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In this paper, we investigate the long range gravitational effect of curvature-scalar field nonminimal
coupling in the form of £R¢?, in the perturbative quantum gravity framework. Such coupling is most
naturally motivated from the renormalization of a scalar field theory with a quartic self interaction in a
curved spacetime background. This coupling results in two scalar-n graviton vertices which contain no
explicit momenta of the scalar, qualitatively different from the usual, e.g., kh**T,, -type minimal matter-
graviton vertices. Assuming the dimensionless coupling parameter £ to be small, we compute the 2-2
scattering Feynman amplitudes between such scalars up to O(G>£). From the nonrelativistic limit of these
amplitudes, we compute the corresponding long range gravitational potential. There exists no tree level
contribution (O(£G)) here, and hence the one loop O(G?¢) result is leading. Recently, the effect of a
cosmological constant in such nonminimal interaction and the subsequent gravitational potential was
computed. In this work, we take the cosmological constant to be vanishing. The resulting potential is found
to have r~* leading behavior. We further extend these results for scalar-massive spin-1 and massive spin-
1/2 scattering. Spin and polarization dependence of the two body potential have been explicitly

demonstrated. We discuss some possible physical implications of these results.
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I. INTRODUCTION

Among the four fundamental interactions of nature, i.e.,
strong, weak, electromagnetic, and gravity, the first three
can be quantized, and the resulting quantum field theories
make predictions that are in excellent agreement with
observation. A traditional approach to quantizing general
relativity, however, shows that it is not perturbatively
renormalizable. At each order of expansion of the space-
time inverse metric with respect to a classical background,
we generate new terms in the action, and accordingly we
need new counterterms at every order of perturbation
theory for renormalization. This was established in a series
of pioneering works such as [1-18]. The fact that gravity is
not a renormalizable quantum field theory has led to many
alternative ideas for a consistent quantum theory of gravity.
However, it will be fair enough to admit that none of them
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has given us any complete or satisfactory answer so far, see,
e.g., [19-21], and references therein.

Despite this shortcoming or incompleteness of gravity
while treated as a quantum field theory, it is believed that
at energy scales much below the Planck mass, at least
the first couple of orders of computation in this frame-
work might be physically meaningful. The predictions
thus made can be hoped to be tested in the not too far
away future, especially keeping in mind the improving
observational capacity to probe strong gravity regime.
Such observations can tell us whether there is any
deviation from the classical theory of gravity. In par-
ticular, they can tell us whether the notion of graviton as
the quantum of gravity makes any sense. Second, one
also hopes that these low energy computations will one
day be successfully embedded in a more complete theory
of quantum gravity. With this motivation, there has really
been a huge amount of effort by the community over
past few decades to understand the physical predictions
of perturbative quantum gravity, see, e.g., [22—-48] and
also references therein. They chiefly investigate the
quantum corrections of the long range, two body
gravitational potentials, renormalization of matter-grav-
iton interaction processes, and running of various cou-
plings. See also [49-51] for computation of gravitational
light bending at leading and subleading orders using
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graviton exchanges between massive and massless fields.
We refer our reader to [52-57] for inclusion of a
cosmological constant in the perturbative quantum
gravity calculations, for processes occurring much
inside the cosmological event horizon. We further refer
our reader to, e.g., [58—68] (also references therein), for
an effective field theory description of quantum gravity.
These computations also do not concern with the
ultraviolet completion of gravity, and chiefly focus on
the two body long range gravitational potential at
various post Minkowski orders, as well as on gravita-
tional radiation. Finally, see, e.g., [69-80] and refer-
ences therein for discussion on perturbative quantum
gravity in curved, especially the primordial inflationary
de Sitter, backgrounds.

When one tries to renormalize a scalar field theory
with a quartic self interaction in the presence of gravity,
inclusion of a matter-gravity nonminimal term like
ER@?/2 in the action becomes mandatory, see [81]
and the original references therein. Note also that & =
1/6 in particular leads to the trace or conformal
anomaly in the massless limit. With a conformal scalar
field, stationary hairy back hole solutions can be seen
in [82-86]. What will be the contribution of such
nonminimal interaction to the two body long range
gravitational potential? While the minimal case has
been extensively investigated in the literature, e.g.,
[29,33,34], (also, e.g., [63] and references therein for
effective field theory computations), the case &#0
seems to be relatively less addressed. This coupling
generates two scalar-n graviton vertices, each containing
explicitly the momenta carried by the graviton lines, but
not of the two scalar lines, somehow complementing the
usual matter-graviton vertices (like «h,, T"), where
only the momenta carried by the matter field appear
explicitly.

In this paper we wish to compute the effect of such
nonminimal coupling in the two body gravitational
potential, via the computation of the 2-2 scattering
amplitudes between massive scalar-massive scalar, mas-
sive scalar-massive spin-1, and massive scalar-massive
spin-1/2 fields. To the best of our knowledge, this
question was first addressed in [57], where the effect
of the three graviton vertex generated by the cosmological
constant (via the —2[\\/—_g/lc2 term in the action) was
studied for scalar-scalar scattering. In this paper, we will
set A = 0. The rest of the paper is organized as follows. In
the next section, we briefly discuss the basic ingredients
we will be needing for our computations. In Sec. III, we
compute the nonminimal gravitational scattering between
two massive scalar fields. In Secs. IV and V, we
respectively compute the same for massive scalar-mas-
sive spin-1 and massive scalar-massive spin-1/2 fields.
The leading behavior of the potentials turns out to be

~r~*. We compare our result with the well-known & = 0
case in Sec. VI. The nonminimal interaction will be taken
only for the scalar field. We will assume in the following
that the coupling parameter £ is small, so that we will
restrict our computations to linear order in & only.

We will work with the mostly positive signature of the
metric in four spacetime dimensions. The incoming (out-
going) momenta in the 2-2 scattering process will always
be denoted by ki, k, (k|,k,) respectively, so that
ky + ky = k| + k. k; and k| will be associated with the
scalar, whereas k,, k’2 will stand for various massive spin
fields (0, 1, 1/2). All these external momenta will be taken
to be nonrelativistic. The transfer momentum (k; — k) =
(k, — k,) will be denoted by g. For symmetrization, we will
use the notation in this paper: X 45 = X, Yy + X;Y,.

II. THE BASIC INGREDIENTS

Let us first briefly discuss the basic ingredients we will
be needing for our main computations. Much of the
discussion appearing below can be seen in, e.g., [38]
(see also references therein). We begin with the action
of the theory,

2 1
5= [ dvvmar - [ dryg[ O T.e)
1
0+ &R - [ @[T, (Vao)
+ (m? + gR)qﬂ} + / d*x\/=g(iPNY — mPY)
- [axvma (G Ear s miean).

where £ is the dimensionless nonminimal coupling param-
eter, x> =2322G, and F,, =09,A,—-0,A,. N=7V,,
where V acting on the spinor is the spin covariant
derivative. Also, since we are working with the mostly
positive signature of the metric, the anticommutation
relation for the curved space y-matrices reads

.71, = -2¢"1

We wish to compute the scattering of ¢, A, and ¥ off the
scalar ¢, one by one. We will assume & to be small, and
will compute the amplitudes up to O(£G?). Note also that
we have kept the same value for the nonminimal coupling
for the second scalar, ¢. Extension with two different
values of them is straightforward, although a little bit
more tedious.

We will work in the weak gravity regime where the
background can be taken to be Minkowski, so that we have
the series expansion
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F’zf/) = _nﬂa(ayhpa + aphm - aahvp) - ?hﬂa(abhpa + aphm - aahbp) + E hﬂﬂhﬂa(abhpa + aphva - aahup) +oe (2)

2

Only up to O(x?) expansion of various quantities appearing
above will effectively be necessary for our present tree
[O(xk?)] and one loop [O(k*)] level computations, as
follows. We need 2-matter-1-graviton, 2-matter-2-graviton,
and also the 3-graviton vertices. The first and the second
require the expansion of the inverse metric and /=g up to
O(x?), for the minimal case. For the third, on the other
hand, one needs to expand \/—gR = \/=g¢"“R,, at O(x3).
However, the k2 sitting in the denominator of this term in
the Einstein-Hilbert action [Eq. (1)] effectively reduces it to
O(k). Now, since the lowest order expansion of the metric
and its determinant is O(x°), we must expand R,, up to
O(x?). This means that for the terms in the Ricci tensor
containing a single I, we must take ' up to O(x?).
However, the I'(x?) terms yield total divergences, and
hence they do not contribute to the three-graviton inter-
action. Note also that for the nonminimal term 5\/:§R¢2,
there is no «? sitting in the denominator, Eq. (1), and hence
this term requires an expansion of \/=gR only up to O(x?).
This will be more explicit from the following calculations.
In the de Donder gauge,

1
9, <h”l, - Eaﬁh) =0,
|

spin-0
1
2
where

1

wip — (n,uﬂ/]up + 77/4,0771//1)'

N[ =

Note that the momenta appearing in Eqgs. (6) and (7) are
carried by the two scalar lines, originating from the
derivative acting on the scalar. The nonminimal vertex,
however, will just be the opposite of this, as will be
demonstrated toward the end of this section.

|
the graviton propagator reads

iPie
A;waﬂ<k) - _#ﬂ’ (3)
where
1 a,up fra v ,0f
Puvap = 5 (0w + P = i“n). (4)

The tree level scalar propagator with mass m reads

i

Alk)=————.
(k) k* 4+ m?

(5)

Let us now come to various vertex functions we will
require for our purpose. By setting £ = 0 in Eq. (1), the two
scalar-one graviton minimal vertex reads, e.g., [34],

Vi (ke kom) = = [k 4+ Kk = (k- K )]
(6)

whereas the two scalar-two graviton minimal vertex
reads

o 1
V(Z)/MP (k, k/, m) — iKZ |:{I/Mmzlpnﬂy _ Z (nuﬁlpmzﬂ + ﬂlm[ﬂﬂaﬂ)}(kak‘/ﬂ + k/,vkil)

1
(10 = ) - )| ™

For the spin-1 field with mass m,, the propagator reads
(e.g., [87])

i kK,
D, (k) = “eim ("hu + ,:12 ) (8)

v

The two massive spin-1-one graviton and the two massive
spin-1-two graviton vertices respectively read [38]
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spin-1 (1 iK ' .
V/il.)a;;w( )(kv K, mv) = _577;41/ [(k K+ m%)naﬁ - k(ak;}):| + ”d;wld [(k K+ m%)la[} 4
1
KK = (KK} + KKy 9)
and
yoPin-t (@) g _ ik / 2 / 21 ksp oy a1 KA
B.a.uvpo ( s B mb) - TPﬂypa (k K+ mv)']aﬂ - kﬁka —IK I/w Ipaé + Ipo‘ 1141/6 - 5 nﬂulpg

1

+ ’/Ipal/w’d)} |:(k K+ m%)laﬁ’ld +3 (kxkﬁ + kxlkllc)’/laﬁ - (kkkaéﬂ/l + k;kﬂé‘aﬁ)}

2

ix?
- 7 (I/wnelpald + Ipanal/w,d) [knnak(k;)r]ﬂi - k&ﬂ/f&) + kiyrlﬁlc(kﬂnai - k/lrlaé)i| ’ (10)

where 1,,,; can be seen below Eq. (7). Let us now clarify the
issue of the polarization, say e (k), of the massive spin-1 field.
Since the field has three independent degrees of freedom, we
have the constraint k - ¢ = 0. Since the transfer momentum is
given by k; — k| = k), — ky = g, we first write

C G oz d
h=k+1  B=k-1
! 2 ! 2
C_ e G ozl d
ky =k ——=, ky =k+—, 11
2 > 2 +2 (11)

where k is the momentum of the centre of mass frame.
We next write in the nonrelativistic limit for the polarization
vector [38],

-

k-€ _
*(k = , 12
) = (°.2) (12)
which trivially satisfies & - € = 0 for ky ~ —m,. We have
e TN kT I 7 -
eﬂ(kl)e*ﬂ(k/l)|NR = €(ky) ‘5*(k/1) Tom2 S (kxq)

| [
— k- Eky)k- € (k1)

1 > -5/7 - - Y
LR R IR CONME)

1

where we have written for the spin vector,
—iS = &(k,) x & (K}), (14)
and have used the trivial identity,

!

G-éked=k-Eg-@+iS-(kxq).
We use the abbreviation in the above and below: €* (k') = €,
for the sake of convenience.
Let us next come to the case of the massive spin-1/2
field. The propagator reads

S(k) = — kA mp). (15)

T2 2
k+mf

The relevant three and four point vertices respectively
read [38]

spin-1/2 (1 ix |1
R -3 {gy(”(k+k’)v)
1
_rlﬂy<§(k+k/)_mf>:|’ (16)

and

spin-1/2(2 . 1 1
VMI;/”T 2 )(k’ k/7mf) = ix? |:_§ {E(k—i_kj) - mf}Puvpa _3_2{'7/4yy(p(k+ k/)zr) +77po'}/(/4(k+ k/)v)}

3 ) i
+ E (k + k/)éyé(lfd);wl(/)epa + sz(/)/)ojdleyu) + Eeuprﬂ%{yS (Ipm/)éjl;wr/éke - Iymﬁflpo'rlé(k + q)e) ’ (17)

where in both the expressions above, the momenta are carried by the spin-1/2 field. We will also need the Gordon identity

satisfied by the spinors,

1

e (), () = 38 ()| s + K = 5[], s o). (18)

ny
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We take
. 1
ug(k) = JEg+mp| 7z |x (19)
E;-&-m,

where

e () () @

We next compute using Egs. (19) and (20), in the non-
relativistic limit,

- /77 7 i - N Sss’
”s’(k/Z)us(kZ) = 2mf 5&5’ - ﬁ (k X q) ’ Sl/2
g
+ subleading terms (21)

where we have defined the matrix elements of the spin
vector as (A = 1),

—_; 1 ..
Sis/z = 5%1/0)(5-
The three graviton vertex reads, e.g., [38] and also
references therein,

3)uv iK v v v 3 v o, v o v
V((x/})}fg (k. q) = ) [Paﬂya (k”k + (k=q)'(k—q)" + q"q —577” 6]2> +24,9, (Iaﬂ llyﬁﬂ + 1,5 llaﬂ”

— L1 ,5" — Ls1 a/}M) + {(]ACI" (’7(;/31 5,6l a/}”) + q,9" (’7(1/)’1 Y '1)
- q2 (naﬂly&lw + 77}'5[(1/1””) - ’7””%‘1/1 (7/](11/31;/5{;}L + ﬂy&laﬁd) } + {_ZCI/I (Ia/}}ho—lyéo'y(k - Q)ﬂ

Lo Lo (k= q)" + 1" Lo K + Iyémlaﬁvﬂky) ta (’ ape Tys™ + Tyedl ﬁ)

+ ”ﬂDLIryqﬂ (Iaﬂlplyépa + Iyélplaﬁpg)} + { (k2 + (k - q)2> (Iaﬂlwlyéay + I}/élwlaﬂo'y

1
- 2’7Mypaﬁ76> - (Iyém/naﬁkz + Iaﬁﬂyn}/é(k - q)Z) }:| (22)

where P45 is given by Eq. (4).

Finally, we come to the issue of the nonminimal vertices
(& #0), Fig. 1. For one graviton-two scalar interaction, the
relevant part of the action reads

¢k y
s =5 | danugone (23)

The corresponding vertex function reads

VL (q) = —igknq?. (24)

FIG. 1. The one and two graviton-two scalar nonminimal
vertices. The dark circle on the junction represents that these
vertices are nonminimal, compared to the minimal ones.

Note that the momentum appearing above is carried by the
graviton, owing to the derivative acting on the same,
Eq. (23). As we mentioned earlier, this is opposite to the
minimal vertex, as the latter contains derivatives of only the
scalar field and not of the graviton. The part of the action
relevant for the two scalar-two graviton interaction reads

2
(2) _ ¢k a5 1 "
&= /dx¢ [4}16 it () (0h)

- W d*h,, — (Nh””)(a,lhw)] (25)

W

The two graviton-two scalar nonminimal vertex function
reads,

Hipo isz 2 2\ ( g}V )P0 Up VO
VIS (1. 1) = == | (B + B) o = dnpo)

=211y + KI)” + 61y - Ly | (26)

As we have already mentioned earlier in Sec. I, there is a
strong physical motivation to include a nonminimal inter-
action for a scalar owing to the issue of renormalisability
[81]. However, to the best of our knowledge, there is no

085021-5



MAJUMDER, NASKAR, and BHATTACHARYA

PHYS. REV. D 114, 085021 (2026)

sufficient purpose to consider such interactions for vector
bosons or fermions. Hence, in order to maintain the
simplest possible scenario, we will ignore any nonminimal
interaction for nonspin-0 fields. In other words, & will affect
the scattering of scalar and nonspin-0 fields via the
exchange of gravitons only. With these equipments, we
are ready for our scattering computations.

III. THE MASSIVE SPIN-0-MASSIVE SPIN-0
NONMINIMAL SCATTERING AND
GRAVITATIONAL POTENTIAL

The scattering between two massive nonminimal scalars
in the presence of a three point vertex due to a cosmological
constant (originating from the —2A,/=g/ k> term in the
action) in a scale much smaller compared to the Hubble
horizon was computed recently in [57]. For A = 0, it was
also argued that the nonminimal coupling will result in a
subleading long range gravitational potential compared to
that of £ = 0, but no explicit results were presented. We wish
to find out in this section these explicit results for A = 0.

A. The tree diagrams
Let us begin with the tree diagram, given by the first of
Fig. 2. Using Egs. (3), (6), (24), the amplitude reads
|

. A 4spin-0-spin-0
lMtree

=—K—m@<—f>

1Py (KK + KRS = 1 (ks - K + )
X

q2

= iK*ém?, (27)

where we have wused the nonrelativistic limit,
ky - ’zz—mz. Since this amplitude is independent of
the transfer momentum g2, its Fourier transform is
proportional to &°(7), and hence it does not contribute
to any long range gravitational potential. Similar con-
clusion holds if we instead take the k, — k), vertex to be
nonminimal.

B. The ladder and cross-ladder diagrams

The ladder diagrams are given by the second of Fig. 2,
having four subcategories depending upon whether
the &-vertex is placed on the k; or k| or k, or k) lines.
For the first, using k;-kj~—-M? k- -ky~-m?,
we have

{k/l(ﬁ(l + kl)p) — Mok - Z}Pipya{kz(y(kz - 1)5) +1yska - l}

[ in-0-spin- §K4 va
iMiggery = ?11,4”7?“ ﬂ{k’z(a(kz — D)) + skt - l}

(I+ q)*[(1 = kp)* + m?][(I + ki )* + M?]
(28)

It is easy to see that the above amplitude also has no terms nonanalytic in the transfer momentum ¢, and hence it has
no contribution to long range gravitational potential. The same conclusion also holds for the three other ladder

diagrams.

Let us now come to the cross-ladder diagrams, the third of Fig. 2, which also has four subcategories as of the ladder

diagram. For the £-vertex placed upon the k) line, we have

- 1spin-0-snin- 5,(4
MR = S5 PR K + Dy + gy -1

{kll(/l(l + ki) p) = npakh - Z}Plpy‘s{kzq(k/z + )5 + nyska - l}

(L4 q)?[(1+ K)? + m?][(+ ky)* + M?] ’

(29)

FIG. 2. The tree, ladder and cross-ladder diagrams at linear order in the nonminimal coupling parameter £. Hence the ladder and cross-
ladder diagrams have four subcategories each, depending on the placement of the £-vertex, denoted by the thick circle. The tree diagram

has two subcategories.
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FIG. 3. The triangle diagrams for massive spin-O-spin-0 fields nonminimal scattering at O(G>¢).

which also does not contribute to the long range potential. It is easy to check that the above reduces to an integral
Likewise the other cross-ladder subcategories do not  like
contribute to the same. This was first argued in [57].

C. The triangle diagrams

4
There are total six triangle diagrams given in Fig. 3. Note ~ / i ! ,
that for the first four of them the nonminimal vertices are 27)* P[(1 + ky)* + M?]
three point, whereas for the last two, they are four point.
The Feynman amplitude for the first diagram reads

. 0senin0 Al o W cpin (1) which makes no contributions nonanalytic in the transfer
IM"SFI;IianISeIE? = / (2—4V,3(5) (1) Vapﬂ (I+ k. K;.M)  momentum squared, g>. A similar conclusion holds for the
7) second, third, and fourth triangle diagrams.
—iprvdt —jpabpo yopin0 (2) (ky. Ky, m) The last two diagrams containing four point nonminimal
P (I4q) e 20 vertices [Eq. (25)] contribute to our present purpose
—i as follows. Using the integrals given in Appendix, the
(30) Feynman amplitudes respectively read

X—
(A=) M7
|
o A4l e —[prupr _ypabpe . —i
. A 4Spin-0-spin-0 spin-0 (1) spin-0 (1) spin-0 (2)
lM”grr;iangleI—)S _/(271_)4‘/'1,{[1)/ (k]yl"’k]yM)V(l];} <l+klyk/1,M)7lz —(l+q)2 V(ﬁp/lpv(é) (Z+Qal) [(l+k1)2+MZ]
2¢°Ing? 140 ¢ 27 16
— 2 1 41 2 M2 21 2 _2M3 _M2 2 _ 22M3 1

zGé( M2+8qnq 3 qnq+M+2Jr q+3 q-—32n"M°q |, (31)

and

N d*l . — PPy _jppoaf . . —i
. A 4Spin-0-spin-0 spin-0 (2) spin-0 (1) / spin-0 (1)
lMTriangle—é _/—(271')4 Vd)ﬂpﬂ(cf) (l,l+q>7l2 7(l—|—q)2 V;w (l—l—kz,kz,m)Va/j (k27l+k2’m) [(l+k’2)2+m2]

2¢°1n g 140 205 27 16
:iG2c§<—q r21q —|—18q41nq2—7m2q21nq2+—ﬂ 4 +7ﬂ2mq3+?m2q2—32ﬂ2m3q>, (32)
m m
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where ¢>"+! = (¢?)?"+1)/2 is understood. We need to retain only the pieces that are nonanalytic in ¢>. In the nonrelativistic
limit we take g ~ {0, g}. The gravitational potential is then defined as the Fourier transform

1 &P
) — —ig-r -2

nonanalytic

Using then Table I written in Appendix, the long range gravitational potentials corresponding to Eqgs. (31) and (32),
respectively reads

A A G? 35M 81 270 90 1260
ypinOspin-0 G ey = XS (g2 T2 2 - .
Triangle:s (O + 7€) mr* + ar 22 + aMrd Mt aMPr
A A G? 35m 81 270 90 1260
spin-0-spin-0
Vitangies (G- 1:€) = Mr* <_8m2 * "2 o A r5>' (%)

Note that the positions of m and M are flipped in the two above potentials, as one expects from the topology of the
respective diagrams. Note also that the terms originating from the In g* should be interpreted as quantum.

D. The seagull diagrams

There are total six seagull diagrams as depicted in Fig. 4. Note the two groups of different topologies here, i.e., diagrams
one to four and five to six. The Feynman amplitude for the first diagram is,
—iPyuaﬂ Vaﬁ('%)(l —q _q) _l"])yt%qﬁ —l.lpﬂmllg spin—O(l)(l
C]2 yépo ’ (l _ q)Z 12 (&)

o d*l
. in-0-spin-0 v
IMGn = / (2z)* Vipino 1y (k1K M)

-q)

Vspin-O(l) k N k ’ .
Voo ) e ]

(34)

which reduces to an integral like

1 al 1 i 2 m?
~— = ——In—+2(In2-1)].
q* / 2a)* P((1 + ky) + m?]  167°¢* |e Il471',u2 +2(In )

FIG. 4. The seagull diagrams for massive spin-O-spin-0 fields scattering at O(G>¢).
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Note that the g> appearing above comes from the in a vertex counterterm. Thus Eq. (34) does not
graviton propagator, and it gets factorized with the rest  contribute to the gravitational potential. A similar
of the amplitude, which is basically the 1PI one loop  conclusion holds for the seagull diagrams 2, 3 and 4.
correction [O(x*¢)] of the three point nonminimal  The situation is, however, different for the fifth and
vertex. The above contribution coming from this vertex  sixth seagull diagrams. The corresponding amplitudes
function is just a constant, and hence it can be absorbed respectively read

in-0-spin- dl —iP —iprove _ipapi
. spin-0-spin-0 (& oy v(3 spin-0 (1
iMGgn s = / 27)? Vﬁpiﬁl.)o(l)(CI) qg (=, —Q)vayfe kg, 1+ ky, m)
spin-0 (1) —i
<V e ) ]

164* 67°q°
= iG% {fﬂ log ¢* <—621 +48¢> + 72m2> + 5L tarPmg’ + 48rPmiq . (35)
m

and

—pVors _jpibop

) . d*l -
. 1 ¢spin-0-spin-0 spin-0 (1) in-0(1) v(3)
iMGaurs = / 2a)° Vi (14 ky Ky M)V (ky L+ Ky M) R Vigrs (L +d.9)

_ipﬂv/w po(£) () =i
q2 spin-0(1) [(l+k1)2 —|—M2]
16 4 6 2.5
— iG2¢ {q2 In ¢ (73 4847 + 72M2> n ’TTQ 142 Mg + 487‘:2M3q] . (36)

The corresponding potentials are

) -t
seagull-5 xr 2 ogmr mirt oomir

' ' 6G> 7 120 0 1680
spm—O—spm—O(Gz’ r, 5) _ 5 <2m2 _ 9m n 9 > ’

(37)

Vspin—O—spin—O (GZ, r, 5) _ <2M2
m

oM 7 120 90 1680
seagull-6 -T2 :

xr 2 aMr M 4 MR

Note once again as a consistency check the symmetry under the interchange of m and M in the above potentials.

E. The double seagull diagrams

Let us now come to the two double seagull diagrams given by Fig. 5. Their Feynman amplitudes read

P 1 d*l - —jprow _jpnrap
. A ¢spin-O-spin-0 spin-0 (2) spin-0 (2)
lMd[:)uble siagull—l = 5/ (2n) V;M/m(g) (L1+q) _(l—l- q? P Vg (ka, Ky, m)

40 584
= i? G*éq*Ing® + iT G*m?*Eq* In g2, (38)

FIG. 5. The double seagull diagrams for massive spin-0-spin-0 fields scattering.
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and

1 Al i — P _jppopv
spin-0-spin-0 spin-0 (2) / spin-0 (2)
lMdouble seagull-2 — 21 / (271_)_4 Vn,l/m (kly kl B ) 12 (l T q) Va/)’;w( &) (l +q, l)

40 584
= i? G*¢q* Ing? + iT G*M?*Eq? In g2 (39)
Accordingly, the corresponding contributions to the gravitational potential are evaluated to be

2G2¢ 100 - 2G2¢ 100
spin-0-spin-0 2 o spin-0-spin-0 2 o
Vd%uble sl:mgull (G5, 1,8) = M (—73’" +W> lec))uble speagull—2(G 1,8 = s (—73M +W> (40)

F. The fish diagrams

There are total four fish diagrams, Fig. 6, all of which contribute to the long range gravitational potential. The
corresponding Feynman amplitudes read,

o 1 [ d* P by < — PO —iProre  in
j MPin-0-spin-0 _/ V) (q) — 20 ! Wl‘ VH ()([ - )L P ’ 0(2>(k2,k/2,m)

fish-1 - 21 (277:)4 spin-0 (1) q apysd 12 (l + q)z wlpo
= —i64G2Eq* In 2 — i1136G2m2Eq In ¢, (41)
in-0-spin-0 1 d4l _i’])po'yts l'ny/Haﬁ lP yj,qﬁ Ap(E
lMi‘lpsk?z spin- 5 vaay/&(kl’ kll’M>T (l + ) Vaﬂ}éé)(l +4q.9 ) qg VS[q)ﬁlE'l—i)“)(q)
= —i64G2Eq* In g% — i1136G2M%Eq* In 2, (42)

—jpabve _jprépe spin-0 (2)
I Uiqr Voswore (L +a.1)

105D 1 d*l —iP
. spin-0-spin-0 /1 Apuv v
ML = j/ (2x)* bfmo (ky, ky,m) ——=57— 7 W Vl;ﬂyé)(la -q)

_ _31301 gt In g — 2000

G*M?*£q* In g2, (43)

and

FIG. 6. The fish diagrams for massive spin-0-spin-0 fields scattering.
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FIG. 7. The vacuum polarization diagrams for massive spin-0-spin-0 fields scattering. The contributions from the ghost loop needs
also to be added.

1 [ d —iprors ipvea o

. A ¢spin-0-spin-0 spin-0 (2) —iP VA
lM:ipshA = 21 W Vpl:n//H( &) (l [+ ) 2 (l + ) Vaﬁy& (l +q, CI) q# prln 0(1 )(kZ, k/z, m)
310 206()
= -3 2 Ggt Ing 3 0 im2eq? In g (44)

Their respective contributions to the gravitational potential are given by

spin-0-spin- 4G2 240 in-0-spin- G2 240
vEROwnO(G2, gy = 2 (213 ) VIR PG rg) = f(zmM__),
m mr

aMr M r2 M}"2
in-0-spin- 5G%& 310 SGZZj 310
spin-0-spin-0 in-0-spin-0
VTG g =20 (1w - 20 ) v ey =2 (loam-20). )

G. The vacuum polarization diagrams

Finally, we come to the two vacuum polarization diagrams at O(G?¢) as shown in Fig. 7. The Feynman amplitudes are
given by

spin-0-spin-0 in-0 (1 —iprre _i,PMsyé in-0 (1
MVI:IC pol% - VSIL),(ng) ( )(q) TH/)M(/)(Q) T V;E)sn ( >(k2v k/2’ m)
= 12G*¢q* In ¢* + 24G*m*éq% In g2, (46)
and
—iprre _i’Pltﬁy& spin-0(1)

Mspansme _ Vspan( )(kl, k/l,M)

vac pol -2 T H/”’M)(q) 7 Vyé(f) (q)

= 12G%E¢* In g* 4 24G*M2Eq% In ¢, (47)

where Il,4,5 is the one loop graviton self-energy due to itself after adding the ghost contribution, reading [8],

26, ,[21 , 23 23
eps = ——Ing 1204 Lopys + 12051 Napllys = 150 4 (ﬂa/fqy% +1y5904p)
21
=520 2(4asMpy + Apdstay + dadMps + 4pdyNas) + 30 qaqﬁqua (48)

The potentials for these two diagrams read

o 18G2 10 o 18G? 10
Vspm-()—spm—O(Gz’ r f) _ ‘}: <_m + _) , Vspln-O-spm—O(Gz’ r, f) _ 5 (—M + _2> . (49)

vac pol-1 JTM}"S mrz vac pol-2 m }“5 Mr

H. The full long range gravitational potential at O(G?¢€)

Combining now the different contributions from Eqgs. (33), (37), (40), (45), (63), we finally obtain the total long range
gravitational potential at O(G?&),
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FIG. 8.

The diagrams for massive spin-0-spin-1 and massive spin-0-spin-1/2 fields scattering. The broken lines will consecutively

represent the massive spin-1 field, and in the next section, a massive spin-1/2 field. We have fixed (k;, k}) for the scalar. Since there are
no nonminimal interactions for the spin fields, we have much less number of diagrams compared to the scalar-scalar scattering discussed

in the preceding section.

Vspin—O—spin—O(G2 r é:)

_AGY[ (M mP\ (M m)\296 (1 1) 165
o4 m M m M m M) 8r?

B 570 3 l+i 315 n L_‘ri 2835
amMr3 m M) 2mMr* M?*  m?) gmMPr |’

(50)

Since there is no tree level contribution in this case, the
above is the leading result in the perturbative expansion.
Note that the result is symmetric under the interchange of
the two masses, as is expected.

We now wish to extend Eq. (50) for scattering of massive
spin-1 and spin-1/2 fields. For £ = 0, relevant computa-
tions can be seen in [38]. The Feynman diagrams that
contribute to this purpose are shown in Fig. 8. The solid
lines and the thick circles, as earlier, represent the scalar
and the nonminimal vertex. The broken lines wilH

respectively stand for the massive spin-1 (Sec. IV) and
massive spin-1/2 (Sec. V) fields. As in the scalar-scalar
scattering, the tree and (cross-)ladder diagrams do not make
any contributions in these cases as well. Note in particular
that there are no nonminimal interactions for these spin
fields. Hence there are many fewer subcategories of
diagrams here, as compared to the scalar-scalar scattering
discussed above.

IV. MASSIVE SPIN-0-SPIN-1 INTERACTION

Let us compute the long range gravitational potential
between a massive spin-0 and a massive spin-1 field at the
leading order O(G?*¢) in this section.

A. The triangle diagram

There is only one triangle diagram that contributes to our
present purpose in this case, given by the first of Fig. 8. The
Feynman amplitude in the nonrelativistic limit reads

BV d*l - — Py _ i ppoap
. spin-0-spin-1 spin-0 (2 spin-1 T
Mgt INR = Wv;iwg)(l,l— )T_iq)vﬁ}ﬂy( (ko 1+ ko, m, )é" (k)
. —ipan
Vspml(l) 4k ,k/, ! * k/ l—
X n.cC.ap ( + 2, R I’I’ZL)G ( 2) [(l+k2)2+m,2]
. 74° g+ 2153 357227 217%¢ 315 .
:zG%Hé’ﬂn[f(z i+_%_—3 —116m2 ) + o + Tom. 16 - —om 27
8 RN 7¢° gt 2152 35722g"
+§m%éa—26m%ﬂ2q}€-év+{§21néa< 2q6 q—+3 2(] 116> - 3;65]
'l) m?f
2172235 63 3157° .. 87 ,(73°  23g"
- - ———+26m,7°q Ing - -
Tom? T am, 4 T3 H20m S CALL A e,
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2174
% q
12m?

352%¢"  5#?

128m3  4m3 T Tem2 " " 8m, | 3

. o MG 1372 4P
—120)—20m%1nq2+ S . |

43 13 10mY . .. (. 75§ 2158
+§mnq—7m WG + 7 }q-eq-e’—i—{qzlnq < 4m2 —|— 62 +58>
357r2 g’ 21712_’5 364 31572%¢°  4¢°
-—+13 k 51
6amS  32mi ml | &m, 3 T q} x4) (51)

where ¢ and S stand respectively for the polarization and spin vector of the massive spin-1 field, introduced and discussed in
the nonrelativistic limit in the centre of mass frame in Egs. (11)-(14). Also, ¢" = |g|" in the above expression and in the
following is understood. We also have abbreviated for convenience

P — yon 4 (l+kz)”(l+kz) (52)

m

The corresponding potential reads

i0-0-spin- G* |1 92m 1881 625 5877 5145 26325 227745
Vsmespml GZ, ) —25|_ (-9 2 v _
triangle (G5 r.8) M < "+ nr * 8%  mwm,r*  8mir* 47rm3 S 4m4 6 277m5 7
55125 436590 e l E 3 87 B 945 1075 945 630
4mS N am!rd M\2 gmm,r 4mir*  amlr? 8mﬁ rt ﬂmf, P
11025 n 158760 RoEk? 4 L 134 435 2835 3 7525 945
2mbr®  amlr’ Mr 2emyr - Amir? 2zmirt  2mirt

2835 55125 873180 1 273150 4932
)(k )S+—<10m

amr 2m2 7o amlr’

68985 21375 987525 165375 5675670>

- +
4xm3 " 2mirt 2amdrs mSr® amlr’

?-5;»-5/]. (53)

B. The seagull diagram

There is one seagull diagram here given by the second of Fig. 8, the Feynman amplitude for which in the nonrelativistic
limit reads

I-Mspin—O—spin—l |NR _ / d4l V,m(g) (q) Ppgﬂy Vm,( ) —Z'Pyﬁwe —l“Po{ﬂM5 spin-1 (1)

seagull (271_)4 spin-0 (1) q2 afys (l -9, Q) 2 (l—iq)z IR (ka [+ ks, mv)eT(kZ)

—iprn
(14 kp)?* 4+ m}]|xr

[ 6235 645" 18283 137227 83° 2092°3° 683"
:iczg[{qzlncﬁ(— T +24 4 q+696m,2,>— 7487 2097q 683"

x VIR0 + ke ks, ) (K)

3md  om 3 2m f;  3m? 8 3
R o [62G°  64g* 18287 137%g’
50 1277 {708 (Gt 69) + s

8¢° 2097°3° 68g* 508723 I I R 594 80g°
+ q4_ 7r3q + qz_ ~4 —112m,n*g pk-€k-€ +{Ing*| - q6+ g
3m;, 8m;, 3m; m,

6m; m,

1091g* 1882g> 277°q"  2q° 993x*@° 133g* 11252%q> 564>
T2 eme ) -2 T A Ml L
3my, 3 8m;) n, 32m,, 3my, 4m, 3
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169m,72  64min? , 3138 3230 9143 132257
2 + q }q cqetqnd 3m§  mt  3m? )+ 4m;
435 2097255 34G¢ 254n23 B, -
— — —56G*m, w*éq}i(k x ) - S|. 54
3 T Temd T a2 - m,w*&G}i(k x q) (54)

The potential is given by

0 2 26m 3217 9140 2 40 110205 _ 48384
Vspm.o.spm.l(Gz,r’g)gl(lzmg_s 6m 3217 | 9140 29655 38640 , 110205 , 483840

seagull Mr* 2rr  am,r? 4mirt oamlr 2miS  amdr

170100 4906440\ _ _, 522 1524 9140 9405
+(-28+——+

+ €-€ - +
mSrd am!r’ am,r mirr  amird dmirt

38640 32760 937440 I | 1305 4572 31990
€k-€ +—(56—

_ _ _ k-ekd -~ — +
a3’ mSr®  amlr’ r am,r  mir*  amr

9405 173880 163800 5155920\ - .. = 5 507 40500
mirt " amdr m6 o am!r’ (k> 7) - S | 64m; + 2 * m2rt
223425 4989600 2041200 63783720\, .. .,
om0 am>r’ mos amiP ) T (55)

C. The double seagull diagram
The Feynman amplitude for the third diagram of Fig. 8 is

- 1 [ d*l o —iprow _iprie
. 1 4spin-0-spin-1 _ spin-0(2) spin-1(2) , Boxa
lMdouble seagull|NR - 21 / (271')4 nipo(€) ( +q, l) (l n q)z 12_ Vﬂ_a,yypa (kz, kz, mv)€ € NR
N 5% 208m2g*\ . . 54 208¢*\+ - _
:iG%lnqﬂ(—%—%)e-e’%—<3;11%+ 3q )k-ek-e’
554 523 o [5G 10437\ - . -
+<—12m%—T+20m% g-€q-€+ 6m12)+ 3 i(kxq)-S (56)

The corresponding potential reads

; ; G%*¢ 160 175 4 25 \> .-
spin-0-spin-1 SN =N
Vvt s (7€) = 575 [(188’"” ) L A L

10 35\ - - 35 45
52———|(kx7?)-S -52+—— |F-EF-€|. 57
+mﬂr< %2>( X ) +mr2< + 2r2>r erel (57)

myr

D. The fish diagrams

There are two fish diagrams for this scattering process given by the fourth and fifth of Fig. 8. The Feynman amplitudes for
them respectively read
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ERp* NONMINIMAL COUPLING, AND THE LONG ...

1 d*l spin-0 (2) —jprové _jpwoa u(3) =P
NR 2! (27:)4 Vﬂﬁwf)(«f) (L1+q) 2 (I+ q)2 Vaﬂrﬁ (I+4.9) 2

. 1 4spin-0-spin-1
iMnr

T ), A *
Vet | Uk, Ky, my e (ko) ey (K5)

spin-1
NR

3105 206062)]: -
— — . 6 -6

3103¢  2060m232\ -
cret 3m? 3

= iG*£1n g?
i énql<3 + 3

1553* 103082\ . - _. =
’+<— 7 - q)l'(kxq)'S},

155g* +515212 I
-€4-€
6m? A 3m? 3
and
i i 1 d*l —iP
. spin-0-spin-1 o Ap(&) Apuv
leiih»Z i NR 2! (2”)4 spin—O(l)(q)T}
—jprove _ipabved o
Vﬂ’/<3) I, - t VSPln ) k 7k/7 T(fs ) eX (K
x aﬁyé( Q) (l+q)2 2 r.;(,pm,/a( 25 %) mv)e( 2)6 ( 2) R
- - v o 16g* o \7 =7
=iG*¢Ing’ l(16q4 +752m?G?)é - € + (— Z - 752q2>k Ek-€
m
454 =2 2= 5> - 8 =4 -2\ .7 - e
+ W+188q —192m* |g-€qg-€ + - 34 —3764g* )i(kx q)-S|.

Their contribution to the gravitational potential, respectively reads

spin-0-spi 5G*& 725 1085 2 310 \ > _-
spin-0-spin-1 SN -,
VIR G ) =g | (20w ) e (103 ek

5 434\ - . = 5 721 1953\, .. .
o, <‘“’5*mzr2>("x’)‘S]+mﬂ2 <2_m%r2 ]

2 4 42 12 20 \- .-
o< l<—516my—ﬂ+3—04>5-5’+—<47— 202>k-5k-8’

spin-0-spin-1 2 o
V (G , T, 5) - 5 2
aMr reoomyr m,

fish-2
v

+
myr

30 28 \ - - 105 36 -
(—47+—>(kx?)-S—|— 2(47— 55 r‘e?-el.
mir

2.2
m,r m,r

E. The vacuum polarization diagram

The Feynman amplitude for the last of Fig. 8 is given by,

spin-0-spin-1 spin-0 (1 —[Pprepe —iPMr g
MEPEI| =y () T (@) = ViP5 (k. Kb m, e (ke (KS)
NR q q ®

=2

)
— 3G23% In 2 l—4(2m% +§)E-E +4<2+q—2>k-5k-5’ - <2 +q—2>q-zz,-a
ny my

@\ .- 2
22+ L )ik x3)- 5|,
+ ( +m2>l( X q)
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where the expression of the gauge invariant one loop graviton self-energy due to itself, IT,,,,(¢), can be seen in Eq. (48) [8].
The potential reads,

i i 9G*¢ 35 35 2 10 \- _-
spin-0-spin-1 2 o - g
vac'p(’lp (G.r.d) = aMr’ <2mv - 2m,r? m3r4>€ o m, <_1 * m%r2> foeke
5 4\ - . - 35 1 9\, .-
'+mf<“7ﬁﬁ>“xr*s+ﬁyﬂ<‘5+mazr‘rdm )

F. The full result

Combining now the individual contributions from Eqs. (53), (55), (57), (60), and (62), we obtain the long range
nonminimal gravitational potential between a massive spin-0 and massive spin-1 field at leading O(G>¢),

. G? i 10987 43 1392 5151\~ _-
vt (G2 . ) — £[<3 ,_1353m, _ 1098 )2 5/+<——3+i+ 515 >k -

nr 8r? 2 mmyr 4mir?

43 3505 - > 2055 o
+<—— 2>(kxf’)'S+(74m%—|— )?’-e?-e’

FOFT) 4 (63)

ro mmy,r 45%

V. MASSIVE SPIN-0-SPIN-1/2 SCATTERING

We will next recompute the diagrams of Fig. 8, assuming the broken lines to represent the fermions. Using the
expressions given in Egs. (15)—-(21), we find out the following results.

A. The triangle diagram
The Feynman amplitude and its nonrelativistic limit for the triangle diagram reads
_ﬂ)l//();w _i'})[)(m/)’ spin-1/2 (1
Poo(l=q? "
S U k) my)
s\"2
[(1+ kp)* + m7] NR
oy o 105g* 519¢> 3152%¢° 885x*msg’
21na?( - 22m2 | —
{qnq<8m§+4+m 6am, 16

d*l i
spin-0-spin-1/2 in-0 (2
lMTII‘ldnglep / |NR = /W V:}:,—;gv(é))(la l— CI) <k2’ [+ k2’ mf)

x VIO (1 4k, 1,y iy (K))

= iG%*¢

_3132’mig 5o d2me 105314_2349;12 3985m;
P A 16mt  16m 12

4
mg
31572%¢° 72837°g° 17971 qu -

- k - S . 64
128m3  128m, } @) Siy2 (64
The corresponding potential is given by

G*¢

Mr*

spin-0-spin-1/2 / ~2 o
VTriangle (G T é) -

_313mG 33m 2655 7785 14175 33075
8 2zr  16r%  Azm,r 32m}r4 477:me5

1 ( 4 19925 65547 246645 14175 297675

AT - kx?)-Sinl. (65
5 16m,r 64m}r2+16ﬂm;3 8mirt  8am; s>( xF) l/z] (65)
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B. The seagull diagram

The Feynman amplitude for the second diagram of 8 reads in the nonrelativistic limit,

in-0-spin- d*l —iP —iprove _ipapip
. 1 4spin-O-spin-1/2 o o (&) ouv v v (3) spin-1/2 (1)
lMSSagull P |NR - / (277)4 Vspin—o(])( ) qg “ VI;/W(S (l - q’ _Q) 172 (l _ q)2 Tz(-lllﬂ (k27 l + k29 mf)

—i(y (1 + ky), + my)
(1 + kp)* + m7]

o Vj]{;)in-l/Z(l)(l + ky, K, mf)ﬁs'(k/z)

us(k2>

NR

T _ 89723° 25157%m >
— G2 |{ @ In @ (2L~ 108557 — 1770m? | + oL - 227 T4
o o o AGH 347587 897%¢° 71637°g°
— 4067 m}G (6,0 + 4 G In G ( =~ + - +230 ) - —=1 -
' m 4m 64m> 16m
f f f f
- 1215n2mf21}i(/€ X ) - §1/21 , (66)

The corresponding potential is found to be

Spin-0-spin- G? 203m%  2655m,; 7545 16275 4005 5040
nga 1?11 ’ 1/2(G2’ r, 5) = i - ! + L + 2 3 2 4 3 5 6ss’
& Mr 2 2rr 4r Tmgr l6mfr myr
1 1725 64467 364875 4005 22680\ -
—( 1215 - k Sinl. 67
+r < * 2amyr - 8mir®  Awmyr’  dmirt ﬂm;r5>( x7) 1/2] (67)

C. The double seagull diagram

The Feynman amplitude and its nonrelativistic limit for the third diagram of 8 reads,

in-0-spin- 1 d*l in- —ippron _ i pnive .
.+ ¢spin-0-spin-1/2 0(2 - in-1/2 (2
lMdI:())llble sl:mgul/l |NR = E (2”)4 ;3;?6(5() )(l +q, l) (l + q)z 12 u‘v’(klz)vls}l)//?d ( )(kz, k’z, mf)uS (kz) R
2924 o 214 . an a2
= Tl G myEq nG6,0 + == Gicg NG (k x ) - Sy o (68)

Accordingly, the potential reads

731G*m £6,y . 535G2E(k x 7) - Sy

Vspin—O—spin—1/2 G2 7 _
( ¢) aMr 2amMr®

double seagull

(69)

D. The fish diagrams

The Feynman amplitudes for the fourth and fifth diagrams of 8 in the nonrelativistic limit are respectively given by

0spin- 1 [ dl —iprors _jpwoap —iP
. A ¢Spin-0-spin-1/2 o spin-0 (2) v(3) wig
iMPT 2 g = 5/ 207 V;:;y/a(é) L1+ Q)_lz EE Vigrs L+ 4.9) qé

2 L_‘s’(klz)vigbin.l/z(l) (ky, K5, mf)”s (k>) NR

17930: . . 515¢ . e o o
= sz%é‘qz In %6,y — TGzléqz Ing*(k x g) - Sy 2, (70)
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and
i Omsoin. 1 ar —iP, ) —iProve —ipapvo
.Mbpm 0-spin-1/2 _ 1% ¢(§) Puv V/w( ) I, —
fish-2 |NR 21 (271')4 spin-0 (1) q2 apys ( q) (l + q)z lz
— spin-1/2(2
< ity () Vg (kKo mpuy (k)|
= —i5600G>m3EG> n G268,y — i400G2iG* In G (K x ) - Sy o (71)

The corresponding two body potentials read

_ 8965G m &5, 2575G2E(k % 7) - Sy

spin-0-spin-1/2 / ~2 o
Viish-1 (G*,r,8) =

2xM P
 4200G?m£8,0  1500G2E(k x 7) - S 2

s

4em M r®

spin-0-spin-1/2 / ~2
Vtish-2 (G, r.¢)

zMr

72
wmMr® (72)

E. The vacuum polarization diagram

The Feynman amplitude for the last diagram of 8 reads in the nonrelativistic limit

)2 pin-0(1),  ~EP*7 —ipHr opin-1/2(1
iM / _ yopin ( )(Q)TH/M/)(‘I)T”S’(ké)vi?“ /2(1)

vac-pol NR uv(€) (k2 ’ k/z ’ mf) U (k2)

NR
= —276iG>m2EG* In %6,y + 6G2Eig* In G*(k x §) - Si 12, (73)

where the expression of IT,;,,(¢g) can be seen in Eq. (48). The corresponding potential reads

207GPm &8,y A5GPE(k X 7) - i)

Vspin»O—spin—l/Z G2 7
( J) zMr 2rm M I

vac-pol

(74)

F. The full result

Combining now the individual contributions of Egs. (65), (67), (69), (72), (74), we obtain the long range nonminimal
gravitational potential between a massive scalar and fermion at the leading order O(G?*¢),

vspin—O-spin—l/Z(GZ’ r, 57 SS/) _

G2 1125m7  1009m, 27525
- =+ =+ ss'

Mr* 8 2nr 1672
1260 35785 - -
+ ———— | (kx#) - Sy | + O +---. (75)
r 167rmfr

VI. DISCUSSION

We have computed the effect of gravity-scalar ER¢?
nonminimal coupling in the two body long range gravita-
tional potential for massive fields. We have considered the
2-2 scattering between scalars, scalar-spin-1, and scalar-
spin-1/2 fields. From the nonrelativistic limit of the
scattering Feynman amplitudes, we have computed the
gravitational potentials in Egs. (50), (63) and (75). These
are the main results of this paper. Note that there is no tree
level contribution here, and hence the O(G?¢&) results found
here are leading. Also, the leading behavior of the potential

is ~r~*. Let us now compare our result with the well-known
& =0 case [35],

GMm (1 L 3G(M+m)

V(re=0)=-""= +41Gh>. (76)

r 10712

The higher radial powers of our case compared to the above
result certainly originate from the explicit appearance of the
transfer momentum carried by the graviton lines in the
nonminimal vertices of various scattering amplitudes [cf.,
discussion below Eq. (24)].
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Imagine now that M > m and we compare the leading
r~* part of Eq. (50) with that of V(r, & = 0). The ratio of
this leading part and the most subleading (quantum) part of
V(r,& =0) reads (h = 1),

3.06¢ x M X L
m mr
The masses appearing above are to be understood as their
inverse Compton wavelengths. Let us now imagine a
particle of electron mass on the surface of the Earth. We
take M ~ 10** kg, m ~ 103! kg, r ~ 10° m (the radius of
the earth), and taking the Compton wavelength of m to be
~10~12 m, we see that the above ratio is about 10°7¢£. Thus,
for any reasonable value less than unity of the nonminimal
coupling parameter, Eq. (50) will dominate over the r~3
part of the one loop minimal gravitational potential. The
second term of V(r,&=0) is, however, much more
dominant. Nevertheless, it is clear that the effect of this
r~* term on the test particles near a massive object like a
black hole can be interesting, for maybe in future obser-
vation it can distinguish the nonminimal interaction, if it
really exists.
For a massive vector or spinor field, however, the ratio
becomes

m 1
~— X —
M Mr

which is much subleading if we take the earlier values of
the parameters.

Note also that apart from having different coefficients,
the scalar-scalar potential Eq. (50) is symmetric under the
interchange of the two masses, in contrast to the result for
scalar-vector and scalar-fermion interactions, Egs. (63) and
(75). This is expected, as for the scalar-scalar interaction the
particles are of the same species (with the same taken value
of the nonminimal coupling, £). Hence, interchanging the
masses leaves the potential unchanged. For the two other
interactions, however, first, the particle species are different
with different kinds of propagators, and second, there is no
nonminimal interaction for the nonspin-0 fields. This (a)
symmetry feature is also evident from the various Feynman
diagrams.

It seems to be an important task to understand the effect
of motion or macroscopic spin of the massive scalar body
on the gravitational potential, in the context of ER¢?
interaction. It will be further important to understand the
effect of £ on gravitational light bending. Investigation of
various other scalar tensor theories [88] seems also to be an
important task. We hope to come back to these issues in our
future publications.
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APPENDIX: SOME USEFUL FORMULAS

1. List of Fourier transforms

The 3-D Fourier transform of a function f(g) is defined
as

PG iar oz _ o
/(27)33 f(q) = g(7)

where n is any positive integer, and & is any odd positive
integer. A(n) and B(k) are defined as

(_1)[;1/2+1]F(n>

2T (3%
~ B(k) _ ( 2 )
271 /26-(-1)")

A(n) = =2

( ) ”3/2F(_§)
where the [.] appearing in A(n) is the greatest integer
function, i.e., it returns the largest integer less than or equal
to the given number.

TABLE 1. Table for required Fourier transforms.

SL.no. (@) 9(7) Stno.  £(d) 9(7)

L. (@)"Ing Al 2 @ (=0°)"8 ()
3. q:(g)" In g’ A(n) 3 4 4@ —io,(=3")"6%)(7)
S aw@nT A (- & @ 2y

7. 2:4,(9)" B(k)(k + 3)(;2%_ (k + 5)k_> 8. (9" B(k) 43
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2. List of some essential integrals
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