitudes (blue dotted curves), whose contribution is
significant only at the highest m(f7H) bins with small
cross section. This is due to amplitudes with the dim5 1tHH
or ttHZ vertex.

Finally, in Fig. 29, we show the [/ invariant mass
distribution do/dm(I717) for [l — [IftH at /s =
10 TeV in the SM. Here, we show the distribution for
events with observable final state /= and /™, which satisfy
the cuts

pr(lT) > 10 GeV and |p(IF)] <2.5 (74)
by solid curves. The contributions of all the diagrams with
an s-channel y* — [~/ splitting amplitude are shown
separately for the helicity-conserving, A" = —pfinal,

and helicity-flip, 2j™ = A", cases by dashed and dotted
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FIG. 29. Distributions of the /=" invariant mass for /T —
[7I"tiH in the SM at a collision energy of 10 TeV, where the
kinematical cuts for the leptons in Eq. (74) are imposed. Solid
lines denote the total cross sections for electrons (red) and muons
(green). Dashed lines show contributions from the y* — [7["
subprocesses with helicity-conserving interactions between the
final charged leptons, while dotted lines correspond to the same
subprocesses with helicity-flip interactions.

curves, respectively. The channels with the y* — [7["
splitting vertex are marked by red stars in Fig. 27. The
red curves are for / = e, and the green curves are for [ = .
We observe that the amplitudes with a final state y* — [~/"
splitting vertex dominate at low m(/~[") region, and the
helicity-flip amplitudes contribution is significant only
when m(I711) ~2m;.

VII. SUMMARY

In this work, we have revisited the single-diagram-
enhanced (SDE) multichannel phase-space (MCPS) inte-
gration method of Ref. [10] in the context of the recently
proposed FD-gauge amplitudes [33-35]. FD-gauge ampli-
tudes are particularly well suited for SDE MCPS integra-
tion, since they avoid subtle cancellations among
interfering contributions associated with the propagation
of nearly on-shell vector bosons, including gluons, pho-
tons, and electroweak gauge bosons. Moreover, partial
summation of FD-gauge amplitudes that share a common
vector boson propagator saturates the physical scattering
amplitude on and near the corresponding mass shell. As a
result, the kinematical dependence of the squared individ-
ual amplitudes, |M,|?, is largely dictated by invariant
propagator factors and vertex functions, which reduce to
Wigner d-functions in the rest (Breit) frame of the timelike
(spacelike) virtual vector boson and exhibit only mild
residual dependence on phase-space variables.

To achieve numerically stable cross-section evaluations
in the presence of collinear splittings between nearly on-
shell photons and light charged leptons (e, i), we have

improved the modular phase-space parametrization. All
(virtual) 2 — 2 subprocesses are parametrized in the rest
frame of the colliding particles, with the z axis aligned
along the three-momentum of one of them. This choice
allows a stable integration over the full polar-angle range,
—1 < cos @ < 1, by employing logarithmic variables of the
inverse propagator factor, In#, as in Eq. (34). In addition,
the minimum value of the inverse propagator factor, 7/ . at
cos@ = 1, is evaluated using expressions that avoid can-
cellations among terms of order E2/m3.

Further refinements were implemented in the HELAS
subroutines [30,31] to prevent loss of numerical precision
in collinear configurations. The invariant four-momentum
squared, p?, of both on-shell and off-shell particles is stored
explicitly as a fifth component of the momentum vector,
thereby avoiding large cancellations in the evaluation of
P> =(p")? = (p")? = (p*)?> - (p*)%. For timelike split-
tings y* — I, transverse momenta of the leptons with
respect to the virtual-photon direction are computed first,
and the longitudinal components are subsequently recon-
structed using the virtual-photon invariant mass and three-
momentum.

With these improvements in place, we assessed the
performance of the framework by studying Higgs- and
top-quark production in /I collisions (I = e, p),

Ip,;tbH,

lz g l/[ﬂlﬁH, lZﬁH, (75)

both in the SM and in the SMEFT including a dimension-
six operator that modifies the top-Yukawa coupling.

We find that SDE MCPS integration achieves efficient
Monte Carlo convergence for all processes considered,
despite the presence of hundreds of contributing channels.
By decomposing the full amplitudes into subamplitudes
characterized by distinct propagator structures, such as VV
fusion (VVF), VI*/I"V scattering, and [~[™ annihilation,
we identify sizable destructive interference effects between
the VVF and VI*/I~V subamplitudes when the invariant
mass of the latter subprocess is small. Contributions from
diagrams involving dimension-six or dimension-five
operators exhibit the expected powerlike growth with
increasing center-of-mass energy. The phase-space inte-
gration remains smooth even in regions where charged
leptons are emitted collinearly with the beam, enabling
reliable evaluation of total cross sections at the exact tree
level. Helicity amplitudes involving lepton chirality flips
are found to contribute at the ((0.1%) level when the
virtual-photon invariant mass is comparable to the charged-
lepton mass.

In conclusion, the SDE MCPS integration framework,
when combined with FD-gauge amplitudes and improved
numerical stability in collinear regions, provides a reliable
and efficient basis for event generation based on exact tree-
level matrix elements. It is therefore highly suitable for
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precision phenomenological studies at present and future
colliders.
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APPENDIX A: MODULAR PHASE-SPACE
SUBROUTINES

1. Elements of the modular library units
a. dshat

call dshat (z_shat, what min, what max,
mv, wv, g out, dshat out, ierr)

bs dshat
sha
b1 y2
P2 Ps
Pe Others
b7

This module generates the § = M%m n) Value of a

.....

subsystem of the Feynman diagram using a given random
number. It corresponds to the integration of d5§/2z in
Eq. (14). It is used both for s-channel and ¢-channel
elements (Fig. 30).

(i) To determine the § of the s-channel elements [Fig. 30
(left)]. It includes the case of the Breit-Wigner
resonance in the propagator.

(i) To determine the 5 of the subsystem in the #-channel
element [Fig. 30(right)].

INPUTS

(1) z_shat: Random number to generate 3.

(i1) what_min: Square root of the minimum 3. Typically
the sum of masses of the subsystem particles.

(iii) what_max: Square root of the maximum §. Typically
the collision energy minus the masses of other
particles.

(iv) mv: Mass of the s-channel propagator (zero if no
obvious propagator in the subsystem as 7-channel
case).

(v) wv: Width of the s-channel propagator (zero if no
obvious propagator in the subsystem as 7-channel
case).

OUTPUTS

(1) g_out(0:4): Five-vector of the subsystem. The cal-
culated 5 is stored in the fifth element q_out(4).
(ii) dshat_out: Jacobian of the § integration.
(iii) ierr: Error flag.

b. ph2s

call ph2s(z cos, =z phi, p, pl, p2,
ph2s out)

This module generates two five-vectors of a two-body
s-channel splitting using two random numbers. It corre-
sponds to Eq. (17). The parent system’s five-vector which
contains § must be given in advance [Fig. 31(left)].

INPUTS

(1) z_cos, z_phi: Random numbers for the two angular

variables.
P1 b3
yZ
b5
D2 e dshat
p7

FIG. 30. dshat usages.
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gl Pa —>——F—>—— D1
p q, m
P2 Pb ———>——>—— D2

FIG. 31. Left: two-body splitting of a subsystem handled with
ph2s. Right: two-body collision in #-channel element handled
with ph2t.

(i1) p(0:4): Five-vector of the parent system. p(4) con-
tains § calculated by dshat.

OUTPUTS

(1) pl(0:4), p2(0:4): Five-vectors of the two final-state
particles.

(i1) ph2s_out: Jacobian of the two-body s-channel
phase-space generation.

c. ph2t

call ph2t(zl, z2, pa, pb, pl, p2, g out,
mv, ph2t out, ierr)

This module generates two five-vectors of a two-body
t-channel process using two random numbers. It also
corresponds to Eq. (17). Two input five-vectors of the
subsystem must be given [Fig. 31(right)].

INPUTS

(1) zl, z2: Random numbers for phase-space generation.
(i1) pa(0:4), pb(0:4): Input five-vectors of the subsystem.
(iii) mv: Mass of the 7-channel propagator.

OUTPUTS

(1) pl(0:4), p2(0:4): Five-vectors of the two final-state
particles.
(i1) g_out(0:4): Five-vector of the t-channel propagator.
(iii) ph2t_out: Jacobian of the two-body t-channel phase-
space generation.

Pa D1

(iv) ierr: Error flag.

2. Auxiliary modules for multipoint vertices:
ph2¢, ph3c, and phdc

These are convenience modules for generating phase
space at contact vertices (Fig. 32). They are internally
composed of dshat and ph2s.

a. ph2c

call ph2c(z cos, z phi, pa, pb, pl, p2,
ph2c_out)

INPUTS

(1) z_cos, z_phi: Random numbers for two-body phase
space.

(1) pa(0:4), pb(0:4): Initial five-vectors of the subsys-
tem. Their fifth components contain §.

OUTPUTS

(1) pl(0:4), p2(0:4): Generated five-vectors of the two
particles.

(i1) ph2c_out: Jacobian of the two-body contact phase-
space generation.

b. ph3c

call ph3c(z_shat, z c123, z pl23, z c23,
z p23, p, pl, p2, p3, ph3c_out)

INPUTS

(1) z_shat, z_c123, z_p123, 7_c23, z_p23: Five random
numbers for three-body phase space.

(i1) p(0:4): Five-vector of the splitting system. p(4)
contains § from dshat.

OUTPUTS

(1) pl(0:4), p2(0:4), p3(0:4): Five-vectors of the three
particles.

(i1) ph3c_out: Jacobian of the three-body contact phase-
space generation.

Py P2

P1 P1
D2
> P2 P
b3
P3 Pa

FIG. 32. Multibody splittings at four- and five-point vertices. Two-body splitting of a subsystem at a four-point vertex handled with
ph2c. Three-body splitting of a subsystem at a four-point vertex handled with ph3c. Four-body splitting of a subsystem at a five-point

vertex handled with phdc.

036002-34



MULTICHANNEL PHASE SPACE WITH ...

PHYS. REV. D 114, 036002 (2026)

P2
b1 —»ﬁ'/
¢'=-t g
FIG. 33.

c. phdc

call ph4c(z_shat234, z _shat34, z cl234,
z pl234, z c234, z p234, &z _c34, z p34, p,
pl, p2, p3, p4, ph4c out)

INPUTS

(1) z_shat234, z_shat34, z_c1234, z_ pl1234, z_c234,
7_p234, 7z_c34, z_p34: Eight random numbers for
four-body phase space.

(i) p(0:4): Five-vector of the splitting system. p(4)
contains § from dshat.

OUTPUTS

1) pl(0:4), p2(0:4), p3(0:4), p4(0:4): Five-vectors of
the generated four particles.

(i1) ph4c_out: Jacobian of the four-body contact phase-
space generation.

APPENDIX B: MODIFICATIONS TO HELAS
SUBROUTINES FOR SINGULAR VERTICES

The general-purpose phase-space generation library pre-
sented in this paper enables precise cross-section calculations
for lepton collisions up to 100 TeV. However, achieving
accurate results requires not only reliable phase-space gen-
eration, but also precise evaluation of the scattering ampli-
tudes. In this work, the amplitudes are computed using
HELAS, a helicity-amplitude calculation library. If the pre-
cision of HELAS’s internal kinematic calculations in singular
regions is insufficient, the resulting cross sections in these
regions will inevitably be inaccurate. To resolve this issue,
we have modified the existing HELAS library to improve the
precision of kinematic calculations in singular regions,
thereby enhancing the accuracy of both the amplitudes
and the corresponding cross sections.

The regions requiring modification include cases with
very small invariant momentum-squared emissions [Fig. 33
(left)] as well as cases where lepton pairs are emitted with
extremely small angular separations [Fig. 33(right)]. In both
situations, it is essential to determine with high accuracy the
value of g> of the photon associated with the two leptons.
This value must match as closely as possible the one obtained
during phase-space generation. Therefore, it is crucial first to
determine the minimum value of ¢> accurately and then to
establish a reliable procedure for computing g2 from the two
lepton momenta. The specific modifications implemented
for each case are described below.

> b1

f\./\/\/vvv\/\<
1 b2

Singular kinematics requiring modifications to HELAS.

1. Emission of a nearly on-shell photon

For the case of a nearly on-shell photon emitted from a
charged lepton,

I(p1) = U(p2) +7r(q), (B1)

the invariant momentum squared g of the emitted photon is

2

q* = (p1 — p2)*. (B2)

We introduce a positive variable #, defined as

t=-q*=—(p1 — p2)?
= —pi = P53 + 2(EE; — ||| P2| cos 0,)
= —P% - P% +2(E\E; — |p1|Pal)
+2[p1[ 2| (1 = cos 6,5)

= toin + 2|P1||P2](1 = cos 6),). (B3)

Here, 6, is the relative angle between p; and p,, and #,;, is
the minimum value of :

tmin = —P1 — P3 + 2(E1E> = |p1[P2])- (B4)

The expression for ?,,;, can also be written, using Eq. (31) in
Sec. II B, as

twin = =P — P5 + 2(E\E> = |p1[P2])
miE3 + myET

mEL - (Bs)
E\E; + |p1||p2]

=-pi-pi+2

2. Emission of a lepton pair with a small opening angle

For the case of a nearly on-shell photon splitting into a
lepton pair with a very small opening angle,

v(q) = U(p1) + 1(p2). (B6)
the invariant momentum squared of the photon is
q° = (pi +p2)* (B7)

We define s as
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s=q*=(p1+p2)°
= p}+ P} +2(E\E; — | 1]|P2| cos 01,)
= pi+ p3+2(E Ey — | pi|P2]) + 2511 52| (1 = cos 6),)

= Smin + 2|P1]|P2|(1 = cos6,,). (B8)

Here, 0, is the opening angle between p; and p,, and s,
is the minimum value of s:

Smin = 4m?. (B9)
The relative angle 8, between two leptons must also be

calculated with high precision. In particular, when two
charged leptons are emitted with a very small opening

angle, 0, becomes extremely small, and special care is
required in its evaluation. To stably calculate 0, over a
wide range of values, we use the following formula:
01, = atan2([p; x psl. py - pa), (B10)
where |p; X p,| is the magnitude of the cross product of p;
and p, and p, - p, is their dot product. The function atan2
computes the angle as
0 = atan2(y, x) (B11)

and is numerically stable,
range [0, 7.
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