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We calculate the perturbative corrections in the strong coupling to the unpolarized quark transverse-
momentum dependent parton distribution function (TMDPDF) operator within a background-field frame-
work, extending the approach of Mukherjee et al. [Phys. Rev. D 109, 034035 (2024)]. We focus on ensuring
gauge invariance, identifying two key components needed: a gauge-invariant TMDPDF operator with a
transverse gauge link at spatial infinity, and accounting of the equations of motion (EoM) of the background
fields. We go beyond next-to-leading order in strong coupling expansion, considering multiple interactions
with the background field at all orders of strong coupling. By examining the interplay between quark and
gluon contributions, we show that spurious singularities, proportional to EoM, can be misinterpreted as
genuine divergences in quantum chromodynamics factorization unless properly identified and removed.
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I. INTRODUCTION

The quantum chromodynamics (QCD) factorization
approach [1] is a powerful method of describing the
dynamics of the QCD medium in the high-energy scatter-
ing reaction. Nowadays, among a few other techniques, it is
a state-of-the-art approach that is commonly applied to
study observables at the current and future experimental
facilities, e.g., the Electron-Ion Collider (EIC).

The QCD factorization applies when the scattering
reaction involves a wide separation of kinematic scales,
so that the different types of QCD dynamics can be
disentangled. The essence of the approach is that the part
of dynamics characterized by a hard scale can be handled by
means of the perturbative methods, while the components
characterized by a nonperturbative scale can be encoded in
terms of matrix elements of the QCD operators. The matrix
elements between the hadron states give rise to the various
types of parton distribution functions (PDFs) defining
distribution of quarks and gluons inside the hadron.

The structure of these operators is by no means arbitrary.
Instead, the operators appear within a formal mathematical
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procedure summarized in the QCD factorization theorems.
The operators, obtained within a particular factorization
scheme, rigorously define the structure of separated dynami-
cal modes in the QCD factorization. The precise knowledge
of these operators allows us to systematically study the
properties of QCD in the high-energy scattering, and, in
particular, its nonperturbative dynamics, which generates the
fundamental properties of hadrons. In this sense, the
definition of operators has an intrinsic physical content.

The defining feature of the QCD factorization is emer-
gence of large kinematic logarithms, that is due to the
presence of widely separated scales. These logarithms
dominate experimental observables, and the possibility
of their resumation is the foundation of predictive power
of the QCD factorization approach. The nature of loga-
rithms is specific to a particular structure of dynamical
modes in the QCD factorization regime, for this reason, it
can be obtained from analysis of the QCD operators
specific to a given factorization scheme.

For example, the deeply inelastic scattering (DIS), which
is a process [(I) + N(P,S) — I(I') + X, where the lepton
[ interacts with the hadron target N of momenta P and spin
S via the virtual photon y* exchange of momentag =1 — 1/,
develops two factorization regimes depending on the values
of the photon virtuality Q? = —¢> and the Bjorken
xp = Q%/2P - q variable.

In the Bjorken limit of large Q> — oo and fixed Bjorken-
xp QCD scatterings are determined by the wide separation
in transverse momenta, which can be described within the
collinear factorization scheme. This separation leads to the
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appearance of large transverse logarithms. The collinear
factorization prevails in the region of large Bjorken-xp.
In this factorization regime, the QCD scatterings are
described by the light-cone string QCD operators depend-
ing on the longitudinal momentum fraction variable x. The
dominant transverse logarithms of these operators can be
separated using, for instance, the light-cone expansion
technique, see, e.g., Refs. [2-7], and resumed with the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations [8—10].

At the same time, in the Regge limit of small xz — 0 and
fixed virtuality Q?, the QCD medium develops the strong
separation in rapidity. Such a QCD factorization regime
dominates the kinematic region of small Bjorken-xg, and can
be described using, for instance, the high-energy rapidity
factorization scheme [11]. In this regime, with no ordering in
the transverse momenta, the QCD operators have the dipole
structure, see, e.g., Refs. [12-14], and depend on the
momentum variable p,, or a conjugate variable b,. The
ordering in rapidity leads to dominance of the rapidity
logarithms. These logarithms can be separated using the
high-energy expansion techniques, see, e.g., Ref. [11], and
resumed using the Balitsky-Fadin-Kuraev-Lipatov (BFKL)
evolution equation [15-19], which is the linearization of the
Balitsky-Kovchegov (BK) [11,20,21] and the Jalilian-
Marian-lancu-McLerran-Weigert-Leonidov-Kovner [22-30]
evolution.

Though these two factorization regimes have been exten-
sively studied and employed to describe various observables
in the corresponding kinematic regions, there is however
growing interest in expanding the limits of applicability of
these two factorization schemes [31-46]. This interest is
motivated by the need to describe experimental data in the
region of moderate values of Bjorken-xz. Such data will
form a substantial fraction at the future EIC [47-49] and will
be instrumental in various studies, including the search for
signatures of gluon saturation [9,50-54].

The intricacy of this region is that it is not necessarily
dominated by kinematic logarithms of only one kind.
Dynamical modes in this region become significantly more
involved due to various effects.

To account for these effects, a novel factorization scheme
has been recently proposed in Ref. [55]. In the following
discussion we will refer to this scheme as the MSTT
factorization approach. The MSTT approach aims to bridge
the gap between the regions of large and small Bjorken-xp,
and faithfully describe the transition between two limits.

The MSTT scheme involves separation in both rapidity
and transverse momenta, and, for this reason, belongs to the
class of transverse-momentum dependent (TMD) factori-
zation [56-63]. As a result, the nonperturbative part of
QCD in this scheme is described by the TMDPDF
operators that depend on both x and p | variables.

The main difference of the MSTT approach from other
TMD factorization schemes is that it genuinely describes the

flow of transverse momenta between different dynamical
modes in the high-energy scattering, in particular in the
region of small p; 2 Agep, or equivalently large
b, < A61CD. This leads to a different structure of the IR
logarithms of the TMD distributions compared to the
standard results obtained using the collinear matching
procedure [57,64-70]. In the latter case, the IR structure
of distributions is dominated by transverse logarithms of the
DGLAP type. This reflects an underlying assumption about
strict ordering of the transverse momenta flow between
different dynamical modes in the QCD factorization.'

Meanwhile, in the MSTT approach the DGLAP loga-
rithms dominate the IR structure of TMDPDFs only in the
region of large p, > Agcp, or equivalently small
b, < AE)ICD, where the collinear expansion of the TMD
operators is valid. Outside this region, the logarithmic
DGLAP contribution decays. Instead, at small x, the IR
structure of TMDPDFs in the MSTT scheme is dominated
by large logarithms of the BFKL type.

In Ref. [55] the analysis of structure of TMDPDFs in the
MSTT scheme has been done for the unpolarized gluon
TMD distribution. In this paper, we turn our attention to the
quark TMD operators aiming to address an important issue
of the gauge invariance of calculations in the MSTT
approach. However, the results of our analysis are general
and can be applied to perturbative calculations of PDFs in
any QCD factorization scheme.

Specifically, we calculate the NLO correction to the
quark TMD operator in a dilute quark background field. In
the spirit of the background field approach to the QCD
factorization, see Refs. [71,72], we refer to the perturbative
fields as the “quantum” fields, and call the fields of the
target the “background” fields.

First, it is important to recognize that any perturbative
calculation is always gauge specific, since one has to fix the
gauge of gluon fields in the calculation. By this choice, one
can cancel the certain types of quantum emission, e.g., the
emission of gauge links of the QCD operators etc.
However, as we emphasized at the beginning of this
section, the structure of operators in the definition of
PDFs has an intrinsic physical content. This raises the
question of whether the gauge fixing causes a certain loss of
physics by dropping some types of the quantum emission.

It is very well known, however, that this is not the case.
Though by choosing a specific gauge one can eliminate a
particular type of emission, the physical content is never
lost. It simply gets redistributed between other nontrivial
types of the quantum emission in Feynman diagrams. This
reflects the gauge invariance of the perturbative calcula-
tion. Even though a particular diagram contribution is
gauge dependent, the sum of all types of diagrams
(emissions) is gauge independent and fully represents
the physical content of PDFs.

"This is valid in the region of small b, < A{)lCD.
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However, this is not always easy to observe, especially in
the case of a dense background field. To illustrate this, we
first perform a “naive” calculation of the NLO correction to
the quark TMD operator in the MSTT scheme using two
gauges: the Feynman gauge and the axial gauge with the
gauge fixing condition for the quantum fields A, = 0.
In this naive calculation we do not include contribution of
the transverse gauge link at infinity in the definition of the
quark TMD operator following the common lore that in
nonsingular gauges, like the Feynman gauge, the fields
nullify at infinities, i.e., Aﬂ(—l—oon) =0, where n is a
lightlike vector, and in the axial gauge the gauge fixing
condition can be supplemented, see, e.g., Ref. [73], with an
advanced boundary condition A (+oon) = 0, so that the
contribution of the transverse link at infinity can be
neglected as well.

One can expect that due to the gauge invariance, the
results of our calculation in two gauges should coincide.
However, after performing the calculation in two gauges in
the MSTT scheme, we find that two results are drastically
different. Yet, performing the collinear expansion of the
results, i.e., the collinear matching procedure that is valid at
small values of | <« A(‘QICD, we observe that, at least in the
leading order of the expansion, the difference does dis-
appear and two results perfectly agree with each other. So
what do we miss in our naive calculation that brings a
nontrivial difference at large values of b < A(‘QICD?

To study the difference between the two gauges, we
analyze the Feynman diagrams in our calculation and
follow the known strategy, see Refs. [74,75], applying
the Ward identity to the contraction of the gluon momenta
p, with the quark-gluon interaction vertex

i ip i i i

S AN EY A
which in our formalism corresponds to the integration by
parts procedure. Here p, is the gluon momentum, while
k,+ p, and k, are quark momenta before and after
interaction. Equation (1) is in fact a well-known trick,
which is commonly used for proving the Ward identity in
QED, and can be found in standard textbooks, see, e.g.,
[76]. In the following discussion we will refer to this
relation as “the vertex identity.” Though, in our analysis we
go beyond this leading order relation and study the
diagrams in presence of an infinite number of interactions
with the dense background field, which constitutes one of
the main results of this paper.

Applying the vertex identity to all interaction vertices we
immediately find that the difference between two gauges
reduces to contributions of two types.

The first type, quite well studied before, see, e.g.,
Refs. [75,77], can be interpreted as terms containing some
kind of quantum emission from the spatial infinity. The
usual approach to such terms is to eliminate them by

(1)

choosing an appropriate prescription for the light-cone
singularity in the axial gauge, or equivalently introducing a
supplemental boundary condition for the gluon fields at the
infinity. However, we argue that such an approach is by no
means general, and is very much specific to a particular
choice of the gauge fixing condition ¢#A, = 0, where ¢, is
the gauge fixing vector.

Meanwhile, following the general principle, the gauge
invariance should not depend on this choice. In other
words, the results of calculations performed in different
gauges should coincide regardless of the choice of either
the gauge fixing vector or the prescription for the light-cone
singularity.

This motivates us to drop the prescription argument and
include the contribution of the transverse gauge link at the
spatial infinity in the definition of the quark TMD operator
in its full generality. In fact, this is quite anticipated since
one can talk about the gauge invariance only in the context
of the gauge invariant operators. For the TMD operators,
the transverse gauge link at the spatial infinity is indeed
necessary for the gauge invariance of the operator.

The inclusion of the transverse gauge link is necessary to
ensure that the result of calculation does not depend on the
choice of the gauge fixing vector e, in the axial gauge. We
demonstrate that dependence on the gauge fixing vector in
the terms associated with the quantum emission at the
spatial infinity cancels in the sum of all Feynman diagrams
at any given order of the perturbative expansion. The
requirement to consider QCD operators that are explicitly
gauge invariant constitutes the first condition to ensure the
gauge invariance of the result. In the context of our
problem, this implies calculation of the TMD operators
with the transverse gauge link at the spatial infinity.

However, we find that while the above condition is
necessary, it is not sufficient to obtain a fully gauge
invariant result. In the MSTT scheme the Feynman dia-
grams are calculated in the background fields of the target.
Hence, the application of the Ward identity leads to the
second type of terms in the difference between results
calculated in the Feynman and the axial gauges. Our
analysis shows that these terms cannot be eliminated by
the contribution of the transverse gauge link at the spatial
infinity. In other words, such terms are going to appear even
in a calculation of the gauge invariant operators. However,
we show that these terms can be transformed to explicitly
show their proportionality to the QCD equations of motion
for the background fields of the target. We demonstrate this
in full generality for an arbitrary background field and to all
orders of perturbation theory.

We thus conclude that in order to satisfy the gauge
invariance one has to enforce the QCD equations of motion
for the background fields. This constitutes the second
condition necessary for the gauge invariance of the result.

We would like to emphasize that this requirement is not
specific to calculations in the MSTT approach. In fact,
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it has to be imposed in any QCD factorization scheme as
this condition reflects the gauge invariance of the hadron
state. Indeed, while the gauge of the target fields can be
rotated, the rotation should not lead to any physical effect.
The role of the equations of motion is exactly to ensure this
invariance.

In the bulk of available calculations concerning the large
Bjorken-xp region, the equations of motion are usually
implicitly satisfied since the dilute limit of the background
fields is commonly taken and the background partons are
set to be on the mass-shell. However, we believe the
situation is not as trivial in the field of small-xp physics
since one has to deal with dense background fields.

For instance, as we conclude from our analysis, the result
of a perturbative calculation in the QCD factorization
approach is never unique. Regardless of the kinematic
region, i.e., large or small Bjorken-xp, there is an inevitable
ambiguity related to the equations of motion for the
background fields: one can always add an arbitrary con-
tribution proportional to the equations of motion and not
change any physics since such contribution is to be trivial.
We demonstrate that such ‘“addition” effectively corre-
sponds to a transition from one choice of the gauge fixing
vector ey, to another e,,. We find that the limiting case,
when the explicit dependence on the e, vector is elimi-
nated, corresponds to the background-Feynman gauge,
which coincides with the standard Feynman gauge only
in the absence of the background gluon fields, e.g., a dilute
quark target. We argue that the background-Feynman
gauge, which in general does not coincide with the standard
Feynman gauge, is a proper generalization of the latter to
the case of dense background fields of the target.

The ambiguity due to the equations of motion leads to a
nontrivial interplay between quark and gluon background
field contributions. Essentially, the quark and gluon sectors
are not independent and a certain physical content can be
transferred between various quark and gluon field configu-
rations. We provide a detailed description of this mecha-
nism which inevitably plays a crucial role in calculations
with the dense target.

Apart from the ambiguity in results, the equations of
motion for the background fields do not pose any issues, in
general. This is correct, however, except for the case when
the terms proportional to the equations of motion contain
singularities. We argue that such singularities are non-
physical since they originate in terms that are to be removed
using the equations of motion. However, in practice, it is
not always straightforward to identify whether a particular
singularity is nonphysical and corresponds to a contribution
of the equations of motion, or reflects a genuine divergence
originating in the factorization procedure.

We provide an example of this effect by observing that
the result of our naive calculation in the axial gauge
contains a rapidity divergence [ dz/z, which on the face
of it can be interpreted as an IR divergence defining the

IR structure of the TMDPDFs. Yet, we do not find such a
divergence in our calculation performed in the Feynman
gauge, which means that this divergence is nonphysical and
can—and must—be removed by applying the equations of
motion. One of the main goals of this paper is to highlight
this nontrivial effect, as neglecting it could lead to funda-
mentally incorrect results.

The paper is organized as follows. Starting with some
basic definitions in Sec. II, we calculate the NLO correction
to the quark TMD operator in the dilute limit in the
Feynman gauge in Sec. III following with a similar
calculation in the axial gauge in Sec. IV. In Sec. V we
compare two results and show that the difference between
them should be attributed to the contribution of the trans-
verse gauge link at the spatial infinity in the TMDPDF
operator and the equations of motion for the background
fields of the target. While the analysis in Sec. V is
conducted in the dilute approximation with only two
background quarks fields, in Sec. VI we generalize it to
the dense case with an arbitrary number of interactions with
the background fields.

I1. DEFINITIONS

In the subsequent sections, we will consider calculation
of the NLO correction to the quark TMD operator. We will
perform this calculation in the dilute limit by computing the
corresponding Feynman diagrams in the background of two
quarks. For the background quarks we will assume general
kinematics, in particular, keeping finite value of the
corresponding transverse momenta p;, and assuming it
to be small p; 2 Agcp, which corresponds to large
b, < A&:D. This latter makes our calculation different
from the collinear matching procedure, valid in the region
of small b| <« A&D, in which the background partons are
essentially collinear and carry only the longitudinal
momenta. In our MSTT discussion, we will refer to such
approximations as the collinear limit or the collinear
expansion.

The nonzero value of the transverse momenta p is
essential for our analysis and by no means trivial. There are
various physical consequences, both of conceptual and
practical nature, but in this paper we mainly focus on only
one of them, which is the gauge invariance of the
perturbative corrections to the TMD operator. To demon-
strate the issue, in the next two sections we will perform a
naive calculation in two gauges for the quantum gluon
fields—the Feynman gauge and the axial gauge fixed as
A, = 0. By inspecting the results, we will find that in the
general kinematics the results calculated in two gauges do
not agree. We will see that the results coincide only in a
special case of the collinear expansion when the back-
ground quarks are effectively on the mass-shell. The latter
approximation is commonly used in the calculations of
the TMDPDFs at small b, < A(_)ED- For this reason,
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the aforementioned discrepancy between the results calcu- Ir] 1 ( )
lated in different gauges has not been previously observed. O (x.by) = Etr ©(x.b,)T). (2)
Let us start with a definition of the TMDPDF matrix
element where
|
dZ_ —Dixptz- _ _ bJ_ _ + _ _ bj_
@ (n0.) = [ e ipsig, (o 5 ) kbt oo L (<= S IR @)

is a matrix element for a quark ¢ with the longitudinal
momentum fraction x at the transverse parameter b .
Here I' is a y-matrix projector, and i, j are Dirac indexes.
The light-cone Wilson lines are defined as

.y, = exp (ig /y " dz‘A_(z‘,bl)). )

The light-cone Wilson lines in Eq. (3) are connected
at infinity by semi-infinite transverse gauge links
Lg and LT_g, which correspondingly start at transverse
positions b/2 and —b/2.

The matrix element in Eq. (3) is calculated between the
hadron states of momenta P, spin S and mass M. To define
the kinematic variables, we introduce two light-cone
vectors 7, and 7, such that (ni1) = 1. With this vectors
we can decompose an arbitrary vector v, as

o' = vt + vt + o, (5)

where the light-cone components are defined as

While vector n can be chosen in an arbitrary way, which
corresponds to the choice of the reference frame, vector i
can be introduced using a light-cone momenta

nt  M?>
- 8
P 2 (n-P)’ ®

where P, is the momentum of the target, P? = M2
Using p, we can construct the light-cone momenta
i, as i, = p,/(n-p).

The TMDPDF matrix element (3) is a bare matrix
element which has to be renormalized. In particular, this
procedure involves a soft factor /S(b,) which is a
vacuum matrix element, see, e.g., Ref. [1], so the full

|
TMDPDF matrix element has a form

fij(xybL) =

The full matrix element can be parametrized in terms of
TMDPDFs. This parametrized depends on the projection
matrix, which in our calculation we choose to be I' = y ™.
We also choose the forward-pointing Wilson lines, which
corresponds to the TMDPDFs appearing in the SIDIS
process. In this case the matrix element can be parametrized
in terms of two independent TMDPDFs:

7 b1) = f1(xeby) + i byspMfp(x,by),  (10)

where 57, is the transverse part of the hadron spin vector S,,.
The function f; is the unpolarized TMDPDF, which
describes distribution of the unpolarized quarks in the
unpolarized hadron. The Sivers functions fqlT is a
TMDPDEF, which describes the unpolarized quark distri-
bution in the polarized hadron.

Since the separation between any pair of operators in
Eq. (3) is spacelike, the operators commute and we can
rewrite the matrix element as

S(by)®;i(x, by ). )

Ol (x, b))

— L . b
_ /‘;ie—mxp z <P’S‘u[7 ]<Z_,—Z_,7J')|P, S>, (11)

T

with the TMDPDF operator

Url(z7.23.b))

=T{q(z7.b.)[z7, °°]b£b7+£ib[°°v 25 ]59(z5,=b 1)},
(12)

where T indicates the time ordering of operators.
Using the translational invariance of the matrix element
(3), we can write another form of Eq. (11)

N 1 o
ol ](x,bl):4—ﬂ5(o)/dzl_e"xl’ 4
P.S),

R . b
X/dZEEMP 2 <P’S|u[7 ]<Zl_,zg’7j‘>
(13)

where 5(0) = [ dz is an infinite longitudinal length.
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6(2;7 bL)

(@ 0

FIG. 1. The Feynman diagrams contributing to the TMDPDF
operator (12) at the NLO order in the dilute approximation with
two background quark fields.

We will compute the operator (12) at the next-to-leading
order (NLO) in strong coupling, assuming the background
field associated with the target hadron consists of only two
quarks, i.e., in the so-called dilute limit. As we mentioned
above, we will start with a naive calculation in the Feynman
and axial gauges. In this naive calculation we will drop the
contribution of the transverse gauge links at the spatial
infinity £, though in our subsequent analysis we will
demonstrate that these links are essential, but not sufficient,
to demonstrate the gauge invariance of the final result.
The contributing Feynman diagrams are presented in Fig. 1.
|

u[y*] (Zl_’zgvbl) ren = =g / dZ /d4yq Z1 B bJ_ ta (Z27 _bj_‘

Fig. 1(a

III. CALCULATION OF THE NLO CORRECTIONS
TO THE QUARK TMDPDF OPERATOR
IN THE FEYNMAN GAUGE

In this section we will present calculation of the diagrams
in Fig. 1 using the gluon propagator in the Feynman gauge.
In our discussion we will use the Schwinger’s notation,
see Ref. [78], which utilizes the idea of coherent states
|x) and |p), which are eigenvectors of the position and
momentum operators d

Pulp) = pulp);  Rulx) = xlx) (14)
and satisfy the following completeness and orthogonality
relations
/d“XIx /d4p|p L (x|p)=e™, (15)
where

forefdn

Using this relations it is straightforward to obtain the
following equation for an arbitrary function of the momen-
tum operator

(<If(P)ly) = /a‘*pew P, (17)

Consequently, the gluon propagator in the Feynman gauge
can be written in the following compact form

—i ~\ sab
(As()AL(y)) = <x|%|y>. (18)

For brevity, in the following discussion, we will drop the
“hat” notation for the operators. However, one should
always remember the commutation properties of the
operators. For example, the momentum operator commutes
with an arbitrary coordinate operator as

POR)

Let us start our calculation of the diagrams in Fig. 1.
Though this calculation is straightforward, we will provide
some details of computation for the diagram in Fig. 1(a).
Starting with the initial expression for this diagram in the
Feynman gauge, using the Schwinger’s notation we write

— O(%)p, +19,0(%). (19)

ab

lglwé
——y), 20
2. (20)

=) P q(y)n*(z bJ_l
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where it is easy to identify quark and gluon propagators, as
well as quark background fields ¢ and g.

At this point, it is convenient to project the product of
background fields onto the basis of y-matrices using the
following general decomposition

4:(2)3;(»)
= 3 ra)a@} 1 - g rlallra ),
_ %tr{q(y)g}wq(z)}o'?;/ + %tr{é(y)msq(Z)}(y”ys),-,-
— a0 e, 2D

where tr{g(y)T'q(z)} = ;(y)T;;q;(z) with T being an
arbitrary product of y-matrices.

Note that, while our initial operator (12) contains a
bilocal quark operator projected onto y*, decomposition
(21) for the background fields introduces mixing with other
projections in the diagrams in Fig. 1. However, for our
discussion it is sufficient to neglect the mixing terms and
keep only y* projection in Eq. (21) using the following
replacement in Eq. (20)

U275 00 [ret

GD0) > —r@Ort @) (@)

Making this replacement and calculating the trace of
y-matrices we obtain

ulr ](117127bL)|EZn1 (a)
= —2¢°Cp / ' dz” / d*yte{g(zi. b )rta(y)}

_ pt 1 _
,—b ,b). 23
x (23 ¢|p2+i€|y)(y\p2+l.elz 1) (23)

Now, let us use the standard approximation and assume
that the background fields is independent of y™:
q(y) = q(y~,y.). This approximation is a consequence
of the wide separation of the longitudinal momentum
between the target and projectile in the high-energy
scattering. In particular, the longitudinal momentum of
the boosted target satisfies P* > P, so the y"-depend-
ence of the background fields can be neglected. This
assumption is essentially an assumption about factorization
between different kinematic modes that takes place in the
high-energy scattering, see, e.g., Ref. [1].

As a result, we can perform some integrals in Eq. (23)
and rewrite it as

= —2¢°Cr. / dz” /dy /dzyl tr{g(z7. b )y q(y™.y1)}

dp1 ; p
emiP! G2 (—p —y
/ / - L|21r91+p‘—pi+l€| 2

x/ Pz
2w

1

e 07T (v —|by). (24)

2py p~ —pl +ie

Changing the sign of p; and evaluating the p~ integral we get

uvr ](11 azzabL)Efgynl

T .
= —ig’Cr / ' dz / dy~ / d*y, w{g(z7.b )y q(y™.y1)} / dpy ety

X/dzpueimm—m{/ dPl/ dpy /0 dpi /o dpz}
0
)

x Lg =ipf (5 =y ) piry 07 =27) ___— (25)
2]92 i 4 P
ZpT 2p;
Now, let us introduce a variable
+
- +p1 ’ (26)
Pyt P

which is a ratio of the plus momentum components of the quark propagator and the background quark field, see Fig. 1(a).
Replacing p; component in favor of the z variable we rewrite Eq. (25) as
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Feyn. 192C i _ ., _ i L
Tgyl :_WF/ dz /dy /dZYJ_tr{Q(ZI’bJ_)}’+‘I(y ,yL)}/dzpue Pia(=bi=y)

o dnt + +
X/dZPZLeiPZL(YL_bL)/I%{/ dp] +/0 dpl }e—ipfzget}l?l*y'e—i%ﬁz' 1;1 —
o z \Jo 2« e 27 (1-2)p1, +zp3,

uv ](Zl’zzvbl_)

(27)
Subsequently integrating over z~, p|, and y~ variables we get
(o= - Feyn. ngF ! 4 2} - + — —
U l(z7,27,by) Felw 27 Jo dZI—_Z d?y w{q(z7, b )y q((1 — 2)z7 +223.y1)}
. . 1
X dzp eiP1(=bi—y1) /dzp eip2(yi=by) . (28)
/ . " (1=2)pty +2p3,

Using this result for the diagram in Fig. 1(a), we can easily calculate the form of the corresponding matrix element (11).
Substituting Eq. (28) into Eq. (13), using translational invariance of the matrix element, and redefining the integration
variables as py, = —p,, ppy = —k,, by —y, =z, and z(z7 —z;) — z~, we find

Feyn. ZQZCF/dsz_eiPLbl/ /
Fig.1(a) 872 1—z -z pl+zk2

x / dz elrhi / dz=e " (P, S|g(z", 21 )y q(0)|P, S), (29)

@ l(x,by)

which is our final result for the diagram in Fig. 1(a).

Calculation of the diagram in Fig. 1(b) can be done in the same way leading to exactly the same result as the diagram in
Fig. 1(a).

Similarly, for the diagrams in Figs. 1(d) and 1(e) we obtain

2C . 1 z . 1
o (x. b, )" =9 F/GZ elprL/ dz—— | @k e-tkibr
(x.b1) Figs. 1(d).1(e) 872 Pt o 11—z + (1-2)p2 +zk%

/dZZJ_e i(k= "l“/dz_e‘”‘” (P, S|g(z7.z1)r q(0)|P,S). (30)

The diagram in Fig. 1(c) can be easily calculated as well, which yields

2 2
Feyn. g CF/ > i b /le / ) Pl
=L =E [ @p eiribr [ Z=(1-7) [ &k
meie 82 ) TP [ 09 ST ey

/ Pz, olr)ies / dz-e 2T (P S|a(c 20 )7 q(0)|P.S). (31)

(I)[?’Jr](x, bl)

Note that the diagrams in Figs. 1(f)-1(h) are trivial in the Feynman gauge since in this gauge the corresponding gluon
propagators involve only trivial components of the metric tensor, however these diagrams are nonzero in the axial gauge.
Finally, for diagrams in Figs. 1(i) and 1(j) we have

O l(x,b)) ron = —ngF/dzplei”ibl/l dz/dzlﬂe_””bl— :
Figs. 100.1G) 1672 0 (1-2z)p? +2k%

x / d*z e / Y dzmem (P S|g (e 2 )yt q(0)|P. S). (32)
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Combining all results together we obtain

2 2
Feyn. g Cr [ b 2 2. ilk=p),z ldz 2 1-z P1
Fig.l 472 /d puet Jaky [ dizie ) o z \|l-z ++ 2 (1-2)p3 +zk%

o l(x,b,)
P.S)

I e
Xm/d” PP.S|g(z21)r 4 (0)

gch/dz ipri/(#k /d2 i(k—p) zL/ld <|: < ] 1 —ik, b,
- e z€ L Z e
4n? P + + 0 -z, (1=2)p% +zk3
z 1 —i 1 1 —i - —ixptz Py
_1——zk_2(1_€ kLbl)+2(1—z)p2 e kLbL)/dz e P (P, S|g(z", 21 )rTq(0)|P,S),  (33)
1 1 1
where the plus prescription is defined in the usual way”
1
1), =) -3) [ a2f) (34)
Using the relation
2z 142 1,
+ +
we can transform Eq. (33) to
. g*C . ldz ([1+2? 1 P2 -k
! x.b Feyn :g F/dz el[)LbL/dzk / _<|: :| +-68(z)+z(1—-2 %)
(x.b) Fig.l 8x? Pr ) z I—-z], 2 @)+ )(l—z)pi—i—zki
1 ; Xt~
X [ d’z e’(k_phu/dz_e_’?p “(P.S|g(z7.z1)rtq(0)|P.S
T (P.Slalz" 2. )7 a(0)|P.S)
2
o erere [ [enecn [l |15 e
- &p et | @k, | d?z, eik—r)izi | gz e~tkiby
a ) T U 0 I=z] (1-2)p] +2k1
z 1 i 1 1 —i - —ixptz Py
ST ) [ TS IS, e
1 i 1

Note that this result was obtained in assumption that the transverse momenta, k|, — p |, of the background quarks are
nonzero. However, it is instructive to consider the small transverse-momentum limit and construct the collinear expansion

of the right-hand side (rhs) of Eq. (36)

eyn. C dzp . ldz 1—|—Z2 1 R
(I)[7+] b Fey :gz F/_J_ LpJ_bJ_/ e ~5(z /d——l;pz P,S|g(z,0 +q(0)|P. S
ool =5k [Thren ["E(1EEE] 4 200) [t s (p a6 00 ao)P.)
2C a2 . 1 ) L
+5 7 / e / dz—— (1 = emirsh) / dze 0 (P S|g(e.0,)r  q(O)|P. S) + -+
4r P 0 l-z

(37)

where the ellipsis stands for the higher order terms of the expansion.
In the next section we will compare these results with the results of calculation of the same diagrams performed in the

axial gauge.

*To make expressions lighter, we introduced z =1 — z.
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IV. CALCULATION OF THE NLO CORRECTIONS
TO THE QUARK TMDPDF OPERATOR
IN THE AXIAL GAUGE

In this section we will discuss the result of calculation of
the NLO corrections to the quark TMDPDEF operator
performed using the axial gauge of the gluon propagator.
Our goal is to compare this result with the computation of
the NLO correction in the Feynman gauge given in the
previous Sec. IIL

The initial expressions of the NLO correction diagrams
in Fig. 1 can be easily obtained from the corresponding
equations in Sec. III by replacing the gluon propagator in
the Feynman gauge with the one in the axial gauge

The gauge fixing Vector e, fixes the gauge of the quantum
fields as e¢-A =0." To s1mp11fy the derivation, let us
choose the lightlike vector e, = 7,,.

The calculation of the diagrams in the axial gauge is
straightforward and can be done using methods described
in Sec. IIl. The only difference is the spurious 1/p~
singularity of the axial gauge gluon propagator, which
has to be regularized. There are several prescriptions for
this divergence, which correspond to different boundary
conditions for the gluon field at the spatial infinity [73,75].
We pick the following prescription:

b b — T (40)
_ig;wau _id;w(p)éa p p e
— —— ), 38
() = (), (38
h In our calculation, we also consider positive values of
where x only, x > 0. With that, we calculate the diagrams in Fig. 1
n ) and get the following results.
du(P) = g4 — CuPv T Pulv | © pﬂp; . (39) For the matrix element (11) of the diagrams in Figs. 1(a)
e-p (e-p) and 1(b) we have
|
T A N T
Figs. 1(a).1(b) 872 (1-2)p3 +zk% k%
< [zt [are s (v sl 2 a)IP.s) (41)

Similarly, the related diagrams in Figs. 1(d) and 1(e) yield

4 2
o l(x, b)) axial _9 CF/dzpleihbl/dzhe—ihbl [/1dz;+/lﬁi} Piki
Figs. 1(d).1(e) 872 0 (1- Z)Pi + Zki 0o 2 Pi ki

x / Pz, eltpi)is / dz-e 7" (P, S|g( 21)r* q(0) P, S). (42)

By contrasting this result with the corresponding Feynman gauge calculation, see Eq. (30), one makes an important
observation that the axial gauge calculations contains an IR singularity [ dz/z not present in the Feynman gauge. In the next
section, we demonstrate that this divergence is unphysical, and must be removed by applying the EoM for the background
fields. For diagrams in Figs. 1(d) and 1(e) this is further elaborated in Appendix B, where we explicitly demonstrate that the
spurious IR singularity in Eq. (42) corresponds to the contribution of EoM and thus should be eliminated.

For the diagram in Fig. 1(c), it is easy to check that taking the y-projection of the quark operator, see Eq. (22), the only
nontrivial contribution comes from a term of the gluon propagator proportional to the metric tensor, see Eq. (39). As aresult,
the expression for this diagram in the axial gauge coincides with the corresponding expression in the Feynman gauge

calculated in Sec. III

Ol (xp. b))

. 2
axial g CF ) in b Id
=< - d piby
Fig. 1(c) 877,'2 / pLe 0

—Z(l —z)/dzk Pl
z (1=2)pt + k%)

/ Pz, elt-phizs / dz=e ' (P, S|g(e 2 )7+ q(0)|P. S). (43)

*Note that in the background field approach the gauge of the quantum and background fields can be independently chosen.
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Next, there are three diagrams which are trivial in the  This result also contains an IR singularity | dz/z, however,
Feynman gauge, but get nontrivial values with the axial ~ as we show in Appendix B, this singularity gets canceled in
gauge propagator. Those diagrams are in Fig. 1(h) a sum with contributions of the diagrams in Figs. 1(d) and

axial 1(e) and does not appear in the final result.

(I)[y*]()a b,) e 1 Finally, for diagrams in Figs. 1(i) and 1(j) we have
ig.
2
g CF/ 2 b, L [tdz 1 ial
=2 d plellh FI— = ] axia
87 pio z1-z OV, by) Figs. 1(i),1())
R 4 + = — _ 2 ) 1
X/dz e PP, S|g(zm b )y q(0)|P,S)  (44) 9 Cg/dzme’“l“/ dz
167 0
and Figs. 1(f) and 1(g) « /d2k e—ikiby 1 /dz ik —p1)zy
T z,e
) . . (1-2)p +2k% .
q)[}’](x,bl) ) 4
Figs. 1(f).1(g) X /dz‘e‘”‘p “(P,S|g(z7,z1)rTq(0)|P, S). (46)

B _gch/dsz_ tdz 1

872 Pl Jo z1-z . : - .

Taking the sum of all diagrams in Fig. 1, we find that the

< / dz=e P (P, S|g(z~. b, )yt q(0)|P.S). (45) NLO gorrection 'to the quark TMD operator calculated in
the axial gauge is

[7+] axial
O (x, by) Fig. 1
2
:g CZF/dsze"Pibi/dsz/dzzLei(k_p)l“/I%(([ < i| +1>Lze—ikllueimu
4r 0 2 -z, Pl
piki 11—z i > 1 >/ g _
_ _ dz7e ™ = (P,S|q(z7,z)rtq(0)|P, S
<ki 2 (1-z)p} +:zk3) (1 —2)p? +zk% (P.SlaG". 2 )r a(O)1P.5)

2
+ g C2F / d2pleimlu / dsz_ / dzzlei(k—PhZL /l dz < eiPLzL 1 eip1(z=b), _ leim(z—bh + lpk_zkk
4z 0 1-z 1-z z 7z k7
2 2
Pl pike 1 Pl

1 . . -
+5 ol / dz=e™™7" (P, S|g (", 21)r"4(0)
(—opt + & 2<1—z>pi+zki>f’i

P,S). (47)

Comparing this formula with Eq. (33), we find that the result of calculation of the NLO corrections in the axial gauge
does not, in general, coincide with the result of the naive calculation obtained in the Feynman gauge. However, inspecting
the leading term of the collinear expansion

/ dz e (PS|a(e 2L )y ()P S) / dz 0" (P, S|g(z. 0L)7* q(0)|P.S) + - (48)

axia 2C dz : Id . 1- X
1:9_;/#em/ def| =z | 1=z /dz‘e_’EP “(p.s
Fig.l 4rm P o 2 \|1-2J, 2

2Cr [&p, . 1 . R
+2F / =it / dz——(1—e7Pb) / dz=e " (P.S|3(z.0, )7 q(0)
4z )t 0 1-z

of Eq. (47)

orl(x,b))

q(z7.01)r"q(0)[P.S)

P.S)+---, (49)

we find, taking into account Eq. (35), the complete agreement with the collinear expansion of the result obtained in the
Feynman gauge, see Eq. (37).

Though we see that two results coincide in the leading term of the collinear expansion, we believe that this is merely a
coincidence. For example, we would not have an agreement, even in the collinear limit, if we have chosen a different
prescription for the 1/p~ pole in Eq. (40), e.g., the principle value prescription. Moreover, the results would not agree in
general for an arbitrary choice of the gauge fixing vector ¢, in Eq. (39). At the same time we know that the result of
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(a) The gluon propagator insertion into a quark propagating from z, to z;, (b) The e, dependent term in this insertion, (c) The

e, dependent term after applying the vertex identity. The cross denotes cancellation of a propagator.

calculation of the NLO corrections to a gauge invariant
operator must be gauge independent. In the next section we
will investigate why our explicit calculation with two
choices of the gauge does not satisfy this requirement
and how it should be modified to eliminate the dependence
on the gauge choice.

V. CALCULATION OF FEYNMAN DIAGRAMS
IN THE AXTAL GAUGE. THE ROLE
OF TRANSVERSE GAUGE LINKS
AND EQUATIONS OF MOTION

In this section, we will discuss the general structure of
calculation of the perturbative corrections to a gauge
invariant operator in the axial gauge. Though our discus-
sion will be completely general, for illustration we will use
calculation of the NLO corrections to the quark TMDPDF
operator discussed in the previous sections.

Our main goal is to show that the result of calculation in
the axial gauge does not depend on the choice of the gauge
fixing vector e, in the gluon propagator, see Eq. (39). So
how is it possible that this dependence, while being
explicitly present in the gluon propagator, vanishes in
the final result? To answer this question, let us consider
the contribution of the e, dependent terms of the gluon
propagator in the Feynman diagrams calculation.

Let us consider a basic element in this calculation, which
is the gluon insertion into a quark propagator, see Fig. 2(a).
The gluon line in this figure represents a gauge field
propagator in the axial gauge

(x

_iéab ( _ eﬂpl/ + p;tev
uv

e’p,p
- 'yl 50
e + ) ly) (50

e-p (e-p)?

attaching the quark at position x. To simplify our dis-
cussion, let us assume that e, is a lightlike vector e =0,
so the gluon propagator takes a form

—ig e,p, + pue
e ) LG

Our analysis can be easily generalized to the case of e? # 0
with no effect on the conclusions.

From Eq. (51) we see that the ¢, dependent terms are
proportional to the gluon momentum with Lorentz indexes
contracted with the corresponding indexes of y-matrices of
the quark lines. For example, the p,e, term of the gluon
propagator inserted into the quark line, see Fig. 2(b), has
the form®:

. ip ip e,p, i
d4 v H )
zg/ X(lep2+i€|x)y (x|p2+i€|22)(x‘ e-p p2+ie|y)
(52)
that in the momentum space reduces to
lkl lkZ e;tpv i (53)

7 v
lgk%—l—iey K +ice-pp*+ie’

*Here for brevity we suppress the color structure.
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where k, and k; are quark momenta before and after
interaction with the gluon. Now, let us take into account the
momentum conservation k; = k, + p, which corresponds
to the integration by parts procedure with respect to p, in
Eq. (52), i.e., the vertex identity. As a result, we can rewrite
Eq. (53) as

i, e, i K, ey, i
Vi vice ppitic I tice ppiic
2 pp-+ie | +iee-pp°+ie

(54)

where each term corresponds to canceling one of two quark
propagators in Eq. (53). In the coordinate representation,
see Eq. (52), this equation reads

ip e,
_9(Z1|pzT|ZZ)(Z |e p D2 +leb’)
—£ 55
+9(z] 2+ |2)(2|e 2 +l€|Y) (55)

This cancellation of propagators adjacent to the point of
interaction with the gluon line, i.e., the vertex identity, is
schematically represented in Fig. 2(c).

Application of the vertex identity to all p, terms of the
gluon propagators is the first step of our analysis of the
e, dependence in the Feynman diagrams calculation in the
axial gauge. The procedure should be applied to every
gluon propagator in all relevant Feynman diagrams, e.g.,
diagrams in Fig. 1. In particular, being applied to the
interaction vertex with the background field, see Fig. 3(a),

z1 Z1

P, 2 & | ),
(=l 2+7f"> <"(’/pp2+1c“) (”‘e-p;12+ze‘y)
’YV
Yy
dvq(x)
(a)
i i
(Z1|[)++i€‘z) X x (Zl‘p++k‘2)
o 5 A& <
(5ol st (il )
Y )
(b)
FIG. 3. (a) The vertex identity for the interaction vertex with the

background quark field, (b) The vertex identity applied to the
gluon-Wilson line interaction vertex.

the procedure yields

i

_QQ(ZI)(Z1|:—” v)

pp*+ic

by [ dater oo
p*+ie e-pp 2+z

where the first term includes cancellation of the quark

propagator, which gives a trivial propagation between
points z; and x.

), (57)

ig/d4x(z1| ziﬁ — )7 q(x) (x| ﬂp”;.b)) (56) .Similarly, for the interac'tion with a Wilson lines,” see
p-+ie e-pp*+ie Fig. 3(b), which can be written as
|
ig [ d (e e e ), (5%)
pT+ie pt+ie p p*+ie
after integrating by parts we obtain

R I 3 | C R ] B AL (59)

- r . . ?x Y . 9 9

911p++l~612 ) Lp+l€€p le++ LNz, xy pp+l€y

where in each term we again see cancellation of the Wilson line propagators.

The next step of our analysis is to observe that after applying the vertex identity to all e, dependent terms of the gluon
propagators, there are certain cancellations that appear in the sum of all Feynman diagrams at a given order of the
perturbative expansion. Let us demonstrate this cancellation for the diagrams in Fig. 1, which contribute to the NLO

corrections to the quark TMD operator.
Starting with a diagram in Fig. 1(c)

ax1a1

it
-¢ | d& /d4z e (y zr,b Z,—b
o= [ ADPOL bL)r G5 bl

_id;w(p)éab
p?+ie

v),
(60)

P |2)r*t°q(2)(z]

*While we assume that the Wilson line are along vector n, the discussion can be generalized to the case of an arbitrary direction.
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we subsequently apply the integration by parts procedure and rewrite the expression for the diagram as

axial

U }(szz’lu)

Fig. 1(c)

_ ip
=—¢*Cr d4y/d4zq(y)7"(y|p Izl,lu)y (z3,—b.]

v _ig/u/
2+ eI 2)y q<z)(z|p2—|—ie y)

—ingF/d“y FA0) O el bIr (@G bl e ()(Z|ﬁp +l€|y)

+igCr [ aals) Ol i by aleg —bu) (e b )

+igZCF/d4y d*z0,q(y )}/"(y| T e lz0. b )yt (25, —b | 2+i€|Z>7”‘1(Z)( eepp +l€|y)

iger [ d4zq<z,-,bl>y+<z;,—m|p2’—_’:l.€|z>wq< el 2ol ). &)

The last four terms of this equation are depicted in Fig. 4. Note that the first term in Eq. (61) is e, independent and coincides,
obviously, with the expression for the diagram in the Feynman gauge, see Eq. (31) for the matrix element of this
contribution. Let us also emphasize that the appearance of terms with derivatives of the background quark fields, e.g. y*d,q,
which will be important in the following discussion.

Now, let us perform a similar manipulation with the diagram in Fig. 1(a)

+ _ _ axial
U[y ](Zl ,Z2,bL) Fig. 1(2)
T o _ ip ) B —ig,,
= —92CF/ ' dz /d4)’Q(Zl’b¢)7+(22’—1&|m|ﬁ7 g(y)n*(z 7bL|p2 +Ml.€ [y)
z ilﬁ
+192Cp/ dz n"/d“yq(zl,bl)y (z3,—by| p V)7 0,q(y)(z bi|— ly)
00 + ie -pp*+ie
. g -
_IQZCF/ Lzt q (. by )y g(zr. —by) (2 bl|nm’ 2.—b1)
—Zc/d“- b))y (25 —b | —L— ) —’-,b
ig*Cp 2q(z7. b1 )r" (23 L|p2+i€|2)7 q(z )( T e |27, b1)
PC /d“‘ = b ) (50 =by |~ — |2 ~_1-b)), 62
+ ig°Cr 2q(z7, b1 )r" (23 L|p2+i€‘z)7 q(2)(z P +l€| 1) (62)

where in the last term we introduced a cutoff for the size of the light-cone Wilson lines L~ — oo in the definition of the
TMDPDF operator. The equation is schematically shown in Fig. 5.
Comparing Eqgs. (61) and (62), we find that both diagrams contain a term

e e b)) (63)

igch/d4Zf?(Zl_vbi)7+(ZEv_bL|p P
This term corresponds to contributions in Figs. 4(d) and 5(c) and involves cancellation of the internal quark or Wilson line
propagators. In Egs. (61) and (62) the term comes with opposite signs, so in the sum of diagrams this e, dependent term gets
canceled. We find that this cancellation is not coincidental and can be observed for other e, dependent terms as well if the
sum of all perturbative diagrams is taken.

Indeed, repeating the procedure for all remaining diagrams in Fig. 1 for the sum of all diagrams we get

U (7, 25, b ) [ = Ul (z7, 27,6, )|F™ + A+ B (64)

where U] (z7,25, b1 )|F™ in the rhs of the equation is the expression for the sum of all diagrams in Fig. 1 written in the
Feynman gauge. From this equation we see that the difference between two gauges is up to two types of terms, i.e., A and B,
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21

21

(© (d)

FIG. 4. The gauge fixing vector ¢, dependent terms of the
diagram in Fig. 1(c) after applying the vertex identity to the e,
dependent terms of the gluon propagator in the axial gauge, see
Eq. (61). The cross denotes cancellation of the corresponding
propagators.

_ nt

e, i
(a1

°y
— =z
e«pp1+15‘

© (d)

FIG. 5.
Eq. (62).

The same as Fig. 4 but for the diagram in Fig. 1(a), see

which we discuss below. As a result, we conclude that to
ensure the gauge invariance both of these terms have to be
trivial. At this point we want to emphasize that our
discussion is completely general and aﬁpplies to an arbitrary
choice of the gauge fixing vector e,,.

Let us now discuss the difference terms in the rhs of
Eq. (64). The explicit form of these terms can be found in
Appendix A. Starting with the first group of terms A,
see Eq. (A1), we find that each term in this contribution is
defined by behavior of the gluon propagator at the spatial

®While we discuss a special case of the lightlike vectors
e? = 0, our discussion can be easily generalized to the case of
arbitrary e” # 0.

(® (h)

FIG. 6. The diagrammatic representation of the difference term
A, see Eq. (Al).

infinity L~ — oo, and includes an integral of the following

form’:

- e
L, —£
( xL‘p2+i€e-py)
+ —_
= / dp” e~ir"(L7=y7) / dp” eir ™"
27 2n
. —i e
x | ipy(x=y), ! r_ 65
/ pe 2ptp—pitice-p (©3)

It is important to note that all terms in A correspond to
cancellation of a Wilson line propagator that goes to the
spatial infinity. The diagrammatic representation of these
terms is given in Fig. 6.

Whether the integrals (65) in Eq. (Al) vanish or are
independent the gauge fixing vector e, is subject to the
prescription for the axial 1/e - p singularity. Nevertheless,
regardless of any particular choice, we want to stress that
the appears of A terms in Eq. (64) is fundamental and
reflects a flaw in our calculation.

Indeed, in the end of Sec. II we mentioned that our
calculation is naive in a sense that it does not fully account

"This form is of course specific to our choice of the direction of
the Wilson lines, but a similar construction can be obtain for an
arbitrary direction of the gauge links.
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FIG. 7. The NLO correction diagrams to the quark TMD
operator with emission from the transverse gauge link at the
spatial infinity.

for the gauge invariance of the operator (12) by neglecting
the contribution of the transverse gauge link at the spatial
infinity. This can be easily seen by inspecting diagrams in
Fig. 1 that do not contain emission from the transverse
Wilson lines at the infinity. However, such emission is
essential for ensuring the gauge invariance of the final
result of calculation.

For the quark TMDPDF operator (12), the diagrams at
the NLO order with emission from the transverse gauge
link at the spatial infinity are presented in Fig. 7. Similarly
to our previous analysis, one can apply the vertex identity to
these diagrams written in the axial gauge and, in analogy to
Eq. (64), present the result as a sum of the expression for
these diagrams in the Feynman gauge and some difference
terms. For brevity we do not provide an explicit expression
for these difference terms, but their diagrammatic repre-
sentation can be easily obtained from Fig. 7.

Similarly to the analysis of the difference terms for the
diagrams in Fig. 1, it is easy to find that some of these terms
cancel each other, see for example Fig. 8. Now, remarkably,
the remaining terms, see Fig. 9, apart from the terms with

FIG. 8.

derivatives acting on the background fields, which we will
discuss later, exactly cancel the difference terms A in
Eq. (64), cf. for example Figs. 6(c) and 9(a).

So we conclude that the aftermath of inclusion of the
emission from the transverse Wilson lines at the spatial
infinity is complete cancellation of the difference terms of
the A type in Eq. (64). As a result we see that the
contribution of the transverse Wilson lines cannot be let
aside since, as we see from our explicit calculation,
neglecting this contribution can easily lead to a wrong
result. This is the first important point that we want to make
in this paper.

Of course, one can argue that while our general analysis
is correct, in practice the contribution of the transverse
Wilson lines is not important since it includes emission at
the spatial infinity and with an appropriate choice of the
gauge fixing vector e, and prescription of the 1/e-p
singularity it, e.g., all terms in Eq. (A1), can be made trivial,
so the A terms do not contribute in Eq. (64), even without
the transverse Wilson line in the initial definition of the
TMD operator.

However, one should be careful with this approach since
it does not take into account nontrivial self-energy correc-
tions to the transverse gauge link, see Fig. 10. These
corrections appear in calculations with an arbitrary gauge
fixing vector e,, and even in the Feynman gauge.
Subsequently, the analysis of these contributions needs
special treatment, which depends on a particular factori-
zation scheme.

Even though we find that contribution of the transverse
link at the spatial infinity is necessary to ensure the gauge
invariance of the calculation of perturbative corrections to
the TMD operator, from inspecting Eq. (64) we conclude
that the gauge invariance of the operator itself is not
sufficient to eliminate discrepancies in results calculated
in different gauges.

Indeed, in Eq. (64) the inclusion of the transverse gauge
link eliminates only the difference term A and does not
change the B contribution. The distinguishing property of
the B terms is that all these terms contain derivatives of the
background fields, e.g., y#d,q. From this it becomes
obvious that to eliminate the disagreement between the
results of calculation in two gauges we have to assume that
the background fields satisfy EoM, which in our dilute
approximation are simply

Cancellation of the difference terms after applying the vertex identity to diagrams in Fig. 7.
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FIG. 9. The difference terms for the diagrams with emis-
sion from the transverse gauge links at the spatial infinity in
Fig. 7. The cross denotes cancellation of a propagator. The
0,q notation denotes terms with a derivative acting on the
background quark field.

iy'*d,q = 0; —id,gy* = 0. (66)

From our analysis we conclude that in the QCD
factorization approach the results of perturbative calcula-
tions obtained in different gauges agree only up to terms
proportional to the EoM for the background partons, which
we explicitly see in Eq. (64).

We believe that the important role of the EoM in the
QCD factorization approach has not been sufficiently
addressed in the literature. Meanwhile, we find that
imposing the EoM for the background fields in not an
option but a requirement. We find that while the role of the
EoM can be overlooked in some leading order calculations,
in general they should be taken into account as we expect
that in the higher orders of the collinear expansion the EoM
will start to play the role.

For example, currently the majority of the perturbative
calculations of the TMD distributions are done in the
collinear limit, which is the small » | approximation for the

FIG. 10. Self-energy correction to the transverse gauge link at
the spatial infinity.

TMDPDFs. In this approximation the background partons
are effectively replaced with the collinear particles that do
not carry any transverse momenta and are on the mass-
shell. In this approximation the EoM are satisfied and the
results of calculation in different gauges do agree, see in
particular our results (37) and (49) for the collinear
expansion of the quark TMD operator obtained in the
Feynman and axial gauges.

However, this approximation is valid only in the region
of small b, <« A(S]CD, while application of the TMD
factorization with TMDPDEFs describing the nonperturba-
tive structure of the hadron can be justified only in the
opposite region of large b 5/\6}31). So regardless of
whether one tries to calculate the higher order corrections
to the collinear expansion or calculate TMDPDFs in the
physical region of large b < A(‘QICD, as we do in Secs. III
and IV, the EoM for the background fields has to be
imposed to ensure the gauge invariance of the calculation.

Another important aspect that we want to emphasize is
that since the background fields satisfy the equations of
motion, the result of perturbative calculation is not unique.
In other words, one can always add a term proportional to
the EoM and obtain a physically equivalent result.

In the dilute limit this can be seen as ambiguity in the
perturbative coefficients, cf. for instance Eqgs. (36) and (47).
However, as it follows from our analysis of the problem in
the dense limit presented in the next section, the correct
way of interpreting this phenomena is ambiguity in the
contribution of different nonperturbative matrix elements of
the background-field operators to the full result.

In this sense, there is no a ‘“correct” result for the
perturbative calculation. Instead, there is an infinite number
of solutions which are different up to the equations of
motion. In this sense, what we call a correct form of the
final result is a matter of convention.

Note that “adding” terms proportional to the EoM
effectively corresponds to going from one choice of the
gauge fixing vector e, to another one e,,. The limiting
case, when the explicit dependence on the e, vector is
eliminated, in the dilute regime without the background
gluons corresponds to the Feynman gauge.

This ambiguity, however, can introduce an unexpected
conundrum. Suppose we add to the perturbative result a
term, which is proportional to the equation of motion but
contains a singularity. This singularity is of course non-
physical, because the corresponding term is trivial due to
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the EoM for the background fields. Yet in practice it is not
always trivial to detect this nonphysical divergencies and
remove them from the final result.

For example, we observed such a divergence in our naive
calculation in the axial gauge, which contains a nonphysical
IR divergence [dz/z, see Eq. (42), originating from the
contribution of the diagrams in Figs. 1(d) and 1(e). We find
that the most efficient way to detect such spurious singu-
larities is to perform the perturbative calculation in a number
of distinct gauges and compare the structure of singularities,
which has to be the same. If the structure is different, one
should apply the EoM to eliminate the unphysical singu-
larities. For instance, in Appendix B we explicitly show that
the IR divergence in Eq. (42) is related to the contribution of
EoM, and for this reason is an spurious singularity to be
removed from the final result.

Our analysis so far has been done in the dilute limit for the
background fields, which is manifested by the form of the
corresponding EoM (66). So it is natural to ask whether
the analysis and its conclusions can be extended to the dense
limit when there are multiple interactions with the back-
ground parton fields. In the next section we will discuss this
limit and necessary modifications to our approach.

VI. GENERALIZATION TO MULTIBACKGROUND
FIELD INTERACTIONS

So far we limited our discussion to the dilute case, i.e.
considering interactions with only two quarks from the
background fields. It is, of course, important to understand
how our conclusions of the previous section change when
multiple interactions with background fields are taken into
account.

Starting with the dilute diagrams in Fig. 1, it is easy to
obtain their generalization to the dense limit by replacing all
bare quark and gluon propagators with propagators in the
background field, which resum multiple interactions with
quarks and gluons of the target. For instance, such gener-
alization of Fig. 1(a) can be found in Fig. 11. Note that
multiple interactions with quarks and gluons of the back-
ground mix different types of partons in the quantum loop.

Let us, however, simplify the problem and assume that
similarly to diagrams in Fig. 1 there are only two back-
ground quarks, yet the number of gluon insertions is
arbitrary, see, e.g., Fig. 12. To compute such diagrams
we need to generalize the bare quark and gluon propagators
resuming multiple gluon insertions.

For the quark propagators in Fig. 1 that implies the
following replacement:

—id ,,(p)é“” —id D(p)&"b
(ﬂ”TU) - (ﬂ”Tb’)

+ (=g o en?)
p

[¢7{Pa, A"} + 2i(PA” — 0°A7) — pPA” — AP p”] 0’

FIG. 11. The diagram in Fig. 1(a) generalized to the dense limit
with multiple interactions with the background field.

FIG. 12. Generalization of the diagram in Fig. 1(a) with
multiple insertion of the background gluon fields.

i

(x|;|y)—>(x;+pigA;+;igA;igA;+"'|y)ﬂ (67)

where each subsequent term has one extra gluon insertion
compared to the previous one. The sum of terms in the
right-hand side of Eq. (67) is schematically presented in
Fig. 13. One can formally resum the terms in Eq. (67) and
rewrite the generalized propagator as

(] ;Iy) - (XIfly), (68)

where P, = p, + gA,. Note that the generalized propaga-
tor contains a gauge covariant operator P,,.

Analogous generalization of the gluon propagator is less
straightforward. We construct such generalization starting
with the bare gluon propagator in the axial gauge by adding
multiple background gluon insertions via the standard
three- and four- gluon vertexes. Explicitly such construc-
tion looks like

Mbj)ab_’_...’ (69)
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FIG. 13.
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Resummation of multiple insertions of the background gluon fields into the quark propagator.

[
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FIG. 14. Resummation of multiple insertions of the background gluon fields into the gluon propagator.

where an expression in squared brackets is the three-gluon
vertex and ellipsis stands for the higher order terms in the
coupling constant. The sum of terms in the right hand side
of this equation is presented in Fig. 14. Here we assume that
the gauge of the quantum gluons is fixed with an arbitrary

Now, similar to the case of the quark propagator, we want
to resum terms in the rhs of Eq. (69) and represent the result
of this resummation in terms of gauge covariant operators.
Though it is not obvious, we find that the following formula
offers the necessary solution

vector e "
|

—id,, (p)o® , EN(1 1 e .
(xlﬂTU) — —i(x] 5§—Puﬁ AT G-t 8 1) b (70)
where [ = P2g"v + 2igF*,
ov=ppe 4 & ppw_ pp g (71)
ope Poe ? P-e P79 p.g

and ellipsis stands for terms with a growing number of insertions of the O operator. Originally this form of the gluon
propagator in the axial gauge was derived in Ref. [11].

The easiest way to see that Eq. (70) is equivalent to the form of the propagator (69) is to expand both forms in powers of
the coupling constant and compare the corresponding terms of the expansion. However, the form of Eq. (70) is
advantageous since it contains only gauge covariant operators, and is analogous to Eq. (68). As we will see shortly, this
allows straightforward generalization of our previous analysis of the Feynman diagrams in the dilute limit presented in the
previous section to the case of multiple insertions of the background fields.

Using Eqgs. (68) and (70) we can generalize diagrams in Fig. 1 to the case of multiple gluon interactions with the
background field. For example, the generalization of the diagram in Fig. 1(a), presented in Fig. 12, has a formal expression,
cf. Eq. (20),

u[y*] (Zl_’ z, bi) axial _

7 o . ~ i }
Fie.12 = —92/ 1 dZ—/d4yQ(Zl7bL)t 7+(Z2’_bL|P+i€ ly)r i q(y)n*

_ ) e 1 1 1 , e b
X(Z ,bl’(—l)<5ﬁ—Pﬂm>{@—mégoﬁpm+}(5y—mpy>|y)a . (72)
Similar expressions can be easily written for all other diagrams in Fig. 1.

To demonstrate the gauge invariance of the sum of all diagrams we aim to show that the sum does not depend on the
gauge fixing vector e,. From Eq. (70) we see that the ¢, dependence in the gluon propagator appears in the boundary factors
like

5 — P : (73)

kp.e

and the operator insertions O, The cancellation of the e, dependence in these two structures should be considered
independently.
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(b)

FIG. 15. (a) Insertion of the gluon propagator into a quark line Eq. (74) and (b) the same propagator after the integration by parts
procedure Eq. (75).

Let us start with the boundary factors. Similarly to the dilute limit, we expect that the crucial step in proving the
cancellation is the vertex identity. So how does this procedure change if we consider a Feynman diagram with a gluon
propagator attached to a quark or a Wilson line, when the “quantum” partons interact multiple times with the background
gluon field?

To answer this question, similarly to our discussion in Sec. V, let us consider the generalization of the vertex identity for
the e, dependent terms when the gluon propagator is inserted either into a quark line or a Wilson gauge link.

Starting with the quark line, we assume that the interaction between the quark and gluon takes place at point x. For the
e, dependent term at this position we write, see Fig. 15(a)

] g 1 1 1 e
: 4 L vy N — 67 - op no_ = ab
i [ stail g el )0 (P e a0 gt (3 g P )0 09

cf. Eq. (52). We see that the Lorentz index of the covariant momentum P, is contracted with the index of the y-matrix
between two quark propagators in the gluon background field. Integrating by parts with respect to this momenta we rewrite
Eq. (74) as, cf. Eq. (55),

a ef 1 1 0, 1 Ji e ab
—gt(Zl|P+ [22) (@l (=) 5 A TR C At i y)

4
( | }D T e |Zz)t“(22|( )(— Pe‘e> {ler/ _ D1§6 Oor DI/)'? + .. } <5Z _ ;:pﬂ> |y)uh‘ (75)

We find, similarly to the dilute case, that the vertex identity leads to cancellation of a quark propagator adjacent to the point
of quark-gluon interaction, see Fig. 15(b).

In full analogy with the dilute case, a similar cancellation takes place when the gluon propagator is inserted into a Wilson
line. Starting with a formal expression for the e, dependent term of the gluon propagator in this scenario we have,
cf. Eq. (58),

: — (= i —\ V44 (— i -
ig [ d (a7l e b e 25)
et 1 1 1 e
— . Yoy Ji ab
x (x ’xl|(_l)<_P"—P-e> {—Déf”_D@’O p—lj/”’_'—”'}(a”_—P-eP”)ly) . (76)

Diagrammatic representation of this insertion can be found in Fig. 16.
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FIG. 16.

Insertion of the gluon propagator into a Wilson line after applying the vertex identity, see Eq. (77).

Integrating by parts with respect to the covariant momentum P,, we can rewrite Eq. (76) as

i

AT N CRR e <_Pe:>{
ﬁ |27)1(z7, x 1 |(=i) <— pe.fe> {

+o(zl 5

1 1

op

e’
Ji ab
o e O D/}ﬂ+~~~}<5ﬂ—MP”>|y)

1 Oor 1 5’7 e P ab
ST TR A vy Ll

(77)

with a similar cancellation of the Wilson line propagators, cf. Eq. (59) in the dilute approximation.
Finally, we need to consider a situation when the gluon propagator is attached to a background quark field, see Fig. 17. In

this case we write, cf., Eq. (56),

e‘f

io [ Estail o o i-n (-p,

Integrating by parts with respect to P,, we get

_ grog(z) (=) (—

i
+g/d4X(Zl|P+i€

)17 D, g () (x| (=) (—

cf. Eq. (57). We see that, similarly to the dilute case, the
vertex identity applied to the e, dependent term of the
gluon propagator attached to the background quark field
leads to either cancellation of the adjacent quark propagator
or appearance of a term with a covariant derivative
D, acting on the background quark field ¢, see Fig. 17.
As a result, we conclude that the vertex identity, being

applied to the e, dependent terms of the boundary factors of
the gluon propagator (70), has exactly the same structure as
in the dilute regime with cancellation of the internal quark

11
O O

P-e

e 1 1 1
m){@‘mfao”m+“

1 1 1 el
— == op S -
p.e>{D§n Déao g/m+ }(” P-e

1 el
O(rpm + .- } (5Z — P—eP'u> |y)al7. (78)

=)
op.e

Pﬂ) Y. (19)

|
and Wilson line propagators, as well as appearance of terms
proportional to derivatives of the background quark
fields Pg.

It is easy to see now, following the analysis of Sec. V,
that the dependence on the ¢, vector in the boundary terms
of the gluon propagator cancels in the sum of all Feynman
diagrams with all possible insertions of the gluon propa-
gator. This happens due to cancellation of terms with
removed (after applying the vertex identity) internal propa-
gators originating in different diagrams, see for exam-
ple Fig. 18.

FIG. 17. The gluon propagator attached to a background quark field after applying the vertex identity, see Eq. (79).
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FIG. 18.

Cancellation of terms after applying the vertex identity with an infinite number of background gluon insertions.

(b)

FIG. 19. To see the cancellation of the e, dependence in the gluon propagator (70), we need to combine each operator insertion O

(a) with an insertion of the quark staple (b).

However, to have the cancellation of e, dependence, in
full analogy to the dilute case, we have to take into account
contribution of the transverse gauge link at the spatial
infinity and require that the background quark fields satisfy
the QCD equations of motion

ir"D,g =0,  —igD,y* =0. (80)
In the dilute approximation with no background gluons
these equations obviously reduce to the EoM for free
quarks (66).

Now, after we found that the e, dependence in the
boundary factors (73) of the gluon propagator (70) does not
survive in the sum of all Feynman diagrams, let us turn our
attention to the e, dependence in the operator insertion O,
see Eq. (71).

3
—gz/d4zl/d422(x|(—i) <5,§—P”M

i

To understand cancellation of the e, dependence coming
from this operator insertion, we need to extend our previous
analysis and take into account multiple insertions of the
background quark fields into our diagrams. This generali-
zation can be viewed as insertion of multiple quark
“staples” into “quantum” gluon lines, see Fig. 11.

To see the cancellation of the e, dependence in O we
need to combine each of this operator insertions with an
insertion of the quark staple, see Fig. 19.

Indeed, each quark insertion of the quark staple by itself
depends on the ¢, vector through boundary factors (73) of
the adjacent gluon propagators, so it has to be combined
with the e, dependence of the O insertion operator,
see Eq. (71).

For insertion of the quark staple into a gluon propagator,
see Fig. 20, we write

1 e
> Jén (52 _P-E,’P[)) |Zl)

i

x |:ZI<Z1)7’pte(ZI|P+ ieIZz)t"y"q(Zz) +‘_1<22)7’6td(22|}b+i€Zl)teYPLI(Zl)}

ex 1 et
)& -P,— P, ) |y). 1
X(Z2|( l)(50 O—P'€> DKC (5 P.-e v)'y) (8)

Note that since we aim to combine this contribution with an O insertion into the gluon propagator, the gluon propagators
around the “quark” staple are simply 1/ and do not themselves contain any O insertions. If we add extra O insertions to

et s

i
@0 (55 - Pugs) o (01— s o)) (Zl‘lp T Z'E|22) (eall=i) (55 = Py ) 2 (5 - 2 )l

€T Z1 g 22 Yy

q(z1) q(z2)

FIG. 20. Insertion of the quark staple into a gluon propagator, see the first terms in Eq. (81).
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(21— 2)

—94(z1)wtq(21) = (D' Fu)* (1)

(@ (b) ©

FIG. 21. Schematic representation of terms in Eq. (82) obtained after applying the vertex identity to the quark staple in Fig. 20,
see Eq. (81). Terms “a” and “b” can be removed by applying EoM (80). Terms “c” can be related to the background gluon contribution
by applying EoM (84). These terms are canceled by gluonic contributions in Fig. 19(a).

the gluon lines, we would need to combine them with extra insertions of the quark staples. In other words, one O insertion
into the gluon propagator should be combined with one insertion of the quark staple, which we consider in Eq. (81).
Integrating by parts with respect to P, and P, we get

§ .
- [z | d4z2{<x|(éi—P o) G e e Gl ot
¢
[T LRy §NT

4 5 - plee +d 4 - P 1€
+ (4 P—) Sl e e MlaGe) e - ) - gl

prreerae el (-5 e (% —Pe—_gePy> )

et \ —i e
+ (5 - n, P—,e) S () bl s et + )l A - 2)

+ q(22)7°1 (22

i :
i |22)t1iPg(z,)

lQ(Zz)Dfd(22|

P

+4(22) ”td(ZzI

¢
|Zl)teIDQ(Z1)] (22l = 52 (54 %ﬂ) |y)

§ _.
+ (x| ( - P, P—e> D—;n <-Pe—:1’p> |2y)% [ié(zl)yp[ﬂ ")q(z1)8*(z1 — 22) — q(z1)7"1 (21| P i o |22)14iPq(25)

e Pl (el (- ) S (- e ) ®2)

Despite the length, this equation is quite transparent. The first two lines contain terms with no e, dependence in the
boundary factors (73) of the gluon propagators attached to the staple. These terms are of no interest to us.

The remaining ¢, dependence in the boundary factors at points x and y should be treated independently. If these points
are attached to the quark lines or gauge links of the initial quark TMD operator to eliminate the e, dependence one should
repeat the analysis in the beginning of this section. If the gluon line is attached to a quark staple, then the procedure that we
are developing right now should be applied.

The e, dependence associated with the quark staple insertion into a gluon propagator is in the remaining terms of
Eq. (82). The structure of these terms is transparent and similar to what we have seen before. There are §-functions which
manifest cancellation of the internal quark propagator of the staple and terms with covariant derivatives of the background
quark fields. These terms are schematically presented in Fig. 21.

¥Note that our analysis is general and can be applied to any QCD operator.
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Applying EoM (80) we rewrite Eq. (82), without the first term, as

_ig? / d4z(x|(5;=;-
- gz/d4z(x|(5f,
. et —i el
~ig? [ e (55 L m) = (‘m

which corresponds to the contribution in Fig. 21(c).

) St aera@lel (~ ) Sk (5 -
-#, Pi) S ()l aee S (5 -
P, il e (oo ) e (5 - e

eK

¢

e
)
e
Py> )%

e

Now we arrive to a crucial step of our analysis: application of the EoM for the gluon fields. Indeed, since, as we discussed
before, the quark fields have to satisfy (80), we have to impose the QCD equation of motion for the background gluon fields

as well

(D”F/w)a

—9qr.,1°q. (84)

In fact, as we will see now, this is required to eliminate the dependence on the gauge fixing vector ¢, and ensure the gauge

invariance of our Feynman diagrams calculation.

With the help of Eq. (84) we rewrite the ¢, dependent terms in the gluon propagator with a single insertion of the quark

staple (83) as

et 1 e’ e’
_j < IR do _©
zg(x|<5 -P, > N [DAF GP-e s

Comparing this equation with Eq. (71) we find that after
applying the EoM for the background fields (80) and (84),
the e, dependence generated by a quark staple insertion
into the gluon propagator reduces to

Py> [y)e

¢ 1 1 el
; 4 € 0, Ji
—ig(x]| (5,, -P, 7 g e> T Qer S0 <5,, P .
(86)

Now, as we promised, we need to combine this
contribution with a single O insertion into the gluon

propagator (70)
) ).

: e\ 1 1
+ig(x| <5§ -P, P—e> = Oor ST <5n
(87)

We see that two contributions exactly cancel each other
which completes our proof of the e, independence of the
final result of calculation of the Feynman diagrams in
presence of multiple interactions with the background
fields.

We find that our general conclusions formulated in the
dilute limit are completely valid in the dense regime. To
ensure the gauge invariance of the calculation one has to
include the contribution of the transverse gauge links at the

P 69

1 el
l]_—
}W(‘% Pre
[

spatial infinity and enforce the QCD EoM for the back-
ground fields.

Meanwhile, the analysis of this section offers some
important results on its own. First, we conclude that the
gauge invariance of the final result for the sum of all
Feynman diagrams in the QCD factorization approach
involves an interplay between quark and gluon back-
ground-field configurations that is due to the EoM (80)
and (84). In other words, there is no meaning in perturba-
tive calculation of a particular operator contribution in
isolation from all other possible background-field configu-
rations, see, e.g., Fig. 19.

Indeed, one can always add a trivial contribution propor-
tional to the QCD EoM that mix quark and gluon operators.
This trivial contribution is going to simultaneously change
perturbative contributions corresponding to different con-
figurations of the background fields, i.e., operators. This
means that each perturbative contribution to a particular
operator is not unique. A change in this contribution, due to
the equations of motion, is always compensated by a
matching change in other perturbative contributions cor-
responding to other related background field operators. So
only the full set of perturbative contributions of the relevant
operators remains the same. Mixing between different types
of operators due to EoM has been extensively studied
before, see, e.g., Refs. [79-83].

An illustration of this point can be found in Fig. 22.
Two diagrams in this figure contribute to the perturbative
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(@) (b)
FIG. 22. Interplay between two different background field
configurations.

calculation of the quark TMDPDF operator. At the same
time, these two diagrams correspond to contribution of two
different background field operators, i.e., note two quark
fields in the first diagrams and four quark fields in the
second one. However, as we showed in this section, two
diagrams are related to each other. The contribution of each
diagram is not unique due to the QCD EoM for the
background fields. Indeed, one can always add a term
proportional to the D*F,, operator in the first diagram, see,
e.g., Eq. (85), if the second diagram receives a matching
contribution proportional to gy, t“q, see, e.g., Eq. (83).
Though after adding such terms the corresponding pertur-
bative result for each diagram is going to change, the total
result for the sum of diagrams remains the same.

Second, one can note that since two results of calculation
of the perturbative corrections to a gauge invariant operator
obtained in two different gauges are the same up to terms
proportional to the QCD equations of motion, one can
effectively go from one choice of the gauge fixing vector
ey, to another e,, by consistently adding terms proportional
to the quark-gluon operators in the QCD EoM (80)
and (84).

By doing so, one can in particular eliminate all terms
proportional to the gauge fixing vector e,. In this case the
gluon propagator (70) simplifies to

1
). (85)

This form of the gluon propagator is nothing but the gluon
propagator in the background-Feynman gauge that is
defined by a gauge-fixing term —J (D*A%)%.

As a result, we see that in calculation of perturbative
corrections to a gauge invariant operator in the background
field, the sum of all Feynman diagrams calculated in
the axial gauge with an arbitrary gauge-fixing vector
e, coincides with the sum of the same diagrams calculated
in the background-Feynman gauge if the background fields
satisfy the QCD EoM (80) and (84).

Note that the background-Feynman gauge is different
from the Feynman gauge which is defined by a gauge fixing
term —3(0“A4)%. Two gauges coincide only when the
background gluon field is trivial. Indeed, the gluon propa-
gator in the background-Feynman gauge (88) reduces to the
gluon propagator in the Feynman gauge only when the
background field A, = 0.

—i(x|

However, the converse is not true. Writing the gluon
propagator in the background field in the Feynman gauge

_iglwéab : _igﬂ/’ c a H c o
(X|T’y)—lg(x| 2 (07 { Par A"} +2i(0P A7 — A7)
—i
_ppAa_Appo}gljgvz(mw)ab_’_m’ (89)

compare with a similar expression for the gluon propagator
in the axial gauge (69), it is easy to check that (89) does not
coincide with (88) for any nontrivial background gluon field.
As aresult, we want to make an important remark that an
appropriate gauge for calculations in the QCD factorization
approach with the dense background fields is either the
axial or background-Feynman gauge. While in calculations
with trivial background gluon field configurations the
results of calculation in the Feynman and background-
Feynman gauges coincide, for the reason given above.
In general, the Feynman and background-Feynman gauges
are different, and in calculations with nontrivial back-
ground gluon fields one has to apply the background-
Feynman gauge to obtain a gauge invariant result matching
the corresponding result calculated in the axial gauge.

VII. CONCLUSIONS

In this paper, we discuss calculation of the NLO
correction to the quark TMDPDF operator using the
MSTT approach developed in Ref. [55]. The MSTT
approach, designed to bridge the regions of large and
small Bjorken-xp, aims to calculate the TMD operators in
the region of large b, < Agep. In this region, the details
about the flow of transverse momenta between the pertur-
bative and nonperturbative components of the TMDPDFs
become important. Essentially, the MSTT approach pro-
vides definition to this flow and allows to extract the IR
structure of TMDPDFs in the kinematic region where
small-xp effects can potentially contribute.

This requires calculation of the perturbative corrections
in a general background field of the target. By performing
such calculation in the dilute limit with only two back-
ground quarks, we find an ambiguity in the result. This
ambiguity manifests itself in our “naive” calculation that
does not include contribution of the gauge potential at the
spatial infinity. We perform this calculation in two gauges,
i.e., the Feynman gauge in Sec. III and the axial gauge in
Sec. IV, and find that in our calculation scheme the results
explicitly do not agree. At the same time we observe, that in
the collinear approximation, when the background quarks
do not carry any transverse momenta, the discrepancy in the
results do disappear, though this is specific to a particular
choice of the gauge fixing vector for the axial gauge and
regularization of the corresponding axial divergence.

To understand the source of discrepancy in our calcu-
lation scheme we match two results at the order of initial
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Feynman diagrams. To perform this matching in the dilute
limit, in Sec. V we apply the vertex identity to all quark-
gluon interaction vertices. In Sec. VI we develop a
generalization of this method to the case of the dense field
with multiple interactions with the background partons. To
our knowledge, such analysis in the dense limit has never
been done before and is one of the results of this paper.

Here, we would like to emphasize that our analysis of the
gauge invariance is limited in scope to the case of the NLO
corrections in “quantum” fields. For this reason, while we
include an infinite number of interactions with the back-
gorund fields, we do not take into consideration the
quantum gluon self-interactions. Though, the analysis of
the gauge invariance in presence of the three- and four-
gluon vertexes is more involved and goes beyond the scope
of this paper, we expect that the main conclusions about the
role of the QCD EoM and the gauge invariance of the TMD
operator will remain unchanged.

By direct matching of the Feynman diagram contribu-
tions we identify two sources of the ambiguity in our naive
calculation. The first source is related to the fact that the
TMD operator in our naive calculation is not gauge
invariant since it does not include contribution of the gauge
potential at the spatial infinity. We find that the contribution
of this potential is essential in our calculation scheme for
the gauge invariance of the obtained results. The role of the
transverse link at infinity for the gauge invariance of the
TMDPDF operators9 has of course been known before.
Though in any practical calculation its contribution is never
included. We argue that one should understand this as an
additional scheme dependent prescription. From our cal-
culation it becomes obvious that regardless of the gauge the
contribution of the transverse gauge link cannot be formally
proved to be zero. While in the axial gauge all types of
emission from the transverse link at infinity has to be taken
into account, after resummation of all diagrams in both
Feynman and axial gauges the contribution of the link
reduces to its self-energy corrections. Its not formally
obvious that this contribution is zero, though currently
there are no signs that this contribution somehow affect the
cross section. For this reason, in the TMD physics one
usually eliminates these corrections by either appropriately
defining the soft function such that the self-energy correc-
tions in the TMDPDF matrix element are completely
canceled by a similar corrections in the soft factor [1],
or eliminate them by hand, see, e.g., Ref. [77], which can be
understood as a prescription in the definition of the
TMDPDF matrix element and the soft factor. In this sense,
the self-energy corrections can be understood as artifacts of
the TMD factorization formula with operator definitions of
its components. So far, it has not been detected that these
artifacts lead to any physical effects in the cross sections,

’And any other operators with a transverse direction separation
between the light-cone gauge factors.

for these reason they have to be eliminated in the afore-
mentioned sense.

We believe, the same applies to the small-xp distribu-
tions. There is no an analog of the TMD soft factor for the
small-x; dipole operators. For this reason one has to
understand elimination of the self-energy corrections to
the transverse links at infinity as a part of the definition of
the small-xp dipole amplitudes. Note that in the axial gauge
calculations, to ensure the gauge invariance, one still has to
include all possible emissions from the transverse links at
infinity. In the sum of all diagrams one has to identify the
self-energy contribution, which formally coincides with the
self-energy contribution in the Feynman gauge, and elimi-
nate it. Consequently, the result of calculation in the axial
gauge will coincide with the corresponding result in the
Feynman gauge calculation without the self-energy cor-
rections at im‘inity,10

Yet, we find that the gauge potential at the spatial infinity
is not the only source of the discrepancy in our calculation
scheme. Our background partons are not free particles on the
mass-shell. Instead, they are general background fields
defined by the MSTT factorization scheme. However, as
we show in this paper, the background fields are not arbitrary
and has to satisfy the QCD EoM. The EoM for the
background fields of the target reflect the gauge invariance
of the hadronic state and ensure independence of the hadron
properties on the gauge rotations of the background fields.

It is important to note that the EoM introduce a natural
ambiguity into the result of calculations. Indeed, one can
always add or subtract a contribution proportional to the
EoM and get a physically equivalent result. As we show,
this corresponds to going from one choice of the gauge
fixing vector in the axial gauge calculations to another one.
A limiting case, when the explicit dependence on the gauge
fixing vector is eliminated, yields the result of calculation in
the background-Feynman gauge, which reduces to the
usual Feynman gauge in the dilute approximation.

One concomitant result of our analysis is a clear dem-
onstration that the correct generalization of the Feynman
gauge in the dense background field calculations in the QCD
factorization approach is the background-Feynman gauge,
which for instance was used for calculations in Ref. [55].

Since the EoM relate the quark and gluon operators, by
adding the equations one can effectively transfer a certain
physical content between the quark and gluon sectors in the
nonperturbative matrix elements. In the paper, we provide a
detailed description of this mechanism.

As aresult we see, that quark and gluon sectors cannot be
considered independently, since only their combination
provides a complete physical picture. For this reason,

'"The absence of the self-energy corrections at infinity in the
Feynman gauge is also a consequence of the quantization
procedure in this gauge, which explicitly requires that all fields
at infinity should vanish.
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we believe our detailed analysis of the mixing between
quark and gluon fields is especially relevant to the small-xp
calculations. In particular, the role of the mixing for spin
dependent operators, see, e.g., Refs. [84,85].

While the interplay between quark and gluon sectors due
to the EoM does not per se introduces any troubles. We find,
that there still is a potential issue when the terms proportional
to the EoM introduces unphysical singularities. We observe
such contribution in our explicit result obtained in the axial
gauge, which contains rapidity singularities of the IR origin.
In our previous calculation for the gluon TMDPDFs, see
Ref. [55], such singularities generated a logarithmic con-
tribution of the BFKL-type in the IR structure of the gluon
TMDPDFs. However, for the gluon case we observe such
singularity in the results obtained in both background-
Feynman and axial gauge calculations. Which means that
the singularity is genuine and is not related to the EoM.

However, in the quark case, presented in this paper, the
singularity does not appear in the Feynman gauge calcu-
lation. For this reason, we conclude that the observed
rapidity singularity is not physical and should be eliminated
from the final result.

In practice, however, it is not always obvious whether a
particular divergence is related to the EoM or not. To do
that, one has to perform a detailed analysis of the operator
structure of the result identifying terms which can be recast
into the EoM and subsequently eliminated. We believe that
methods and techniques developed in this paper provide
essential tools for such analysis.

One practical approach, though, is not to rely on a
calculation in any given gauge, but instead perform a
calculation in different gauges and compare the results.
The genuine divergencies should not be affected by the
choice of the gauge. And the difference between results

should be up to the EoM.
|

A= —ig2CF/d“yé(zl"bl)}'*(ZEa—bﬂ p

+ig?Crp | d*ya(z7, by )y (5. —b,|

2CF

+ig*Cp / d*xq(

d*xqg(x)y* x|

+
— i*Crpg(zy
"2

+ igchZI<Z1_,bi)7+Q(Z5’_bL)/
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-
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— i Cra(z b1 )y q(z5.~b)) /
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|Zl b))y
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From our analysis we conclude that the correct form of
the NLO correction to the quark TMDPDF matrix element
calculated in the MSTT approach is provided by the
calculation in the Feynman gauge and has a form of
Eq. (36). This equation is a bare result for the NLO
correction. The divergencies in this result are yet to be
regularized and renormalized using the MSTT procedure
developed in Ref. [55]. We leave this analysis for a
subsequent publication.
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APPENDIX A: EXPLICIT FORM OF THE
DIFFERENCE TERMS A AND B IN EQ. (64)

In the main part of the paper, we describe the vertex
identity which we apply to the e, dependent terms of the
gluon propagator in the axial gauge. In the momentum
representation this procedure is equivalent to application of
the momentum conservation law in each quark-gluon
vertex of a Feynman diagram. We find that after performing
this operation the sum of diagrams in Fig. | has a form of
Eq. (64) where the difference terms are

L b e )
(L bl )
ol brt (e —b ) (L7 bl s +l€j"p )
N )
p’ +iee- p| - bl)
dzn!(L~ —bﬂp e p| ~,=by)
p? —|—zeeep| 7 by)
At (L by b)) (A1)
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In the main part of the paper we argue that to compensate these terms one has to take into account contribution of the
transverse Wilson lines and impose EoM for the background field.

APPENDIX B: THE ORIGIN OF A SPURIOUS IR SINGULARITY IN EQ. (42) AND THE ROLE OF EOM

In this appendix we discuss calculation of the diagram in Fig. 1(e)."" Our goal is to show that the IR singularity f dz/zin
the final result for this diagram (42) calculated in the axial gauge is related to the contribution of EoM. This indicates that
the singularity is unphysical and should be eliminated from the final result. Indeed, such divergence does not appear in the
final result for this diagram calculated in the Feynman gauge, see Eq. (30).

Let us start with an initial expression for this diagram in the axial gauge

axial

g (e b, | —duP)

Ul (zr, 25, b _ P
(z7-27,b1) p*+ie p* +ie

ly). (B1)

== 2CF/ dZ—/d4yf7(11_,b¢)7+(15’—bﬂ
Fig. 1(e) 3

Applying the integration by parts procedure as in Sec. V we can rewrite this equation as'?
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Calculatlon of a similar diagram in Fig. 1(d) is almost identical.
""Here we choose the gauge fixing vector e, =,
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Here, the last but one term is proportional to y#d,¢(y), so it can be eliminated by applying the EoM (66). However, we aim
to keep this term and show that it leads to the IR divergence in Eq. (42), which proves that the divergence is unphysical.
Using replacement (22) and calculating the trace of y-matrixes we further simplify the result as

axial

Fig. 1(e)

=-27C; [ [ atvan L bl

Url(z7,23.b))

|y)tr{Q<Zl b )yta(y)}

k 1 1
'2C/ d‘/d“ o=by | y) (. b | ——— tr{q(z7. b1 )y oug(y,
+ig°Cr L& (23 L|p2+i€|)’)(z L|p2+i€p_+i€|y)r{q(z1 DrTog(y=.y.)}
% 1 1
- 2c/ dz (27, =b | ——— |75, —b )te{G(z7. b )yt (25, —b ) )}, B3
7Cr | dz (z J_|p2_|_i€p_+i€|zz Dr{g(zy, b)rtq(zy, —b1)} (B3)

2

where the second term corresponds to the last but one term proportional to EoM y*d,¢(y) in Eq. (B2).
For out following discussion it is sufficient to consider only this term

axial

ur ](Zl’zbbl_)

Fig. 1(e),EoM

) 1 1 o .
lngp/ dz” /d“ (. =bil—>—— 2+l ¥)(z ’—bilmp—+i€|y)tr{q(zpbﬁy+0kq(y vi)} (B4

The calculation of this contribution is quite straightforward. Integrating over y*© and p~ component of the internal
momenta we obtain

axial

ur ](Zl 4.0 Fig. 1(e).EoM

= 2C’F/ dz~ /dy /dzyl/GZpue’PM =bi- Vl)/dzpu_eipu(—bj_—h)
x (/ dpf/ dp; 2l / dpl/ dp +——
2p3 Pt + 201 P3y Pu PP
2

2p, pl o
ari / av; e P @) e 0 {g(27. by )y org (v v L) BS
/ 1 2 2pI Pt 20T PR PAL {a(zr.b)r og(y™.y)}.  (BS)

where p{ (p;1) and p3 (p,,) are longitudinal (transverse) components of the quark and gluon propagators in Eq. (B1).
Now, let us substitute this result into Eq. (13) for the matrix element of the TMDPDEFE. Subsequently integrating over
Z5, 27, and p3 for x > 0 we obtain

Xi ig-C i 1 i 1
foYall axial — lg2 F 2 2 ip1(=5b1=y1) 2 ipyi(=5b1=y1)
(x.b.) Fig. 1(e).EoM 475(0) v [ Epe @pare
xp* 1 2pf pk o 1 pi 1
% ap* 1 1 +/ dpt £
(A VPt = p2(xPT = p)pt +2p P3Pt S (RPT =P piipss
R 1
X/dz?e_'x” “ /dy P (P, S|¢1<Z ,§b¢>7+0kﬂl()’_,h)|PvS>- (B6)
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Introducing z = p; /xp™ in the first term and z = xp™*/p; in the second we get

. ZC
foyal axial = ig F 2 ip1(=3b1=y1) 2 ip21(—3b1=1)
(x.b1) Fig. 1) EoM  8725(0 @y | Epie Epare
X(/'dz z P [ldz 1 p’f1>
o 1=z(I-29)pii+2pipl. Jo z1-zpliph
< [asers [ayerripsia(ago o0, @
Using translational invariance of the matrix element and changing the notation as p; | = —p | and p,; = k, we finally

obtain

ol(x,b)) axial — gng/dszeiplbL/dzkle_ikﬂu </1 dz <
i 0

Fig. 1(e).EoM 8 -z (1 - Z)pi + Zki
tdz 1 1 ) Pi(pe —
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k , © S _
e 4 / d*z) e'tkimpL) / dz=e 7" (P, S|g(z".z1)r"q(0)|P.S).
iR —00

(B8)

This contribution to the matrix element corresponds to the second term in Eq. (B3) and the last but one term proportional to
EoM in Eq. (B2). This results contains an infrared singularity [ dz/z which is the infrared singularity in Egs. (42) and (47).
However, this singularity is unphysical since contribution (B8) originates in the term proportional to EoM that should be
eliminated.

What about the other two terms in Eq. (B3)? They can be calculated in a similar way. For the last term we get

dz=e ™" (P, S|g(z7, by )rtq(0)

z1-2z :5)- (B9)

2CF/dsz_ ldz 1
This term contains an IR singularity [ dz/z, which is not related to the EoM contribution. However, while this singularity
also contribute to Eq. (42) along with the EoM contribution (B8), in the sum of all diagrams in Fig. 1 this contribution gets
canceled by the contribution of Fig. 1(g), see Eq. (45). So only IR singularity of Eq. (B8) contributes to the final result (47),
which, as we discussed above, is an unphysical singularity proportional to EoM.

The first term in Eq. (B3) does not contain an IR singularity

2

9Cr [ » 'b/Z —‘kh/l dz < /2 i(ki=p.)
— d pLoy dk k10 d HK1=p1)2L
8ﬂ2/ pre e 0o T—2(1-a)pl +akt )] © ¢
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Combining Egs. (B8)—(B10) we obtain

. 2
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= — d elpL 1 d k e K1by dz—+ — | =
et~ w4 S VR T e
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which of course coincides with Eq. (42).
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